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Does a nonzero tunneling probability imply particle production
in time-independent classical electromagnetic backgrounds?
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In this paper, we probe the validity of the tunneling interpretation that is usually called forth in the literature
to explain the phenomenon of particle production by time-independent classical electromagnetic backgrounds.
We show that the imaginary part of the effective Lagrangian is zero for a complex scalar field quantized in a
time-independent, but otherwise arbitrary, magnetic field. This result implies that no pair creation takes place
in such a background. But we find that when the quantum field is decomposed into its normal modes in the
presence of a spatially confined and time-independent magnetic field, there exists a nonzero tunneling prob-
ability for the effective Schidinger equation. According to the tunneling interpretation, this result would imply
that spatially confined magnetic fields can produce particles, thereby contradicting the result obtained from the
effective Lagrangian. This lack of consistency between these two approaches calls into question the validity of
attributing a nonzero tunneling probability for the effective Scimger equation to the production of particles
by the time-independent electromagnetic backgrounds. The implications of our analysis are discussed.
[S0556-2821(96)01124-1]

PACS number(s): 12.20.Ds, 04.62.+v, 11.15.Kc

I. INTRODUCTION lows the evolution of the normal modes. Then, by relating
these operators defined in the asymptotic regi@ither in
The phenomenon of pair creation by classical electromagspace or in timg the number of particles that have been
netic backgrounds was first studied by Schwinger more thaproduced by the electromagnetic background can be com-
four decades ago. In his classic paper, Schwinger considergulited.
a quantized spinor field interacting with a constant external Consider an electromagnetic background that can be rep-
electromagnetic background]. Obtaining an effective La- resented by a time-dependegauge. If we choose to study
grangian by integrating out the degrees of freedom correthe evolution of the quantum field in such a gauge, then a
sponding to the quantum field, he showed that the effectivgositive frequency normal mode of the quantum field at late
Lagrangian had an imaginary part only whe ¢ B%)>0,  times will, in general, prove to be a linear superposition of
whereE andB are the constant electric and magnetic fields,the positive and negative frequency modes defined at early
respectively(also sed?2]). The appearance of an imaginary times. The coefficients in such a superposition are the Bogo-
part in the effective Lagrangian implies an instability of the liubov coefficientsa and 8. A nonzero Bogoliubov coeffi-
vacuum and Schwinger attributed the cause of this instabilitgient 8 would then imply that thén-vacuum state is not the
to the production of pairs corresponding to the quantum fielddame as theut-vacuum state. This in turn implies that the
by the electromagnetic background. The imaginary part ofn-out transition amplitude is less than unity which can be
the effective Lagrangian, Schwinger concluded, should battributed to the excitation of the modes of the quantum field
interpreted as the number of pairs that have been produceby the electromagnetic backgrouf&+-13|. These excitations
per unit four-volume, by the external electromagnetic field. manifest themselves as real particles corresponding to the
Though attempts have been made in literature to obtaiguantum field.
the effective Lagrangian for a fairly nontrivial electromag- On the other hand, consider an electromagnetic back-
netic field (see, for instance, Reff3—7)), its evaluation for  ground that can be described by a space-dependent gayige
an arbitrary vector potential proves to be an uphill task. Bewhich we mean a gauge that is completely independent of
cause of this reason the phenomenon of particle productiotime). If the evolution of the quantum field is studied in such
in classical electromagnetic backgrounds has been repeatediygauge, then because of the lack of dependence on time, the
studied in the literature by the method of normal modeBogoliubov coefficient3 proves to be trivially zero. This
analysis. In this approach, the normal modes of the quanturcould then imply that the electromagnetic background which
field are obtained by solving the wave equation it satisfies fois being considered does not produce particles.
the given electromagnetic background in a particular gauge. An interesting situation arises when the same electromag-
The coefficients of the positive frequency normal modes ohetic field can be described by (purely) space-dependent
the quantum field are then identified to be the annihilatiorgauge as well as épurely) time-dependent gauge. If we
operators. The evolution of these operators, therefore, folehoose to study the evolution of the quantum field in the
time-dependent gauge, in genergl,will prove to be non-
zero, thereby implyindgas discussed abovthat particles are
:Electronic address: Isk@iucaa.ernet.in being produced by the electromagnetic background. But, in
Electronic address: paddy@iucaa.ernet.in the space-dependent gaugeis trivially zero, thereby dis-
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agreeing with the result obtained in the time-dependenproach and those obtained from the effective Lagrangian.
gauge. Therefore, to obtain results that are gauge invarianthis inconsistency clearly calls into question the validity of
the phenomenon of particle production has to be somehowhe tunneling interpretation as it is presently understood in
“explained” in the space-dependent gauge. In the literaturethe literature.
a “tunneling interpretation” is usually invoked to explain  This paper is organized as follows. In Sec. I, we show
the phenomenon of particle production in such a situatiorihat the imaginary part of the effective Lagrangian for an
[14-18. In this approach, an effective Sckiinger equation arbitrary time-independent background magnetic field is
is obtained after the quantum field is decomposed into nor2€r0: In Sec. lll, we calculate the tunneling probability,
mal modes in the space-dependent gauge. The nonzero tJffich happens to be nonzero, for a particular spatially con-
neling probability for this Schidinger equation is then at- 1n€d and time-independent magnetic field when it is repre-
tributed to the production of particles by the electromagnetics.enteOI by a_quce-dependent gauge. Finally, in Sec. IV we
background. Q|scuss the |mpllgat|9ns Qf our analysis to the study pf par-
) L . ticle production in time-independent electromagnetic and
The discussion in the above paragraph can be 'IIUStrategravitational backgrounds
by the following well-known, and instructive, example. Con- '
sider a constant electric field given &= Ex, whereE is a

constant andk is the unit vector along the positive axis. Il. EFFECTIVE LAGRANGIAN

This electric field can be described either by the time- FOR A TIME-INDEPENDENT MAGNETIC

dependent gaugeA4=(0,—Et,0,0), or by the space- FIELD BACKGROUND

dependent gaugéy; =(—Ex,0,0,0). In the gaugé’’, be- The system we consider in this paper consists of a com-

cause of the time dependence, the positive frequency normglex scalar fieldd interacting with an electromagnetic field

modes of the quantum field && + < are related by a non- represented by the vector potentit. It is described by the
zero Bogoliubov coefficieni3 to the positive frequency | agrangian density

modes at=—«. The quantity| 3> then yields the number

of particles that have been produced in a single mode of the L(DAV=(9 D+igA. D) (J*D* —igArD*
guantum field at late times in tha vacuum[19,20]. But, if (@A) =(3, AP d )

the evolution of the quantum field is studied in the gauge o v

A%, because of time independenq@,proves to be zero, —m-ed _ZF Fuvs @)
thereby disagreeing with the result obtained in the gauge

AL . The tunneling interpretation can be invoked in such a\Nhereq andm are the charge and the mass associated with a

situation to explain particle production in the gaulle. In - gjngle quantum of the complex scalar field, the asterisk de-
this gauge, after the normal mode decomposition of thggtes complex conjugation, and

guantum field, an effective Schiimger equation is obtained
along the x direction. The nonzero tunneling probability
|T|? for this Schrainger equation is then interpreted as the
number of particles that have been produced in a singl
mode of the quantum field9,20]. The tunneling probability
|T|? evaluated in the gaug&', in fact, exactly matches the
quantity | 8> obtained in the gaugé}. Also, these two
guantities agree with the pair creation rate obtained b
Schwinger from the imaginary part of the effective Lagrang-
ian.

The fact that the quantitigg3|? and|T|? agree, not only
with each other but also with the pair creation rate obtaine
from the effective Lagrangian, for the case of a constan

electric field has given certain credibility to the tunneling [23-25) In such a situation, we can obtain an effective

I(::‘t?rzgrfljﬂzﬂhOlijr:tglrmr,eltr;ttiglr? paper, is to probe the ValldltyLagrangian for the classical electromagnetic background by
9 P ' g:tegrating out the degrees of freedom corresponding to the

F,LLV:(?,U,AV_(?VA,U, . (2)

%’he electromagnetic field is assumed to behave classically;
henceA , is just ac number while the complex scalar field is
assumed to be a quantum field so tdatis an operator-
valued distribution. We will also assume that the electromag-
etic field is given to us priori, i.e., we will not take into
account the back reaction of the quantum field on the classi-
cal background(Kiefer et al. show in Ref.[21] that the
emiclassical domain as envisaged here does exist; also see
CEef. [22] in this context. The issue of back reaction on the
lectromagnetic background has been addressed in Refs.

Consider an arbitrary electromagnetic background tha uantum field as
can be described by a space-dependent gauge. Also assume
that when the evolution of the quantum field is studied in
such a gauge, there exists a nonzero tunneling probability for exp( i f d*X Lo A ))
the effective Schrdinger equation. Can such a nonzero tun- ®
neling probability be always interpreted as particle produc-
tion? We attempt to answer this question in this paper by EJ D@J Dd)*ex;{ij d4x£(<I>,AM)
comparing the results obtained from the effective Lagrangian
with those obtained from the tunneling approach. We carry
out our analysis for a spatially varying, time-independentwhere we have set=c=1 for convenience. The effective
magnetic field when it is described by a space-dependestagrangian can be expressed as
gauge. We find that there exists, in general, a lack of consis-
tency between the results obtained from the tunneling ap- Leti= Lem™ Leorrs 4)

)
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whereLen is the Lagrangian density for the free electromag-in Eq. (10) when the operator I was expressed in an inte-
netic field, the third term in the Lagrangian density, and gral form, acts as the time parameter for the quantum-

Leorr IS given by mechanical systenjThe integral representation for the op-
erator InDwe have used above is divergent in the lower limit
exp(if d“x[:corr(AM) :f D(I)f Dd* of the integral, i.e., neas=0. This divergence is usually

regularized in field theory by subtracting from it another di-

. A _ vergent integral, viz., the integral representation of an opera-
xexp{lJ' d*x{(9,® +igA, D) tor InDy, whereDy= (9*d,+m?), the operator correspond-
ing to that of a free quantum field. That is, to avoid the
* H * . . . g
X (P —igA*D™) divergence, the integral representation fob lis actually
considered to be
—m?dd*}|. (5)
b~ nBg=— [ lexti(b-1
Integrating the action for the scalar field in the above equa- : NPo= 0 ?{exp{ I( te)s]
tion by parts and dropping the resulting surface terms, we .
obtain that —exgd —i(Dy—ie)s]}. (13)
exp(iJ’ d4X/3corr(A,L)> T_herefore, in what follows, '.[he-operatorf)ns.hould be coh-
sidered as InB-InD, though it will not be written so explic-
) ) itly. ]
=f Ddbf be*ex;{—ij d4x<I>*D<D)=(detD)‘1, Now, consider a background electromagnetic field de-
scribed by the vector potential
(6)
- A*=(0,0,A(x),0), (14)
where the operatdD is given by
A 2 _ . whereA(x) is an arbitrary function ok. This vector poten-
D=D,D#+m" and D,=d,+idA,. (@) tial does not produce an electric field but gives rise to a

magnetic fieldB= (dA/dx)z wherez is the unit vector along
the positivez axis. According to the Maxwell’s equations, in
the absence of an electric field, the magnetic field is related

exp{ if d4X£corr) = (detD) " '=exq — Tr(InD)] to the currenf(x) as

The determinant in Eq6) can be expressed as follows

=exy{—f d*x(t,x/InD|t,x) |, (8) VXB=]. (15)

) o ] ] ] Then, the current that can give rise to the time-independent
and in arriving at the last expression, following Schwinger,magnetic field we consider here is given by
we have chosen the set of basis vectoys) to evaluate the

trace of the operator InOFrom the above equation it is easy _ (dZA)
j=—

Y, (16)

to identify that v

Leor={tX{IND[t,x). © wherey is the unit vector along the positive axis. If we

Using the following integral representation for the operatorassume thaf is finite and continuous everywhere and also
InD: vanishes a§|— o, then the magnetic field we consider here

can be physically realized in the laboratory.

~ ~ds oA The operatoH corresponding to the vector potent{dh)
InD=— L ?exp[— i(D—ie)s] (10) s given by

(wheree—07"), the expression fof,, can be written as H=0,2—V?+2iqAd,+g°A%. (17)

=ds Then, the kernel for the tum-mechanical particle de-
— i Baxd —i(m2—i : quantum-mechanical particle de
Leon Ifo s —i(m 1)sIK(tx.5]t.x,0), @D seribed by the Hamiltonian above can be formally written as

where K(t,x,s|t,x,0)=(t,X|exd —i(d*— V2+2igAdy
K(t,x.s/t,x,00=(t,xe Mt x) and H=D,D* (12) +0?A%)s] [t,x). (18)

That is, K(t,x,s]t,x,0) is the kernel for a quantum- Using the translational invariance of the Hamiltonian opera-
mechanical particlgin four dimensions described by the tor H along the time coordinateand the spatial coordinates
Hamiltonian operatoH. The variables, that was introduced y andz, we can express the above kernel as
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d d d
K(t,x,s|t,x,0)= J %j 2—:): 2—:2(x|exp[—i[—w2—d§

+(py_qA)2+p22]S}|X>- (19)

Performing thew and p, integrations, we obtain that
1 dpy —iGs
K(t,X,S|t,X,O)—4—7TS E{x|e |X>,

where
G=-d2+(p,—gA)% (20)

The quantity(x|e~'®9x) is then the kernel for the one-
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L is also a real quantity. In fact, integratinf,,, twice with
respect tan?, we find thatZ.,,, can be expressed as

1

Leon= E f

where a=(m?+E)>0 and e has been set to zero. Then,
clearly L., is a real quantity(To be rigorous, one has to
take into account the two constants of integration that will
appear on integrating,.,, with respect tan’ {see[26]}, but
these constants are irrelevant for our arguments here.)
Though we are unable to evaluate the effective Lagrang-
ian for an arbitrary time-independent magnetic field in a
closed form, we have been able to show that it certainly does

%E | Pe(x)?a(ina—1),

2 E (27)

dimensional quantum-mechanical system described by thHaot have any imaginary part. Therefore, we can unambigu-

effective Hamiltonian operatdg. It can be expressed, using
the Feynman-Kac formula, as

<x|exq—iés>|x>=§|\PE(x>|2e—iEs, (21)

whereW¢ is the eigenfunction of the operatércorrespond-
ing to an eigenvalu&, i.e.,
GWe=[—d2+(p,— QA2 We=E Ve, (22)

so thatK(t,x,s|t,x,0) reduces to
1 dpy 2,—iEs
K(t.x,slt,x,00= 7— ZEE: |We(x)|?e B, (23)

(It is assumed that the summation o¥estands for integra-
tion over the relevant range whdh varies continuously.)
Since the potential tern{,py—qA(x)]z, in the Hamiltonian
operatorG is a positive definite quantity, the eigenvalke
can only lie in the range (®). Substituting the expression
for K(t,x,s|t,x,0) in Eg.(11), we find thatl,, is given by

dpy, , [*ds
fﬁ% |We(x)] fo Z

X exf —i(m?+E—ie)s].

Leon= — E

(24)

Differentiating the above expression f@g,,, twice with re-
spect tom? (cf. [26]) and then carrying out the integration
over the variables, we obtain that

(72£corr . 1 %

”n R
corr— &(m2)2 4] 274

2
[ We(x)] ) 25)

m?+E—ie

The quantity (m?>+E—ie) ! in the above expression can be
written as

1
m?+E—ie =P

+ims(m?+E), (26)

1
m?+E

where P is the principal value of the corresponding argu-

ment. SinceE is a positive semidefinite quantity, the argu-

ment of thed function above never reduces to zero. There-
fore, the second term in the above expression vanishes wit

the result thatC},, is a real quantity, thereby implying that

ously conclude that time-independent background magnetic
fields do not produce particles. This, of course, agrees with
Schwinger’s result for a constaftime-independentjnag-
netic field background.

IIl. TUNNELING PROBABILITY
IN A TIME-INDEPENDENT
MAGNETIC FIELD BACKGROUND

We shall now calculate the tunneling probability for a
specific time-independent background magnetic field in a
space-dependent gauge. Consider the vector potential

A*=(0,0,BLtanh(x/L),0), (28)
whereB, andL are arbitrary constants. This vector potential
does not produce any electric field but gives rise to the mag-
netic field

B=Bgsech(x/L)z, (29)
where z is the unit vector along the positive axis. The
magnetic fieldB goes to zero ajx|—x, i.e., its strength is
confined to an effective width. along thex axis. In the
absence of an electric field, according to the Maxwell's equa-
tion (15), the magnetic field given by E¢29) can be pro-
duced by the current

0

(2B
J:

3 (30)

) sectix/L)tanH(x/L)V,

where, as beforg denotes the unit vector along the positive
y axis. The current is finite and continuous everywhere and
also goes to zero dx|—o. Therefore, the magnetic field
B given by Eq.(29) is physically realizable in the laboratory.

In an electromagnetic background, described by the vec-
tor potentialA#, the complex scalar field satisfies the Klein-
Gordon equation

(D, D*+m?)®=(d,+iqA,)(d,+igA,)P=0. (31)

Substituting the vector potentié28) in the above equation,
we obtain that

97— V?+2iqBgLtanh(x/L)dy+ g*BiL2tantf(x/L ) + m?]®

=0. (32)
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Since the vector potenti@®8) is dependent only on the spa- differential equation and its general solution is a linear com-
tial coordinatex, the normal mode decomposition of the sca-bination of two hypergeometric functiorisf. [28], pp. 562

lar field can be carried out as and 563), i.e.,
_ —iwtaik, -
D, =Nk, & "y (%), (33) f(u)=AF(b+ % +c,b+%—c,1+a+b,y

whereri<L is the normalization constark, =(k, ,k;), and +BuPF(l-at+ci-a—c,1-a—b,0,

X, =(Y,2) . The modes are normalized according to the sca-

lar product (41)

whereA andB are arbitrary constants and
((I)ka7ch'k'i): —i j dz'u[q)wki(D,uq)w’k'L)*

c=(7 +4°Bo’LY)"™ (42)

—®7,, (D, )]
* : To calculate the tunneling probability for the effective
=8(w—w')do(k, —k',), (34)  Schralinger equatior(36), we have to choose the constants
A andB such thaty~e'*R* asx— +x (i.e., whenu—0).
wheredX* is a timelike hypersurface. Substituting the nor- This can be achieved by settidg=0 andB=2""°, so that
mal mode®,, in Eq. (32), we find thatys satisfies the
differential equation f(uy=2"u"2"PF(3 —a+c,3 —a—-c,1—a—b,u.

2 (43)

d (// 2 2 2 271 2
d_p2+[“’ ~ (ky=aBolLtantp)”—k; —m7]L"¢=0, (35) Substituting the above solution in E¢8) and using the
relation (cf. [28], p. 559

wherep=(x/L) and we have dropped the subscripts yan

This differential equation can be rewritten as F(}-a+c,i—a—c,1—a—b,u
d2y —PE(L_ L g_n1— _
- d—p2+(kyL—qBothanfp)zljx:(wz—kf—mZ)Lzz,//, =PF(3 —a+c,z —a—c,1—a+b,1—-y
(36) +Q(1-w*™°
which then resembles a time-independent Sdimger equa- XF(3 —b—c,3 —b+c,1+a—b,1-y, (44)

tion corresponding to a potentiak,( — qB,L 2tantp)%2 and

energy eigenvaluea(z—kg—mz)L /2. The potential term in  where

the effective Schidinger equation above reduces to a finite

constant agx|—o. Therefore, there exist solutions far I'(1—a—b)I'(a—b)
which reduce toet”‘LX_ asx— —» and e™'kr* as x— + oo, P= T —b-c)T(: —b+c)
wherek, andkg are given by

kL=[w2—(ky+qBoL)2—k§—mz]m, and
kRz[wZ_(ky_qBoL)Z_kg_mZ:ll/Z_ (37) _ F(l_a_b)r(b_a) ' (45)
I'(3 —a+c)['(3 —a—c)
We will confine to values ofv andk; such thatk, andkg
are real. we find that, ax— —, i.e., when (1-u)—0,
The differential equatiofi35) can be solved by the ansatz
(cf. [27]) yp— P4 Qe kX, (46)
y=e *sectipf(p), (38)  Consider a solution of the effective Séhinger equation

(36) which goes as Re¥*+e k¥) asx— —= and goes

over to (T€XRX) asx— +. Then, it is easy to identify the

a=ik_L, b=ik,L, andk.=(kgxk /2. (39) expressions foR andT from equation(46). They are given
N b

where

Substituting the above ansatz in E®5), we find thatf
satisfies the differential equation ( p) (F(% —a+o)r(} _a_C)F(a_b))

d?f df I'(3 —b—c)I'(: —b+c)['(b—a)
u(u—l)w+[1+a+b—2(b+1)u]ﬁ

1_ 14
+[PBL4b(b+ 1] =0, (40 _[ L)z —atoltz Za C)) (1)
Q N'i-a—-b)I'(b—a) /'
where the variableu is related top by the equation:

u=(1-tantp)/2. The above equation is a hypergeometricso that
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cosh2rk, L+ cos2mrc If we also assume thap(x) and A(x) vanish at the spatial
IR|?= cosh2rk L+c0527-rc) infinities, then it is clear that the solutions fgrwill reduce
- to plane waves ax|— . When such solutions are possible,
and in general, there is bound to exist a nonzero tunneling prob-
ability for the effective Schidinger equation. Thus, quite
|T|2:(ﬁ)<COShZTk+L—C05h2Wk'—)_ (4g) generally, the tunneling interpretation will force us to con-
Kr cosh2rk_L +cos2mrc clude that the electromagnetic field described by the above

) . . . potential produces particles. In particular, the tunneling prob-
The Wronskian condition for the effective Schinger equa- ability will prove to be be nonzero even when=0, the case

tion (36) then leads us to the relation which corresponds to a pure time-independent magnetic
K field. But for such a case, we have shown in Sec. Il that the

|R|2— R |T|2=1. (49) effective Lagrangian is real and hence there can be no par-

kL ticle production. Thus, we again reach a contradiction be-

. - . tween the results obtained from the tunneling interpretation
So, the tunneling propab|l|t)ns nonzero for the iMe-  and those obtained from the effective Lagrangian.
mdepe_ndent mag‘?e“c field we have considered here. Itis, in On the other hand, consider the following situation. If we
fact, given t_)y|T| in Eq. (48). . . . chooseA(x) to be zero andb(x) to be nonzero in the above

T_he |mpI.|cat|ons of our analysis are discussed in the foly o, potential, then such a vector potential will give rise to
lowing section. a time-independent electric field. Such an electric field is

always expected to produce particles. But in the space-
IV. CONCLUSIONS dependent gauge we have chosen I trivially zero and

A time-independent magnetic field does not give rise tolf We consider only a nonzerg to imply particle production,
any electric field and a pure magnetic field cannot do anyhen we will be forced to conclude that time-independent
work on charged particles. Therefore, it seems plausible th&t!ectric fields will not produce particles. Itis to salvage such
such a magnetic field does not produce particles. This expeé Situation that the tunneling interpretation has been repeat-
tation is, in fact, corroborated by the result we have obtaine@dly invoked in the literature. But then our analyses in the
in Sec. II, viz., that the imaginary part of the effective La- last two sections show that tunneling probability can be non-
grangian for a time-independent, but otherwise arbitraryZ€ro even if effective Lagrangian has no imaginary part.
magnetic field is zero. Our analysis in Secs. Il and Ill has There appears to be three possible ways of reacting to this
been carried out assuming that the time-independent magontradiction. We shall examine each of them below.
netic field is described by a space-dependent gauge. In such () We may begin by noticing that in quantum field
a gaugeg is trivially zero and if we had considered only a theory, there is always a tacit assumption that not only the
nonzero 8 to imply particle production, then this result fields but also the potentials should vanish at spatial infini-

would have proved to be consistent with the result we havd®S- If we take this requirement seriously, we may disregard
obtained in Sec. II. the results for constant electromagnetic fieltge only case
But this is not the whole story. According to the tunneling for Which explicit results are known by more than one
interpretation, in a time-independent gauge it is the tunneling&thod) as unphysical. Then, we only need to provide a
probability for the effective Schitinger equation that has to 9&uge-invariant criterionfor particle production in electro-
be interpreted as particle production. In Sec. Ill, we find thafh@gnetic fields described by potentials which vanish at in-

there exists a nonzero tunneling probability for a spatially Nty o
confined, time-independent magnetic field. If the tunneling 1 NiS turns out to be a difficult task, even conceptually. To

interpretation is true, this result would then imply that such a?€9in with, we do not know how to generalize Schwinger’s
background can produce particles thereby contradicting th@nalysis and compute the effective Lagrangian for a spatially
result we have obtained in Sec. II. varying electromagnetic field. The only procedure available

The tunneling probability can, in fact, prove to be nonzerof©F US to study the evolution of the quantum field in such
in a more general case and is certainly not an artifact of ouP@ckgrounds is based on the method of normal mode analy-
specific example. This can be seen as follows: Consider a#{S Where we go on to obtain the tunneling probabiiey?.

arbitrary electromagnetic field described by the vector potenBUt then the potential term in the effective Sotiirger equa-
tial tion is not gauge invariant, as can be easily seen from its

form in Eq.(51). So the tunneling interpretation, even if it is
A*=(4(X),0,A(X),0), (50) adhered to, has the problem that it may not yield results that
are gauge invariant. In fact, the situation is more serious; the
where ¢(x) and A(x) are arbitrary functions ok. If the  entire tunneling approach can be used caflgr a particular
decomposition of the normal modes is carried out as wagauge has been chosen. In some sense, the battle has already
done in Eq.(33), then the effective Schdinger equation for been lost.
the x coordinate corresponding to the above vector potential Operationally also, it is doubtful whether the tunneling
turns out to be approach will yield results that are always consistent with the
- effective Lagrangian. As the analysis in this paper shows,
2 o 2 - there is at least one case, that of a spatially confined mag-
B Wﬂ(ky_qA) ~(0=ad)7]y=(=k;=m7)y. netic field, for which one can obtain a formal expression for
(51) effective Lagrangian and then compare it with the results



54 DOES A NONZERO TUNNELING PROBABILITY IMPLY . .. 7605

obtained from the normal mode analysis. These results are This point could also have an interesting implication for
clearly in contradiction with each other. gravitational backgrounds. The analogue of a constant elec-
(i) One may take the point of view that particle produc-tromagnetic background in gravity corresponds to space-
tion in an electromagnetic field is a gauge-dependent phaimes whoseR,,,,,'s are constants. The effective action in
nomenon. It appears to be a remedy worse than disease agghvity can then possibly be expressed in terms of
is possibly not acceptable. In addition to philosophical ob-cgordinate-invariant quantities constructed frdRy,,,,’s,
jections, one can also rule out this possibility by the follow-jyst a5 it was possible to express the effective Lagrangian for

ing argument. We note that in the laboratory we can producg constant electromagnetic background in terms of gauge-
electromagnetic fields by choosing charges and current d'%hvariant quantities involving ,,'s
v Ot

tributions but we have no operational way of implementing a We would like to stress here the following points. Equa-

gauge. So, given a particular e_Iect_romagnetic ﬁeld’ in SOMEons (36) and (51) resemble a Schdinger equation only in
region of the Iaborayory_, we will-either see particles bemga formal sense. The actual time-dependent differential equa-
producr(]ad or n|0t' Itis difficult to see where the gauge Car{ion that we ought to deal with is the functional Sctlirmger
enter this result. . . X . )
equation defined on the configuration space of all fi¢ste

This point has some interesting similaritiéand differ- ) X
ences)with the question of particle definition in a gravita- R€fS-[22,29]). It is possible that such an approach would

tional field. If we assume that the choice of gauge in electrol®@d 0 an unambiguous way of dealing with particle cre-
magnetic backgrounds is similar to the choice of a coordinat&tion. The results obtained from an analysis of the functional
system in gravity, then one would like to ask whether theSchralinger equation might not, in general, agree with the
concept of particle is dependent on the coordinate choicdunneling probability calculated for equations such{@) or
People seem to have no difficulty in accepting a coordinaté51). It would be interesting to know the conditions under
dependence of particléand particle productionn the case  which the particle creation rate obtained from an analysis of
of gravity though the same people might not like the particlethe functional Schrdinger equation coincides with the tun-
concept to be gauge dependent in the case of electromagneeling probability evaluated, say, for E¢51). However,
tism. To some extent, this arises from the idea that a coordigiven the mathematical difficulties associated with solving
nate choice is implementable by choosing a special class dfinctional differential equations, it is difficult to arrive at
observers, say, while a gauge choice in electromagnetism tgear conclusions regarding the results éobitrary electro-

not implementable in practice. magnetic backgrounds.

(iii) Finally, one may take the point of view that tunneling  Comparing the three choices listed above, it seems that
interpretation is completely invalid and one should rely en-the third one is the most reasonable. Therefore, we conclude
tirely on the effective Lagrangian for interpreting the particle that the results obtained from the effective Lagrangian can be
production. In this approach one would calculate the effecrelied upon whereas the tunneling approach has to be treated
tive Lagrangian for a given electromagnetic figfbssibly  with caution. It is likely, however, that the tunneling inter-
by numerical techniques, sagnd will claim that particle pretation will prove to be consistent with the effective La-
production takes place only if the effective Lagrangian hasgrangian approach if we demand that an auxiliary gauge-
an imaginary part. Further, one would confine oneself tonyariant criterion has to be satisfied by the electromagnetic
those potentials which vanish at infinity, thereby ensuringsackground before we can attribute a nonzero tunneling
proper asymptotic behavior. probability to particle production. But it is not obvious as to

This procedure is clearly gauge invariant in the sense thajow such a condition can be obtained from the normal mode

the effective Lagrangian igat least formally gauge invari-  analysis. The wider implications of this result are under in-
ant. Of course, one needs to provide a procedure for calcyrestigation.

lating the effective Lagrangian without having to choose a

particular gauge. Given such a procedure, we have an unam-

biguous, _gauge-.lnvarlar)t criterion fo_r particle production for ACKNOWLEDGMENTS
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