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Does a nonzero tunneling probability imply particle production
in time-independent classical electromagnetic backgrounds?

L. Sriramkumar* and T. Padmanabhan†

IUCAA, Post Bag 4, Ganeshkhind, Pune 411 007, India
~Received 3 April 1996!

In this paper, we probe the validity of the tunneling interpretation that is usually called forth in the literature
to explain the phenomenon of particle production by time-independent classical electromagnetic backgrounds.
We show that the imaginary part of the effective Lagrangian is zero for a complex scalar field quantized in a
time-independent, but otherwise arbitrary, magnetic field. This result implies that no pair creation takes place
in such a background. But we find that when the quantum field is decomposed into its normal modes in the
presence of a spatially confined and time-independent magnetic field, there exists a nonzero tunneling prob-
ability for the effective Schro¨dinger equation. According to the tunneling interpretation, this result would imply
that spatially confined magnetic fields can produce particles, thereby contradicting the result obtained from the
effective Lagrangian. This lack of consistency between these two approaches calls into question the validity of
attributing a nonzero tunneling probability for the effective Schro¨dinger equation to the production of particles
by the time-independent electromagnetic backgrounds. The implications of our analysis are discussed.
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I. INTRODUCTION

The phenomenon of pair creation by classical electrom
netic backgrounds was first studied by Schwinger more t
four decades ago. In his classic paper, Schwinger consid
a quantized spinor field interacting with a constant exte
electromagnetic background@1#. Obtaining an effective La
grangian by integrating out the degrees of freedom co
sponding to the quantum field, he showed that the effec
Lagrangian had an imaginary part only when (E22B2).0,
whereE andB are the constant electric and magnetic fiel
respectively~also see@2#!. The appearance of an imagina
part in the effective Lagrangian implies an instability of t
vacuum and Schwinger attributed the cause of this instab
to the production of pairs corresponding to the quantum fi
by the electromagnetic background. The imaginary par
the effective Lagrangian, Schwinger concluded, should
interpreted as the number of pairs that have been produ
per unit four-volume, by the external electromagnetic fie

Though attempts have been made in literature to ob
the effective Lagrangian for a fairly nontrivial electroma
netic field ~see, for instance, Refs.@3–7#!, its evaluation for
an arbitrary vector potential proves to be an uphill task.
cause of this reason the phenomenon of particle produc
in classical electromagnetic backgrounds has been repea
studied in the literature by the method of normal mo
analysis. In this approach, the normal modes of the quan
field are obtained by solving the wave equation it satisfies
the given electromagnetic background in a particular gau
The coefficients of the positive frequency normal modes
the quantum field are then identified to be the annihilat
operators. The evolution of these operators, therefore,
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lows the evolution of the normal modes. Then, by relating
these operators defined in the asymptotic regions~either in
space or in time!, the number of particles that have been
produced by the electromagnetic background can be com
puted.

Consider an electromagnetic background that can be rep
resented by a time-dependentgauge. If we choose to study
the evolution of the quantum field in such a gauge, then a
positive frequency normal mode of the quantum field at late
times will, in general, prove to be a linear superposition of
the positive and negative frequency modes defined at ear
times. The coefficients in such a superposition are the Bogo
liubov coefficientsa andb. A nonzero Bogoliubov coeffi-
cientb would then imply that thein-vacuum state is not the
same as theout-vacuum state. This in turn implies that the
in-out transition amplitude is less than unity which can be
attributed to the excitation of the modes of the quantum field
by the electromagnetic background@8–13#. These excitations
manifest themselves as real particles corresponding to th
quantum field.

On the other hand, consider an electromagnetic back
ground that can be described by a space-dependent gauge~by
which we mean a gauge that is completely independent o
time!. If the evolution of the quantum field is studied in such
a gauge, then because of the lack of dependence on time, t
Bogoliubov coefficientb proves to be trivially zero. This
could then imply that the electromagnetic background which
is being considered does not produce particles.

An interesting situation arises when the same electromag
netic field can be described by a~purely! space-dependent
gauge as well as a~purely! time-dependent gauge. If we
choose to study the evolution of the quantum field in the
time-dependent gauge, in general,b will prove to be non-
zero, thereby implying~as discussed above!that particles are
being produced by the electromagnetic background. But, in
the space-dependent gaugeb is trivially zero, thereby dis-
7599 © 1996 The American Physical Society
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agreeing with the result obtained in the time-depend
gauge. Therefore, to obtain results that are gauge invari
the phenomenon of particle production has to be someh
‘‘explained’’ in the space-dependent gauge. In the literatu
a ‘‘tunneling interpretation’’ is usually invoked to explain
the phenomenon of particle production in such a situat
@14–18#. In this approach, an effective Schro¨dinger equation
is obtained after the quantum field is decomposed into n
mal modes in the space-dependent gauge. The nonzero
neling probability for this Schro¨dinger equation is then at-
tributed to the production of particles by the electromagne
background.

The discussion in the above paragraph can be illustra
by the following well-known, and instructive, example. Con
sider a constant electric field given byE5Ex, whereE is a
constant andx̂ is the unit vector along the positivex axis.
This electric field can be described either by the tim
dependent gauge,A1

m5(0,2Et,0,0), or by the space-
dependent gauge,A2

m5(2Ex,0,0,0). In the gaugeA1
m , be-

cause of the time dependence, the positive frequency nor
modes of the quantum field att51` are related by a non-
zero Bogoliubov coefficientb to the positive frequency
modes att52`. The quantityubu2 then yields the number
of particles that have been produced in a single mode of
quantum field at late times in thein vacuum@19,20#. But, if
the evolution of the quantum field is studied in the gau
A2

m , because of time independence,b proves to be zero,
thereby disagreeing with the result obtained in the gau
A1

m . The tunneling interpretation can be invoked in such
situation to explain particle production in the gaugeA2

m . In
this gauge, after the normal mode decomposition of
quantum field, an effective Schro¨dinger equation is obtained
along the x direction. The nonzero tunneling probabilit
uTu2 for this Schro¨dinger equation is then interpreted as th
number of particles that have been produced in a sin
mode of the quantum field@19,20#. The tunneling probability
uTu2 evaluated in the gaugeA2

m , in fact, exactly matches the
quantity ubu2 obtained in the gaugeA1

m . Also, these two
quantities agree with the pair creation rate obtained
Schwinger from the imaginary part of the effective Lagran
ian.

The fact that the quantitiesubu2 and uTu2 agree, not only
with each other but also with the pair creation rate obtain
from the effective Lagrangian, for the case of a consta
electric field has given certain credibility to the tunnelin
interpretation. Our aim, in this paper, is to probe the valid
of the tunneling interpretation.

Consider an arbitrary electromagnetic background t
can be described by a space-dependent gauge. Also as
that when the evolution of the quantum field is studied
such a gauge, there exists a nonzero tunneling probability
the effective Schro¨dinger equation. Can such a nonzero tu
neling probability be always interpreted as particle produ
tion? We attempt to answer this question in this paper
comparing the results obtained from the effective Lagrang
with those obtained from the tunneling approach. We ca
out our analysis for a spatially varying, time-independe
magnetic field when it is described by a space-depend
gauge. We find that there exists, in general, a lack of con
tency between the results obtained from the tunneling
ent
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proach and those obtained from the effective Lagrangian.
This inconsistency clearly calls into question the validity of
the tunneling interpretation as it is presently understood in
the literature.

This paper is organized as follows. In Sec. II, we show
that the imaginary part of the effective Lagrangian for an
arbitrary time-independent background magnetic field is
zero. In Sec. III, we calculate the tunneling probability,
which happens to be nonzero, for a particular spatially con-
fined and time-independent magnetic field when it is repre-
sented by a space-dependent gauge. Finally, in Sec. IV we
discuss the implications of our analysis to the study of par-
ticle production in time-independent electromagnetic and
gravitational backgrounds.

II. EFFECTIVE LAGRANGIAN
FOR A TIME-INDEPENDENT MAGNETIC

FIELD BACKGROUND

The system we consider in this paper consists of a com-
plex scalar fieldF interacting with an electromagnetic field
represented by the vector potentialAm. It is described by the
Lagrangian density

L~F,Am!5~]mF1 iqAmF!~]mF*2 iqAmF* !

2m2FF*2
1

4
FmnFmn , ~1!

whereq andm are the charge and the mass associated with a
single quantum of the complex scalar field, the asterisk de-
notes complex conjugation, and

Fmn5]mAn2]nAm . ~2!

The electromagnetic field is assumed to behave classically
hence,Am is just ac number while the complex scalar field is
assumed to be a quantum field so thatF is an operator-
valued distribution. We will also assume that the electromag-
netic field is given to usa priori, i.e., we will not take into
account the back reaction of the quantum field on the classi-
cal background.~Kiefer et al. show in Ref. @21# that the
semiclassical domain as envisaged here does exist; also se
Ref. @22# in this context. The issue of back reaction on the
electromagnetic background has been addressed in Refs
@23–25#.! In such a situation, we can obtain an effective
Lagrangian for the classical electromagnetic background by
integrating out the degrees of freedom corresponding to the
quantum field as

expS i E d4xLeff~Am! D
[E DFE DF* expS i E d4xL~F,Am! D , ~3!

where we have set\5c51 for convenience. The effective
Lagrangian can be expressed as

Leff5Lem1Lcorr, ~4!
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whereLem is the Lagrangian density for the free electroma
netic field, the third term in the Lagrangian density~1!, and
Lcorr is given by

expS i E d4xLcorr~Am! D5E DFE DF*

3expS i E d4x$~]mF1 iqAmF!

3~]mF*2 iqAmF* !

2m2FF* % D . ~5!

Integrating the action for the scalar field in the above eq
tion by parts and dropping the resulting surface terms,
obtain that

expS i E d4xLcorr~Am! D
5E DFE DF* expS 2 i E d4xF* D̂F D5~detD̂!21,

~6!

where the operatorD̂ is given by

D̂[DmD
m1m2 and Dm[]m1 iqAm . ~7!

The determinant in Eq.~6! can be expressed as follows

expS i E d4xLcorrD5~detD̂!215exp@2Tr~ lnD̂ !#

5expS 2E d4x^t,xu lnD̂ut,x& D , ~8!

and in arriving at the last expression, following Schwing
we have chosen the set of basis vectorsut,x& to evaluate the
trace of the operator lnDˆ . From the above equation it is eas
to identify that

Lcorr5 i ^t,xu lnD̂ut,x&. ~9!

Using the following integral representation for the opera
lnD̂:

lnD̂[2E
0

`ds

s
exp@2 i ~D̂2 i e!s# ~10!

~wheree→01), the expression forLcorr can be written as

Lcorr52 i E
0

`ds

s
exp@2 i ~m22 i e!s#K~ t,x,sut,x,0!, ~11!

where

K~ t,x,sut,x,0!5^t,xue2 iĤ sut,x& and Ĥ[DmD
m. ~12!

That is, K(t,x,sut,x,0) is the kernel for a quantum
mechanical particle~in four dimensions! described by the
Hamiltonian operatorĤ. The variables, that was introduced
g-

ua-
we

er,

y

tor

-

in Eq. ~10!when the operator lnD̂ was expressed in an inte-
gral form, acts as the time parameter for the quantum-
mechanical system.@The integral representation for the op-
erator lnD̂we have used above is divergent in the lower limit
of the integral, i.e., nears50. This divergence is usually
regularized in field theory by subtracting from it another di-
vergent integral, viz., the integral representation of an opera-
tor lnD̂0, whereD̂05(]m]m1m2), the operator correspond-
ing to that of a free quantum field. That is, to avoid the
divergence, the integral representation for lnD̂ is actually
considered to be

lnD̂2 lnD̂0[2E
0

`ds

s
$exp@2 i ~D̂2 i e!s#

2exp@2 i ~D̂02 i e!s#%. ~13!

Therefore, in what follows, the operator lnD̂ should be con-
sidered as lnDˆ2lnD̂0 though it will not be written so explic-
itly.#

Now, consider a background electromagnetic field de-
scribed by the vector potential

Am5„0,0,A~x!,0…, ~14!

whereA(x) is an arbitrary function ofx. This vector poten-
tial does not produce an electric field but gives rise to a
magnetic fieldB5(dA/dx) ẑ, whereẑ is the unit vector along
the positivez axis. According to the Maxwell’s equations, in
the absence of an electric field, the magnetic field is related
to the currentj( x) as

¹3B5 j . ~15!

Then, the current that can give rise to the time-independent
magnetic field we consider here is given by

j52 S d2Adx2 D ŷ, ~16!

where ŷ is the unit vector along the positivey axis. If we
assume thatj is finite and continuous everywhere and also
vanishes asuxu→`, then the magnetic field we consider here
can be physically realized in the laboratory.

The operatorĤ corresponding to the vector potential~14!
is given by

Ĥ[] t
22¹212iqA]y1q2A2. ~17!

Then, the kernel for the quantum-mechanical particle de-
scribed by the Hamiltonian above can be formally written as

K~ t,x,sut,x,0!5^t,xuexp@2 i ~] t
22¹212iqA]y

1q2A2!s# ut,x&. ~18!

Using the translational invariance of the Hamiltonian opera-
tor Ĥ along the time coordinatet and the spatial coordinates
y andz, we can express the above kernel as
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K~ t,x,sut,x,0!5E dv

2pE dpy
2p E dpz

2p
^xuexp$2 i @2v22dx

2

1~py2qA!21pz
2#s% ux&. ~19!

Performing thev andpz integrations, we obtain that

K~ t,x,sut,x,0!5
1

4psE dpy
2p

^xue2 iĜsux&,

where

Ĝ[2dx
21~py2qA!2. ~20!

The quantity ^xue2 iĜsux& is then the kernel for the one
dimensional quantum-mechanical system described by
effective Hamiltonian operatorĜ. It can be expressed, usin
the Feynman-Kac formula, as

^xuexp~2 iĜs!ux&5(
E

uCE~x!u2e2 iEs, ~21!

whereCE is the eigenfunction of the operatorĜ correspond-
ing to an eigenvalueE, i.e.,

ĜCE[@2dx
21~py2qA!2#CE5ECE , ~22!

so thatK(t,x,sut,x,0) reduces to

K~ t,x,sut,x,0!5
1

4psE dpy
2p (

E
uCE~x!u2e2 iEs. ~23!

~It is assumed that the summation overE stands for integra-
tion over the relevant range whenE varies continuously.!
Since the potential term,@py2qA(x)#2, in the Hamiltonian
operatorĜ is a positive definite quantity, the eigenvalueE
can only lie in the range (0,̀). Substituting the expressio
for K(t,x,sut,x,0) in Eq. ~11!, we find thatLcorr is given by

Lcorr52
i

4pE dpy
2p (

E
uCE~x!u2E

0

` ds

s2

3exp@2 i ~m21E2 i e!s#. ~24!

Differentiating the above expression forLcorr twice with re-
spect tom2 ~cf. @26#! and then carrying out the integratio
over the variables, we obtain that

Lcorr9 5
]2Lcorr
]~m2!2

5
1

4pE dpy
2p (

E
S uCE~x!u2

m21E2 i e D . ~25!

The quantity (m21E2 i e)21 in the above expression can b
written as

S 1

m21E2 i e D5PS 1

m21ED1 ipd~m21E!, ~26!

whereP is the principal value of the corresponding arg
ment. SinceE is a positive semidefinite quantity, the arg
ment of thed function above never reduces to zero. The
fore, the second term in the above expression vanishes
the result thatLcorr9 is a real quantity, thereby implying tha
-
the
g

n

n

e

u-
u-
re-
with
t

L is also a real quantity. In fact, integratingLcorr9 twice with
respect tom2, we find thatLcorr can be expressed as

Lcorr5
1

4pE dpy
2p (

E
uCE~x!u2a~ lna21!, ~27!

wherea5(m21E).0 and e has been set to zero. Then,
clearly Lcorr is a real quantity.~To be rigorous, one has to
take into account the two constants of integration that will
appear on integratingLcorr9 with respect tom2 $see@26#%, but
these constants are irrelevant for our arguments here.!

Though we are unable to evaluate the effective Lagrang
ian for an arbitrary time-independent magnetic field in a
closed form, we have been able to show that it certainly does
not have any imaginary part. Therefore, we can unambigu-
ously conclude that time-independent background magnetic
fields do not produce particles. This, of course, agrees with
Schwinger’s result for a constant~time-independent!mag-
netic field background.

III. TUNNELING PROBABILITY
IN A TIME-INDEPENDENT

MAGNETIC FIELD BACKGROUND

We shall now calculate the tunneling probability for a
specific time-independent background magnetic field in a
space-dependent gauge. Consider the vector potential

Am5„0,0,B0Ltanh~x/L !,0…, ~28!

whereB0 andL are arbitrary constants. This vector potential
does not produce any electric field but gives rise to the mag
netic field

B5B0sech
2~x/L !ẑ, ~29!

where ẑ is the unit vector along the positivez axis. The
magnetic fieldB goes to zero asuxu→`, i.e., its strength is
confined to an effective widthL along thex axis. In the
absence of an electric field, according to the Maxwell’s equa-
tion ~15!, the magnetic field given by Eq.~29! can be pro-
duced by the current

j5 S 2B0

L D sech~x/L !tanh~x/L !ŷ, ~30!

where, as before,ŷ denotes the unit vector along the positive
y axis. The currentj is finite and continuous everywhere and
also goes to zero asuxu→`. Therefore, the magnetic field
B given by Eq.~29! is physically realizable in the laboratory.

In an electromagnetic background, described by the vec
tor potentialAm, the complex scalar field satisfies the Klein-
Gordon equation

~DmD
m1m2!F5~]m1 iqAm!~]m1 iqAm!F50. ~31!

Substituting the vector potential~28! in the above equation,
we obtain that

@] t
22¹212iqB0Ltanh~x/L !]y1q2B0

2L2tanh2~x/L !1m2#F

50. ~32!
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Since the vector potential~28! is dependent only on the spa
tial coordinatex, the normal mode decomposition of the sc
lar field can be carried out as

Fvk'
5Nvk'

e2 ivteik'•x'cvk'
~x!, ~33!

whereNvk'
is the normalization constant,k'[(ky ,kz), and

x'[(y,z) . The modes are normalized according to the s
lar product

~Fvk'
,Fv8k8'

!52 i E dSm@Fvk'
~DmFv8k8'

!*

2Fv8k8'

* ~DmFvk'
!#

5d~v2v8!d~k'2k8'!, ~34!

wheredSm is a timelike hypersurface. Substituting the no
mal modeFvk'

in Eq. ~32!, we find thatc satisfies the
differential equation

d2c

dr2
1@v22~ky2qB0Ltanhr!22kz

22m2#L2c50, ~35!

wherer5(x/L) and we have dropped the subscripts onc.
This differential equation can be rewritten as

2
d2c

dr2
1~kyL2qB0L

2tanhr!2c5~v22kz
22m2!L2c,

~36!

which then resembles a time-independent Schro¨dinger equa-
tion corresponding to a potential (kyL2qB0L

2tanhr)2/2 and
energy eigenvalue (v22kz

22m2)L2/2. The potential term in
the effective Schro¨dinger equation above reduces to a fini
constant asuxu→`. Therefore, there exist solutions forc
which reduce toe6 ikLx as x→2` and e6 ikRx as x→1`,
wherekL andkR are given by

kL5@v22~ky1qB0L !22kz
22m2#1/2,

kR5@v22~ky2qB0L !22kz
22m2#1/2. ~37!

We will confine to values ofv andk' such thatkL andkR
are real.

The differential equation~35! can be solved by the ansat
~cf. @27#!

c5e2arsechbr f ~r!, ~38!

where

a5 ik2L, b5 ik1L, and k65~kR6kL!/2. ~39!

Substituting the above ansatz in Eq.~35!, we find thatf
satisfies the differential equation

u~u21!
d2f

du2
1@11a1b22~b11!u#

d f

du

1@q2B0
2L42b~b11!# f50, ~40!

where the variableu is related to r by the equation:
u5(12tanhr)/2. The above equation is a hypergeomet
-
a-

ca-

r-

te

z

ric

differential equation and its general solution is a linear com-
bination of two hypergeometric functions~cf. @28#, pp. 562
and 563!, i.e.,

f ~u!5AF~b1 1
2 1c,b1 1

2 2c,11a1b,u!

1Bu2a2bF~ 1
2 2a1c,12 2a2c,12a2b,u!,

~41!

whereA andB are arbitrary constants and

c5~ 1
4 1q2B0

2L4!1/2. ~42!

To calculate the tunneling probability for the effective
Schrödinger equation~36!, we have to choose the constants
A andB such thatc;eikRx as x→1` ~i.e., whenu→0).
This can be achieved by settingA50 andB522b, so that

f ~u!522bu2a2bF~ 1
2 2a1c, 12 2a2c,12a2b,u!.

~43!

Substituting the above solution in Eq.~38! and using the
relation ~cf. @28#, p. 559!

F~ 1
2 2a1c, 12 2a2c,12a2b,u!

5PF~ 1
2 2a1c,12 2a2c,12a1b,12u!

1Q~12u!a2b

3F~ 1
2 2b2c, 12 2b1c,11a2b,12u!, ~44!

where

P5S G~12a2b!G~a2b!

G~ 1
2 2b2c!G~ 1

2 2b1c!
D

and

Q5S G~12a2b!G~b2a!

G~ 1
2 2a1c!G~ 1

2 2a2c!
D , ~45!

we find that, asx→2`, i.e., when (12u)→0,

c→PeikLx1Qe2 ikLx. ~46!

Consider a solution of the effective Schro¨dinger equation
~36! which goes as (ReikLx1e2 ikLx) as x→2` and goes
over to (TeikRx) asx→1`. Then, it is easy to identify the
expressions forR andT from equation~46!. They are given
by

R5S PQD 5S G~ 1
2 2a1c!G~ 1

2 2a2c!G~a2b!

G~ 1
2 2b2c!G~ 1

2 2b1c!G~b2a!
D ,

T5S 1
Q
D 5S G~ 1

2 2a1c!G~ 1
2 2a2c!

G~12a2b!G~b2a!
D , ~47!

so that
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uRu25S cosh2pk1L1cos2pc

cosh2pk2L1cos2pcD
and

uTu25S kLkRD S cosh2pk1L2cosh2pk2L

cosh2pk2L1cos2pc D . ~48!

The Wronskian condition for the effective Schro¨dinger equa-
tion ~36! then leads us to the relation

uRu22S kRkL D uTu251. ~49!

So, the tunneling probabilityis nonzero for the time-
independent magnetic field we have considered here. It is,
fact, given byuTu2 in Eq. ~48!.

The implications of our analysis are discussed in the fo
lowing section.

IV. CONCLUSIONS

A time-independent magnetic field does not give rise t
any electric field and a pure magnetic field cannot do an
work on charged particles. Therefore, it seems plausible th
such a magnetic field does not produce particles. This exp
tation is, in fact, corroborated by the result we have obtaine
in Sec. II, viz., that the imaginary part of the effective La
grangian for a time-independent, but otherwise arbitrar
magnetic field is zero. Our analysis in Secs. II and III ha
been carried out assuming that the time-independent ma
netic field is described by a space-dependent gauge. In s
a gauge,b is trivially zero and if we had considered only a
nonzerob to imply particle production, then this result
would have proved to be consistent with the result we ha
obtained in Sec. II.

But this is not the whole story. According to the tunneling
interpretation, in a time-independent gauge it is the tunnelin
probability for the effective Schro¨dinger equation that has to
be interpreted as particle production. In Sec. III, we find th
there exists a nonzero tunneling probability for a spatial
confined, time-independent magnetic field. If the tunnelin
interpretation is true, this result would then imply that such
background can produce particles thereby contradicting t
result we have obtained in Sec. II.

The tunneling probability can, in fact, prove to be nonzer
in a more general case and is certainly not an artifact of o
specific example. This can be seen as follows: Consider
arbitrary electromagnetic field described by the vector pote
tial

Am5„f~x!,0,A~x!,0…, ~50!

wheref(x) and A(x) are arbitrary functions ofx. If the
decomposition of the normal modes is carried out as w
done in Eq.~33!, then the effective Schro¨dinger equation for
thex coordinate corresponding to the above vector potent
turns out to be

2
d2c

dx2
1@~ky2qA!22~v2qf!2#c5~2kz

22m2!c.

~51!
in
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If we also assume thatf(x) andA(x) vanish at the spatial
infinities, then it is clear that the solutions forc will reduce
to plane waves asuxu→`. When such solutions are possible,
in general, there is bound to exist a nonzero tunneling prob-
ability for the effective Schro¨dinger equation. Thus, quite
generally, the tunneling interpretation will force us to con-
clude that the electromagnetic field described by the above
potential produces particles. In particular, the tunneling prob-
ability will prove to be be nonzero even whenf50, the case
which corresponds to a pure time-independent magnetic
field. But for such a case, we have shown in Sec. II that the
effective Lagrangian is real and hence there can be no par
ticle production. Thus, we again reach a contradiction be-
tween the results obtained from the tunneling interpretation
and those obtained from the effective Lagrangian.

On the other hand, consider the following situation. If we
chooseA(x) to be zero andf(x) to be nonzero in the above
vector potential, then such a vector potential will give rise to
a time-independent electric field. Such an electric field is
always expected to produce particles. But in the space-
dependent gauge we have chosen hereb is trivially zero and
if we consider only a nonzerob to imply particle production,
then we will be forced to conclude that time-independent
electric fields will not produce particles. It is to salvage such
a situation that the tunneling interpretation has been repeat
edly invoked in the literature. But then our analyses in the
last two sections show that tunneling probability can be non-
zero even if effective Lagrangian has no imaginary part.

There appears to be three possible ways of reacting to this
contradiction. We shall examine each of them below.

~i! We may begin by noticing that in quantum field
theory, there is always a tacit assumption that not only the
fields but also the potentials should vanish at spatial infini-
ties. If we take this requirement seriously, we may disregard
the results for constant electromagnetic fields~the only case
for which explicit results are known by more than one
method!as unphysical. Then, we only need to provide a
gauge-invariant criterionfor particle production in electro-
magnetic fields described by potentials which vanish at in-
finity.

This turns out to be a difficult task, even conceptually. To
begin with, we do not know how to generalize Schwinger’s
analysis and compute the effective Lagrangian for a spatially
varying electromagnetic field. The only procedure available
for us to study the evolution of the quantum field in such
backgrounds is based on the method of normal mode analy
sis where we go on to obtain the tunneling probabilityuTu2.
But then the potential term in the effective Schro¨dinger equa-
tion is not gauge invariant, as can be easily seen from its
form in Eq.~51!. So the tunneling interpretation, even if it is
adhered to, has the problem that it may not yield results that
are gauge invariant. In fact, the situation is more serious; the
entire tunneling approach can be used onlyafter a particular
gauge has been chosen. In some sense, the battle has alrea
been lost.

Operationally also, it is doubtful whether the tunneling
approach will yield results that are always consistent with the
effective Lagrangian. As the analysis in this paper shows,
there is at least one case, that of a spatially confined mag
netic field, for which one can obtain a formal expression for
effective Lagrangian and then compare it with the results
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obtained from the normal mode analysis. These results
clearly in contradiction with each other.

~ii! One may take the point of view that particle produc
tion in an electromagnetic field is a gauge-dependent p
nomenon. It appears to be a remedy worse than disease
is possibly not acceptable. In addition to philosophical o
jections, one can also rule out this possibility by the follow
ing argument. We note that in the laboratory we can produ
electromagnetic fields by choosing charges and current d
tributions but we have no operational way of implementing
gauge. So, given a particular electromagnetic field, in som
region of the laboratory, we will either see particles bein
produced or not. It is difficult to see where the gauge c
enter this result.

This point has some interesting similarities~and differ-
ences!with the question of particle definition in a gravita
tional field. If we assume that the choice of gauge in electr
magnetic backgrounds is similar to the choice of a coordina
system in gravity, then one would like to ask whether th
concept of particle is dependent on the coordinate choi
People seem to have no difficulty in accepting a coordina
dependence of particles~and particle production!in the case
of gravity though the same people might not like the partic
concept to be gauge dependent in the case of electromag
tism. To some extent, this arises from the idea that a coor
nate choice is implementable by choosing a special class
observers, say, while a gauge choice in electromagnetism
not implementable in practice.

~iii! Finally, one may take the point of view that tunnelin
interpretation is completely invalid and one should rely e
tirely on the effective Lagrangian for interpreting the partic
production. In this approach one would calculate the effe
tive Lagrangian for a given electromagnetic field~possibly
by numerical techniques, say!and will claim that particle
production takes place only if the effective Lagrangian h
an imaginary part. Further, one would confine oneself
those potentials which vanish at infinity, thereby ensurin
proper asymptotic behavior.

This procedure is clearly gauge invariant in the sense t
the effective Lagrangian is~at least formally! gauge invari-
ant. Of course, one needs to provide a procedure for cal
lating the effective Lagrangian without having to choose
particular gauge. Given such a procedure, we have an un
biguous, gauge-invariant criterion for particle production fo
all potentials which vanish asymptotically. In fact, the effec
tive Lagrangian for a spatially varying electromagnetic bac
ground can be formally expressed in terms of gaug
invariant quantities that involve the derivatives of th
potentials and the fields.
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This point could also have an interesting implication for
gravitational backgrounds. The analogue of a constant ele
tromagnetic background in gravity corresponds to space
times whoseRmnrs’s are constants. The effective action in
gravity can then possibly be expressed in terms o
coordinate-invariant quantities constructed fromRmnrs’s,
just as it was possible to express the effective Lagrangian fo
a constant electromagnetic background in terms of gauge
invariant quantities involvingFmn’s.

We would like to stress here the following points. Equa-
tions ~36! and ~51! resemble a Schro¨dinger equation only in
a formal sense. The actual time-dependent differential equa
tion that we ought to deal with is the functional Schro¨dinger
equation defined on the configuration space of all fields~see
Refs. @22,29#!. It is possible that such an approach would
lead to an unambiguous way of dealing with particle cre-
ation. The results obtained from an analysis of the functiona
Schrödinger equation might not, in general, agree with the
tunneling probability calculated for equations such as~36!or
~51!. It would be interesting to know the conditions under
which the particle creation rate obtained from an analysis o
the functional Schro¨dinger equation coincides with the tun-
neling probability evaluated, say, for Eq.~51!. However,
given the mathematical difficulties associated with solving
functional differential equations, it is difficult to arrive at
clear conclusions regarding the results forarbitrary electro-
magnetic backgrounds.

Comparing the three choices listed above, it seems tha
the third one is the most reasonable. Therefore, we conclud
that the results obtained from the effective Lagrangian can b
relied upon whereas the tunneling approach has to be treat
with caution. It is likely, however, that the tunneling inter-
pretation will prove to be consistent with the effective La-
grangian approach if we demand that an auxiliary gauge
invariant criterion has to be satisfied by the electromagneti
background before we can attribute a nonzero tunnelin
probability to particle production. But it is not obvious as to
how such a condition can be obtained from the normal mod
analysis. The wider implications of this result are under in-
vestigation.
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