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Abstract. We study the response of inertial and uniformly accelerated Unruh—DeWitt detectors
in the Minkowski vacuum when they are coupled to the quantum field for a finite time interval.
A finite-time detector will respond even on an inertial trajectory due to transient effects. Also,
the response will depend on the manner in which the detector is switched on and off. We
study the response for smooth as well as abrupt switching of the detector. The detectors are
switched on and off with window functions whose width, determines the effective timescale

for which the detector is coupled to the field. We work out in detail the response of inertial
and uniformly accelerated detectors for Gaussian, exponential and rectangular window functions
and also obtain a general formula for the response of these detectors when a window function
is specified. Th& — 0 and7 — oo limits are discussed in detail and several subtleties in the
limiting procedure are clarified.

PACS numbers: 0365B, 0462, 0480

1. Introduction

In the canonical formulation of quantum field theory in flat spacetime, we identify the
coefficients of the positive frequency component of the normal modes of the quantum field
to be the annihilation operators and define the vacuum state to be the state that is annihilated
by these operators. Such a vacuum state is invariant only under action of the € giragy.
Concepts such as vacuum, particles, etc, defined by conventional field theoretic methods do
not, in general, possess a covariant meaning, but rather seem to have an observer-dependent
quality about them. It is well known, for example, that quantization in Minkowski and
Rindler coordinates are not equivalent [1]. Similar problems are encountered when quantum
fields are studied in curved spacetimes.

The original motivation behind the idea of detectors [2,3] was to improve our
understanding of the concept of a particle in a curved spacetime. The philosophy being
that, ‘particles are what the particle detectors detect’ [4]. With this motivation, the response
of different types of detectors that are coupled to the quantum field has been studied in the
literature (see, e.g., [5-7]). The response of these detectors has always been studied for
their entire history, i.e. from the infinite past to the infinite future in the detector’'s proper
time. But, in any realistic situation, the detectors can be kept switched on only for a finite
period of time and, due to this reason, the study of the response of a detector for a finite
interval in proper time becomes important.
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There is also another motivation for studying the response of finite-time detectors.
Consider a detector that is coupled to the field in such a way that it responds to the energy—
momentum content of the quantum field [7]. We can utilize this detector to analyse the
back-reaction problem as follows. This detector can be set in motion on a certain trajectory,
in the spacetime of our interest, and switched on for a finite proper time interval during its
motion. The response of this finite-time detector will then reflect the energy—momentum
content of the quantum field in that localized region of spacetime. (The detector has to be
constructed so that it has only a small extension in space.) We can then attempt to relate the
response of this detector to the term that is responsible for the back-reaction of the quantum
field on the background metric in that localized region of spacetime (see also [8], pp 780
and 781 in this context).

There have been a couple of examples in the recent literature where the response of a
detector has been evaluated for a finite time interval [9, 10]. The authors in [9] study the
response of a Unruh—DeWitt detector that is turned on and off abruptly with the aid of a
rectangular window function. They encounter certain ultraviolet divergences and resort to
a regularization procedure to remove these divergences. In [10] the authors point out that
no divergences arise in the detector response function when the Unruh—DeWitt detector is
switched on and off with a smooth window function. They also show that in the limit when
their window function matches a rectangular window function the ultraviolet divergences
reported in [9] do appear in the detector response function.

We re-analyse this problem in this paper. We begin by noting that a detector which
is kept on only for a finite time interval’ will be affected by the transients related to
the process of switching. This has the consequence that even an inertial detector in the
Minkowski vacuum will respond if it is switched on for a fini#®. This effect, as we shall
see, needs to be clearly identified before one studies the response of an accelerated detector
for finite T. Furthermore, we expect the response to vanish wihes 0 for any realistic
detector omany trajectory. This is simply a physical requirement arising from the demand
that ‘a detector which was never switched on should not detect anythiviigile this demand
sounds reasonable, its mathematical implementation turns out to be fairly subtle. We will
see that spurious results can arise if one does not implement the limiting procedure with
care.

The response of a detector, in general, depends on the following three elements: (a) the
state of the quantum field; (b) the trajectory of the detector; and (c) the nature of coupling
that exists between the field and the detector. The quantum field we consider here is a
massless, minimally coupled, scalar field and it is assumed to be in the Minkowski vacuum
state. The detector we consider here is the Unruh—DeWitt detector and we study the response
of this detector when it is in motion on inertial and uniformly accelerated trajectories.

This paper is organized as follows. In section 2 we briefly discuss some of the essential
results from standard Unruh—DeWitt detector response theory and also comment on certain
aspects of finite-time detection. In section 3 we study the response of the detector which is
operational only for a finite interval of time, the cases of smooth window functions as well
as that of abrupt switching are considered. In section 4 we discuss the conclusions that can
be drawn from our analysis.

2. Unruh—DeWitt detector response theory—essential results

In this section, we gather some of the essential results from Unruh—DeWitt detector response
theory and also point out certain features of finite-time detection.
The interaction of the Unruh—DeWitt detector with the scalar fidids described by
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the interaction Lagrangiaom(t)®(x), wherec is a small coupling constant and(t) is

the detector’'s monopole operator. The time evolutiom@t), wheret is the proper time

in the frame of the detector, is assumed tornbe) = €7o” m(0) e o7 where Hy is the
Hamiltonian of the detector. Consider an Unruh—DeWitt detector in motion on a trajectory
x(7). Its amplitude for transition from a lower energy staf) to a higher energy state
|E), with energy eigenvalueg, and E, respectively, up to the first order in perturbation
theory, is given by [11]

AQ@) = M / " dr e (W] ()] 0n) &)

whereQ = (E — Eg), M =ic (E|m(0)|Ep), |0y) is the Minkowski vacuum state an@)
is the state of the scalar field after its interaction with the detector. (We will hereafter drop
the termM in the transition amplitude as it depends only on the internal structure of the
detector and not on its motion.)

When the quantum fieldp (x), is expressed in terms of the Minkowski normal modes,
it is clear from (1) that the non-zero contribution to the transition amplitude arises only
from the statgW) = |1;). For a detector on an inertial trajectory {th + 1) dimensions,
i.e. for x(t) = xo + vt = xo + vyt wherey = (1 — v?~Y?, xo andv are constants and
lv| < 1, the amplitude (1) turns out to be [11]

Aine.o(R) = et / ” dr 97 @rre—hn) — \/? e *0§@) =0 2)
ne,w m oo ® )
wherew = |k] anda = (2 + y(w — kv)). The last equality in the above equation follows
from noting that, sinc&v < |k||v] < w and E > Eg, the argument of thé-function is
always greater than zero, the transition in the detector being essentially forbidden on the
grounds of energy conservation.

The following points should be stressed regarding the above—apparently trivial—
calculation: the amplitude is being calculated for the system to make a transition from
the state|Ey) in the infinite past to the statg E) in the infinite future To do so we need
to know the trajectory(z) for all 7, i.e. for —oo < t < co. No realistic detector can be
kept switched on forever. Suppose the detector was kept switched on only during the time
interval -7 < t < T, then the amplitude will be non-zero

e-ikvo T o ek /2sin(aT)
Aineo(Q,T) = dr € @rre—hn — < > 3
ne, ( ) m 7 \/m a ( )

and the probability for transtition for a fixed will be

- 2
Prea(@. T) = [Ane.o(T)? = n—lw (S'”W)) , )

a

which is finite for all finite7. For smallT, Ppe ., < T2 and hence vanishes fd — 0;
for large T, we use the relations

. 2 . .
im {sm(aT)} _ im <Iim sm(aT)) (sm(aT))}
T—o0 wa T—o0 T—o0 ma ma

T sin(aT)}
T—o0 wa

lim T 8(a)}, (%)
T

T—o0
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lim

T—o0

= 58(a). (6)
w

Clearly the rate of transitiorRine (2, 7) = (Pine.o(2, T)/T) has the following behaviour:
Rine.w ¢ T for small T and Rine.», & 8(a) for large T. HenceRine ., Vanishes in both the
limits.

The above analysis should teach us two lessons. Firstly, even an inertial detector will
respond if it is switched on and off. This is merely a manifestation of the energy-time
uncertainty principle; a detection process lasting for a tif@€) cannot measure energy
differences with an accuracy greater thdn27). So for (a 27) < 1, the rateR will be
significantly non-zero. Secondly, the r&feis a more reliable quantity to compute thzn
especially if one is considering thE — oo limit. In particular, P is infinite if we take
the T — oo limit naively in (4). The limits also need to be handled with care to obtain
sensible results. We shall say more about the limiting procedures later on.

For the case of a uniformly accelerated trajectory (th+ 1) dimensions, the
transformations from the Minkowski to the accelerated frame are

{ Pine,w(T) } 1
T

X = g’lé cosh(gr), t = g’lé sinh(gt), )

wheret is the proper time of the accelerated observef.atn what follows we shall set
& = 1 without any loss of generality. For a wave travelling to the right, i.e. whenow,
the transition amplitude for a detector on an accelerated trajectory turns out to be [12]

Aacc’w(g):«/%/ dr €% exp—ig lwe¢*
-1 g g ™)™ T(—igg™) exp—(n2/2g), ®)
4drw

which is clearly non-zero. The probability for the transitiBy = |.4,|? for a particularw
will then be

-2
Paco D) = lAaco D = 3 — &% [P(-igg ™) = leug (Q(emlg_l)> ©)
which has a Planckian form i with a temperaturgg— = (g/2x).

There is another feature that needs emphasis as regards both (9) artle@h:are
probabilities for transitions to fixed final staté%,) characterized by a given momentim
Normally one would like to integrate over all so as to find the net probability for the
detector to have made a transition frofy) to |E). This will lead to an integral

® dw [ SIFP(Q+ w)T
1ine:/ fw <((“’2))> (10)
0o @ (2 +w)
in the case of (4) and to an integral
©d
L= / do (11)
0 w

in the case of (9). Both these integrals are formally divergent. However, consider the limit

(e [Cdof . (1SiP(Q+o)T)\] _ 1 [*do
i ()= [ Shm (e T R [ e

If @ > 0, > 0 the integrand identically vanishes and we may take this integral to be zero,
thereby recovering the earlier result (see also [10] for a similar discussion). This result
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shows that(fi,e/ T) is formally divergent for all finiteT but can be interpreted to be zero
asT — oo! Such a contradiction arises because of an illegitimate interchange of limits.
We will elaborate on the limiting procedures later on.

The integral (10) is divergent in both the lower and upper limitgofThe divergence
for smallw (infrared divergence) is a feature of massless scalar fielgbs+1) dimensions.
For the (3 + 1) dimensional case, we will, later in this paper, find that no infrared
divergences arise and only logarithmic divergences for lasggiltraviolet divergences)
are encountered. These divergences have been reported earlier in [9, 10]. We shall see later
that the divergences in (10) for a fini#e can be attributed to the abrupt switching of the
detector.

We conclude this section by collecting together some more results we need. The
probability of transition to all possible¥) from |0,,) can be expressed in a more formal
and concise manner as [11]:

PQ) =) JAQI = F(Q): F(Q) =/ dr/ de’ e ) G (x (1), x(¢))).

)

(13)

The detector response functidn is independent of the details of the detector and is deter-
mined completely by the Wightman functi@d* (x (), x(t")) = (O |®[x ()] P[x(z")]|0p).

For trajectories in Minkowski space, which are integral curves of timelike Killing vec-
tor fields, for, e.g., the inertial and the accelerated trajectories, the Wightman function is
invariant under time translations in the reference frame of the detector [13,14]. Hence
Gt (x(1), x(t)) = GT(r — /) = GT (A7) and the double integration in (13) reduces to a
Fourier transform of the two-point function multiplied by an infinite time interval. This is
usually handled by interpreting the Fourier transform of the two-point function to be the
transition probability per unit time, i.e. as the rate of transition probability, given by

R(Q) = / dATe AT GH(AT). (14)
(It should, however, be stressed that the expression for probabilitiyergent and only the
rate is finite. On the other hand, the probability of transition to any specific one-particle
state|1x) is finite.) The Wightman function for a massless scalar fiel@Bi# 1) dimensions

is [11]

-1
G (x,x) = , 15
(6 An2 ((t — 1 —ie)® — |z — 2'?) (15)
(wheree — 0T) and for the case of an inertial trajectory it reduces to [11]
4 -1
Giio(AT) = 42 (hr —i0? (16)

Since E > Ey, the integral (14) can be performed by closing the contour in an infinite
semi-circle in the lower half of the complext plane. Since the pole of the two-point
function (16) is atAt = ie, it does not contribute to the integral and the detector response
is zero; in other words the inertial detector does not respond in the Minkowski vacuum.

For the case of an accelerated trajectory, given by (7), the Wightman function reduces
to

GidAT) = —(167%¢ 2 sint(gAt/2 —ie)) ", (17)
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which can be expressed as [11]

1 & : . -
Gl (A7) = ~ 42 Z (AT — 2i€ + 27ing ™Y 2, (18)

Substituting (18) into (14) and performing the contour integral in the lower half of the
complexAz plane, we obtain the transition probability rate of the detector to be
1 Q

27 (278712 — 1)

which is the thermal spectrum well known in the literature.

Having thus discussed some of the essential results from Unruh—DeWitt detector
response theory, we will now move on to the crux of this paper, namely finite-time detectors.

RacdQ) = (19)

3. Detector response with window functions

To understand some of the subtleties mentioned earlier regarding the limiting procedures,
we shall begin this section with the following discussion.

Consider a Unruh—DeWitt detector which is moving on a trajecigry and is switched
on during the intervat = —T to r = T. The response of such a detector is governed by
the integral

T T ) )
FQ,T) = / dr/ dt’ €' GH (7, 7). (20)
-T -T

We shall further assume that the trajectory of the detector is along the integral curve of a
timelike Killing vector field so thaG*(z, t’) = G*(r — 7/). Itis clear from this expression
that # — 0 asT — O irrespective of any other details Also, we should recover the
standard results whefi — oo.

We shall now rewrite the integral (20) in different variables and then take the limits
T — 0 andT — oo. Changing the variables to

x=1-1; y=1t+7 (21)
we obtain that
T T ) ) 2T 2T—|x| .
/ d‘L’/ dr’ e—|Q(r_r) G+(‘E o ‘L'/) — % / dx dy e—le G+(x), (22)
_T -T —2T —2T+|x|

where the facto% is the Jacobian of the transformation from thet’) coordinates to the
(x, y) coordinates. After integrating with respectipwe obtain
2T
F(Q,T) = dx e GT(x) (2T — |x). (23)
=2T
Let us now consider the limit§ — oco andT — 0 of this integral. Wherl" — oo,
we get
2T

F(Q) = r'ﬂnoo {(2T)G+(Q) - dx e GT(x) |x|} (24)

—21
whereG* () is the Fourier transform ofi* (x). Clearly,
FE, 0| _ At 1 /OO —iQx ~+ _ Ot

ZT}_ lim {G (@) - o mdxe Gt ) x|} = GT(Q),

R(Q) - Tlﬁ;noo { T—00
(25)
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provided the second integral is well defined. This expression is finite and represents a
constant rate of transition; we have thus recovered the standard resultZn-theo limit.
Let us next consider th& — 0 limit which is rather tricky. We need to evaluate
2T

FQ.T) = lim {fz dxe ™ G*(x) 2T — |x|)}. (26)
g —2T

The integral overw is confined to a small range-27, 2T) around the origin. This implies

that we can expand the integrand in a Taylor series around the origin to obtain the required
limit. We write

2.2

2
eI G (x) ~ (1_ iQx — +. ..)<G+(o)+ G (0)x + G+”(0)% +- ) (27)

Substituting the above expression into (26) and performing the integration, we obtain that
F(Q,T) ~4T?G*(0) + TGV (0) — Q%G (0) — 2IQG™ (0)) + O(Q*T*)

~ AT?’G*(0), (28)

to the lowest order. All derivatives af™(x) in (3 + 1) dimensions behave as™ at the
origin and, in particularG*(0) = (1/47%€?), giving
2

F(Q,T) ~ (29)

w22’
The above expression shows that care should be exercised when thellimit® and

€ — 0 are taken. It is clear from the fundamental definition of the integral in (20) that we

must haveF (2, 0) = 0 for all regular integrands. If the integrand has a pole on the real

axis (requiring and prescription to give meaning to the integral) then we shauldnge

the limiting procedure in such a way thai €2, 0) = 0. This can be achieved by using the

rule that thee — 0 limit should be taken right at the end, after the limiit— O has been

taken. Since

: . T? _ _T?

i g, =0 g, o T} = @
only the former ordering will provide physically reasonable results. This prescription is also
necessary to ensure that"(0), G*'(0), ..., exist in the Taylor expansion fag+*(x). For
€ = 0, this expansion ceases to exist.

In (1+ 1) dimensionsG™(x) has a logarithmic dependenceiin hence the limit will
be modified to the form

F(Q, T) x T? In(€?). (31)

Taking theT — O limit first will give the sensible resulf (€2, 0) = 0, while if thee — 0
limit is taken first we will obtain a logarithmic divergence. This logarithmic divergence has
been mentioned earlier in the discussion following equations (10) and (11). We shall see
explicit examples of such ambiguities (and their resolution) in what follows.

We shall now calculate the response of inertial and uniformly accelerated Unruh—DeWitt
detectors that are switched on and off with the help of three different window functions.
Hence, instead of working with (20), we will consider the integral of the form

FQ,T)= foo dr/oo de' e ) W, Y W', T) Gt (x(1), x(z)))

where W(z, T) is a window function with the propertie® (z,T) ~ 1 for |71]| <« T
and W(zr,T) ~ 0 for |r| > T. The abrupt switching corresponds W(z,T) =
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(6(T — 7) + O(T + 1)). More gradual switching on and off can be achieved with the
window functions

2
Wi(z. T) :exp—(ZrTz); Wa(z, T) = exp— (' ') (32)

The motivation to study the detector response with smooth window funcignand W,
is twofold. One is to carefully identify any divergence that may arise when a finite-time
detection is performed. The other is to check whether a certain lack of smoothness in the
window function is responsible for the appearance of divergences in the detector response,
as has been reported in [9, 10].

In the rest of this section, we will evaluate the response of inertial and uniformly
accelerated finite-time detectors that are switched on and off by the window funiétiomig,
and w.

3.1. Gaussian window function

The detector response integral with the window functinis

o9 o) 2 A
FQ.T) = / dr / dr' e12C—1) G+ (7, ') exp—(;> exp—(;) (33)

which can be rewritten as

f(Q,T):/ drf de’ e G (x (1), x())

X exp— (t+71)? + (x— r’)z)}. (34)

1
2772
Let us first consider the response of a detector on an inertial trajectory. Substituting the
Wightman function (16) for the inertial trajectory in the above integral and performing the
transformations (21), the integral for the detector response function simplifies to

0 2 00 —iQx 2 /972
y e exp—(x</277) T
ine(Q,T) = ——— d —\ = d = - I
Fine(2, T) gv2 | y exp <2T2>/_oo x =02 575
(35)
where
—IQA .X2
I = dx — . 36
/ w—io? 0T <2T2> (39)
Writing the Gaussian function in the above integral as a Fourier transform
x? T [, . k>T?
2 )= dk &% — 37
o0 (572) = g [0 () @
and interchanging the order of integration, we obtain
K22 dk—2)x
dk dx ——. 38
1= Lo () [ &

Whenk > 2, thex integral can be performed as a contour integral by closing the contour in
the upper half of the complex plane and the second-order polecat ie gives a non-trivial
contribution to the integral. Wheh < @ the contour has to be closed in the lower half of
the complexx plane and, since the integrand is analytic in this half, the integral vanishes.
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Hence the lower limit of thé& integral isQ2. After some manipulation and substituting this
result in (35), we obtain

Fine(Q,T) = g exp(é/2T?) / h dpe ' (p—r) (39)
where
1 € 1 €
P= ( * T> v < * T) (+0)

Before proceeding further, let us check whether (39) gives sensible results for the limits
T — 0 andT — oo. Since this is an inertial detector we must havé) = 0; also for a
detector on any trajectory we demand tt/t2, 0) = 0. These two limits can be obtained
from the above result. Whefi — oo, the lower and the upper limits of the integral
in (39) coincide, thereby giving a null result as expected for the inertial detector. (Note that
for larger, the expression

e 2 2 1
r[ dpe? ~ le {1+o(r2>} (41)

vanishes exponentially.) Hence, there is no ambiguity in this result.

Studying the limitT — 0 of (39), when the window function is sharply peaked at the
origin, has to be done more carefully. In this case, it matters crucially whether the limit
T — 0 is taken first and the condition— O is incorporated later orice versa The first
alternative will be adopted (as has been mentioned earlier) for the reason lilefis us
to identify the poles in the contour integrals; hence unless and until all the other limits in
the problem have already been taken care of, the limi¢t should not be taken. Then, as
T — 0,7 — (¢/+/2T) and Fine(2, T) can be rewritten as

g o0 >
Fine(2, T) = exp(€/2T?) { f dpe”p
7 (e/v/2T)
€ o0 ) (¢/v/2T) 5
- dpe™? —/ d ep>}. 42
J2T (/(; P 0 P (42)

The last term in the above expression is the error function and its asymptotic form for large
arguments is as follows:

2 [ ) e /1 1 3
| dvev=1- o - 4 2 ) 43
ﬁ/(; v ﬁ(x 2x3+4x5 ) (43)

Substituting the above expression in (42), we obtain the detector responselwhef to
be

€ T2
dre?
for finite €. This expression has the same form as (29) and clearly illustrates the need
to keepe # 0 until the end. Note that the detector response function as well the rate of
transition Rine(2, T) = (Fine(2, T)/T) vanish whenT — 0. The non-commutativity of
the limiting procedure as regards — 0, ¢ — 0 in the detector response functions is
evidently due to the presence of factors likg T).

If the conditione — O is incorporated first in (39), the expression factorizes to

1 o 2 QT
Fine(Q,T) = — / dpe™? ( — ) 45
ine o @rive P P «/é (45)

-7:ine(Q ’ 0) =

(44)
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If we now take the limitT — 0, we obtain that

= (46)
T

Fine@.0 =~ [ dpe?’p =
|ne(,)—7n/() pe P—T
On the other handFin(S2, T) vanishes if we take the limif' — 0 before we set = 0.
We stress again that the procedure of settirtg zero only after the — 0 limit has been
taken is the proper one.

If we are only interested in finite, non-zero valuesTotthen we can set = 0 in the
integral (39). The response of the inertial detector for a fiditean then be written in
closed form as

]:SZT—l y Q212 QTF1§22T2 47
wen = {eo-(50)- ()% )} @

For QT > 1, this expression has the asymptotic form
exp—(Q?T?/2)

47 Q2T?
This shows that an inertial detector, switched on for a finite period of time, does give a
non-zero response which goes to zerdl'as> oc.

Let us now carry out the same analysis for the accelerated detector. For this case, the

Wightman function, given by (18), is substituted into (34) and the transformations (21) are
performed; the result is

1 00 y2 e [} efiQx eXp—(xZ/ZTZ)
Facd @.T) = —¢ 5 n dy exp— <2T2> n;w /_ . dx TR (49)

Fine(2,T) =~ (48)

whereb, = € — 2wg~tn. With the aid of (37), the above integral can then be simplified to
the form

T o0
Faed@. 1) = = oy > 6L
TT° p=—00

_ (50)
T 00 " k2T2 [ee) ) el(kfﬂ)x
I, = — - — D —
kY% 2w /—oo P < 2 ) v/—oo * (-x - Ibn)2

Whenk > Q thex integration can be performed by closing the contour in the upper half of
the complexx plane and the poles corresponding to the values loétween—oo and zero
contribute non-trivially taF,c(2, T), giving

’

0 o0
Faoct(2.T) = % > e exp(n?/2T?) / dpe” (p' 1)  (51)

n=—0oo

where

S 7 WS G Gy
pe Llrat)e o Larst) -

Whenk < Q the contour can be closed in the lower half of the compleplane and the
poles corresponding to the values fbetween one and infinity contribute non-trivially,
with the result

1 & *© 2
Faccd . T) = 5 ) €™ exptf/21%) | dp'e”" (o' +7). (53)
7 n=1 —-r
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The complete result iFac(R2, T) = (Faccl(R2, T) + Faccd2, 1)), i.e.

1 0 0o , ,
Facd . T) =5 ) €™ exph?/21%) | dp'e " (p —r')

,
n=—00 r

1 & 00 /
+ =S e exph2/21%) | dp' e (p + 7). (54)
2m n=1 —r

Let us again check the two relevant limits. In the lifiit— oo the lower limits of the
above integrals reduce tso and —oo, respectively, so that onlyF,..(€2, T) contributes
to the detector response. Evaluating this and imposing the conditien 0, we get the
standard result:

(Fad@, 1)) 1 Q
fm =72 = () )

In this case the ratiR (2, T) = (Fac(2, T)/T) should be interpreted as the transition
probability rate.

WhenT — 0, we can perform the analysis as was carried out for the inertial detector
and, since only thea = 0 term in the series (54) contributes non-trivially, we obtain the
result

e 12
2me?
This is identical to the inertial detector result and shows that the transition probability (as
well as the rate) will go to zero a6 — 0.

The fact that both accelerated and inertial detectors give identical results for-thed
limit is to be expected on physical grounds. The curvature of the trajectory cannot make
its presence felt for infinitesimal intervals and the response of the detector cannot depend
on parameters likg which characterize the detector trajectory.

It is possible to state some of these results in a more general form for this window
function. Note that for a detector moving along any trajectory for whith(x, x') =
G*(r — 1/), the response function is

]-'(Q,T)—f dr/ dr’ exp— { S(t?+ 1 )} I G — 1)

/ dy exp— <2 2>/ dx exp— ( )‘iQXG+(x)
= \/> / dx exp— <2T2> e Gt (x). (57)

We can write
: 9 .
fO[E"™6T )] = f<|aQ>[e_'QxG+(x)] (58)
for any function f (x) which has a power series expansion around 0. Hence we have

o 1 92 i 1 9
FQ,T)= \/Z T / dx exp(T am)[e"mGJr(x)] = exp<2T2 892>[f(s2)] (59)

The expression in the square brackets$2), is the result for the infinite-time detector. The
corresponding rates are

Fac$2,0) = (56)

2

1
R, T) = exp(

317 o0 IR (60)
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This formula allows us to systematically calculate finite-time corrections as a se(esIin
To the lowest order, the correction is

1 82R(Q) 1
R, T R(K — + 0| — |. 61
@1 =R@ + 5, o +0( 1) (61
In the case of a uniformly accelerated detector up to the lowest order, we obtain that
2 e -
R(Q,T):R(Q){l— ”2< 2>{e2”98 1(1—7‘[Qg_l)—1—7t§2g_1}}.
88T\ (e2r2s™ — 1)

(62)

3.2. Window function with an exponential cut-off

Having studied the detector response with a Gaussian window function, we now study it
with the window functionWs,. In this case the response function turns out to be

]—‘(Q,T):/ d‘L’/ dt/e_iQ(T_")eXp—{;(|t|+|r/|)}G+(x(t),x(r/)). (63)

Introducing the window functions as Fourier transforms, i.e.

1
eo-(T)= [“arwds rw=T(1em) @9

and performing the transformations (21) we obtain the response function for an inertial
detector to be

Fine(R2, T) = —%2/ dk f(k)/ dg f(q)/ dy gl kta/2

00 eix{(qu)/ZfQ}
«f {<> } (63)
—00 X — le

When they andg integrals in the above expression are performed in that order, the result
is
(k Q)x

Fnel @, T) = —— / dk £ (k) £ (k) / i S (66)

Performing the contour mtegral after substituting o), the detector response function

reduces to
—ck

/Q dk M(k —Q). 67)

If € is kept non-zero, the above expression, up to the lowest ordgr otearly decays as
T? asT — 0. We can rewrite the above integral as

e (= exp—(pe/T)

2 dp 2
T Jar 1+ p?
wherep = kT. WhenT — oo the limits of the above integral coincide, giving a null result
as expected.

We again note the crucial role played by théactor. The limitse — 0, T — 0 do not
(again!) commute in the function exp(pe/T):

fm,{Im ee—(pe/ D =1 lim | fm, exp—(pe/T)] =0, (69)

]:ine(Qa T) =

Fine(R2, T) = (p — QT), (68)
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If € is set to zero in the integral (68), we obtain that

Foo@,T) = /OO 4 »_amn (70)
ine(84, =2 or (1+P2)2 p .
When the limitT — 0 is taken in the above integral, it reduces to
1 (> dpp 1
"ne(2,T) = — s = o, 71

i.e. the detector response is non-zero, eveTas> 0. As we have emphasized several
times by now, a physically sensible result (that the response of the detector is zero when it
is not switched on at all) can be obtained only ifls kept non-zero until all the other limits
have been taken.

If we are interested only in th& # 0 case, then we can set= 0 in (68) and this
integral withe = 0 can be expressed in a closed form as follows:

1 1 QT N .
Fine(R,T) = 52 ((1+522T2) 5 {7 —2tam}(QT) — sin 2(tan (QT))}) (72)
For QT > 1, this function behaves as
1
Fine(2,T) =~ 67220272 (73)

We once again see that the inertial detector responds in the Minkowski vacuum if it is
switched on only for a finitel. As T — oo, this response decays b/ T2).

Let us next consider the case of the accelerated detector. The response function of the
accelerated detector is given by the integral

Facd$2,T) = / dk f(k)/ dg f(q)/ dy gbkta/2

n=—0oQ

o0 gik—q)/2-Q)x
X/ o {w} 7
—00 X —1b,

whereb, = ¢ — 2rg~'n. When they and g integrals are carried out, in that order, the
detector response function reduces to

Facd @, T) = == Z/ dk f (k) f(— k)/ dr

n=—0o

dk—)

(x —ib,)?

The above contour integral can be performed in the same fashlon as in the previous
subsection, to give the following result:

(75)

Facd2, T &b w Cor
: = n;m QT A+ P2)2 (p )
-Qr (1 + p2)

wherep = kT. WhenT — 00, the exp—(pb,/T) factors in the integrand reduce to unity
and the lower limit of the integrals ar® and —oo, respectively. As the limits coincide

the first integral vanishes. In the second integral, only the second term contributes, the first
term being an odd function it reduces to zero on integration under symmetric limits. Thus,
in the T — oo limit, we recover the thermal spectrum afteis set to zero:

[ Facd T R o opeign 1L 2
Tlinoo{T }_271;8 =\ gao1) (77)



2074 L Sriramkumar and T Padmanabhan

As mentioned beforg,Fac(2, T)/T) is to be interpreted as the rate of transition probability
of the detector. When th& — 0 limit is considered keeping # 0, all the integrands
in (76) decay exponentially thereby giving a null result.

Before concluding this section we shall provide an asymptotic formula for the detector
response with any smooth window function of the foi(z/T). This is a direct
generalization of the results in (57)—(61). For such a window function we can write

]-"(Q,T):f drf de’ W(z, )W (', T)e "G+ (r — ¢))

.0 .0
ExpandingW(z,T) = W(t/T) as a Taylor series around = 0 and assuming that
w0 =1, w(0) =0, ie.

2 2
)~ ol EN L twreon (B ~ 10 2w &
W(T> ~ W(O)+W(0)<T) +1iw (0)<T) ~ 14 W (0)<T> , (79)
we obtain that

WO ?N W’(0) 8°[F ()]
This gives the rate to be
B W”(0) 82[R()] 1
R(Q,T) =R(Q) — 77 ezt O<T4>’ (81)

for any window function and trajectory. Note that the response at fifitdepends on

the derivatives of the window function, e.#/”(0). Hence, if the detector is switched on
abruptly, these derivatives will diverge, thereby leading to divergent responses. We shall
discuss this case explicitly in the following section.

3.3. A rectangular window function (sum of two step-functions)

In this section we study the response of a detector that has been switched on and off
abruptly. The detector response integral for this case is given by (20) and when the
transformations (21) are carried out it reduces to (23), i.e.

2T

FQ,T)= dx e ¥ GT(x) (2T — |x]). (82)

—2T
For the response of an inertial detector that is turned on and off abruptly, the integrals to
be evaluated are
2T efiQx

T 2T efiQx |)C|
Finer(2, T) = _ﬁ

1
-7:ine2(Qa T) = 47_[2 /_

7. b X7.
o (x — Ie)2 or  (x — IG)2

(83)
S0 thatFine(R2, T) = (Finex(R2, T) + Fine2(22, T)). The integralFine; can be evaluated on a
rectangular contour in the lower half of the compleylane with its vertices at—2T, 0),
(2T, 0), (2T, —ioco) and(—2T, —ioc0). Finez has alx| term in the integrand and hence it can
be rewritten as a sum of two integrals over the lims27,0) and (0, 2T). The integrals
that have to be evaluated are

1 2T eiQx 2T —iQx
Fineao(Q, T) = {/ dr +/ dxe"}. (84)
0 0

472 x(x—i—ie)z (x —ie)?
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The first of these integrals can be evaluated on a rectangular contour in the upper half of
the complexx plane with vertices af0, 0), (27,0), (27T, ico) and (0, ic0) and the second
integral can be evaluated on another rectangular contour, this time in the lower half of the
complexx plane with its vertices a0, 0), (27,0), (2T, —ico) and (0, —ico). After the
integrations along the contours mentioned above and some simple algebraic manipulations,
we obtain the response of an inertial detector that has been switched on abruptly for a finite
time intervalT to be

1 e eﬁQU X o] efﬂv
f}ne(Q’T)ZM{zf dvivz_eZIQT/ dvivz
4 0 (v+e) 0 (v+e€—2T)

oo —Qu
_ g2iar / dv 671)_2 } (85)
0 (v+e€+2T)

For a finite T, if we take the limite — 0, the second and the third integrals in the above
result remain finite; but the first integral diverges logarithmically. Hefgeg is divergent
for all finite T. The appearance of this ultraviolet divergence has been reported in [9].

It was shown towards the end of the previous subsection that the response of a finite-time
detector and its rate involve the derivatives of the window function. The rectangular window
function we consider here is continuous but has derivatives which diverge=at-T and
t = T. The origin of the logarithmic divergences #i. and Rine Whene is set to zero for
a finite T can be attributed to these divergent derivatives.

The two relevant limitsT — 0 and7T — oo, however, give sensible results. When
T — 0, the second and the third integrals exactly cancel the first thus gifijpg= 0
provided we keep s~ 0. For largeT, i.e. whenT — oo, the rateRine = (Fine/ T) Vanishes
becauseFi,e is bounded (whem # 0) and well defined.

For a smallT and a finitee, such thatT < e the integrands in (85) can be Taylor
expanded i and the result up to @?) is

1 2QT? 672
Fine(Q.T) ~ = {292T2 L+ L+ — 13} (86)
T €
where
0 efﬂey o0 efﬂey 0 eery
11=/ dyiyz; 12=f dyiya; 13=/ dyiyél- (87)
0 O+1 0 O+ 0 y+1)

i.e. the detector response decaysidsor 7 — 0.
For the finite-time response of an accelerated detector, the integrals to be evaluated are
similar to those of the inertial case. The response function is given by

|Q(r )
Facd 2, T) = — Z / dt/ dr T (88)

whereb, = € —2mg~'n. After carrying out the transformations (21) we obtain the response
function

Facd 2, T) =Y Facct @, T) + Faccad 2, T) (89)
where
T 2T ) iQx 1 2T e IQX|x|
Facetd 2, T) = — de —— Faccad 2, T / dx ———.
acen( ) 272 /LZT X (x — Ibn)z accn( ) = 42 oy x (x — Ibn)z

(90)
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Facc1d 82, T) can be evaluated on a rectangular contour with its vertices 2T, 0), (2T, 0),

(2T, —ioc0) and (—2T, —ioo). This contour encloses the poles corresponding to the values
of n between one and infinityF,.c2(2, T), after it has been split into two integrals with
the limits (—27,0) and (0, 2T), is given by

1 2T éQxx 2T efiQx X
o221 4712{ ./0 Tarib? o —ibn)? e

The first of these integrals can be evaluated on a rectangular contour in the upper half of the
complexx plane with vertices a0, 0), (2T, 0), (2T, ico) and (0, ic0). For evaluating the
second integral in (91), a contour with verticeg@t0), (27, 0), (2T, —ioco) and (0, —ioco)
can be chosen and the poles that lie on the contour for the valuesefween one and
infinity can be avoided with an indentation of the contour so that they are left outside.
The indentations on the contours contribute a residue corresponding to the infinitesimal
semi-circle around the pole. After carrying out the contour integrations and some algebraic
manipulation, we obtain the complete accelerated detector response to be

ey

1 & 00
QT)= 47 QT O(n) e 2/ d
Ly =P { TREOmET 2 | A by

n=—00

. oo — Qv . 00 — Qv
_ e2|S2T / dv Lz _ e—2|$2T / dv evz}’ (92)
0 (v+b, —2IT) 0 (v+b, +2IT)

where® () = 1 for n > 0 and zero otherwise. (When the pole happens to settle right
on the axis of integration in any of the integrals in the above expression, the result of the
integral over that axis is assumed to be given by the principal value of the integral.)

The nature of the divergence in (92) is the same as that of (85). This is because for a
finite T whene is set to zero it is the second integral in the above expression that diverges
logarithmically (whem = 0 in the sum), which is exactly the term that exhibits a divergence
for the case of the inertial detector.

In the limit T — 0, for a non-zerce, (92) reduces to zero, the first term vanishing
identically being proportional t@”, the second term being cancelled by the third and the
fourth; whereas in the infinite-time limit, concentrating on the transition probability rate,
we obtain that

L [Fed@ D)1 & , 1 Q
Racc(Q)—Tlﬂ;noo{2],}—41]_[2”;0027[9@(”)(39 _271<627795’1—1)’ (93)

the thermal spectrum, the other terms in (92) vanishing when divided by the infinite time
interval.

4. Conclusions

To clearly illustrate the conclusions we wish to draw from the analysis we have carried out
in this paper, we tabulate here the response of an inertial detect@r for0, finite T and

T — oo, when the limits ore andT are taken in different orders. (Note thae andRine

are functions ok before it is set to zero.)
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Gaussian  Exponential  Rectangular

lim lim Fine(Q, €, T) (1/47) 1/272) (In(e) — In(T))

T—0e—0 .
(Divergence)

lim Iim Fine(R2,€,T) 0 0 0

e—>0T—0

lim lim Rine(2, €, T) 0 0 In(e)

T—o00e—0 .
(Divergence)

lim lim Rine(2, ¢, T) 0 0 0

e—>0T—00

Iim T #0 Fine(RQ,¢,7T) Finite Finite In(e)

e—>0 .
(Divergence)

Tlimo € #£0 Fine(R,¢€,T) 0 0 0

Tlim € #0 Rine(R,¢6,T) 0 0 0

(In the last column of the above table whenever divergences arise we have just quoted the
divergent terms, dropping the finite expressions.) The second and the fourth rows of the
above table imply that whea is kept non-zero the response of an inertial detector and its
rate go to zero a¥ — 0 andT — oo, respectively, for all window functions. This is just
reiterated in the last two rows. When the> 0 limit is taken first, and th& is set to zero
after that, as the first row of the above table shows, the detector response does not go to zero
and, in fact, for the case of the rectangular window function, logarithmic divergences are
encountered. When thE — oo limit is considered after having set= 0 (third row) and
when the detector has been switched on with the rectangular window function, logarithmic
divergences appear in the detector response rate. Finally, for aTimifeene has been set
to zero (fifth row) logarithmic divergences arise again in the detector response for the case
of the rectangular window function. The divergences that are listed in the first and the fifth
rows of the above table for the case of the rectangular window function have been reported
earlier in the literature (see [9]).

The role played by in producing the finite result for the different limits is by now
obvious. In fact, by keepingfinite until the end we are effectively introducing an ultraviolet
cut-off. This can be seen by expressing the Wightman function (15) as

3 3
G+()C, x/) — / (2 d)fz efiw(tft’7i€)+ik~(m7w’) — / (273);{:2 efiw(rft/)ﬂk'(zfa:’) efea)’
T w w

(94)

wherew = |k|. The results for the limit§ — 0 andT — oo remain sensible even after the
cut-off is removed, provided it is done right at the end. It may be argued that our procedure
of taking 7 — 0 beforee is set to zero is mathematically dubious on the grounds that the
formulae are only reliable in the regidh > €. Even then, we may justify the procedure

on physical grounds as follows: it is likely that the standard quantum field theory breaks
down for trans-Planckian frequencies, because of which it would be natural to introduce
some ultraviolet cut-off parameter hence it would be appropriate to take the liffiit—> 0

with a finite e. (We thank the referee for discussions on this point.)

The logarithmic divergences that appear in the response of a detector (for alfjnite
when it is switched on abruptly can be attributed to the discontinuities that arise in the
derivatives of the window function. (We would like to mention here that the authors of [10]
had reached a similar conclusion earlier.) These divergences are certainly not the infinities
that are inherent to quantum field theory, for had they been so, the response functions of
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the detectors would have diverged irrespective of the manner in which the detectors are
switched on and off. To stress again, we state here the most important conclusion of our
analysis:the divergences appearing in the response of detectors that have been turned on and
off abruptly are due to the discontinuities in the window function rather than the divergences
of the underlying field theory.

In what follows, we shall touch upon the relevance of the present work in a somewhat
broader context.

In bringing together the principles of quantum theory and general relativity one notices
a major issue of conflict: general relativity is inherently local in its description while the
conventional formulation of field theory uses global structures to define even the most
primitive concepts like the vacuum state. This point has been repeatedly made in the
literature related to quantum gravity. However, it should also be noted that there is another,
operational angle to the quantum theory as well. Quantum mechanics emphasizes the role
of the operational definition of physical quantities including that of the quantum state. As
a matter of principle, the same philosophy should be applicable to the field theory as well.
In other words, one would like to define concepts, like the vacuum state, etc, in field theory
using purely operational procedures similar to the ones used, for example, in defining the
spin of an electron by using a magnetic field selector.

It is, however, well known that such procedures are exceedingly difficult to formulate
in the case of a relativistic field. The role of detectors assumes special importance in
this context. The work by Unruh and DeWitt comes closest to the operational definition of
guantum states in field theory. In a simplified sense this detector model captures the essence
of the actual particle detection which takes place in the laboratory. There is, however, one
difficulty in the original Unruh—DeWitt model. This model uses the definition for detection
which is based on asymptotic states. The calculations are done to estimate the transition
probability from past infinity to future infinity. In any laboratory context, any detection is
local in both space and time.

The analysis in this paper makes a first attempt in investigating the possibility of an
inherently local definition of particle detection both in space and time. We have resolved
the difficulties which arise in such a definition and we have provided general formulae to
calculate the response of detectors which have been coupled to the field only for a finite
interval of time. In a future publication we plan to investigate how these detectors respond
in curved spacetimes 8+ 1) dimensions while on geodesic and non-geodesic trajectories.
Since these toy-models mimic the physical situation as regards locality in space and time,
we expect the results to shed some light on the operational definition of quantum processes
in curved spacetime.
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