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Summary. - -  The finite particle propagator can be constructed by a 
path integral method provided the infinitesimal propagator is known. 
Hitherto, however, it has not been possible to specify the relativistic 
infinitesimal propagator except in an ad hoc way. From consideration 
of the nature of mass, in a Maehian cosmological sense, it is shown in 
the present paper that the infinitesimal propagator can be derived in 
relativistic quantum mechanics by a method similar to that used in 
the nonrelativistie path integral. 

1 .  - I n t r o d u c t i o n .  

Most physicists prefer  the  wave equat ion picture  of quan tum mechanics 
to the  use of pa th  integrals. Yet  the  widespread appeal  to F e y n m a n  diagrams 
is i tself an  admission of the  impor tance  of the  concepts under ly ing  the  p a th  
integral  method.  Undoubtedly ,  the  difficulty of extending the  nonrelat ivis t ic  
pa th  integral  description to Dirac particles has dissuaded m an y  physicists 
f rom exploring this approach.  The present  paper  seeks to clarify the  awkward 
features encountered in the  relat ivist ic generalization. Wi th  the  except ion of 
one place where we have been obliged to  use the  mathemat ic ian ' s  t r ick  of 
extending the  definition of a funct ion (instead of giving a physical  argument)  
we th ink  we have been able to unders tand  why the  difficulties have arisen 
and how t h e y  can be removed.  

(*) On a visit to the Department of Physics and Astronomy, University of Maryland, 
College Park, Md., under contract No. NGL 21-002-033. 
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The re levant  issues arise a l ready in the  discussion of free particles, so for our 
purpose i t  is sufficient to discuss free particles. I t  was shown in two recent  
papers (1.2), hereaf ter  referred to as I, II ,  tha t  inclusion of the  electromagnetic  
in terac t ion  does not  raise fu r ther  difficulties. Nei ther  does the  weak inter-  
action, as we shall show in the  following paper .  

In  the  nourelat ivis t ic  case the  action for a free part icle  is given by  

tl 

(1) S =j½md"dt  , t2 > t~, 
h 

where _a(t) is a typ ica l  pa th  F s tar t ing at  point  1: (_a~, h) and  ending a t  
point  2: (_a~, t~), and m is the  mass of the  part icle.  I n  the  pa th  integral  approach 
the  ampl i tude  for the part icle  to  go from 1 to  2 along F is given by  

(2) P(F) = (eonst) exp [iS],  

and the  quantum-mechanica l  propagator  f rom 1 to 2 is given by  summing P(I')  
for all F:  

= ~ P(F) =fexp [is] D~a. (3) K(2; 1) 

Here  and th roughout  the  paper  we take  h----1, e----1. 
The nota t ion used in the  pa th  integral  (3) implies tha t  the  summation over  

all /~ is carried out in the  following way. Divide F into a large number  of 
small segments [a(O, t(o], i = 1, ..., N - -  1 denot ing the  points of division, and 
[a (°), t(°)], [a (~>, t (~)] corresponding to 1, 2, respectively.  The exponent ia l  depen- 
dence of P(F) on S evident ly  permi ts  us to wri te  

/v 

(4) P(r) = I I  P[a"', t<"; a<'-', t ( , - -] ,  
i=1 

where P [a  "~, t"); a (i-1),  t ( i -1)]  is the  infinitesimal ampl i tude  to go from point  
i - - 1  to point  i. In  the  nonrelat ivist ic  case all paths  are t imel ike and i t  is 
possible to  choose t "), i = 1, ..., N - - l ,  the  same for every  path .  In  part icular ,  
i t  can be arranged t ha t  

(5) t (i)~ t (i-1) ~ 8 ~ i --~ 1, ...~ _~. 

The pa th  integral  is now eva lua ted  by  first mul t ip ly ing each P[a"),  t"); 
a "-1), t "-1)] by  (m/27de) ~ and by  in tegrat ing over all in termedia te  space points 
a(O, i = 1~ ... , N - - 1 .  The Iactor  (m/2zie) ~ is in te rp re ted  as the  measure of 
the  paths  going from a (~-1), t (~-1) to the element  of 3-surface daa (~> at a"), t (o, 

(1) F. HOYLE and J. V. •ARLIKAR: Ann. o/ Phys., 54, 207 (1969). 
(2) F. HOYLE and J. V. NARLIXAR: Ann. o] Phys., 62, 44 (1971). 
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i :  1, . . . , / v - -1 .  The result is 

[ m ]' [im(a.-a,):] 
(6) K(2;1)---- 2~i(~--t~i exPt ~ J '  t2>t~, 

in which we have restored the notation 1, 2 in place of the points i =- 0, i = N. 
In the nonrelativistic treatment the propagator is taken to be zero if t ~  t,: 

(7) K(2; 1) = 0 ,  t2<tl, 

and K(2; 1) then satisfies the inhomogeneous Schr6dinger equation 

8 1 ,] 
(8) ~ ~ - ~ V 2  K ( 2 ; 1 ) = 8 , ( 2 , 1 ) .  

This procedure, due to  Feynman, is very elegant. I t  gives a finer scale picture 
of the quantum-mechanical amplitude than does an immediate choice of (8). 
A particle can go from 1 to 2 by any F. The amplitude is the sum of all these 
possibilities with each F weighted by the phase factor exp [iS]. 

The first step in seeking a relativistic generalization of the above procedure 
is to restrict one's attention (for the moment) to forward-going paths, denoted 
by F +. The aim is to obtain the propagator Ko + defined by 

(9) Ko+(2; 1) = O(t2--tl) ~u~(2)~ . (1 ) ,  
n 

where 0 is the Heaviside function and the summation is over a complete set of 
suitably normalized stationary states u,  with energies 1~ of the free-particle 
Dirae equation. This is the propagator appropriate to the Dirac hole theory. 

~¢Iodifying (1) to the relativistic form 

(10) S : - - fm  da 
r + 

obviously is inadequate since (10) does not contain spin--here da is the element 
of proper time along the path F+. We evidently need to give p(F+) a 4 × 4 
matrix structure. This can be done without undue difficulty however. We 

have 

(11) da 2 = ~ ,  da ida * , 

where da ~ is the co-ordinate displacement for the element da and U~ is the 
~¢Iinkowski tensor. Now the Dirac matrices satisfy 

(12) ~ ' k  + ~ ~- 2I~ik, 
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where I is the  uni t  4 × 4  mat r ix ,  so (11) can be r ewr i t t en  in the  fo rm 

(13) I "  da ~ = (:7~ da~) 2 . 

In s t ead  of using the  square root  of (]1) in the  act ion (10), we replace - - d a  
by  yk da k: 

(14) s = +fmr~da~ = + m( ( r ' ah - -  (y'ah) , 
F+ 

= a ~ a ~. • k be ing the  co-ordinates of points  1 where (y.a)l Y~ 1, (~"a)2=~'1, 2, al, as 
and 2. 

Since there  is no difficulty in in te rpre t ing  exp [iS] as a yon  N e u m a n n  series, 
we might  seek to r epea t  the  nonrelat ivis t ic  procedure,  hoping eventua l ly  to 
arr ive  at  the  K+-propagator .  A point  of divergence f rom the  nonrela t iv is t ic  
procedure  arises a l ready  a t  (4) however.  No such re la t ion is general ly  val id  
when  the  ampl i tude  is a mat r ix .  Tha t  is to say, t he  definition (2) for the  

ampl i tude  P(F+), S being given b y  (14), does not  sat isfy (4) and  we cannot  

therefore  proceed wi th  the  evaluat ion  of (3) along the  same lines as before.  
Quite apa r t  f rom this difficulty, P(F +) is the  same for every  p a t h  f rom 1 to 2 
and  an ampl i tude  t h a t  is thus  p a t h  independen t  cannot  lead to a sa t is factory 

q u a n t u m  theory .  
These difficulties are resolved if we adop t  (4) as the  definit ion of p a t h  ampli -  

tude  and  res t r ic t  (2) to infinitesimal segments .  Since the  exponent ia l  law 
exp [A] .exp [B] = exp [A + B] does not  hold for general  mat r ices  A and B, 
P(F +) is now pa th  dependent ,  as in the  nonrela t iv is t ic  case. 

We proceed b y  tak ing  (4) as the  definition of p(F+), subject  to a modifica- 
t ion described in the  nex t  pa ragraph ,  p(F+) is t h e n  a chain  of matr ices  rep- 
resent ing the  ampl i tudes  for the  indiv idual  segments  of F +. Going f rom 1 
to 2 we set the  chain  out f rom r ight  to left.  

We can now a t t e m p t  an  evaluat ion  of the  p a t h  in tegra l  along the  same lines 
as before. W e  mul t ip ly  each P[a_ (~), t~; a "-1), t ~-1] b y  a suitable measure  for the  
weight  of pa ths  f rom i - - 1  to the  e lement  of 3-surface d3a (/) at  i and  in tegra te  
over  t = t (~), i =:1,  ..., N - - 1 .  To m a k e  the  integrals  invar ian t ,  however ,  we 
mus t  also mul t ip ly  b y  y .n  = y4 at  each d3a_(% This has the  effect of l inking 
one segment  amp l i t ude  to ano the r  th rough  the  m a t r i x  ~4. 

I t  t a rns  out t h a t  proceeding in th is  way does lead to the  finite p ropaga to r  K + 
prov ided  the  p roduc t  of a segment  ampl i tude  wi th  the  measure  is chosen in the  

following way.  Le t  the  d isp lacement  be tween  the  end points  of a segment  

be q~, and wri te  y.q = ~q~, q~ = (y.q)2 = q~q~. The requi red  p roduc t  is 

(15) l [(y.q)(~' (q2)-- l im(~(q2)] . 

We shall refer  to (15) as the  infini tesimal p ropaga to r .  
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I t  is easy to prove the  s ta tement  of the  previous paragraph.  Le t  S ~ be the  
displacement  f rom 1 to 2. Wri t ing  ~--- -S~S ~, we can show, by  summing 
the  series in (9), tha t  

1 [ o ] 
(16) K+(2; 1) = ~ O(t2--tl)(~2-- ~m) O(S 2 ) -  ~-S O(S2)Jx(mS) , ~ = ~ . V ,  

which is infinitesimally the  same as (15). Hence if the  pa th  integral  yields K + 
going from t----t (°) to t = t(~) i t  must  yield Ko~ going from t = t (°) to  t ~ t "+1). 
This induct ion follows immedia te ly  because K + satisfies 

(17) K+(3; 1) ----fK+(3; 2)(y.n)~K+(2; 1)dsx2, t~ > t2 > t l .  

I n  fact ,  (17) can easily be verified by  using (9) for the  propagators  on the  right- 

hand  side. 
This was the  pa th  integral  me thod  used in I I  to obtain K +. I t  is an improve- 

ment  on the  nonrelat ivist ic case in tha t  the  awkward mult ipl icat ion by  (m/2zi~) j 
as a measure factor  has been eliminated. On the  other  hand~ the expecta t ion 
tha t  exp [iS], with S given by  (14), would represent  the  ampl i tude  has appar-  
en t ly  not  been fulfilled, even for the  ampl i tude  of an individual  pa th  segment.  
At first sight this a t t rac t ive  feature  of the  nonrelat ivis t ic  case has been  lost. 
Ye t  (15) can be wr i t t en  in the  in teres t ing form 

(18) - e x p  im(~.q) .(y.q)~'(q~), 
7g 

because i t  is sufficient, infinitesimally speaking, to take  only the  first two 
terms in the  power series of the  exponent ia l :  

(19) exp [½im(r.q) ] ~ 1 ~- ½im(r.q) , 

and because q~ O(q2) = _ (~,(q~). The highest-order singulari ty in the  infinitesimal 

propagator  comes from the  un i ty  t e rm in (19), whereas the  highest-order  sin- 
gular i ty  involving the  mass comes from the  second term.  These are sufficient 
to  generate  the  finite propagator  (16). Details of the  way the  finite propagator  
is buil t  f rom the  infinitesimal propagator  are given la ter  in Sect. 3. I t  is not  
necessary to consider these details here,  since the  above induct ion proof is 

a l ready sufficient. 
The connect ion of the  infinitesimal ampl i tude  with exp [im(~.q)] has not  

therefore  been wholly lost, al though interes t ingly enough a factor  ½ has ap- 
peared  in the  exponent .  This odd circumstance turns  out  to  have a significant 

in terpre ta t ion ,  as will be seen in the  nex t  Section. 
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Evidently the key problem in understanding the path integral for Dirac 
particles lies in the factor (q.?~)6'(q~) in (18). I t  is this factor in the infini- 
tesimal propagator which has hitherto impeded progress in developing the 
path integral approach. We shall at tempt to resolve this problem in the fol- 
lowing Section. 

Suppose we go backward in time from t2 to t~ (t2> t~). The propagator 
K~(1, 2) was defined in I I  by 

(20) K~(1; 2) ---- -- 0(t~ --~)  ~ u.(1) ~.(2). 

The series can be summed and gives 

(21)  K7(1; 2 ) = - -  2 0(t~-- t~)(~l--im) [(~(S~)-- 5 0(S2)J~(mS)] = 

T ~  2 

Apart from a sign this is just what would be obtained by applying the path 
integral method backward from 2 to 1. Three changes arise in this cal- 
cula t ion-each ~.q in the infinitesimal propagators is changed to --@.q), the 
linking ~4 matrices are changed to --y4 (because the sign of the unit normal 
is changed at each spatial integration), and the matrices of the infinitesimal 
propagators are arranged in opposite order (left to right instead of right to 
left). Absorbing a minus sign from --~4 into an infinitesimal propagator re- 
stores the original ~,-q but changes the sign of the mass term. This is the 
same as taking the complex conjugate of the original infinitesimal propagator. 
Since moreover the matrices are linked in opposite order, the path integral 
calculation evidently gives just the complex conjugate of the previous result, 
except that  there is an additional sign change because the number of ~ 
matrices in our chains is one less than the number of infinitesimal propa- 
gators. Since K~(1; 2), as defined above, is the complex conjugate of K0+(2; 1), 
the path integral calculation is seen to give the result stated above. Paths 
treated in this way were denoted in I I  as F -  paths. 

The sign difference between the path integral calculation and K~ is merely 
a matter of definition. Using Ko + to propagate a wave function ~ forward in 
time we have 

(22) ~f(2) = f  K+o (2;1)(r.n)l~(1)d~x_l, t~ > t1. 

When we propagate backward, it is desirable to define K~ such that  

(23) ~p(1) ----fK~(1; 2)(~.n)2~0(2)dax~, t~ > tl .  
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This requires a minus sign to be included in (20), because (7.n)1 =~'4 in (22), 
whereas (7-n)~ = --74 in (23). The extra 7.n that  arises when a wave function 
is propagated makes the number of 74 matrices equal to the number of segment 
amplitudes along the paths. 

K+(2; 1) propagates to points 2 in and on the forward light-cone of point 1, 
and K~(1; 2) propagates to points 1 in and on the backward light-cone of 
point 2. Both are timelike in character. 

According to (22) and (23), positive- and negative-energy states are propagated 
equally forwards and backwards. As pointed out above, this is the situation 
in the Dirac hole theory. In Feynman's picture, on the other hand, positive- 
energy states are propagated forward and negative-energy states backward. 
We were able to introduce the Feynman picture in I I  by distinguishing be- 
tween F + and F -  paths, and by introducing the hypothesis that  the positive- 
energy part  of the wave function, ~p+ say, gave the weighting of / '+ paths, 
while the negative-energy part of the wave function, ~_ say, gave the weighting 
of the F -  paths. From this point of view, forward propagation satisfies 

(2~) ,q,+(2) ---- f K+o (2; 1)(~,.n)1~o+(1) d~l, 

and backward propagation satisfies 

(25) ~_(1) ----fK;(1; 2)(~.n)~_(2) d'x~. 

This hypothesis was sufficient for the main purpose of II, which was to discuss 
the electromagnetic interaction. Such a separation of the wave function is 
not very satisfactory however. A different procedure was therefore suggested 
at the end of IX. We take the free-particle propagator from 1 to 2 to be 

(28) 1 + • ~ [Ko (2 , 1) A- Ko(2; 1)], 

irrespective of the time order of the two points. The Heaviside functions ap- 
~K 0 (2, 1) pearing in the definitions (9), (20) require the propagator to be 1 + . 

if t~> tl, but  to be ½K~(2; 1) if t , <  tl. The propagator (26) is the amplitude 
for the particle to go directly from 1 to 2. A particle can also arrive at 2 indi- 
rectly. First, let there be propagation from 1 and 2 to other points 3, in partic- 
ular to points distant in the universe from 1 and 2. As a consequence, physical 
processes occur at these other points, causing amplitudes to be propagated 
back to 1 and 2. The sum of all such amplitudes evaluated in a suitable way 
constitutes the response of the universe. I t  was pointed out in I I  that  if the 

response takes the form 
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in ana logy to  the  s i tua t ion  in e lectrodynamics ,  the  sum of (26) and (27) is the  
F e y n m a n  p ropaga to r  K+(2;  1). This quest ion will be fu r the r  discussed in the  

four th  Section of the  presen t  paper .  

2. - The mass interaction. 

The idea which we shall develop in this  Section can be unders tood  b y  re- 
turn ing  to the  appa ren t ly  unpromis ing  a t t e m p t  to generalize the  nonrelat ivis t ic  

p a t h  in tegra l  in t e rms  of 

(28) K(2; 1) = ]~ P(F)  = f P ( F ) D 3 F ,  
P 

(29) P ( F )  = exp [iS], 

(30) S ---- - -  f h r d a ,  
J 

where  we have  wr i t t en  5V for the  mass.  This formula t ion  was dismissed on 
the  grounds t ha t  i t  does not  contain spin. However ,  before dealing wi th  spin 

i t  is ins t ruc t ive  to  proceed wi th  this  scheme and to consider the  s i tuat ion t h a t  
would arise if h r were to t end  to infinity. Then  the  only pa ths  t h a t  would 

cont r ibute  effectively to the  in tegral  would be those made  up  of null  segments .  
Any  p a t h  F f rom 1 to  2 containing an  e lement  da  t h a t  was nonzero would 

have  large action, and  an infinitesimal var ia t ion  of F would produce  a large va-  
r ia t ion in the  phase  angle of P (F) ,  causing cancellat ion in the  p a t h  integral .  
Now our relat ivis t ic  formula t ion  of the  p a t h  in tegra l  was indeed in t e rms  of 
pa ths  buil t  f rom null  segments .  The null  p r o p e r t y  arose f rom the  fac tor  
(y.q)5'(q ~) in (18), which is just  the  factor  we are seeking to unders tand .  These 
considerations therefore  suggest t ha t  there  are two contr ibut ions to the  mass 
of a part icle,  a finite p a r t  m and  a ve ry  large p a r t  h r. We have  to under s t and  
how this can be, and  how the par t ic le  is able to dist inguish m and  hr separate ly .  

I n  previous  work (3,~) we have  developed a classical ~ a c h i a n  approach  

to the  na ture  of mass which we shall now rev iew briefly. The a im of the  work 

was to  obta in  a g rav i ta t iona l  t heo ry  based on the  act ion 

(31) 

(S) F. HOYLE and J. V. •ARLIKAR: })roY. Roy. Soc., A 282, 191 (1964). 
(4) F. HOYLE and J. V. NARLIKAR: Proc. -Roy. Soc., A 294, 138 (1966). 
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Here ~(A ,  .B) is a symmetrical biscalar describing the inertial interaction be- 
tween points A and B on the world-lines of particles a and b. ~ ( X ,  A )  can be 
regarded as a Green's function generated at point A and evaluated at the 
general field point X. I t  is taken to satisfy the conformally invariant scalar 
wave equation 

(32) D,O(X,  A) + ~ R ( x ) O ( x ,  A) = + (-g)-½,~,(.x, A) , 

R being the scalar Riemannian curvature. The gravitational equations are 
obtained by requiring the action (31) to be stationary with respect to small 
variations of the metric tensor g~k- They can be expressed in the form 

(33) . F ( R ~ - -  ½g~R) = -  3(T,~ -4- q5 ,~) A" (g,~[DF-- F;~) . 

The Ricci tensor appears here as it does in Einstein's equations. The other 
quantities in (33) are defined in terms of mass fields m(a)(x), ... at point X 
generated by the particles a, b, ... : 

m(a'(x) ----f~(x, A) da, (34) 

Thus 

(35) ~ = ½ Y.y_. m'o'~ 'b), 
av~b 

(36) q)i~ ---- - -  ½ ~z~?~? Lrm(~)mCb~i k + m1,(')~'~"'~ - -  ~i~'7 ..-t~'('~*"(a~z]..- J, 
a~b 

~ f  ½ A  da 'dak  (37) T ' k =  8 4 ( X , A ) ( - - g ) - m a (  )~aa ~-a da ,  

(38) m,(A)  : ~, m(')(A) . 
bV'a 

When the gravitational field is weak 

(39) a(~L) ~(x,  A) ~ 

and all mass fields are positive. In  a many-particle universe we then have 

~qb{ a) m (b) 
- a - - i - b  

1~ow because the theory is conformally invariant we can choose a particular 
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conformal f rame in which 17 is constant .  This is because the  conformal trans- 
format ion 

(42) g*~ =/22g~k, 

with Q a well-defined nonzero funct ion of X ,  changes the  mass fields 

(43) m *(~) ~- f2-1m (~) , 

SO tha t  /7 is changed in accordance with 

(44) F* = / 2 - 2 F  . 

I f  /7 is not  constant  to begin with, we can ev ident ly  make  /7* constant  b y  
tak ing  /2oc F ½. 

We see from (41) tha t  

( 4 5 )  m ~-- ~ m `a, 
a 

must  be constant  in the  par t icular  conformal frame in which F is constant .  
All terms on the  r ight-hand side of (33) except  the T,k t e rm now disappear.  
Defining the gravi ta t ional  constant  G by  

3 
(46) 8~zG = 

we obtain for the field equations 

~ 0 ,  

(47) R i ~ :  - 1 ~gik R = - -  8 z G T i ~  , 

the  same as Einstein 's  equations. 

We may  ask under  what  circumstances do eqs. (33) no t  reduce to (47). This 
occours when the  approximations (40) and (41) cannot  be made. This could 
happen  if there  were only a small number  of particles (but in pract ical  cases 
the  number  of particles is always very  large), or if the  mass fields were of 

sign (in which case the  sum of all cross products  ~ m(~)m (b) m ay  variable 
\ a~b 

not  overwhelm the  sum of squares ~ [m~)]~). The masses are cer ta inly  all 
I a 

posit ive when the  fields are weak, bu t  this is a sufficient condit ion for (40) 

and (41) to hold, not  a necessary condition.  There  can be strong-field eases 
in which (40) and (41) still hold good. On the  other  hand,  we must  contem- 
plate tha t  (40) and (41) m a y  not  hold good in some strong-field problems. 
Equat ions  (33) do not  t hen  reduce to the Einste in  equations. 
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Two points  m a y  be no ted  before we proceed.  I n  weak fields G mus t  be > 0. 
We  have  therefore  deduced t h a t  weak  fields mus t  be a t t rac t ive .  Second, the  
t rans format ion  (43) makes  the  Dirac  equat ion conformal ly  invar iant .  

F r o m  the  present  poin t  of view, mass  is cosmological in origin. The  observed 
large-scale homogene i ty  and  i so t ropy  of the  universe requires a met r ic  of the  

wel l -known Rober t son-Walke r  form:  

(4s) [ dr2 +r2(dO ~ + s i n  20d9~)] ds~ -=-- dt~--Q2(t) L1 - -  kr ~ 

in which k m a y  be zero or -4-1. I t  will be  sufficient for our p resen t  purpose  

to consider the  case k = 0. I n  this  co-ordinate  sys tem m a t t e r  has constant  

values  of r, 0, 9. W e  define 

t 

(49) ~ =  -~ 
to 

for some cons tant  to. Then  

(50) ds ~. = Q2 [dv2 __ dr ~ _ _  r 2 (d02 + sin2 0 d92)], 

which is conformal  to flat space. Since our physica l  t heo ry  is conformal ly  
inva r i an t  we can  m a k e  the  t r ans fo rmat ion  YQ = Q-1 and  proceed to work  in 

flat  space. 
A point  of some sub t le ty  now arises. I n  the  F r i e d m a n n  cosmologies Q 

has a zero a t  a t ime  t = 0. I n  the  Einste in-de Si t ter  model ,  for example ,  
Q oct ~. The conformal  t r ans format ion  D----Q_I therefore  fails at  t = 0, since 
Q m u s t  not  be  zero. This  means  t h a t  we cannot  pass f rom (48) th rough  

(51) g*tl: ~ Q-~g~ 

to the  whole of 

(52) ds *~ : dv ~ - -  dr ~ - -  r 2 (dO ~ + sin ~ 0 dg) ,  

bu t  only to the  half-space 0 < 3. Bu t  how if we elect to inver t  the  s i tuat ion 
b y  s t a r t ing  wi th  (52), par t icu lar ly  how if we elect  to s t a r t  wi th  the  whole of 

the  spaee (52), - - o o <  ~ <  c~? An a t t e m p t  to r e tu rn  to  (48) th rough  the  

inverse  t r ans fo rma t ion  ~2----Q now encounters  the  s i tuat ion t h a t  Q is zero a t  
v = o, and  our point  of v iew is t ha t  the  F r i e d m a l m  singular i ty  has arisen 
no t  th rough  a n y  difficulty in  t he  physics  bu t  th rough  a s ingular i ty  in ~Q. The  
!~riedmann s ingular i ty  has become a m a t h e m a t i c a l  construct  only. 
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I n  Minkowski space (32) is accura te ly  satisfied: 

(53) 
1 

O(X, A)  = ~ ,~(S*~,) . 

Since the  r, 0, 90 co-ordinates  have  not  been  changed,  and  since m a t t e r  was 
homogeneously  d is t r ibuted with  respect  to the  Rober t son-Walker  l ine element ,  
m a t t e r  is also homogeneously  d is t r ibuted  wi th  respect  to (52). Because of 
this,  and  because of the  simple form (53) for O(X, A), i t  is easy to eva lua te  

the  mass integrals  (34). Indeed,  the  p rob lem is exac t ly  the  same m a t h e m a t -  
ically as the  evaluat ion of the  electrostat ic  po ten t ia l  in a homogeneous uni- 
verse in flat space, for the  case in which all part icles  have  the  same <( charge ~>. 
To p reven t  an  infinite resul t  we l imit  the  calculat ion to the  slab - - T  < v < T, 
where T is large and will la ter  be p e r m i t t e d  to t end  to infinity. 

The bisealar O(X, A) is symmet r ic ,  O(X, A) = ~(A, X).  We have  therefore  

to deal wi th  advanced  potent ia ls  as well as r e t a rded  potent ials .  At  a field 
poin t  X, we wri te  iv + m for the  to ta l  r e ta rded  po ten t ia l  and  iv - -  m for the  to ta l  
advanced  potent ia l .  The difference 2m arises because in general  X is not  at  

the  centra l  p lane  v ---- 0. The mass m is finite and  depends on the  t ime  co-ordi- 

na te  of the  poin t  X.  I t  is this  t ime  dependence  which leads to the  red-shif t  
in the  l ight of d is tant  galaxies (6). The mass iV tends to infinity wi th  T. A 
somewhat  similar result  was obta ined  by  HAWKING (e), working in the  conven- 
t ional  Rober t son-Walker  models.  I n  this  case, because the  extension beyond  
v = 0 was not  made,  the  re ta rded  mass was finite and  the  advanced  mass  
infinite. 

I n  the  classical e lec t romagnet ic  theory  the  universe  cont r ibutes  (cf. I I ,  
eq. (71)) 

(5~) 1 ~ [A,<°'(X)~.t- A,'°'(X).d,], 
a 

where A,  (~ is the  4-potent ia l  due to par t ic le  a. I n  the  q u a n t u m  theo ry  the  
response of the  universe  appea r s  as a cont r ibut ion  to the  phase  angle of an 
exponent ia l  factor  in the  ampl i tude .  We shall adop t  near ly  the  same procedure  
for the  mass,  by  t ak ing  the  ampl i tude  for an e l emen ta ry  p a t h  segment  directed 
in the  forward t ime  sense (v increasing if v >  0) to be 

(55) exp [½i ( iv+  m ) ( 7 . q ) ] -  exp [ - - ½ i ( N - - m ) ( y . q ) ] ,  

which can be wr i t t en  in the  fo rm 

(56) exp [½ im(y. q)]{exp [½ iiv(y.q)] - -  exp [--  ½ iiv(y-q)]}. 

(5) F. HOYLE and J. V. NARLIKAR: Gamow Memorial Volume. 
(6) S . W .  HAWKING: Proc. Roy. Soe., A285, 313 (1965). 
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B y  placing the  re ta rded  and advanced masses in separate  exponentials  
- - a  depar ture  from the  e lect romagnet ic  case- -we give a t ime sense to the  
propagator .  The first exponent ia l  of (55) is the  ampl i tude  to go forwards 
(7 increasing if v >  0), the  second exponent ia l  is the  ampl i tude  to go back- 
wards. The difference of the  two exponentials  gives the  net  flow in the  posi- 
t ive sense. I t  is seen tha t  the  re ta rded  mass acts in the forward-going pa r t  
of the  ampl i tude-- / .e ,  in the  sense away from the plane V =  0 - - a n d  the  ad- 
vanced mass in the  backward-going par t  of the ampli tude.  What  would happen  
if we reversed the  roles of the  masses? Then  we should have 

(57) exp [½i(l~--m)(y.q)]--exp [--  ½i(N + m)(y.q)], 

again for the  net  flow away from ~----0. The ne t  flow backwards,  towards 
v----0, is just  minus the  flow forwards:  

(58) exp [-- ½ i(h r + m)(~,.q)] - -  exp [½ i(h r -  m)(y.q)] = 

= exp [-- ½ im(y-q)]{exp [-- ½ il~(y.q)] --  exp [½ ihr(r-q)]}, 

which is l ike (56) except  t ha t  the  sign of ?.q is reversed.  This is just  the  
same as the  switch from K + to K~. Hence we see tha t  the  sense in which a 
part icle (( goes ~) is determined by  the senses in which the advanced and re ta rded  
masses act.  I f  the  advanced mass acts away fl'om ~----0, giving an ampl i tude  
exP[½i(•--m)(?.q)], and the  re ta rded  mass acts towards " r=O,  giving an 
ampli tude exp [-- ½i(h r + m)(~.q)], we regard the  part icle as going backwards.  
This is the  case for a positron. But  if the  advanced mass acts towards 
v----0, giving an ampli tude exp [--½i(N--m)(~.q)], and the  re ta rded  mass 
away f rom ~----0, giving an ampl i tude  exp [½i(SV+m)(~.q)], we regard the  
par t ic le  as going forwards. Pair  creat ion and annihi lat ion imply  a switch 
in the  senses in which the  masses act.  

Re turn ing  to (56) we have now obtained exp [½im(y.q)] as a factor, the  
same as in (18). The ½ has appeared  for the  same reason i t  does in the  electro- 
magnet ic  theory .  The ~(S**x,) in the  propagator  (53) can be wr i t ten  in an 

obvious no ta t ion  in the  form 

(59) ~(s*~,) = ~ [ ( ~ x -  T , ) ~ -  ( x - a ) ' ]  = 

1 _ + _ 

21 -_ 1 

The factor  ½ multiplies the  usually calculated forms of the  re ta rded  and 
advanced fields. This detai l  encourages us to t h ink  the  present  considerations 

are along the  r ight  lines. 
I t  remains to analyse the  second factor  in (56). We do this for the  case 
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in which the  d isp lacement  q~ is t imel ike .  E x p a n d i n g  the  exponent ia ls  in power  

series gives 

(60) exp [l i-7~'(~,.q)] -- exp [ - - l  il~(y'q)] -- 2i(Wq) sin (1N'q) 

Next  we note  t h a t  over  0 < q ~  oo the  funct ion (60) is the  same in the  l imit  

~V-~c~ as the  funct ion  

(61) 4i(~.q) sin l_~.Nq2 / = p s a y .  
q 

B y  this  we m e a n  t h a t  (60) and  (61) give the  same resul t  in the  l imit  N-->c¢  

when in tegra ted  over  0 ~< q < c~ against  any  wel l -behaved tes t  function.  F r o m  
here  on we shall  work wi th  (61) r a the r  t h a n  (60), because (61), equiva len t  to 
the  le f t -hand side of (60) when  q~ is timelike~ can be ex tended  wi thout  difficulty 
to the  case where q~ is spacelike.  This is the  m a t h e m a t i c a l  t r i ck  ment ioned  

in the  In t roduc t ion .  
To obta in  the  infini tesimal p ropaga to r  i t  is necessary  to sum all the  infi- 

n i tes imal  segment  ampl i tudes  t ha t  go to a surface e lement ,  which we denote  
b y  dS. The contr ibut ion (y.n)dSWP appears  in the  pa th  integral ,  W being 
the  measure  factor  and  ~.n  the  uni t  no rmal  to d8. Since y .n  and  P are dimen- 

sionless and  dS is the  cube of a length,  i t  is clear t h a t  W mus t  be  the  inverse 

cube of a length.  The only inva r i an t  possibi l i ty  is q-a, q V: O. Hence  we wri te  

cons tan t  
(62) W---- , q # 0~ qa 

expect ing t ha t  a pr inc ipa l  pa r t  will be needed in order to exclude q = 0. 
A sphere of radius q in a Eucl idean  + A- + A- space has surface area  2zt2q 8, 

so in this  space a source of uni t  s t rength  would yield the  cons tant  1/2~t ~ 
in (62). To give equal  weight  to pa ths  inside and outside the  l ight-cone in 
Minkowski  space we consider the  effective surface to be  doubled,  to 4xt~q a, 
so t h a t  W =- 1/4~q 3, q =/= O. The infini tesimal  p ropaga to r  is g iven  by  the  l imi t  

£V-+c~ of the  pr inc ipa l  p a r t  at  q 2 =  0 of the  p roduc t  WP: 

(63) P 'P"  4 ~  exp im(y.q) q 

Apar t  f rom a t r iv ia l  factor  --i,  the  l imi t ing  value of (63) is the  same as (18). 

B y  this  we mean  t h a t  (63) in tegra ted  over  the  range  - - c ~ <  q~< z¢ against  
any  wel l -behaved funct ion of q2 gives the  same resul t  in the  l imit  2/--> 

as does (18), the  fac tor  - - i  excepted.  Since all pa ths  f rom 1 to 2 have  the  
same number  of segments  the  effect of a - - i  factor  in the  infini tesimal prop-  
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agator is to multiply the finite propagator by either :~i or :J:l. This is 
simply a phase factor and has no physical relevance. We could have removed 
the - - i  by including ~-i  in W. 

I t  follows that  we have been able to formulate the idea set out at the 
beginning of this Section in a quantitative way. In  doing so we have gained 
insight into the concept of mass, particularly in relation to the cosmological 
structure, and we have also gained insight into the difference between particles 
and antiparticles. On the other hand, the step of replacing (60) by (61), while 
strictly valid for time]ike displacements, loses the connection with the left- 
hand side of (60) for spacelike displacements. This appears to us to be phys- 
ically unsatisfactory although our feeling in this respect is subjective since 
for q ~  0 (60) and (61) are the same 1unction in the limit £V-->c~. Neverthe- 
less we have looked for alternative ways of arriving at (18) from (56). 

One possibility is to set the amplitude zero for spacelike displacements. 
Removing paths outside the light-cone would be expected to change the con- 
stant in W to 2g 2. We then get 

(64) { q~>O,q2< 0 , o.eXp [l im(~'q)] 4i(y.q) 2z~q 

For the test functions ~ an~-2n with ao ~ 0, (64) is the same as (18) in the limit 
n=0 

£V-~ c~, again apart from a trivial - - i .  But, for test functions with ao ~ 0, 
(64) and (18) are not the same. On the other hand, if W were an operator 

1 d 
(65) W------ 

2u~q dq ~ ' 

with the property that  the derivative acted on exp [½im(y.q)].(~.q) as well 
as on the test function, then (64) in the limit hr-->c~ would indeed be 
the same as (18). We have not been able to interpret  (65) in a satisfactory 
physical way, however. The difficulty lies in the fact that  two limiting processes, 
q~->0 as well as hr-->c~, are involved. These processes were handled unam- 
biguously with the aid of the principal part  in (63) but they seem difficult 

to separate with respect to (64) and (65). 

3.  - T h e  n e u t r i n o  a n d  m a s s  s c a t t e r i n g .  

No coupling constant was included in the action (31) because so far we 
have considered particles of the same kind. When particles of different masses 
are considered, then coupling constants are needed to determine the relative 
values of the mass. We regard the neutrino as a particle with a relatively 



O N  T H E  R E L A T I O N  O F  T H E  I N F I N I T E S I M A L  P A R T I C L E  P R O P A G A T O R  F, TC.  2 ~ 7  

small bu t  nonzero coupling constant .  We th en  have m _  0 relat ive to other  
particles bu t  h r for the  neutr ino still tends  to  infinity.  The infinitesimal prop- 
agator (18) becomes 

1 
(66) -- (v 'q)~ ' (q~) .  

y~ 

Put t ing  m = 0 in the  finite propagator  (16) also leads to  (66), wi th  a factor  
O(t2--tl) .  The finite propagator  Ko(2 ;1  ) again gives (66) when m = 0 ,  bu t  
with a factor  --0( t l - - t2) .  The sign difference be tween (16) and (21) for K + 
and K o is a ma t t e r  of convention.  I t  was in t roduced  so tha t  (~'n)l and (~'n)2 
in (22) and (23) could be of opposite signs. I f  we choose to take ~.n always in 
the posit ive t ime sense t hen  the  sign difference disappears and (66) is t he  
neutr ino propagator  forward or backward.  

When  the  per tu rba t ion  method  is used to solve a problem in electro- 
dynamics we have a picture  of the  par t ic le  being scat tered b y  the  electro- 
magnetic  field. The order in e 2 determines the  number  of scatterings in tha t  
part icular  order. Between scatterings the  part icle  is free. In  a similar way 
a part icle with m ve 0 can be regarded as being scat tered by  the  mass field 
generated by  the  universe.  A per turba t ion  expansion can be made. The order 
in m determines the  number  of scatterings in tha t  order. Between scatterings 
the part icle is free, not  in the  usual sense of a free particle,  bu t  free of the mass 
in t e rac t ion - - the  part icle is a neutr ino between scatterings. In  principle there  
is no difference between the  mass expansion and the  charge expansion. In  
pract ice there  is the  impor tan t  difference tha t  the  expansion in m can actual ly  
be summed, whereas the  expansion in e 2 can only be summed in cer ta in  cases. 
The result  of summing the  mass expansion is the  finite propagator .  

All forms of the  finite propagator ,  K +, Ko, 1 + ~ (K  0 -F K ; )  and K+, satisfy 
the  inhomogenous Dirac equation.  To avoid specifying which propagator  we 
are considering, we write 

(67) (~2 -F i r a ) K ( 2 ;  1) = ~4(2, 1 ) .  

Equat ion  (67) can be solved in successive approximations.  
such tha t  

(68a) ~2K'°'(2; 1) = ~4(2, 1) ,  

We define K<0)(2; i )  

and let  K ~ ) ( 2 ;  1), n = 1, ..., satisfy 

(68b) 

Then  

(69) 

satisfies (67). 

V~K<~)(2; 1) = - -  imK (" - l ) ( 2 ;  1).  

K(2;  1) ---- ~ KC"~{2; 1) 
f l={)  

17 - I l  N u o v o  C i m e n t o  A .  
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We define 

~(s~) ~(s~) 
(70) 1(2 ; 1) -- or 

4~ 4~ ' 

where ($±(S~) are the positive- and negative-frequency parts in the Fourier 
expansion of 2~(S~). Then 

(71) 

satisfies (68a), and 

(72) 

K(°'(2; 1) = ~'2I(2; 1) 

Kin(2; 1) = -- imI(2; 1) 

satisfies (68b) for n----1. For higher values of n we use the reduction 

(73) K(')(2 ; 1) = --  imfK(°'(2; 3) K('-1)(3; 1) dva 

= - ~ f ~ 1 ( 2 ;  3)K,.--(3; 1)a~, = (- -~)~f1(2;  3)K,o-~,(3; ~) dr,, 

to obtain the following solution of (68b) for general n: 

K(~"~(P' ; P) ---- 

im)~-v~...~I(P'; ~)I(~; ~ -  1)... 1(2; 1)1(1; P )dn . . .  d~.,  (-- 
m J  

(7~) 
K(2"+I~(F; P) ---- 

(-im)~-+~[...[l(V'; ~)1(~; ~ -1 ) . . .  I(2; 1)1(1; ~)dn ... d~.. 
J J 

To avoid confusion in the notation we have introduced the points P, P '  in (74). 
The integrations dr1.., d r .  are over all space-time. A surface integral at  infinity 
has been dropped in the last step of (73). 

If  8(~11)/4g is chosen for 1(2; 1) then the summation (69) gives 

(75) ½[K+(~; 1) + K;(2; 1)]. 

If  (~+(k~l)/~ is chosen then (69) gives the Feynman propagator K+(2; 1), while 
(~ (S~1)/41 gives K_(2;1), a propagator like Feynman's but with reversed 

time sense. 
The time-symmetric direct-particle theory requires us to choose 8(~)/4~ 

for I,  giving the time-symmetric propagator {75). The integrals (74) can be 
regarded as a summation over paths. The particle goes from P to the element 
dr1 where it is scattered by the mass field. I t  then goes to dye, where it is 
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again scattered,  t hen  to dva, and so on, unt i l  a f ter  n scatterings the  part icle 
arrives at P ' .  Between seatterings the  part icle is massless like a neutr ino 
- - t h a t  is to say it  goes in a null direct ion (*). 

At  the  end of the  In t roduc t ion  we argued in favour  of (75). To obtain the  
usual form of electrodynamics i t  was t hen  necessary to in t roduce a response 
f rom the  universe given by  (27). We shall consider this quest ion fur ther  in 
the  nex t  Section. 

4.  - The  response  o f  the  universe .  

In  I I  we remarked  on the  similari ty of (27) to  the  e lec t rodynamic  response 
of the universe. The la t ter  is shown in Fig. 1. Segments at  points A, .~ on 

Fig. 1. 

/ 

\ 

the  path  of a charged part icle  in terac t  d i rect ly  through the  symmetr ic  ~(S~) 
function.  There  are also interact ions from A and from A to all o ther  charged 
particles in the  universe. Summat ion  of these interact ions contr ibutes just  
the  principal  par t  of ~+(S~-~), so the  symmetr ic  (~(S~]), t aken  together  with the  
response of the  universe, gives (~+(S~]). 

In  the  previous Section we saw tha t  t ime-symmetr ic  propagat ion  of a par- 
t icle f rom A to A is determined by  the  choice O(S~)/4g for the  funct ion 

1 + ~)  + K~(A A)] for I (A;  -4). This choice leads to the  t ime-symmetr ic  2 [Ko (A ; 
direct  propagat ion from ~ to A. However ,  the  part icle can go out into the  
universe f rom A and from .~. I f  the  result ing in teract ion with the  universe 
again provides the  pr incipal  pa r t  of O+(S~), so tha t  the  combined effect of 
8 ( ~ )  and of the  response of the  universe is to give 8+(S~]) for 4h i (A;  .4), 
t hen  the  effective propagator  is K+(A;A) .  

A detailed calculation for the  e lect rodynamic case was given in Sect. 4 
of I. A similar calculation for part icle absorpt ion could be given, bu t  since 

(*) In their book Quantum Mechanics and Path Integrals FF.YNMANN and HI•BS give 
a problem (p. 34) in which the propagator in one space-one time dimension is built up 
from paths of this kind. The resulting propagator satisfies the two-dimensional Dirae 
equation. 
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it  would be rather lengthy we shall give the response condition in the form used 
in II.  

Consider the interaction of an element dd~ of an electron line at A with the 
element da ~ at A. The electromagnetic interaction of dS~ with the universe 
produces a response field at A equal to ½J+(S~])dd~, which interacts with da ~ 
to give 

(76) ½ O+(S~)dSida'. 

Similarly the electromagnetic interaction of da ~ with the universe produces a 

response field at A equal to --½~-(S~)da ~, which interacts with d ~  to give 

(77) - -  ½ (~_(S~~)da,da'. 

The contributions (76) and (77) together give a response contribution equal to the 
principal part of ~+(S~) multiplying dS~-da i. The sign difference between 
(76) and (77) arises because dSi is a vector directed from ~ towards A, whereas 
da ~ is directed from A away from A. In fact, (77) can trivially be written as 
½(~_(S~)dS~(--da~), which is the time-reversed form of (76). 

Again, for t A > t] in the propagator case, the particle going from _4 
interacts with the universe which sends paths to A contributing ½(t+(S~). 
Similarly the particle going from A interacts with the universe which responds 
at ~ with the time-reversed function ~ 2 ~(~_(S]]). In this case we take the dif- 

ference 

(78) 

because we are seeking the net flow of the particle from ~ to A. The differ- 
ence is the same as in (55). I t  gives the principal part of O+(S~), changing 
the symmetric I ~-~(S~74)/~ to D+(S~)/47c, yielding K+(A; A) in accordance 
with the analysis of Sect. 3. 

The Feynman propagator K+(2; 1) is nonzero outside the light-cone of 
point 1. Since K+(2; 1) falls off as exp [--mS, l] it is usually thought that  this 
effect is small, confined as it is to the order of the Compton wavelength. But 
in the path integral formulation we are concerned with time steps e in (5) very 
much smaller than m -1. Indeed, we showed in I I  that  the renormalization 
procedures of QED involve cut-off distances that  may well be less than m -~ 
by 10 -4°. From the path integral point of view we have to think of $2~ ~ m -1 
as a very large distance. The Feynman propagator K+(2; 1) permits a particle 
to arrive at point 2 even though the displacement from 1 to 2 is grossly space- 
like. Unless we abandon our physical concepts in a very major respect the 
particle cannot have come directly from point 1. I t  must have arrived via 

the universe. 
I t  is interesting to compare the four propagators K~, ~ [K + -~ K~] and K+. 
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Al l  four  d e t e r m i n e  t he  wave  f u n c t i o n  a t  p o i n t  2 i n s ide  a closed surface S i n  

accordance  w i th  

~,(2) = f  K(2;  l)(7.n)~ ~p(1)dS~ , (79) 

where  t h e  e l e m e n t  of 3-surface dS1 is a t  p o i n t  1 wh ich  ranges  over  S. ( ~ ' n h  is 

t he  u n i t  i n w a r d  n o r m a l  a t  p o i n t  1. F o r  s impl ic i ty ,  we t a k e  S to  be t h e  two t i m e  
__ + sect ions  t : t ~ ± %  3 > 0 .  W h e n  K - - K  o t h e  wave  f u n c t i o n  W(2) is de te r -  

m i n e d  whol ly  b y  t he  p l a n e  t = t2 - -3 ,  whi le  K = K o d e t e r m i n e s  ~p(2) who l ly  

f rom the  p l a n e  t = t 2 q -  3. The  p r o p a g a t o r  I [ K +  - k K ~ ]  gives ½W(2) f rom 

t = t 2 - - r  a n d  ½~(2) f rom t--~ t2-~-3. So far  as these  t h r e e  p ropaga to r s  are  

concerned  i t  makes  no difference w h e t h e r  y) is a posi t ive-  or a n e g a t i v e - e n e r g y  

s ta te .  F o r  K + ,  on t h e  o the r  h a n d ,  ~(2) comes whol ly  f rom t = t~- -  r if ~o is a 

pos i t i ve -ene rgy  s t a te  a n d  f rom t = t2 q- v if t he  ene rgy  is nega t ive .  Acco rd ing  

to  t he  v i ew  deve loped  above  1 + ~ [ K  o q - K o ]  is t h e  correct  local  p ropaga to r .  

H o w e v e r  t he  response  of t he  u n i v e r s e  doubles  t h e  ½~0(2) c o n t r i b u t i o n  f rom 

t ~ t 2 - - T  for a pos i t i ve -ene rgy  s t a te  a n d  cancels  t h e  ½~(2) c o n t r i b u t i o n  f rom 

t ~ t2 ~ -3 .  The  doub l ing  a n d  cance l l a t ion  are r eve r sed  for a n e g a t i v e - e n e r g y  

s ta te .  

• R I A S S U N T 0  (*) 

Si pub eostruh'e fl propngatore finito delle partieelle per mezzo di un metodo di integrale 
di percorso purch6 sin noto il propagatore infinitesimo. Sinorn per6 non ~ stnto possi- 
bile speeifieare il propagatore inflnitesimo relativistieo eceetto ehe ad hoc. Da consi- 
derazioni sulla na tura  della massa, nel senso cosmologico machiano, si mostra in 
questo articolo che si pub dedurre il propagatore infinitesimo nella meceanica quan- 
tistica relativistica con un metodo simile a quello usato nell ' integrale di percorso non 
relativistieo. 

(*) Traduzione a cura della Redazione. 

0 CBH3H 6eCgoHeqHO MaJIOFO npoilal'aTopa q a e T m ]  c npapo~ofi MaCCbL 

Pe3mMe (*). - -  KoHeqH/,I~ nponaraTop ~IaCTrlU M0~eT 6blTb CrOHCTpynpoBaH C IIOMOIII~IO 
MeTO~a HHTerpHpoBarms no IIyTJIM, npH yCJIOBI~, qTO II3BeCTeH 6ecrone,mo Ma.rIbI~ 
nponaraTop. ~ o  CHX IIOp O~HaKO He 6I~IJIO BO3MO)KHO oIIpe~eJUITb peTffITIIBHCTCI~I~ 
6ecKoHeq80 ManbIfi I/poHaraTop, 3a nCKJ/IO~eHHeM cnetmaa~HOrO cnoco6a. FI3 paCCMOT- 
peHaa npHpo)IbI MaccbI, B KOCMOIIOFHqeCKOM CMblC~qe MarrlaHa, a nacTomi~efi pa6oTe 
ilora3biBaeTc~, qTO 6eCKOHeqHO MaJIbIl~ nporlaraTop MOmeT ~IalTb m, iBe~eH a pe~mTma~- 
CTCKOI~ KBaHTOBO~ Mexarmre c IIOMOIMbIO MeTO~Ia, aHaJIorHq~toro MeTOJ%y B HepeJIaTH- 
BHCTCKOM cnyqae, HClIOYlb3yloIIteMy nnTerpnpOBaHne no IlyTflM. 

(*) l-lepe6ec)eno peOamluef~. 


