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1. Introduction. The path integral approach of Feynman [1]
provides an elegant link between the classical and the quantum
physics. This approach takes as its starting point, the classical
action /S describing the physical system. In general the state of the
system can be described by a point in a suitably defined phase space.
As the state changes, the point moves along some path I'. Although
geometrically, any number of paths may be possible, classical
physics requires the system to follow a unique path T,, which
satisfies the principle of stationary action:

88 = 0. (1)

Here 38 represents the change in § in going from I, to another path
in its neighbourhood. The uniqueness of T, is responsible for the
determinacy associated with classical physics.

In quantum physics (1) is replaced by a less definitive statement.
Suppose the system is initially in a state described by point 1 and
finally in a state described by point 2. Consider all the geometrically
possible paths from 1 to 2. For each path T' we can compute the
action functional S(I'). Now a quantum system is permitted to
follow the path I', even though I' I,. There is, however, a
probability amplitude that the system will follow the path T
Feynman gives a simple rule for computing the amplitude:

*Supported in part by the National Science Foundation [GP-28027, GP-27304,
GP-19887 at the California Institute of Technology and GP-26068 at Cornell
University].



10 J. V. NARLIKAR

P(I") = (Constant) exp {iS(T") /#}, (2)

where % is Planck’s constant divided by 27. The constant in (2) can
be determined by normalizing probabilities. If we are only interested
in the total amplitude that the system starts at 1 and ends at 2,
this is given by summing (2) over all permissible paths T'. The final
answer would depend on points 1 and 2 and may be written as
K(2,1). Thus

K(2 1) = Z (Constant) exp (iS/#) = j exp{iS(D)/A} 2T, (3)
) &

where the summation over I' is replaced by an integral since usually
there are uncountably many paths I'. The constant factor has been
absorbed in the measure of the path integral.’

The connection between the quantum and classical theories is
now easy to establish. The latter follows from the former in the
limit # — 0. When % — 0, the ratio S/fi - o in general, and the
phase of the exponential exp (25/7%) changes rapidly even if S changes
slowly from path to path. The path integral (3) may be approximated
by the method of stationary phase, the significant contributions to
K(2, 1) coming from those paths for which § 8~ 0. In the limit
i — 0 we finally arrive at a unique path I', which satisfies (1).

This approach not only brings out the connection between the
clagsical and the quantum physics, but it also throws some light
on why the principle of stationary action plays such an important
part in the various branches of classical physics. The basic idea
described above had been qualitatively stated first by Dirac [2]. By
giving it a quantitative form as in (3), Feynman was able to connect
it up with the more conventional Schrodinger approach to quantum
mechanics.

In spite of its advantages, and the many applications [¢f. (3) for
details], the path integral picture is not widely used in quantum

{The definition of measure remains one of the difficult problems of path integral
theory. Feynman was, however, able to arrive at important results without
giving a precise general definition of measure.
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theory. One reason is, that whileit clarifies many of the E:onccptual
difficulties of the non-relativistic theory, it is not so successful in
describing the relativistic spin half particles. Since the concept
of spin is lacking in the classical theory, and hence in the classical
action, it is not obvious, how to define path amplitudes for spin half
particles which satisfy the Dirac equation. Inthe present paper we
shall discuss ideas which may lead to the solution of this formidable
problem. To begin with, we shall consider a simplified problem, that
of a free particle moving in one space and one time dimensions.
In the rest of the paper we shall take 7% = 1, and the velocity of
light ¢ = 1.

2. Motion in one space + one-time dimensions. In their hook
Quantum Mechanics and Path Integrals, Feynman and Hibbs [4]
discuss the motion of a Dirac particle in one space-like and one
time-like dimension. Instead of giving a rule like (2) they give
another which involves only those paths which are made of null
segments. Briefly the rule may be described as follows.

Suppose the particle of mass m moves backward and forward in
a-direction, startingat x = 0Oat t = 0, and ending at v = X at t = 7,
where | X | < 7. Divide the interval [0, 7] into a large number 2 of
small intervals of e-duration, so that

ne=T. (4)

The particle is allowed to move only with the speed of light, so
that if at the end of rth intervalit is at X, then | X,., — X,| = ¢,
for 1 < » <n. Suppose in the entire interval [0, 7'], the particle
goes forward on 7, occasions and backwards on n, occasions. Then

X

T &
"1+'IZ2="=‘—,”1_”2=:' (5)
€

A typical path, shown in Fig. 1, will therefore have null segments
meeting in sharp corners. The amplitude for a path with R corners
is given to be

(¢ m €)t. (6)
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(n+ny)e=T (X,T)

X=(n-n,)e

Fig. 1. Typical path of a particle moving backward and forward with the
velocity of light. The amplitude for this path is given by
Piys P—ys Piys Py Py

The propagator from [0, 0] to [X, 7'] is then obtained by summing
over all paths an expression like (6).

As mentioned above this rule appears to differ from that given in
(2) in a radical way and seems to have an ad-hoc character about it.
We shall show how the connection between the two rules may be
established, and how we can arrive at the Dirac propagator from
this picture.

First, we note that just as K(2, 1) in (3) is obtained from P(I),
we can obtain P(I") from K(2, 1). This is done as follows. Divide
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the path T' into a large number of small segments, denoting the
intermediate points of division by X,, X,, ..., X,,_,, with X;, X,
standing for the end points 1, 2. Consider the product

"1
I_[ Z; K(-Xr: X,___,), (7)

r=1
where 4, represents some measure factor.! For suitably chosen 4,,
the product (7) tends to P(I") as » — oo, i.c. as the division becomes
finer and finer. Thus we can build up P(I') from a chain of K’s.
We can get back to K(2, 1) by summing (7) over all paths, and
using the property

KX, X, ) = | K0 X) KX, X%, (9
where the integration is over the space coordinates X, of X.

This method can be easily extended to the problem in question.
We need K(X,, X,_,) for the case where X,, X,_, are close to each
other. The K(2, 1) in 1 - 1 dimensions satisfies the inhomogeneous
Dirac equation

d d g
[74 5‘ G i’l) + zm] K = Sz(m: t)r (9)

where, for convenience we have taken the coordinates of 1 at [0, 0]
and of 2 at [x, {]. To solve (9) write

) a .
e L e G0 1
("‘ T "") I@), (10
where
221 22l ot
e + m2l = §(x) 8(¢). (11)

In analogy with the non-relativistic case, we want a solution that
vanishes for ¢ < 0. This has been worked out in Appendix A. The
result is

I(z, t) =1} 0(t) B(S?) Jo(mS), =12 — a2, (12)

1This factor must have the dimensions (length)—2 to make (7) dimensionless.
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where 0 is the Heaviside function and J, the Bessel function of
order zero.

The K(2, 1) obtained in this way satisfies a relation similar to (8):

KX o= j K(X,1 X)) v KX, X xR

where the factor y, is necessary to preserve spinor-covariance. For
any path I', we can therefore form a product similar to that in (7),
but with a y, appearing between successive factors.

In forming this product we need K(X,, X, ;) when the points
are close together. Since the only length scale appearing in this
problem is m~!, we need the approximate form of K for | X, — X,_, |
< m~'. We therefore look at K given by (10) and (12) in the case
where 0 <t = ¢ and me € 1. Since 8 < ¢, we have ms € 1 and
Jy (ms) ~ 1.

K~ (715 = 7195 —im) 13 0 +2) — 30z 1)

= 1y 70) 8(t+2) + 3 (a7 808 —2) — 2 [0(t+-2) — 6w —0)]
(1)

The two delta functions in (14) indicate that most of the amplitude
is concentrated in the two directionsaz =t =¢, 2 = —t = —e.
To obtain the magnitude of this concentration we integrate K over
0 <z <owandover —o <2 < 0att = e We get respectively
ime vme

P, =3(ys + ) oo P_=3(ys —n) g (15)
Although the — wme/2 term really represents amplitude over
0 < 2 < ¢, we may lump it all at the end @ = € and call P as the
amplitude along « = - e. P_ similarly represents amplitude along
z = — e. Since me <€ 1, the error involved is slight.

We now have passed from a continuous set of paths to a discrete
set, as visualized in the beginning of this section. A typical path is
made up of null segments like 2= + ¢, and the amplitude along such
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a path is given by a series of factors P, P_ with y, in between. The
following types of combinations would appear in a typical product:

P g Py Py Py Py oy Py iR I (16)
From (15) we get to order (me),

P,y P, =P, P_ ye P =P, ](17)
P,y P_=(—ime)y, P_, P_y P, =(—1ime) 0

Thus whenever two consecutive segments are in the same direction
the amplitude is unaffected. When they are in opposite direction, we
get a product (—me) y,. This explains why the rule given earlier
in this section made use of paths with corners. The path described
in Fig. 1 has the amplitude

Povi P ya Poyi Py Py =(—ime)y, P_yy P Ly, P_y, P,
=(—1me)® y4.y4 P ys P_y, P,
=(—1me)® y, P_y, P,
= (—1me)t P,. (18)

Using the product rules (17) it is easy to see that the paths can be
divided into four classes {I', .}, {__},{I', },{I'_.}. The amplitude
for a I' | path begins with P, and ends with P,. The others are
similarly defined. The I', , and I'__ paths have even number of
corners whereas I', _, I'_, paths have odd number of corners.
The compute the total amplitude we need the total number of paths
with a given number of corners.

Let N, . (2R), N__ (2R) respectively denote the number of ok
and I'__ paths with 2R corners. Similarly let N, _ (2R + 1) and
N_, (2R + 1) denote the number of I', _ and I'__ paths with
2R + 1 corners. Then the total amplitude along paths with R > 1
corners is given by

Q= z (N, ,(2R) P, + N__(2R) P_} (—ime)?®

R>1

= > (N, _(2B+1)y, P_+N_ 2R+ 1)y, P} (—imeR+1.(19)

R=0
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We are interested in @ as n - w0, e = 0. However, to obtain the
propagator from [0, 0] to [X, 7'] we must divide @ by 2e, since the
above amplitude is distributed over an interval + e about [X, 7'].
Also, we must add the contribution from paths with %o corners.
We shall perform this calculation now. In the limit #» — co we have

(ny —1)! (ng—1)!

N, .(2R) =
++(2R) (n, — R)! (ny — R +1)! RI(R —1)
nE =1 = (T% = X3R4T + X 1
TRI(R -1 (2¢)2E-1 "RI(R =1
(T2 — X2)R-Y(T — X) 1
N__(2R) ~ :
= [2eEa=2 "RI(R—-1)V
N SR 4-1) — nqy ! ! o
N R e i, — R BB
mng (T2—X?2)R 1
~ RIRI (2¢)® ° R! R!’
_ X2)\R
N R B et E (20)

(22F " R! R!'

Using these approximations, and the following power series
expansions for Bessel functions

R 2R R
Toi= S IE DRI Zf( LRERE

=5 R'R' R!(R—1)!

we get
Q=2 [mJg(mS). ”LT_;LX _im {Jo(mS)—l}], 22)

where
S2=1%— X2 (23)

(22) may be rewritten in the form
0 N

Q= 25(746—1-1—'}’13—\;““”") [é{Jo(mS)“l}]- (24)

Dividing by 2e¢ and adding (14) for 2 = X, ¢ = 7' as the contribution
for paths with no corners, we get for 7' > 0
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d
T
Thus we have a self-consistent picture in which the finite amplitude
along a path can be built out of a series of infinitesimal propagators
and the finite propagator is then obtained by summing the amplitude
over all paths. The main difference between the relativistic and

KLX, 750,00 = 72 0 = 72 o —im J{3740m8) 0059} (25)

the non-relativistic case is that in the former case paths making
a significant contribution to the amplitude are built out of null
segments. In the latter case thisis not so. The relativistic picture
is consistent with the fact that the eigenvalue of velocity of a Dirac
particle is always -+ 1.

3. Motion in 3 + 1 dimensions. The above picture can be
generalized to 3 + 1 dimensions. Given a path I we define ampli-
tude along it in terms of a chain of infinitesimal propagators. The
propagator is given by the retarded solution of the inhomogeneous
Dirac equation, *

(Va+im) K(2,1)= 84(2, 1) (26)*
where y, is with respect to the coordinates of point 2. As in the
1 - 1 dimensional case we can write

K(2, 1)= (y,—tm) I(2, 1) (27)
where

(Cle + m3) I(2, 1) = 8,(2, 1). (28)
The retarded solution for I(2, 1) is
1= sy — 2 nmsa s |, @)

N 991
where 83 is the square of the invariant distance between the
coordinates (X, t;), (Xs, t;) of points 1 and 2. J, is the Bessel
function of order 1.

The delta-function in (29) again emphasizes the importance of
null directions. As in the 1 4 1 dimensional case we expect the
‘important’ paths to be made up of null segments. However, the
null directions from a given point are not just two, but uncountably
infinite. Hence it is not possible to look at the 341 case in terms of

* For a vector 4 define 4 as yidi.



18 J. V. NARLIKAR

counting paths with corners. The main features of the problem can,
however, be described in termsof a perturbation expansion (cf. [4]
for details). We write

K(2,1)= > K™(2,1), (30)
where
VEO@2, 1) = §,(2, 1), (31)
and forn > 1
VE®™(2, 1) = — im K®=D(2, 1). (32)

(31) can be solved in terms of the leading term of (29):

~ 32
KO@2,1) =V I9@, 1), 192, 1) = 0(t, — ) 8(2 IR
T

A general K™(2, 1), n > 1 is given by
n=2r: K® = (—im*V,|[..[I92, P,) IP,, P,_,) ..

i NPy X) Oy (34)
n=2r+1: K&+D = (_gm)¥+1 1 (1O P)IVP, P-Y) ..

i Py, 1) d7y ...d7,, (85)

where 7 is an integer. A typical I'” describes propagation along a
null segment, and (34), (35) represent summations over paths made
up of null segments. An amplitude (— im)" is associated with the
summation for K™. Thisis the analogue of the 1 -+ 1 dimensional
case.

The propagator obtained so far is useful only when considered
along with the hole theory. This is because it describes only forward
propagation of particles of positive and negative energies. To
describe electrons and positrons we need the Feynman propagator

K, (2,1)=(V —im)I,(21)=(V —im) X

3(5%,) o (2) ]
X [ i &rTzl H?(mS,,) |, (36)

where H{® is the Hankel function of the second kind. It was shown
in an earlier paper [5] how K arises from K(2, 1) when we take
into account the electromagnetic interaction of electrons and
positrons. We will therefore not go into those details here.
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4. The non-relativistic approximation. The relativistic propagator
described above has been obtained by summing amplitude over
piecewise continuous paths made up of null segments. The non-
relativistic propagator, on the other hand, is obtained by summing
over all paths from 1 to 2 which always go forward in time. Also,
the amplitude in the latter case is given by (2), i.e. by

P(T') = (constant) exp [ 41 j $ ma? dt] (37)
r

for a free particle. It is therefore not clear how the non-relativistic
case can be obtained from the relativistic one by a suitable approxi-
mation. In this section we show how this transition may be made.

First we obtain the non-relativistic forms for the propagators
K(2, 1) and K, (2, 1). For convenience we write

T=t, —t, X=X, — X3, X = | X]. (38)
The non-relativistic approximation is given by
T> X, mS; > 1. (39)
We therefore use the asymptotic formulae for J, and H{®:
-1/2
J,(m8y;) ~ (mn2;5'21) cos (mSm - 32") : (40)

—1/2
H,® (mS,y,) ~ (?mégn) exp { == (mS21 - 3;—:) } , (41)

and also use the approximations for Sy; :

S T B e
a~1, Py~ '—‘2—2., (42)

respectively in the first and second factors of (40) and (41).

It is convenient to use the Dirac representation

el (oo 5

and write K(2, 1), K,.(2, 1) explicitly in matrix form. [The
o = { 04,0y, 03} is the set of Pauli matrices.] We then have
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3/2
S0~

e mX2). _6.X . ( _ mX? 37
. i exp( mT—}-?fIT 7 T sin ( m7T' W‘I)
c.X . mX2 37 S mX?\ .
T S‘“("‘T‘W‘ 7). =i e“p(’”‘ 2T)’
(44)
and
, _exXx
o 8/2 2\ -
m - mX? =
K. (2,1)~ 22 '(211-1"1’) exp —1 (MT_W)’ (45)
&

for 7' > 0. K,(2, 1) for 7'<0 can be written down similarly,
while K (2, 1) for 7' < 0 is zero.

The non-relativistic form of the Dirac equation separates the
wave-function into a large part and a small part. The large
part is propagated essentially by the top left-hand element of the
propagator. This, we see, is

8/ : mX? ‘
- T——). 46
) exp — ¢ (m ST ) (46)

( 27T
(46) is just the non-relativistic propagator for Schrédinger equation.

We now give a rule for computing path amplitudes which leads
to K(2, 1) or K (2, 1). The rule is obtained in the following way.
The action for a relativistic particle is given by

§= — J mds, (47)
&
where
ds?= dt® — dx>. (48)
If we use (47) in (2), we will not arrive at a description of the Dirac

particle —because (47) does not contain spin. To include spin we

have to take the square root of (48) in the space of 4 x 4 matrices:
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dt® — dx2 = (vy dt — y .dx)2 (49)
This is analogous to
O=v? (50)
which led to the Dirac equation. Thus (47) is replaced by
S=— j m(yq — Y- X)dt. (51)
T

In the non-relativistic approximation I' will be an arbitrary path
going forward in time.

However, the amplitude along I' is not given by
P(T") = (constant).exp{ — 1 J m(y,— Y.X)dt}. (52)

The reason is that the right-hand side of (52) is independent of the
path and depends only on end points. Such a prescription will
not lead to a satisfactory quantum theory. Instead, we need a
path-dependent amplitude. To achieve this we divide the path
I’ into a large number of small segments and use (52) for each small
segment. The P(I")is then obtained by the ordered product of the
amplitudes along the segments. If we write'=T,+ T3+ ... + T},
and I, is a typical segment, then

P(I") = II P(I',)= II (constant) .exp.{—1 [ m(y,—Y-X)dt}. (53)
r
Iy
Since for matrices 4, B, the law
exp (4 + B) = (exp 4) . (exp B) (54)

does not hold, the expression (53) as 7n— co is dependent on the
particular path TI'.

It should be emphasized that the structure associated with this
law is cruder than that discussed in the earlier section. The path T’
here can be approximated by another made up of null segments on a
much finer scale. The amplitude along I' is thus the sum of all such
finer scale paths computed according to the last section. The above
rule is at best an approximation that will be shown to work well.
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We shall take I' to be between 0 < t < 7' and let P(t) denote the
amplitude along the section of the path from 0 to ¢. Then it is easy
to see that (53) corresponds to

%I; = —am(yy — Y.).C) B (55)

where X(¢) is the position of a typical point on T'. The constant in (53)
is taken to be unity.

It is easy to verify that (52) is not an integral of (55) unless x is
constant. In that case the law (54) holds. We shall return to this
special case later. We write P as a 4 X 4 matrix:

PP
P 11 £12 (56)
Py Py

where P;(i, j = 1, 2) are 2 x 2 matrices. Using the representation
(43) and writing v = X, (55) takes the form
Pyy=—1im (P, —0.V Py), Pyy=1m(Py;—c.VPy), (57)
Pio=—im (Pyy—6.V Pyy), Pyy=im(Pys—6.V Py,). (58)

Initially we take P;; = 1. The initial values of P,, Ps;, Py, also
need to be specified in order to complete the problem. It turns out
that these are crucial in determining whether we finally arrive at
(44) or (45). We shall settle this question at a later stage. To solve
(57), put

§—\P53\™, mi= Py e~ (59)

Then we get
£ = ime* ™. V) 7, = — ime~2m(g . V) £. (60)

(60) can be solved in terms of the expansions

8

§= §2n' ) = z N2n+11 (61)
0

n n=0

where & = 1 and for n > 1,
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£2n = ,l:,meﬁmt(o. V) Mon—1, (62)
Nony1 = — ime~ 2" . V) fonz: (63)

Given the initial conditions, and the function v(t), we can solve
(62), (63) by iteration.

In the non-relativistic approximation we have

Vi€, V| €m]|V]. (64)

The first inequality implies that motion is slow compared with
the speed of light. The second inequality means that the time
scale over which velocity changes significantly is large compared
to m~1. The latter inequality suggests that the solution of (57) and
(58) will be somewhat similar to that for v = constant. In this case
the general solution of (55) is given by

P(f) = exp{—im(yst — ¥ - X)}. Py (65)
where P, is an arbitrary matrix. Taking P, =1 gives
.oy 2
ATty Sy =) 1
cosmit 4/ ) i)

16,V . o

—— —; sin mta/(1 —2°)
P = ‘\/(1 S ) (66)

9.V ginmt /(1 —2%)

T VA7)

isinmt /(1 —%)

V(1 —2%)
However, this choice of initial conditions does not give either of
Kor K. As will be seen shortly, to obtain K we need

9

cosmt /(1 —v*) +

i Yo -
L= m), (67)
whereas to obtain K, P, is given by
BN St 0 }
P, _{ T A= (68)

We shall consider these two cases in detail.

In the first case (65) and (67) give, when |2| € 1,
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_cosmt /(1 —2?)

11 e isinmt /(1 —v®) ~exp[ —imt V(1 —vé)]

(69)
cosmt /(1 —v?) ~a.vVecosmi/(1 —v2), (70)

G.V
B - ey L SR
=T
We now turn to the solution of (57) in the non-relativistic case.
Guided by (69) and (70), but remembering that » now varies with t;
we try

t
2
Py, ~exp -—imj { == §t1)~} dty,

-

0
t

Py ~a.V(t) cosm J [ 1 — vZ(t')] dt,. (71)

<

It is easy to verify that (57) is satisfied to within the non-
relativistic approximation. P,,, Py, can be similarly obtained
and we get

P(t)=
; -
exp —imJ { Ji _02‘(:1)} dt; —e.v(t)cos mj [ 1 —1—’2%‘) ] dt,
0 3 0
0 2 : 2
©.V(t) cos mJ [1 — é)J dt, —expim J {1 - .(tl) } dt,
0 ¥ 0

(72)
In the same way we can deal with the second case, and get
/5 + (‘) o

( 1 —-%o'v(t)l d

: J ”2(t1)
. eXp — im
Lo.v() 0 J

1 - — }dtl,t>0. (73)

0
Here we have written P instead of P to distinguish between the
two cases.

The propagator K or K. would now come out of summation of
P(T), P(T) over all paths from (0, 0) to (X, 7'). We already know
(cf. [3] for details) that the path integral
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2

. vﬂ(tl)} 7 \_(m )’ ol
je‘\p m [ { 1— e dt Z°X(t) = ) o7 zmT} .
0
(74)
The following results have been derived in Appendix B:
& 2
j v(T') exp — tm [ ‘ 1— v‘)_(t) dt 23 X(t)
) 2
Xt m. % {imX2 ; N
) o (] mr) e

and

i, o
j v(7') cos m J 1— =g dt 23 X(t)
0 !

m: \2EX . mX?® 37 -
= (2—75') 7 sin (mT Y —1—)- (76)

Using these results it is easy to see that

K(@2,1) = j P.D3X(t), (77)
K (2,1) = j P, D3 x(1). (78)

We therefore see that the rule for path amplitude given in (53)
leads to the correct propagator. To obtain K(2, 1) we use (53) only
for forward going paths, with P,, the initial value given by (67).
For K (2, 1) we must use (53) for forward as well as backward
going paths but with initial condition given by (68). In the non-
relativistic case all paths are time like and no problems such as given
by pair creation or annihilation are present. To deal with such
problems, which arise frequently in electrodynamics, we must use
the methods of [5].

5. Conclusion. To summarize, the motion of a Dirac particle
may be looked at from two different ends. In the extreme
relativistic limit, the velocities are comparable to the velocity
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of light ¢, and time scales short compared to m~'. Here the motion

is described by paths made of null segments, with many changes of
direction occurring in time m~! The mass of the particle is
responsible for changing the direction from one null segment to
another. Because of any such changes, the motion of a forward
going particle is time like over times large compared to m™1.

In the non-relativistic limit we are concerned with this type of
motion. Here paths are time like and do not change directions
significantly over times of order m™*. The amplitudein this case can

be described by a relatively simple expression of the form exp( —im;)
where ¢' denotes a small section of the path (compared to m™1).
The amplitude along a finite section of the path is given by a product
of such factors in the correct order. The sum of amplitudes over all
paths leads to the non-relativistic limit of the Dirac or Feynman

propagator, including spin.

It is instructive to show explicitly the part played by the second
inequality of (64), in the non-relativistic limit. This is seen from the
iterative solution described in the last section. To fix ideas we will
take the initial condition given by P, = 1. This corresponds to
1, =0 at ¢t = 0. Hence for n > 1

t t
Ean(t) = m™ j e2mh g v(t,) dt, j e—2imly g W(ty) dbs ...
0 0

ton—2 t2n—1
*M2n=1 6. V(tgy_) dlgn 1 J e "2 g . V(tyy) dizn, (79)
0 0
2n—2
Nan(t) = —im”“je‘”"“l o.V(t,)dt,... j 6. V(lgu_q) €2 M2n-1 dt,, .
0 0

(80)

Consider the last two integrals of (79) taken together. If we
integrate by parts,
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ton—1 =

> i
e 2Men g Y(lyy,) dtgy = 7=

5 l""“”"z"—lc-V(tzn_.)—o.vw) =

2n—1
S5 e men g V(t,,) ditsy,. (81)
0
In this the integral on the right-hand side is less important than
the first term because of the second inequality of (64). Further,
when we take the first term of the right-hand side along with the

integrand of the ¢,,_, integral we get

ton—2
j 38 e e | #¥tun) | ov0)] ] dlgy_y. (82)
2m l
Again, because of the rapid oscillations of e®™2n-1 the second
term of the integrand makes very little contribution and we can
approximate (82) by
; t2n—2
o j 003 ) Bl (83)
0

Clearly, we can repeat this procedure for the subsequent integralsin
&:,(t) and get, with redefinition of dummy variables,

S t th—1
£ (D) ~mA", (2%1) Ivz (ty) dtIJ VR (ty) dt, ... [ v (t,)dt,

0

e (%”)" . n—l, {J?ﬂ(t) dz}" (84)

so that

=
o

P=e™ Z Eon(t)
)

~oXp [ —im j { - ”2;“) } dtl]. (85)

0
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We can evaluate P,, similarly. With suitable account of initial
conditions (72) and (73) can be obtained in this way.
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APPENDIX A

To obtain the solution of (11) that vanishes for ¢ < 0, put

I(z, t) = H flw, k) e*+ikz—iot dagies (A1)
27 27
where — 0 <w < 0, — 0 <k < .
Since
o oW
5(@) 8(t) — j j gits—tut 400 Ak (A2)
27 2
we get from (11),
1
f(w: k) = mf —ak (‘A3)
Hence
gikz—iat dw dk
I(z,t) = s SO TR L A4
(1) jj1nz+k2—w22‘n’2ﬂ (84

To perform the w integral we use contour integration in the complex
z-plane. The poles are at w = 4+ 4/(m? + k?). To arrive at a solution
which vanishes for ¢ < 0, we integrate parallel to real axis with
@ = wp + t¢, where wyis the real part of w, and — 0 < wp < 0.
For t < 0 we can complete the contour by a semicircle at infinity in
the upper half of the w-plane. This contour has no poles and the
integral along the semicircle vanishes. For ¢ > 0 the contour is
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completed by a semicircle at infinity in the lower half of the
w-plane. This contour has poles with the residue
giketivimi+iNt  gikz—iv(m* %)

: - - (A3)
24/(m? 4+ k?)  24/(m? + k?)
The integral along the semicircle vanishes. Hence we get
I(z,t) = — J. n/(m’+x.-*)¢ — e~V m*+Eh0 g7,
S | «/(mz v TR 3 }
1 ( cos kxsin v/(m?® -+ k?)t
= - dk. A6
wI VT iy

We now consider two cases separately: (i) 2> z%and (ii) t* < a2
In the first case put

t = s cosh 8, @ = s sinh 0, k = m sinh a. (A7)
Then

I(z, t) 11 cos {ms sinh 8 sinh o} sin {ms cosh 0 cosh o} du
w

Sy §

[sin {ms cosh (8-+a)} -+ sin {ms cosh (8 —a)}] da. (A8)

Oh_—‘s

1

2ar
In the two terms of the integrand, put 6 + ¢« =u, 0 —a=u

respectively to get

™ +0

1
j sin (ms cosh u) du + 5 j sin (ms cosh u) du

(/] -

1
I(z, )= o

w0

1 :
o j sin (ms cosh u) du

-

= 3 To(ms). (49)

In the second case put
t = s sinh 0, x = s cosh 0, k = m sinh a. (A10)
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Then we get, by proceeding as akove

(% t) = cos {ms sinh « cosh 0)} sin {ms cosh « sinh 6} da

|
ce— 3

I
il

eb—;e Ot—,s

[sin {ms sinh (0 + &)} + sin ms {sinh (6 — &)}] du

sin (ms sinh %) du +

I

t3(
3

0
1 :
5 j (ms sinh w) du

@ i
.[ sin (ms sinh %) du

Il

=

= 0.

Hence the result follows :

I(z, t) = - Jy(ms) 0(s?) . 0O(t). (A11)

1
2
APPENDIX B

Here we derive the results quoted in equations (75) and (76)
of the main text. Consider a typical path x(¢) from (0, 0) to (z, 7').
For small ¢, suppose z(t) intersects the hyperplane { =7" —eat y in

Y= X(T - E). (Bl)
We can approximate v(7") by

)~ XY (B2)
€
Since
7 T—e 7
expim-‘.‘_'_z(i)dt:{expim j vz_z(t_)dt}.{expim j ‘iégdt},
0 0 T—e¢
(B3)

we have
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IX(T) exp { —imJT[l—Yzzit)]dt} D3 X(t)
0

2e

; = 1 7 _v)2
= c-—nnTj. ( il) ;4 . exp I:?Lm‘(‘x Y) ] day %

T 9
xexPj {-l—im J v—z(t')d‘

0

Dx(t).  (B4)

The path integral from 0 to 7'— e gives the nonrelativistic free
particle propagator, and (B4) becomes

—imr [ XY 1 im(X —Y)z] ( m )3/2
3 j e LAY i [ 2e “\27i(T — ¢) &

imy®
AT —e)
In (B4) and (B5) 4 is the measure constant, and is given by (cf.
Feynman and Hibbs [3])

X exp [ ] d?y. (B5)

: \3/2
i ( 271 €) ’ (B6)
m
Substituting for 4, we can evaluate (B5) to get
N\ X i+ imx2)(2T)
e =t x B7
(2wiT ) g & (B1)

This is the same as the right-hand side of (75).
Equation (76) is the real part of (75) and hence we need the

real part of (B7). Writing ¢ = exp ( "zﬂ) , weget thereal part of (B7) as

m sle x ¢ o |
Re == e—lml+zmz /(ZT)]
[(2172"1') 7

3/2 2
= (%—T) ; ;cos(mT—ﬂ -+ 3”)

m 27 4
m \¥* x . m2X 3=
— == S —_— =i B8
(2'n'T) TSln (mT 29 4 ) (B3)

This is the required result.
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