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Shear dynamo problem: Quasilinear kinematic theory
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Large—scale dynamo action due to turbulence in the presgfrecénear shear flow is studied. Our treatment
is quasilinear and kinematic but is non perturbative in theas strength. We derive the integro—differential
equation for the evolution of the mean magnetic field, byaysttic use of the shearing coordinate transforma-
tion and the Galilean invariance of the linear shear flow. it helical turbulence the time evolution of the
cross—shear components of the mean field do not depend ortlerycomponents excepting themselves. This
is valid for any Galilean—invariant velocity field, indepkmt of its dynamics. Hence the shear—current assisted
dynamo is essentially absent, although large—scale nicahdiynamo action is not ruled out.

PACS numbers: 47.27.W-, 47.65.Md, 52.30.Cv, 95.30.Qd

Shear flows and turbulence are ubiquitous in astrophysicalort coefficients that define the mean EMF become spatially
systems. Recent work suggests that the presence of shear ntaymogeneous in spite of the shear flow. Systematic use of
open new pathways to the operation of large—scale dynamdke shearing transformation allows us to develop a theaty th
[1, 12,13,14,l5]. We present a theory of dynamo action in ais non perturbative in the strength of the background shear.
shear flow of an incompressible fluid which has random veHowever, we ignore the complications associated with menli
locity fluctuations due either to freely decaying turbuleime  ear interactions, hence MHD turbulence and the small-scale
generated through external forcing. Of particular inteies dynamo; so our theory is quasilinear in nature, equivalent t
the case of non helical large—scale dynamo action in shedhe ‘first order smoothing approximation’ (FOSA).
flows. Several direct simulations show that large—scalddiel  Let (e, e2, e3) be the unit vectors of a Cartesian coordi-
can grow from small seed fields under the combined actiomate system in the lab fram& = (X, X5, X3) the posi-
of non helical turbulence and background shear flow [1, 2]tion vector, andr the time. The fluid velocity is given by
However, the interpretation of how such a dynamo works i—2AX;e; +v), whereA is the shear parameter an@X , 7)
not yet clear. One possibility that has attracted much aitten  is a randomly fluctuating velocity field which is incompress-
is the shear—current effect [4], in which extra componefts oible (V- v = 0) and has zero medrjv) = 0). The magnetic
the mean electromotive force (EMF) arise due to shear, whicfield has a large—scale (mean field) comporBi , 7), and
couple components of the mean magnetic field parallel and fluctuating fieldp, with zero meari(b) = 0). The evolution
perpendicular to the shear flow. However there is no converef the mean field is governed by
gence yet on whether the sign of the relevant coupling term is
such as to obtain a dynamo; some analytic calculations [6, 7] [ 0 0 2
and numerical experi)r/nents [1] find that i/he sign of the sh[ear—] <E B 2AX18—X2> B+24Bie; = VXxE4+nV'EB (1)
current term is unfavorable for dynamo action. Moreover, an
alytic calculations treat shear as a small perturbationave Where€ = (v xb) is the mean EMF. Our goalis to calculate

interested here in studying the shear dynamo without such & terms of the statistical properties of the fluctuatingedy
restriction. field, which we will do using quasilinear theory. This means

. . solving the equation fds by dropping terms that are quadratic
_Our theory is local’ in character: In the lab frame we con- i, the fluctuations. We also drop the resistive term, assgmin
sider a background shear flow whose velocity is unidireetion ¢ the correlation times are small compared to the resisti

(along theX, axis) and varies linearly in an orthogonal direc- tjmescale. So our theory is applicable when FOSA is valid
tion (the X; axis). The linear shear flow has a basic sym—[gf]_ Thenb obeys

metry relating to measurements made by a special subset o
all observers, who may be called comoving observers. This
symmetry is the invariance of the equations with respect to a
group of transformations that is a subgroup of the full @ailil
group. It may be referred to as ‘shear—restricted Galilean i It proves convenient to exchange spatial inhomogeneity for
variance’, or Galilean invariance (Gl). We introduce ane ex temporal inhomogeneity, so we get rid of th&;0/0X5)
plore the consequences of Gl velocity fluctuations; not onlyterm through a shearing transformation to new spacetime var
are these compatible with the underlying symmetry of theables,

problem, but they are expected to arise naturally. This has

profound consequences for dynamo action, because the transe; = X1, 22 = X0+ 247Xy, 23=X3, t=7 (3)

0 0
(E - 2AX16—)(2) b + 2Abies = VX (’UXB) (2)


http://arXiv.org/abs/0812.3269v2

We also define new variableB[ (x,t) = B(X,7),h(x,t) = whereX(x,t) = (21,22 — 2Atx;, x3) is the inverse of the
b(X,7) andu(x,t) = v(X, 7), which are component-wise shearing transformation given in equatidh (3). The vejocit
equal to the old variables. gradientu,,; is

Then equatiori{2) becomes 5 5
Ul = <— —2AT 61 —> U, = Ui — 2AT 811 Upno

h 0X 0X
%—t—l—?Ahleg = (H-a%+2AtHlai)u— : 2 (9)
X
5 62 wherev,,; = (v, /0X;). Using equation$ {8) and](9) ibl(7),
— | w — +24Atu1— | H 4
( ox 18172) ( ) ail(iL‘,t,tl) = €ijm [<Uj(X,t) Uml(Xl,tl)>

Not only do sheared coordinates get rid of spatial inhomo- —2At" 611 (vj (X, 1) v (X', ))]
geneity, but in quasilinear theory the evolution equatidn (
does not contain spa_t|al denvauvgsm(fw,t). The equations Bulm,t,t) = eijn [(0;(X, ) v (X', 1))
for hy andhs can be integrated directly. THg so obtained
can be substituted in the equation far: there occur double— —2At 6 <vj(X, t)vi2(X', t’))]
time integrals which can be manipulated to give expressions
with only single—time integrals, by interchanging the orde Dimi(x, t,t") = €ij <vj(X,t) om (X', t’)> (10)
the integrals. Then the particular solution fofz, t) is given
in component form by where the quantitieX = (z; ,zy — 2Atx; ,23) and X' =

(1‘1 , Ly — 2Atl$1 ,.1'3).
We can arrive at some general conclusions for delta—
correlated—in—time velocity fields. Let the the two—poiot-c
t relator taken between spacetime poiif& 7) and(R’, 7’) be
- / dt' [u) + 2At §;pul | [H),, — 2A(t — t')6maH7,) (vi(R,7)vj(R', 7)) = §(r — ) T;;(R, R', 7). We define
0 5 Tiji(R,7) = (0Ti;/OR)) g'_ - The delta—function ensures
() that X and X’ occuring in the velocity correlators of equa-

. Iw!
where primes denote evaluation at spacetime pgint’). tion (10) are equal to each other. Sa(X, ) v; (X',t)) =

We have also used notation,; = (Ju,,/dx;) and H,,; = 5/(’5 — ) T3;(X, X, t), and (vi(X, t) vy (X', t)) = o(t —
(OH,p /O,). t')T;;1(X,t). The integrals over time in equatidd (6) can all

The expression in equationl (5) flrshould be substituted be performed, so the mean EMF is
in € = (vxb) = (uxh). Following standard procedure, we & = e T — QAL T H 494t 8 H
allow ( ) to act only on the velocity variables but notthe mean ~ ~* €iym [Tjmi 0 Tyma] (Hi + 2 )
field; symbolically, it is assumed thduuH) = (uu) H. = €ijt [Tjm + 24t 0ma2 Tjr] Him (11)
After interchanging the dummy indicés m) in the last term,
we find that the mean EMF is

t
_— / At [, — 2A(t — ' )Smarily] [H] + 2A 15 H1)
0

Itis useful to write the EMF in terms of the original variable
and lab frame coordinates. To this end we transform

t
~ 2 0 0
& = /0 i’ [aiz —24A(t - t’)ﬁu} [Hj +2At' 01 Hy] — Hyp = (ﬂ — 2A7 by 6—X2> By = By —2A7 ;1 Bia
(12)

t
/0 dt’ [Dimi + 24t 2 ivt] [Hi, — 2A(t — ')012 H1,,] (6)  where By, = (0B;/9X,,). Then the explicit dependence

of £ on the shear parametdr cancels out, and mean EMF

where the transport coefficiens, 3, 77) are defined in terms  aSSUMes the simple form,

of theuw velocity correlators by € = cijm Timi B — ijt Tjm Bim (13)
ai(m, t,t) = eym (uj(@, ) upmi(e, t')) which is the familiar expression obtained in the absence of
-~ , , shear. Thus, shear needs time to manifest and, to see the ef-
B, t,1) = eiga (uy(@, 1) un(x, 1) fects of shear explicitly, it is necessary to consider nam ze
Dimi(z, 6, 1) = et (uj(@, ) um (2, 1)) (7) correlation times. Henceforth we consider velocity stiiss
with finite correlation times.
It is physically more transparent to consider velocityistits The linear shear flow has a basic symmetry relating to mea-

in terms of thevv velocity correlators, because this is referredsurements made by a special subset of all observers. We define
to the lab frame, instead of the sheared coordinates. By def& comoving observer as one whose velocity with respect to the
nition, lab frame is equal to the velocity of the background shear, flow
and whose Cartesian coordinate axes are aligned with those
um(x,t) = vp(X(2,1),1) (8) ofthe lab frame. A comoving observer can be labelled by the



3

coordinates¢ = (&1, &2,&3), of her origin attimer = 0. Dif- by (R + X.(7),7) and(R' + X ('), ') in the lab frame
ferent labels identify different comoving observers ancevi variables. Therefore, a Gl two—point velocity correlatarsn
versa. As the labels run over all possible values, they esthausatisfy the condition,

the set of all comoving observers. The origin of the coordina

axes of a comoving observer translates with uniform vejocit (vi(R,T)v; (R, 7)) =
its position with respect to the origin of the lab frame isagiv <v-(R+X (7),7) v (R + Xo(7) T/)> (16)
by 2 c 9 c Y
/ /
Xo(7) = (61,60 — 2476, ,£3) (14) forall (R, R, 7,7, &). We also have
An event with spacetime coordinateX, 7) in the lab frame (vi(R, ) va (R, 7)) =
has spacetime coordinateX , 7) with respect to the comov- <Ui(R + X (1), 7T)vj (R + X (7)), 7-')> (17)

ing observer, given by
. 3 Ifwe nowsetR = R =0,7 =t,7 =t and¢ = =,
X =X - X(7), T=T7T0 (15)  we will have X .(7) = (x1, 19 — 2Atxy ,23) and X .(7') =
(x1,22 — 2At 21 ,23). ThereforeX.(7) and X .(7') are
as well. equal toX and X', which are the quantities that enter as ar-
guments in the velocity correlators of equatidng (10) defjni

Let [_B(X’T)’b(X’T_) ’U(X’T)} denote the .mean, thg the transport coefficients. Hence, (reading equationsdaé)
fluctuating magnetic fields and the fluctuating veIomtyaﬂ) from right to left), we see that

field, respectively, as measured by the comoving ob-
server. They are all equal to the respective quantities mea- <v-(X v (X' t’)> — (0:(0,8) v;(0,t")) = Ry (1, )
) 9 7 ) - ) ) 7 ) - 17 \Uy

sured in the lab frame:[B(X,%),B(X,%),@(X,%)} = (X o (X ) = (01(0,8) (0, ) = Sig (6 7)

[B(X,7),b(X,7),v(X,7)]. That this must be true may (18)
be understood as follows. Magnetic fields are invariant unde
non-relativistic boosts, so the mean and fluctuating maacgnetare independent of space, and are given by the functions

fields must be the same in both frames. To see that the fluctlﬁ ; , : o
. o : 55 (t,t') and S, (¢,t). Symmetry and incompressiblity im-
ating velocity fields must also be the same in both frames, WeIy that Ry (t,¢) = Ry () andSi;(t,#) = 0. Using
AN - Je ) L3I\ - .

note that the total fluid velocity measured by the Comovmggquations[:(IS) in equatiorS{10), we find that the Gl trartspor

observer is, by definition, equal té)~2AX62 - @(X,%)). coefficients

This must be equal to the difference between the velocity

in the lab frame,(—24AXe; +v(X,7)), and (—2A& e2), Qu(t,t") = €ijm [Simi(t, t") — 2At 811 Sjma(t,t')]

which is the velocity of the comoving observer with re- 3 / / / /

spect to the lab frarﬁe. Using = X % &1, we see that Aﬁ“(t’t,) €is2 [Sj”(t’t/ ) = 248700 Sja(t )]

9(X,7) = v(X,7). Equations[(ll) and12) are invariant Mimi(8:1) = €iji Rjm (t,1) (19)

under the simultaneous transformations of spacetime ¢oord )

nates and fields discussed above. We note that this symmet/€ @S0 independent of space.

property is actually invariance under a subset of the ful-te Galilean invariance is the fundamental reason that the ve-

parameter Galilean group, parametrized by the five questiti 10City correlators, hence the transport coefficients, ackei

(&1, &, 63,70, A); for brevity we refer to this restricted sym- pend_ent of space. The den_vauon given aboye is purely math-

metry as Galilean invariance, or simply Gl. There is a fun-€matical, relying on the basic freedom of choice of pararsete

damental difference between the coordinate transformatio (1, R, 7, 7', &), but we can also understand the results more

associated with GI (equatidi]15) and the shearing transfoRnysically. X and X’ can be thought of as the location of

mation (equatiofi]3). The former relates different comovingthe origin of a comoving observer at timesnd¢’, respec-

observers, whereas the latter describes a time—deperigent dfively. Gl implies that the velocity correlators measurgd b

tortion of the coordinate axes of one observer. Moreover, ththe comoving observer at her origin at timeand ¢’ must

relationship between old and new variables is homogeneoUe €qual to the velocity correlators measured by any comov-

for the Galilean transformation, whereas it is inhomogerseo INg observer at her origin at tim¢sand¢'. In particular, this

for the shearing transformation. must be true for the observer in the lab frame, which explains
Naturally occuring processes lead to G-invariant velocityeduations[(18), consequently equatidng (19). We can derive

statistics. Let the observer in the lab frame correlgtat ~ an expression for the GI mean EMF by using equatibn’ (19)

spacetime locationR, 7) with v; at location(R’, /). Now for the transport coefficients in equatidn (6), and simjliy

consider a comoving observer, the position vector of whoséhe integrands. Define

origin is given by X .(7) of equation . An identical exper-

imgnt pegrformeﬁ by(th)is obgerver r[r%]:?[ yield the same rrt)asults Cimi(t,t) = Sjmu(t,t") — 2A(t = t")dm2 Sju(t,t)

the measurements now made at the spacetime points denotedD;,,, (t,t') = Rjm(t,t') + 2At' 6,2 Rj1(¢,t)  (20)

where the arbitrary constang allows for translation in time
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Then the mean EME (x, t), can be written compactly as and B; in the evolution equation foB;. Our calculations
. are based on a non perturbative treatment of shear, and this
£ — e / dt’ Cp (£, ') H! makes for a basic dep(_’:\rture from earlier work Whlc_h have
! RS Jmidn n treated shear perturbatively. Even when the shear is weak,
t two fluid elements which were close together initially would
- / dt’ [egji — 2A(t — t')0n€ij2] Djm(t,t')H,, be separated by arbitrarily large distances at late timass T
0 the two—time correlators, which appear naturally in the dy-
(21) :
namo problem, have to be handled carefully in the presence
The mean field equatioRl(1) fdd (z, t) is of shear. Moreover, the perturpati_ve treatment of sheantis n
guaranteed to preserve Gl, which is a natural and fundainenta

0H; ingredient of our non perturbative approach.

S Ta 2A8;0Hy = (VXE), +nV*H; (22)
In conclusion we find that systematic use of the shearing
where(V) = 0/0X, = (0/0x, + 2At5,10/0x2). We use  coordinate transformation and the Galilean invarianceliof-a
equation[ﬁ]l) to evaluatev X £);: ear shear flow allows us to develop a quasilinear theory of the
shear dynamo which, we emphasize, is non perturbative in the
+ shear parameter. Specifically, we have proved that these is e
(VXE), = / dt’ [Cimi — Cit] [H,y, + 2A6,1 Hiy) sentially no shear—current assisted dynamo in the queailin
Ot limit when FOSA is applicable. Moreoever, our results are
/ / / valid for any Gl velocity statistics, independent of thedes
+ /0 @t" Do { Hijon + 244871 Hizp, (Coriolis, buoyancy etc) governing the dynamics of the ve-
—2A(t — t')biz [HY,, + 248651 Hiy,, ] } locity field. However, large—scale non helical dynamos (i.e
' (23) with no initially imposed kinetic helicity) are not ruled Qu
and further progress requires developing a dynamical yheor

Equations(ZR) and(23) form a closed set of integro—difegnt Of Velocity correlators in shear flows.
equations governing the dynamics of the mean fiéldx, t),
valid for arbitrary values ofi. The most visible properties of
equation[(2B) fofV x £) are: (i) Only the part o€}, (¢, ')
that is antisymmetric in the indic€s, m) contributes. Indeed
both S;,,; andC;,,,; can vanish for non helical velocity fluctu-
ations, in which case dynamo action is determined only by the

Dj, terms. (ii) TheDj,,(t,t") terms are such thdV x &),

involves onlyH; for i = 1 andi = 3, whereagV x &), de-

pends on botlil; andH;. Together with the mean field induc-  * Electronic address: ssridhar@rri.res.in

tion equation[(2R) this means that the equations detergiinin ' Electronic address: kandu@iucaa.ernet.in
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