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Generallimits on thecosmologicalconstant(or equivalentlythevacuumenergydensity)arederivedfor an inflationaryuni-
verse.This is accomplishedunderthegeneralassumptionof global hyperbolicityandwithout theuseof any specialproperties
like sphericalsymmetryor homogeneityoftheunderlying spacetime.A clearupperlimit of 1/3 is obtainedfor thevacuumenergy
densityparameterQ~,whilethelower limit is foundto dependon theageof theoldest objectin theuniverse.

The inflationary scenario [1] in itsseveralavail- regardto theglobalgeometrywe merely assumethat
able versions claims to resolve the cosmological the spacetimedescribing theuniverseadmitsa fol-
conundrumssuch as thehorizon problem,monopole iationby space-likehypersurfaces.All the physically
problemandat the sametimepredictsthat the den- reasonablecosmologicalmodels(e.g. Friedmanor
sity parameterQ of the universemustbe close to steadystate)obey thiscriterionof global hyperbol-
unity. All thesemodels requirea fine tuning of the icity [2]. In particular,the flat (k= 0) Friedman
netcosmologicalconstant,duringandafterthe infla- modelswith small perturbationswill satisfy this
tionary phase. This cosmological constant A is criterion.
equivalentto thevacuumenergydensityp.,,, Einstein’s equationswith the cosmologicalcon-

stantcanbewritten as
p~=Ac-/8itG. (1)

One couldappealto observationson departures R1k_~ö1kR=8~G(T1k)e~ (2)
from the exactHubblelaw for distantgalaxiesand where
relatedcosmologicalphenomenato get more infor- T1 eff_ T’ A 2,8 G ö’ 3
mationor constraints on thisremnantvacuumenergy ( /c) — k ( C 7t ) k~

density. It is thepurposeof thispaperto determine In Friedmanmodelsthe universeis supposedto
the range of valuesfor p.. thatmay exist today with- “originate” from thebig-bangsingularityatt= 0. The
outanyassumptionsofexact symmetries for the uni- ageoftheuniversetodaycanbe expressedas
verse or crucialdependenceon thepresentvalue of — H—1~ 4
H

0. In view of th uncertaintiesprevailingin cosmo- — 0 i ~,q0
logical observations todayas well as therestrictive whereH0 is thepresentvalueoftheHubble constant
natureofexactsymmetries usuallyadopted,it would andq0 is the decelerationparameter.The question
behighly desirableto havesomemodel-independent arises as towhetherwecanintroducethe conceptof
conclusionsaboutthepresentvalueofp~. ageof the universefor the more general scenario

In orderto retainthe generalfeaturesof the cos- describedabove.In fact, thisturns outto beposssi-
mologicalmodels, we relax here the following(usu- ble if we assumethatare no modes carryingnegative
ally adopted) assumption: that the space-like energy.Thisenergyconditionmay beformulated[31
hypersurfacesevolving in time havesphericalsym- as
metry or theexacthomogeneityandisotropy.In other ~T ~ ~ ~‘ ~J >0 (5)
words, wepermit departuresand small perturba- ~
tions from the maximally symmetric model. With whereV~is aunit time-like vector.
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Considernow thepresentepoch, which is charac- material trajectoriesmust end up in a singularity
tensedby a space-likehypersurfaceS0which crosses before aconjugatepoint is encountered[4]. II can
ourworld line. Let usexaminetheevolutionof non- beshown [4] that if F(t) ~ k

2~0,then the maximal
space-liketrajectoriesfrom S~into the past: suchtra- possible extension into the past of anynon-space-like
jectoriescouldrepresent,for example,the world lines curvefrom S

0 isgivenby ~ir~ If wecomputeF( 1)

of galaxies orother material particles. Twomajor with the helpof eq. (2) neglecting thecontribution
factorsenterinto determiningthe evolutionof these due tomaterialpressureandshear (both of which
trajectories.In the first place, thestress—energyden- would only addtothegravitationalfocusing),we get
sity encounteredby non-space-likecurves induce R ~ ~ > 4~G (8)
gravitionial focusingeffects [3]. Theseeffects are — “

characterizedby theexpansion“parameter”8 of the Using theaboveresultwe obtain themaximumpos-
congruence of time-like geodesics which are orthog- sible agetmax

onalto S0andwhich obey theRaychaudhuriequation

d
2x/dt2+F(t)x=0, (6) ~ —~ 1 ~

— nlax2 \J4ItGPmAC
wherexis definedby 0 =x dx/dtand --

F(t)=~(R
11V’V~+2a

2). (7) ! /~~ (9)
4’~G\lp~~~—2p.

thequantitya represents the shearofthecongruence.
The secondfactorwhich we haveto considercon- We emphasizethat onlyglobal hyperbolicitywas

cerns the focal orconjugatepoints that arisedue to assumedin obtainingthe aboveresult.
the gravitational focusing mentioned above. The We furtherassume that thecosmologicalconstant
conjugatepoints arise when infinitesimally sepa- is a residuefrom an inflationaryphase.Since infla-
ratedtime-like geodesics of the congruencerepre- tion impliesp=p~,we can write
sentingthe world linesof material particlesstart
intersectingeach other.Specifically,a point q along Pc =P~+/)., =/). (10)
a time-like geodesicy is saidto be conjugateto S

0 if Fora dust-filled universe, the pressure term arises
one of theJacobi vectorfields describingthe separa- purely fromvacuumenergydensity:
tion of y from nearbytrajectoriesof the congruence,
vanish at thepoint q. Sucha situation ariseswhen P —1k . (11)

the expansion0 of the congruencebecomesinfinite Defining
at q. Alternatively,a zeroofthedifferential equation
(6) would representa conjugatepoint, since such a Q~=p.,Jp,, Qm =Pnl

11k . (12)
zero indicatesthe divergenceof 0 at that point for we et
the congruence of time-like geodesics under g
consideration. 2 — 3it 1 (1 3)

With this backgroundwe appealto the following ‘n~ax— I 6G p. — 3p. ‘ -

important property of globally hyperbolic space-
timeswhich describeour generalcosmological uni- or, inotherwords,
verse [3]. Forany eventq of the spacetime,thereis 3it 1 ( it

a time-like geodesicfrom q orthogonalto S
0 along I — = 1 6Gp.t~a.= 2~H0~ (14)

which theproperlengths ofall time-like curves from
q to S~are maximised,and thisgeodesic doesnot Sincether.h.s.>0, a clearupperlimit on Q~isgiven
containanyconjugatepointsbetweenS0 and q. This by
constraint mustbe satisfiedby all material trajecto- ~ <~ (15)
ries from

5o whenwe study their evolutioninto the V 3

past. Clearly ~ma.,> t~where t~,is the age of the oldest
We are, therefore,led to theconclusionthat the known objects in theuniverse(e.g. globularclus-
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ters).Combiningthisconstraintwith (15)we get the
0-3bounds

(16) 0-25’ - -

ALLOWED REGION0-2- OFOScalingt. andH
0 as

t~=l.5x10~~pyears,
0-to0-15-

H0=l00h0kms~Mpc~, o-os -

z
~ 0-

eq. (16)canbewritten as
0

-0-05 - 1~i(l—2/h~op
2)<Qv<~. (17) -0-10It is seenthata positive lower bound onQ~,.isobtainedfor -0-15ph

0>~/~l.4. (18) -0-20 --0-25 - I
Thus,forexample,forh0= 1, observationsof agesas 0-8 ‘0 -2 4 1-6 1-8 20
high as21 billion years would imply apositive lower

—AGE (IN UNITS OF 158 YEARS)—.
boundon Q~.As the consistentagelimit for theuni-
verse isusually proposedto be in the range [5]13.8 Fig.1. Theminimum allowed value forthedensityparameteras

byr~t~,~ 24 byr, it is conceivablethatQ~is bounded afunctionoftheageof theuniverse.

from below. On theother hand,if quasarsare taken
to be old objects in theuniversehaving agesof the 4 [1 — (it/2H0t~)

2]<Q~<~ . (21)
orderof 30 byr theneq. (16) would providedefini-
tive lowerlimits for Q~. Again followingtheearlier convention,it isseenthat

The scenario assumes a newdimensionif dynam- eq. (21) gives a postivelower boundto Q~when
ical considerationsare introduced.It is well known ph

0~ 1. It is clearthat for a range of valuesof h0 and
thatp =Pc cannotbe achievedby luminous matter p this inequalitywill be satisfiedandhence £2~would
alone. The“dark matter” which has to beinvoked beboundedfrom below (seefig. 1),
can come in many forms,convenientlyclassifiedas Forcomparison,we point outthatQ~andthecos-
“cold” or“hot”. If eitheroneofthese choicesproves mological constantare relatedby
to besuccessful,still ourconclusions would be valid,
however,investigationsshowthatneither”cold”nor A (3.2x1056 cm

2)h~Q~. (22)
“dark” matterby itself canaccountfor observations Wehavederivedboundson thecosmologicalcon-
at all scales.Thishasmotivedthestudyof scenarios stantor equivalentlythe vacuumenergydensityin
in which a colddarkmattercandidatedecaysin the aninflationaryscenariowithoutmaking anyexplicit
recent past. In suchmodelsthepresentdayuniverse assumptions aboutthe exact symmetries of the
will beradiation dominatedbecauseof the existence underlyingcosmologicalmodel. Inparticular,we do
of relativisticdecayproducts[6]. notdemandthespace-likehypersurfaces evolving in

In sucha situation,wemust have time to have any specialpropertieslike spherical

= ~ —,~.,,, (19) symmetry or homogeneityand isotropy, except to
satisfythecriterionof global hyperbolicity.It is then

giving (comparewith eq.(13)) possibleto set anupper boundto the (dimension-

less)vacuumenergydensityQ~andto derivecondi-
3~ 1 (20) tions forobtaininga positive lowerboundforQ~frommax = j~j 2pm — 5p~~ plausibleestimatesoftheagesof theoldestobjects in

This, in turn, leadstothe followingboundson Q~: the universe.
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