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It is shown that, if the universe originated through quantum conformal fluctuations from the empty Minkowski space,

then it is most likely to be spatially flat.

Our universe is very well described by a homogene-
ous, isotropic space—time. Direct observation shows
that the energy density of the universe is very close to
the critical density (obtained from Hubble’s constant)
implying that the spatial hypersurfaces of homogeneity
have almost zero curvature. This requires a fine tuning
of the initial conditions of the universe (the “flatness
problem™) [1]. One possible solution to this problem
was proposed by Guth [2] recently. We present here
an alternative discussion based on a model for quan-
tum cosmology. It is shown here that, if the universe
originated due to a quantum fluctuation, then, the
spatially flat Friedmann model is predominantly
preferred over the models with nonzero curvature for
the spatial hypersurfaces. Thus this model for quan-
tum gravity can resolve the “flatness problem” in a
natural fashion.

Classical general relativity can be obtained from
the variational principle based on the action,

i
JE:I—ET{‘G./‘RV—gdx’ (1)

The equation 8Jy; = 0 leads to a definite evolution
from one three-geometry 3@, at 1 = ¢, to another

3 @, at t = f,. quantum gravity can be obtained from
this classical theory via the path-integral approach.
Quantum theory replaces the unique classical trajec-
tory by the probability amplitude,

K[gatyi3gyn) = [ Dgexplimg(9)]. ()

This kernel gives the probability amplitude for the
space~time to evolve from 3@ | at  =¢; to 3@,at

¢t = t5. If the initial state is described by a wavefunctjon
v @) then the final wavefunction can be written —
symbolically — as,

V(1. 1) =f D3G1KCg,y15°¢ 16V Cg ) -

In practice, it is impossible to perform the path integral
in eq. (2) taking ali the degrees of freedom into account.
In recent years, a model for quantum gravity was de-
veloped, treating the conformal part of the metric ten-
sor to be a quantum variable (see e.g. refs. [3,4]). In
this approach, we confine ourselves to the metrics of
the form

i = Qz(x)g_ik ; )
with some fixed & ;. The kernel in eq. (2) becomes

K[9(0)t0; 20)1) = [ (Z)Q(x)exp[(i/h)JE(Q)g |
5

which gives the probability amplitude for the space—

time to evolve from the conformal factor £, (x) at 7,

to ,(x) at #,. In terms of the “wave functions”, one
can write

VIQ2y(), 151 =

= [D 2 )K(Q,(x), 13 D ()1 WS, (x), tl() )
6

110 0 031-9163/83/0000—0000/$ 03.00 © 1983 North-Holland



Volume 96 A, number 2

(for the details of the formalism, see ref, [3]). We
shall now apply this formalism to the Friedmann
universe.

A detailed analysis of this quantum gravity model
shows that a flat vacuum (i.e. matterless space—time
with g;; = 7;;) is unstable to quantum fluctuations
and will evolve into a homogenous isotropic space—
time. In the semiclassical limit, conformal fluctua-
tions act as a negative-energy scalar field and provide
a mechanism for matter creation [5). We arrive at
a nonsingular, horizon-free universe via quantum fluc-
tuations (for similar ideas that treat the origin of the
universe as a quantum fluctuation see refs. [6—8]).
By computing the probability for arriving at the uni-
verses with different spatial curvature, one can find
out whether the flat model is preferred.

The flat space is generally assumed to be stable for
finite perturbations that grow like a bubble. (This is
because of the positive-mass theorem and related re-
sults; see for example, ref. [9].) The case we consider
is different and is concerned with homogeneous per-
turbations in a space—time that is not asymptotically
flat.

We will indicate briefly as to how this probability
can be computed. Consider a quantum fluctuation
that produces a maximally symmetric space—time
with the metric (k =0, +1)

ds? =c?d? - 2O - k2 Ja?)~1ar?

+ r2(d02 +5in%9 d¢2)] N
from the flat vacuum,
ds? =c2ds? — dr* — r2(d6? +sin%0 d¢?) . (8)

We take advantage of the fact that the maximally
symmetric universe in eq. (7) is conformally flat and
hence can be written in the form

ds? = Q%(x)dsE,, » ©)

while the flat space has £2 = 1, We can now use our
formalism with g = ny; in eq. (4). The probability
amplitude for transition from Q(x) = £, (x) to Q(x)
=, (x) is given by

K[Qy(x), 25 51,18]

= [D Q(x)expl(i/n)(—3c?/8nG) | QQd*x] .
(10
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Since the path integral is quadratic, it can be evaluated
exactly. We take the initial state of the universe to be
described by a wave function that is peaked at the
flat-space value. The action in eq. (10) corresponds to
a set of independent harmonic oscillators in Fourier
space. The minimum uncertainty state — the best al-
lowed by quantum theory — corresponds to a coherent
state for each oscillator [5]. Using eq. (6) one can ar-
rive at the wave function for the universe. A straight-
forward computation shows that the probability for
the space—time to evolve into a geometry with the
line element,

ds® = % (x, £5)dshiay ()
(starting from flat space at ¢ = ¢;) is given by

P[6(x)]

=Nex ( 33 rd3x dy Vo(x)- V()
P\~ 8aGn ) x —y|2

It can be easily shown that the integral is positive def-
inite and thus &V is a well-defined normalization con-
stant. (Note the similarity with the vacuum functional
for the electromagnetic field {10].) Quite clearly, the
probability is maximum for geometries with V¢ =0

— i.e. for spatially flat universes of the form

). (12)

ds? = ¢2(1)[c2dr? — dr? — r*(do? +sin20 dg?)]

=c2d72 — ¢2(T)[dr? +r2(d6? + sin29 dg?)] .
(13)

Thus if we accept the picture that the universe originated
via a quantum fluctuation, it is most likely to be flat.
To compute the probabilities, one has to assume spe-
cific forms for ¢(x) and evaluate 2 [¢]. A rough esti-
mate for maximally symmetric universes can be made
in the following way. The three-dimensional hyper-
surfaces of a maximally symmetric universe are
characterised by a single parameter a [see eq. (7)],
which scales the ““size” of the universe. For such a
universe (with k& # 0), the probability has the follow-
ing form:

Pla] =Nexp[-(3/8m@* /L) (k+#0), (14)
where Lg = (Gh/c3) ~ 10~ %6 cm2, and [ is a dimen-
sionless definite integral of the order of unity. This
result, which is obtainable from dimensional consider-
ations, shows that a universe with scale sizes ~ 1028
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cm has negligible probability, unless it is spatially flat.

The above result may be understood physically by
the following observation: Quantum fluctuations
have very little probability to change the curvature of
the three-dimensional hypersurfaces. One can see
from the following argument that “direct transition”
between hypersurfaces with different three-curvatures
is forbidden. Consider the kernel in eq. (2), with the
three-geometries characterized by the three-curvature
(3R). For calculating the transition amplitude (treating
only 3R as the dynamical variable)

K[PR,yty;3R 1]

= [D g exp{(i/AVE [gCR]) (15)

one has to express Jg in terms of 3R.But Jg involves
3R only non-dynamically (i.e. no derivatives appear)
and hence transitions between >Rs of different value
cannot take place directly. This result, of course,
should not be taken seriously, in general, because one
is not justified in treating 3R as single dynamical
degree of freedom. (Only for a maximally symmetric
universe is such an analysis possible.) The formalism
presented above shows that transitions are in fact pos-
sible, but with negligible probability. A universe arising
from the quantum fluctuation in flat space is most
likely to be spatially flat.

In order to avoid any possible confusion, we repeat
that the present paper attempts a purely quantum
gravitational solution to the flatness problem. This is
to be contrasted with the “inflationary scenario” at-
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tempts which take the origin of the universe for
granted and attempt a classical solution.

The early universe is bedevilled by three difficulties
— the initial singularity, the horizon problem and the
flatness problem. Since these problems raise questions
about the initial conditions and the quantum era, it is
incumbent on a quantum gravity model to answer
these questions. It has been shown [11] that quantum
gravity cures the first two diseases as well. Notice that
the solution presented here answers these questions at
a fundamental level and does not use any feature of
nongravitational physics. Other models proposed be-
fore [2] critically depend on the phase transition
scenario in the early universe.

I thank Professor J.V. Narlikar for valuable guidance
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