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It is well known that, for a wide class of spacetimes with horizons, Einstein equations near the horizon

can be written as a thermodynamic identity. It is also known that the Einstein tensor acquires a highly

symmetric form near static, as well as stationary, horizons. We show that, for generic static spacetimes,

this highly symmetric form of the Einstein tensor leads quite naturally and generically to the interpretation

of the near-horizon field equations as a thermodynamic identity. We further extend this result to generic

static spacetimes in Lanczos-Lovelock gravity, and show that the near-horizon field equations again

represent a thermodynamic identity in all these models. These results confirm the conjecture that this

thermodynamic perspective of gravity extends far beyond Einstein’s theory.
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I. INTRODUCTION

It is a well established fact that Einstein field equations,
near a horizon, can be written as a thermodynamic identity
[1,2]; moreover, the result also extends to spherically
symmetric horizons in Lanczos-Lovelock (LL) gravity
[3]. This fact lends support to the point of view that gravity
is a long wavelength, emergent phenomenon, and that
gravitational dynamics, at the macroscopic level, is there-
fore governed by relations which bear resemblance to the
equations of thermodynamics [4,5]. Since we do have
operationally well-defined notions such as entropy and
temperature associated with a wide class of horizons in
general relativity, it is natural to expect that the near-
horizon behavior of the field equations of gravity might
actually be a statement of local thermodynamic
equilibrium.

Earlier demonstrations of the thermodynamic structure
of gravitational field equations have involved certain as-
sumptions like, for example, that of spherically symmetry,
which is somewhat restrictive. The main aim of this paper
is to provide a general proof, based on the near-horizon
symmetries of the LL field equations, that near any static
horizon, the field equations can be written as TdS� dE ¼
P?dV, where the variations correspond to normal displace-
ment of the horizon.

The paper is structured as follows: In the next section,
we review the case of spherically symmetric spacetimes in
Einstein gravity to stress the essential ideas involved. In
Sec. III A, we define the coordinate system which is suit-
able to describe the general static spacetime, and also
specify its properties and role in subsequent developments.
In Sec. III B, we use the near-horizon symmetries of the
Einstein tensor to show that the relevant field equations
represent a thermodynamic identity; the result in Sec. II is
then easily seen to be a special case of this more general

result. In Sec. IV, we extend the analysis of section III B to
LL Lagrangians, and prove that, even in this case, the near-
horizon symmetries lead to a thermodynamic interpreta-
tion of the field equations. The key equation in this section
is Eq. (31), which gives the near-horizon structure of
the LL tensor. Finally, in Secs. V and VI, we comment
on certain relevant issues related to the physical interpre-
tation of the result, and suggest a couple of possible
generalizations.
The metric signature is ð�;þ;þ; . . . ;þÞ, and all the

fundamental constants such as G, @, and c have been set
to unity (except when specified otherwise, in Sec. II). Latin
indices run from 0–3, whereas Greek indices run from 1–3;
also, the capitalized Latin indices stand for the transverse
coordinates. To simplify notation, we frequently use d� to
denote the volume element of the transverse (D� 2)-
surface; that is, d� ¼ dD�2y

ffiffiffiffi
�

p
, where � is the determi-

nant of the metric in the space spanned by the (D� 2)
transverse coordinates yA.

II. SPHERICALLY SYMMETRIC SPACETIMES:
REVISITED

Consider a static, spherically symmetric spacetime with
a horizon, described by the metric

ds2 ¼ �fðrÞc2dt2 þ 1

fðrÞdr
2 þ r2d�2: (1)

We assume that this spacetime has a horizon at r ¼ a,
determined by fðaÞ ¼ 0 [we assume that fðrÞ only has
simple zeroes], and the surface gravity � ¼ f0ðaÞ=2 is
finite there. Periodicity in Euclidean time allows us to
associate a temperature with the horizon as kBT ¼
@c�=2� ¼ @cf0ðaÞ=4�. (Even for spacetimes with mul-
tiple horizons, this prescription is locally valid for each
horizon surface.) The only nontrivial Einstein equation for
this metric is rf0ðrÞ � ð1� fÞ ¼ ð8�G=c4ÞPr2 (where P
is the radial pressure); when evaluated at r ¼ a, this equa-
tion gives
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c4

G

�
1

2
f0ðaÞa� 1

2

�
¼ 4�Pa2: (2)

Multiplying Eq. (2) by da, and introducing a @ factor by
hand into an otherwise classical equation, we can rewrite it
as

@cf0ðaÞ
4�|fflfflffl{zfflfflffl}
kBT

c3

G@
d

�
1

4
4�a2

�
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

dS

� 1

2

c4da

G|fflfflfflfflffl{zfflfflfflfflffl}
�dE

¼ Pd

�
4�

3
a3
�

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
PdV

(3)

and read off the expressions

S ¼ 1

4L2
P

ð4�a2Þ ¼ 1

4

AH

L2
P

; E ¼ c4

2G
a ¼ c4

G

�
AH

16�

�
1=2

;

where AH is the horizon area and L2
P ¼ G@=c3. Thus, we

see that, Einstein equations can be written simply as a
thermodynamic identity.

Before proceeding further, we will make couple of com-
ments regarding this result, which are relevant and shall
remain valid for our generalization discussed in the rest of
the paper: First, the combination TdS is completely clas-
sical, and is independent of @; however, T / @ and S /
1=@. This is analogous to the situation in classical thermo-
dynamics when compared to statistical mechanics. The
TdS in thermodynamics is independent of the
Boltzmann’s constant while statistical mechanics will
lead to an S / kB and T / 1=kB. But since Euclidean
periodicity allows us to determine T independently, we
can immediately read off S.

Second, in spite of the superficial similarity, Eq. (3) is
different from the conventional first law of black hole
thermodynamics, due to the presence of the PdV term.
This relation is more in tune with the membrane paradigm
[6] for black holes. The difference is easily seen, for
example, in the case of Reissner-Nordstrom black hole
for which P � 0. If a chargeless particle of mass dM is
dropped into a Reissner-Nordstrom black hole, then an
elementary calculation shows that the energy, defined
above as E ¼ a=2, changes by dE ¼ ðda=2Þ ¼ ð1=2Þ�
½a=ða�MÞ�dM � dM while it is dEþ PdV which is
precisely equal to dM, making sure TdS ¼ dM. So we
need the PdV term to get TdS ¼ dM when a chargeless
particle is dropped into a Reissner-Nordstrom black hole.
More generally, if da arises due to changes dM and dQ, it is
easy to show that Eq. (3) gives TdS ¼ dM� ðQ=aÞdQ
where the second term arises from the electrostatic con-
tribution from the horizon surface charge as expected in the
membrane paradigm.

Our aim in the rest of the paper is to provide a general
proof of this relation between gravitational field equations
and horizon thermodynamics. We show that the thermody-
namic structure arises essentially because of the near-
horizon symmetries of the gravitational field equations
for general static spacetimes in not only Einstein gravity,
but even in Lanczos-Lovelock theory. As we shall see, the

generalization involves attaching specific meaning to the
variations in the first law, and would lead to the above
result (obtained for the spherically symmetric case) as a
special case. In order to set the stage for the subsequent
analysis, we now rewrite the above result for the spheri-
cally symmetric case in a slightly different manner.
As mentioned above, for the spacetimes described by

metric (1), we have

Gt
t ¼ Gr

r ¼ rf0 � ð1� fÞ
r2

:

We can rewrite the above expression using (i) the trans-
verse metric, d� ¼ ffiffiffiffi

�
p

d2y ¼ r2 sin�d�d�, (ii) the Ricci
scalar, Rk ¼ 2=r2 calculated from the transverse metric �,
and (iii) the field equations to set Gr

r ¼ 8�Tr
r . Note that,

since R��
�� ¼ ð1� fÞ=r2, we have, near the horizon, Rk ¼

RAB
AB þOðr� aÞ [where we would like to remind the

reader of our notation in which capitalized Latin indices
stand for the (D� 2) transverse coordinates]. The Einstein
equation on the horizon is therefore expressible in the form

f0ðaÞ
4�

ffiffiffiffi
�

p
2r

� 1

4

�
1

4�
Rk

ffiffiffiffi
�

p �
¼ Tr

r

ffiffiffiffi
�

p
: (4)

Further, since

ffiffiffiffi
�

p
r

¼ 1

2

@

@r

ffiffiffiffi
�

p
(5)

we have,

T
@

@r

�
1

4

ffiffiffiffi
�

p �
� 1

4

�
1

4�
Rk

ffiffiffiffi
�

p �
¼ Tr

r

ffiffiffiffi
�

p
: (6)

Upon multiplying the above expression by �r d�d�, and
integrating over the horizon 2-surface, we immediately
obtain

T
@

@r

�Z 1

4
d�

�
H
�r�

�Z
H

1

8�
Rkd�

�
�r

2
¼

Z
H
Prd��r:

(7)

This is the relation we wanted to establish; as we shall see,
Eq. (7) turns out to be quite general, and holds in arbitrary
static spacetimes (in four dimensions) with the replace-
ment of r with the affine parameter along the outgoing null
geodesics [see Eq. (19)].
Of course, the on-horizon limit in the first term is to be

taken after evaluating the derivative with respect to r.
Formally, we can define a function S of r as

SðrÞ ¼
Z 1

4
d�;

the integral being over r ¼ constant surface. The deriva-
tive of this function at r ¼ a is well defined and finite,
while the value of the function itself at r ¼ a is the
Bekenstein-Hawking entropy of the black hole.
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For the spherically symmetric case we are dealing with,
the angular integrations are trivial. In fact, the integral in
the second term on the left-hand side of Eq. (7) gives unity.
In general, this integral is one-half the Euler characteristic
� of the horizon 2-surface. When the horizon is a two-
sphere, � ¼ 2, and the integral is unity.

III. EINSTEIN EQUATIONS AS A
THERMODYNAMIC IDENTITY

A. Background

We shall now set up the coordinate system best suited for
the discussion of the general static spacetime, and identify
the affine parameter for the outgoing null geodesics near
the horizon. We begin with the metric [7]

d s2 ¼ �N2dt2 þ dn2 þ �ABdy
AdyB; (8)

where �ABðn; yAÞ is the transverse metric, and the Killing
horizon, generated by the timelike Killing vector field � ¼
@t, is approached as N2 ! 0. Near the horizon, N � �nþ
Oðn3Þ where � is the surface gravity. The t ¼ constant part
of the metric is written by employing Gaussian normal
coordinates for the spatial part of the metric spanned by
ðn; yAÞ, n being the normal distance to the horizon. To
determine the null geodesics for this spacetime, we rewrite
the above metric as

d s2 ¼ �N2ðdt� N�1dnÞðdtþ N�1dnÞ þ �ABdy
AdyB:

(9)

The yA ¼ const null geodesics are then given by

u ¼ t�
Z

N�1dn ¼ constant,

v ¼ tþ
Z

N�1dn ¼ constant.

(10)

The tangent vector of outgoing and ingoing null geodesics
are then

l ¼ �ru ¼ ð�1;þN�1Þ;
k ¼ �rv ¼ ð�1;�N�1Þ:

(11)

As is easy to check, these vectors satisfy the geodesic
equation in an affinely parametrized form, that is; rll ¼
0 ¼ rkk. The affine parameter �, defined by

l � r� ¼ 1; (12)

can be found by noting that, near the horizon, N � �n.
Using this, we find that

�� �H þ 1

2
�n2; (13)

where � ¼ �H is the location of the horizon. [For k, the
affine parameter would be �H � ð1=2Þ�n2.] Note that,
N2l ! �jH, which implies, 2�ð�� �HÞl ! �jH. In subse-
quent analysis, the differentials of various geometric quan-

tities (such as entropy) defined on the horizon, which are
directly involved in the statement of the first law of ther-
modynamics, are to be interpreted as variations with re-
spect to the affine parameter along the outgoing null
geodesics, i.e., �. This, of course, is the most natural
variation that can be chosen on a null surface.

B. Near-horizon behavior of Einstein tensor

We will now use the near-horizon symmetries of the
Einstein tensor to prove that the field equations near the
horizon have a thermodynamic interpretation. We begin
with the following expression for the on-horizon structure
of the Einstein tensor (which is derived in [7]; for the sake
of completeness, we give a proof in Appendix A):

G	̂

	̂
jH ¼ Gn̂

n̂jH ¼ 1

2
tr½�2� � 1

2
Rk; (14)

where Rk is the Ricci scalar of the on-horizon transverse

metric, ½�H�AB, and �2 is defined by

�AB ¼ ½�HðyÞ�AB þ 1

2
½�2ðyÞ�ABn2 þOðn3Þ

¼ ½�Hðy;�HÞ�AB þ ��1½�2ðy;�HÞ�ABð�� �HÞ
þOðð�� �HÞ3=2Þ; (15)

where the second expression makes it clear that the on-
horizon transverse metric will—in general—depend on the
parameter �H. (In spherical symmetry, this is in fact the
only dependence of the on-horizon transverse metric on
parameters such as mass, charge etc.; however, this will not
be true in general, as in the case of Kerr spacetime where
there is an additional, explicit dependence on the rotation
parameter.) The absence of a term linear in n in the above
expansion follows from the requirement that the curvature
invariants be finite on the horizon [7]. The Einstein tensor
components given above are evaluated in an orthonormal
tetrad appropriate for a timelike observer moving along the
orbit of the Killing vector field generating the Killing
horizon. This is denoted by a hat on the indices; for

example, �̂ ¼ ð�gttÞ�1=2@t etc., and �G	̂

	̂
¼ G	̂ 	̂ ¼

Gð�̂; �̂Þ. Also, the trace operation, tr, is performed using
the transverse metric �AB, but can as well be performed
using ½�H�AB in the n ! 0 limit. The validity of expres-
sion (14), with the given Taylor series expansions for
Nðn; yAÞ and �ABðn; yAÞ, can be easily checked using a
symbolic package such as MAPLE.1

We will express G	̂

	̂
in terms of the variation of the

transverse area with respect to the affine parameter. To

1While using MAPLE, it is easier to verify Eq. (14) by first
asking MAPLE to evaluate Rk for a general 2D metric, add it to
the components of the on-horizon Einstein tensor, and then take
the limit n ! 0; although all the intermediate expressions appear
awful, the remainder is easily seen to be tr½�2�=2.
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do this, consider the variation of the transverse area in the
normal direction, with respect to the affine parameter �,

��

ffiffiffiffi
�

p ¼ lc@c
ffiffiffiffi
�

p
�� ¼

�
@

@�

ffiffiffiffi
�

p �
��

¼ 1

2

ffiffiffiffi
�

p
�AB

�
@

@�
�AB

�
�� ¼ 1

2�

ffiffiffiffi
�

p
tr½�2���:

(16)

Therefore, we obtain, on multiplying Eq. (14) by ��,

G	̂

	̂
�� ¼ Gn̂

n̂�� ¼ �
��

ffiffiffiffi
�

p
ffiffiffiffi
�

p � 1

2
Rk��: (17)

Rearranging this expression, we get

�

2�

@

@�

�
1

4

ffiffiffiffi
�

p �
���

�
1

8�
Rk

ffiffiffiffi
�

p �
��

2

¼ 1

8�
G	̂

	̂

ffiffiffiffi
�

p
�� ¼ 1

8�
Gn̂

n̂

ffiffiffiffi
�

p
�� ¼ Tn̂

n̂

ffiffiffiffi
�

p
��; (18)

where we have used G	̂

	̂
jH ¼ Gn̂

n̂jH in the second line and

the Einstein equation in the third line. Upon multiplying
the above expression by d2y, and integrating over the
horizon 2-surface, we immediately obtain

T
@

@�

�Z 1

4

ffiffiffiffi
�

p
d2y

�
H
���

�Z
H

1

8�
Rk

ffiffiffiffi
�

p
d2y

�
��

2

¼
Z
H
P?

ffiffiffiffi
�

p
d2y��; (19)

where we have identified T ¼ �=2� as the horizon tem-
perature, and used the interpretation of Tn̂

n̂ as normal
pressure, P?, on the horizon. We can therefore interpret

�F ¼
Z
H
P?

ffiffiffiffi
�

p
d2y (20)

as the average normal force over the horizon ‘‘surface’’ (in
the spirit of membrane paradigm) and �F�� as the virtual
work done in displacing the horizon by an affine distance
��. The above equation can now be written as

T��S� ��E ¼ �F��; (21)

where

S ¼ 1

4

Z ffiffiffiffi
�

p
d2y (22)

is (a priori) just a function of �; in particular, the derivative
of S with respect to � is well defined and finite on the
horizon. We only need the expression for S very close to
the horizon. The value of S at � ¼ �H,

Sð� ¼ �HÞ ¼ 1

4

Z
H

ffiffiffiffi
�

p
d2y; (23)

is equal to the Bekenstein-Hawking entropy of the horizon.
(We do not attribute any physical significance to the value
of S away from the horizon.) We have also identified the

energy E associated with the horizon as

E ¼
�
�

2

�
�H

2
; (24)

where � is the Euler characteristic of a two-dimensional
compact2 manifold M2 (which in this case would be the
horizon 2-surface]), given by

�ðM2Þ ¼ 1

4�

Z
M2

Rd½vol�: (25)

Some comments are in order regarding the expression for
E: First, we have set the arbitrary integration constant in
Eq. (24) to zero. With this choice, we have chosen the
affine parameter such that E ! 0 as �H ! 0; that is, if one
considers a class of static spacetimes parametrized by �H,
then our choice implies that E vanishes when �H ¼ 0 (In
the simple context of Schwarzschild metric, for example,
we have �H ¼ 2M and this condition says that the energy
vanishes when M ¼ 0). In general, any nontrivial solution
of the field equations with a horizon will depend on several
parameters, say f
ig (e.g., the massM and chargeQ in case
of the Reissner-Nordstrom solution). The parameter �H

which fixes the horizon location will be a function of these
parameters, i.e., �H ¼ �Hðf
ig. Our choice for E is there-
fore equivalent to demanding that �Hðf0gÞ ¼ 0 so that E
goes to zero when there is no horizon. This fixes the choice
of the additive constant in the affine parameter which we
mentioned before.
The second point, which is more important, is that our

particular identification of E is fixed by the choice of the
affine parameter along the outgoing null geodesics [see
Eqs. (11)]. In particular, this brings out the significance of
the radial coordinate r in spherically symmetric and sta-
tionary spacetimes; in either case, r is the affine parameter
along the outgoing null geodesics.
As is evident, these comments will also apply to the LL

case discussed in the next section. To clarify these points
further, let us consider the spherically symmetric case with
a compact horizon, where � ¼ r and � ¼ 2. We obtain
E ¼ rH=2, rH being the horizon radius, which matches
with the standard expression for quasilocal energy for
such spacetimes obtained previously. In general, for a
compact, simply connected horizon 2-surface, � ¼ 2
(since any such manifold is homeomorphic to a two-
sphere), and we have, E ¼ �H=2. Therefore, for spheri-
cally symmetric black holes, since P? ¼ Pr is independent
of the transverse coordinates ð�;�Þ, we obtain

T�S� �E ¼ Pr�V; (26)

where, now, �S ¼ 2�rH�rH, �E ¼ �rH=2, Pr ¼
Tr
r ðrÞjr¼rH , �V ¼ 4�r2H�rH, and T is the standard

Hawking temperature. We therefore recover the result

2If the manifold has a boundary, then the expression for Euler
characteristic will have additional boundary terms.
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mentioned in Sec. II. As we shall see, an exactly similar
structure emerges for the near-horizon field equations of
LL gravity as well.

IV. GENERALIZATION TO LANCZOS-LOVELOCK
GRAVITY

We now turn attention to the more general case of LL
Lagrangians, and show that the near-horizon structure of
the field equations represent a thermodynamic identity
even in this case.

The mth order LL Lagrangian in D dimensions is given
by (we will use the notations of [3] throughout this section)

L ðDÞ
m ¼ 1

16�

1

2m
�a1b1...ambm
c1d1...cmdm

Rc1d1
a1b1

� � �Rcmdm
ambm

: (27)

A general LL action is given by linear combination ofLðDÞ
m

for different m’s, with arbitrary constant coefficients, say
cm’s. The equations of motion are given by

Ea
b ¼

X
m

cmE
a
bðmÞ ¼

1

2
Ta
b;

where

Ei
jðmÞ ¼ � 1

2

1

16�

1

2m
�ia1b1...ambm
jc1d1...cmdm

Rc1d1
a1b1

� � �Rcmdm
ambm

¼ 1

16�

m

2m
�a1b1...ambm
jd1...cmdm

Rid1
a1b1

� � �Rcmdm
ambm

� 1

2
�i
jLm: (28)

The equivalence of the two expressions given above can be
easily established; see Appendix B. We shall prove our
result for a given m, and drop the subscript on Ei

jðmÞ hence-
forth; the result for any linear combination follows
immediately.

It is possible to analyze the near-horizon symmetries of
the equations of motion using the Taylor series forNðn; yAÞ
and �ABðn; yAÞ (which depend only on the finiteness of the
curvature invariants as n ! 0); see Appendix C for a brief
discussion on this. We begin with the t–t component of the
field equations, and, following an analysis similar to the
one leading to Eq. (30) of [3], we arrive at

E	̂

	̂
¼ Et

t ¼ 1

16�

m

2m
½�2�CB�CAEB

A � 1

2
LðD�2Þ

m þOðnÞ;
(29)

where

E B
A ¼ �BA1...Bm�1

AC1...Dm�1

ðD�2ÞRC1D1
A1B1

� � � ðD�2ÞRCm�1Dm�1
Am�1Bm�1

:

(30)

In Appendix C, we show that E	̂

	̂
¼ En̂

n̂ on the horizon.

Therefore, we have

E	̂

	̂
jH ¼ En̂

n̂jH ¼ 1

16�

m

2m
½�2�CB�CAEB

A � 1

2
LðD�2Þ

m (31)

which generalizes Eq. (14) to general LL Lagrangians. We
now again use the Taylor series expansion (15), and the
affine parameter �, to obtain

���AB ¼ ��

�
½�2�AB þO½ð�� �HÞ1=2���: (32)

Using this, we obtain

2E	̂

	̂

ffiffiffiffi
�

p
�� ¼ T

�
1

8

m

2m�1

�
EBC���BC

ffiffiffiffi
�

p �LðD�2Þ
m

ffiffiffiffi
�

p
��

þO½ð�� �HÞ1=2���; (33)

where we have introduced the Hawking temperature T in
the last expression. We can now show that the factor multi-
plying T is directly related to the variation of the following
quantity, the variation being evaluated at � ¼ �H:

S ¼ 4�m
Z

d�LðD�2Þ
m�1 : (34)

We simply note that the variation of the above expression
must give equations of motion for the (m� 1)th order LL
term in (D� 2) dimensions. (The variation would also
produce surface terms, which would not contribute when
evaluated at � ¼ �H because the horizon is a compact
surface with no boundary.) We have

��S ¼ �4�m
Z
H
d�E0BC���BC; (35)

where we have evaluated the variation on � ¼ �H. Noting
that the Lagrangian is

L ðD�2Þ
m�1 ¼ 1

16�

� 1

2ðm�1Þ �
A1B1...Bm�1

C1D1...Dm�1
� � � ðD�2ÞRCm�1Dm�1

Am�1Bm�1

and using the first of Eqs. (28), we see that

E 0B
C ¼ � 1

2

1

16�

1

2ðm�1Þ E
B
C: (36)

Therefore, we obtain

��S ¼ 1

8

m

2ðm�1Þ
Z
H
d�EBC���BC (37)

which is precisely the integral of the factor multiplying T in
Eq. (33). As mentioned above, S defined in Eq. (34) is a
function of �, and its derivative with respect to � is well
defined and finite on the horizon. The expression for S,
evaluated at � ¼ �H,

Sð� ¼ �HÞ ¼ 4�m
Z
H
d�LðD�2Þ

m�1 (38)

is what we shall interpret as the entropy of the horizon. (As
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mentioned before, S has no physical significance away
from the horizon.)3

Multiplying Eq. (33) by dðD�2Þy, integrating over the
horizon surface, and taking the n ! 0 limit, we now see
that it can be written as

T��S�
Z
H
d�LðD�2Þ

m �� ¼
Z
H
d�T	̂

	̂
�� ¼

Z
H
d�Tn̂

n̂��

¼
Z
H
d�P?��; (39)

where we have used the field equations E	̂

	̂
¼ ð1=2ÞT	̂

	̂
in

the first equality, and the relation E	̂

	̂
jH ¼ En̂

n̂jH in the

second equality. This equation now has the desired form
of the first law of thermodynamics, provided: (i) We iden-
tify the quantity S, defined by Eq. (38) as the entropy of
horizons in LL gravity; indeed, exactly the same expres-
sion for entropy has been obtained in the literature using
independent methods; see e.g., Ref. [8]. (ii) We also iden-
tify the second term on the left-hand side as ��E; this leads
to the definition of E to be

E ¼
Z �

��
Z
H
d�LðD�2Þ

m ; (40)

where the � ! �H limit must be taken after the integral is
done [therefore, we need to know the detailed form of

LðD�2Þ
m as a function of � to calculate this explicitly]. For

D ¼ 2ðmþ 1Þ, the integral over H above is related to the
Euler characteristic of the horizon, in which case E / �H

(where we have set the arbitrary integration constant to
zero). For m ¼ 2, D ¼ 4, this reduces to the expression
obtained earlier in the case of Einstein gravity.

Let us briefly comment on the general form of E for
spherically symmetric spacetimes for general LL
Lagrangians, with horizon at r ¼ rH, and � ¼ r. In this

case, LðD�2Þ
m � ð1=�2Þm and

ffiffiffiffi
�

p � �D�2. The integrand

therefore scales as �ðD�2Þ�2m. Integrating the right-hand
side of Eq. (40), and taking the � ! �H limit after inte-

gration, we see that E� �ðD�2Þ�2mþ1
H . As mentioned

above, for D ¼ 2ðmþ 1Þ, E� �H. In fact, in the case of
spherically symmetric spacetimes in LL theory, the above
expression can be formally shown to be exactly equivalent
to the one derived by others (see [3], and also Ref. [9]
therein).

As far as we are aware, no general expression for energy
in LL theory exists in the literature, and ours could be
thought of as first such definition which appears to be
reasonable from physical point of view. The expression
clearly deserves further investigation.
Putting all this together, we see that, for generic static

spacetimes in LL gravity, the field equations can be written
as a thermodynamic identity:

T��S� ��E ¼ �F��; (41)

thereby showing that the thermodynamic relations are far
more general than Einstein field equations.

V. SOME COMMENTS ON THE RESULT

It must be emphasized that, in the above derivation, we
had no choice whatsoever in the expressions for S and E.
Once we have identified the work term, �F��, we must
choose the factor multiplying T on the left-hand side as
��S, and the remaining term as���E. Note that, the near-
horizon structure implies P?

ffiffiffiffi
�

p
�� ¼ �Ta

b	
bla

ffiffiffiffi
�

p
��, so

that the work term is uniquely identified. Hence the fact
that the expressions obtained for S and E by this procedure
match exactly with the known expressions for spherically
symmetric horizons is nontrivial. In particular, the general
expression for energy for arbitrary static spacetimes has a
simple geometric expression, and deserves further study.
Finally, we would like to clarify the difference between

the first law of thermodynamics as obtained above, and the
usual first law of black hole mechanics. In the conventional
case, one obtains the first law by varying the parameters in
a specific solution to the field equations. Our result above
shows that the field equations governing the dynamics of
gravity themselves have a thermodynamic structure, and
can be uniquely (see the discussion in the preceding para-
graph) written in the form of the first law of thermody-
namics. In general, the first law we have obtained would be
different from the conventional first law of black hole
mechanics, although, as described in Sec. II, these match
in the case of spherical symmetry (the reason can be traced
back to the fact that the transverse metric in spherical
symmetry does not depend on the parameters in the met-
ric). Because of the specific meaning we have attached to
the differentials in the first law, the variations we are deal-
ing with are best looked upon as arising due to virtual
displacement of the horizon.

VI. DISCUSSION

It has been well known, for quite some time now, that the
gravitational field equations near the horizon can bewritten
as a thermodynamic identity; this fact has been demon-
strated by a large number of specific examples [2,3]. Our
present work can be considered as a formal proof of this
intriguing connection between gravitational dynamics and
horizon thermodynamics, for general, static spacetimes. In

3As an aside, we would also like to point out the following
fact; when D ¼ 2m, that is, when the corresponding LL action is
the Euler characteristic of the full D-dimensional manifold, then
D� 2 ¼ 2ðm� 1Þ, and we see from Eq. (38) that S is propor-
tional to the Euler characteristic of the (D� 2)-dimensional
horizon surface, determined by LðD�2Þ

m�1 ; therefore, S is just a
constant number. For example, the Gauss-Bonnet term (m ¼ 2)
in D ¼ 4 will contribute a constant additive term to the standard
Bekenstein-Hawking entropy.
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the above analysis, we have only demonstrated that the t�
n part of the field equations can be so written. However,
this is the only relevant part since the horizon is located at
t ¼ constant, n ¼ 0; more formally, the observers who
perceive the t ¼ constant, n ¼ 0 surface as a horizon are
those moving along the orbits of the Killing vector field
generating the horizon. The statement we have proved is,
in fact, that the relations

Eðn̂; n̂ÞjH ¼ Eð�̂; �̂ÞjH; (42)

Eð�̂; �̂Þ ¼ 1

2
Tð�̂; �̂Þ (43)

with �̂ � �̂ ¼ �1 ¼ �n̂ � n̂, represent a thermodynamic
identity. There would, of course, exist different class of
observers with different horizons, and so long as the back-
ground is static, the above statement must be true for all of
them. Imposing this then leads to the full field equations,
Eab ¼ ð1=2ÞTab. Moreover, since we have related the full
gravitational field equations to the thermodynamics of
horizons, this indicates an essentially holographic nature
of gravitational dynamics, with classical symmetries near
the horizon, along with the first law of thermodynamics,
governing the entire gravitational dynamics [10]. In addi-
tion to obtaining the standard field equations, such an
approach also leads to a quantization condition on entropy
[11] which reduces to quantization of areas at the lowest
order. Indeed, there is a much more formal and general way
of obtaining the field equations of Lanczos-Lovelock grav-
ity by taking the thermodynamic interpretation as a starting
point, and using normals to null surfaces as the relevant
degrees of freedom [12].

Recently, it was shown in [13] that for any diffeomor-
phism invariant theory, the local thermodynamic relation
TdS ¼ dE holds provided one interprets S as a suitable
Noether current associated with diffeomorphism invari-
ance, and defined off shell; this is important since one
must not use quantities defined on shell while trying to
‘‘derive’’ the field equations. The arguments presented in
[13] apply to any diffeomorphism invariant theory,
whereas our result in this paper relies heavily on the
near-horizon symmetries of the field tensor. Although a
direct connection between the two is not immediately
apparent (particularly, our expression for dE is different,
and we have an additional PdV term in the first law), it
would be interesting to see whether our arguments can be
generalized to any diffeomorphism invariant theory, in the
light of the results in [13].

At a deeper level, these results suggest that it is neces-
sary to abandon the usual picture of treating the metric as
the fundamental dynamical degrees of freedom of the
theory and treat [4] it as providing a coarse grained de-
scription of the spacetime at macroscopic scales, somewhat
like the density of a solid—which has no meaning at
atomic scales. The unknown, microscopic degrees of free-
dom of spacetime (which should be analogous to the atoms

in the case of solids), should normally play a role only
when spacetime is probed at Planck scales (which would
be analogous to the lattice spacing of a solid [14]). So we
normally expect the microscopic structure of spacetime to
manifest itself only at Planck scales or near singularities of
the classical theory. However, in a manner which is not
fully understood, the horizons—which block information
from certain classes of observers—link [9] certain aspects
of microscopic physics with the bulk dynamics, just as
thermodynamics can provide a link between statistical
mechanics and (zero temperature) dynamics of a solid.
The reason is probably related to the fact that horizons
lead to infinite redshift, which probes virtual high energy
processes; it is, however, difficult to establish this claim in
mathematical terms. This aspect, as to why horizons act as
window to microphysics of spacetime, is worth investigat-
ing further.
Finally, we would like to mention two immediate pos-

sible extensions of the proof given here: (i) stationary,
nonstatic spacetimes, and (ii) time-dependent spacetimes
with horizons. In the case of stationary, nonstatic horizons,
one needs to have a clear notion of quantities such as
normal pressure (since the intrinsic horizon geometry is
nontrivial). However, it has been shown that the Einstein
equations can indeed be expressed as a thermodynamic
identity in the specific case of Kerr-Newman black hole
(see the last reference in [2]). Combining this with the
general analysis in the second reference in [7], one expects
an analogous result to exist for the stationary, nonstatic
case as well. For the time-dependent case, determining the
near-horizon form of the field equations itself would be
more involved. Apart from this, there are certain concep-
tual issues such as the notion of temperature, which must
be addressed. However, it must still be possible to opera-
tionally define a temperature (at least in some quasistatic
sense), and see how far the near-horizon symmetries still
conspire to give a thermodynamic structure to the field
equations.
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APPENDIX A: NEAR-HORIZON SYMMETRIES OF
THE EINSTEIN TENSOR

In this appendix, we briefly outline the proof of Eq. (14).
We begin with the following expressions for the decom-
position of the Riemann tensor for the metric (8) (see, for
example, Section 21.5 and Exercise 21.9 of [15]):

Rt
��
 ¼ 0; R�t�t ¼ NNj��; R�

�
� ¼ ð3ÞR�
�
�;

(A1)

THERMODYNAMIC STRUCTURE OF LANCZOS-LOVELOCK . . . PHYSICAL REVIEW D 79, 104020 (2009)

104020-7



and

ð3ÞRABCD ¼ ð2ÞRABCD � ðKACKBD � KADKBCÞ;
ð3ÞRnBCD ¼ KAC:B � KAB:C: (A2)

Here, j and : are the covariant derivatives compatible with
the induced metric on ft ¼ constantg and ft ¼
constant; n ¼ constantg surfaces, respectively, and KAB ¼
�ð1=2Þ@n�AB is the extrinsic curvature of the ft ¼
constant; n ¼ constantg 2-surface as embedded in the ft ¼
constantg surface. These expressions lead to

RnA
nB ¼ �AC½@nKCB þ ðK2ÞBC�;

RtA
tB ¼ �AC

�
�N:CB � KCB@nN

N

�
:

(A3)

Using the relevant Taylor series expansions, we obtain

@n trKjn¼0 ¼ � 1

2
tr½�2� (A4)

which gives, correct to Oðn2Þ,

RnA
nA ¼ � 1

2
tr½�2� ¼ RtA

tA (A5)

and

RAB
CD ¼ ð2ÞRAB

CD þOðn2Þ
which implies

RAB
AB ¼ Rk þOðn2Þ: (A6)

Finally, we use the following general expression for the
Einstein tensor (see, for example, [15], Section 14.2,
p. 344):

Gt
t ¼ �

�
RnA

nA þ 1

2
RAB

AB

�
;

Gn
n ¼ �

�
RtA

tA þ
1

2
RAB

AB

�
:

(A7)

Plugging in the above expressions for the Riemann tensor,
and finally taking the limit n ! 0, we immediately obtain

Eq. (14). (Note that, with the up-down components, G	̂

	̂
¼

Gt
t.) One can go further and analyze, in the same way, the

remaining components of the Einstein tensor; the final
result is [7]

where Eâ
b̂
jH ¼ ð16�Þ�1Gâ

b̂
jH.

APPENDIX B: EQUIVALENCE OF THE TWO
EXPRESSIONS IN EQ. (28)

We need to prove the equality

½�i
j�

a1b1...ambm
c1d1...cmdm

� 2m�i
c1�

a1b1...ambm
jd1...cmdm

�Rc1d1
a1b1

� � �Rcmdm
ambm

¼ �ia1b1...ambm
jc1d1...cmdm

Rc1d1
a1b1

� � �Rcmdm
ambm

: (B1)

This is most easily done by noting that the alternating
tensor on the right-hand side of Eq. (B1) can be written
as a determinant:

The first term on the left-hand side of Eq. (B1) therefore
comes from the multiplication of �i

j with the lower-right

block of the above matrix. The remaining terms in the
determinant can be grouped as

� ½�i
ck�

a1b1���ambm
jc1d1���dk�1dk���cmdm � �i

dk
�a1b1���ambm
jc1d1���ckckþ1���cmdm�; (B3)

where 1 � k � m. Since this whole determinant is multi-
plied by the product of curvature tensors, only the piece
antisymmetric in the pair fck; dkg will be picked up, pro-
ducing a factor of 2 for each pair fck; dkg. Further, each of
the m such pairs contribute the same amount due to the
symmetries of the alternating tensor and the curvature
tensor. This gives another factor of m, so that the contri-
bution of the remaining terms in the above determinant
becomes equal to 2m times the contribution of any par-
ticular term, say, the term corresponding to the pair
fc1; d1g. Noting the overall minus sign in (B3), we obtain
the second term on the left-hand side of Eq. (B1), thereby
proving the desired result.

APPENDIX C: NEAR-HORIZON SYMMETRIES OF
THE LANCZOS-LOVELOCK FIELD EQUATIONS

One can do an analysis similar to that outlined in
Appendix A and obtain the near-horizon symmetries of
the LL field equations. The full result, which we state
without proof (the proof involves a bit of combinatorics),
turns out to be the same as Eq. (A8) [16]. However, in this

appendix, we shall only prove the identity E	̂

	̂
¼ En̂

n̂jH,
which is directly relevant for our purpose.
Using the first equality in Eq. (28), it is easy to deduce

the form of Ek
k (no summation over k). The alternating

determinant simplifies upon using �k
k ¼ 1, and the fact that

none of the other indices can be k due to total antisymme-
try. Therefore, we are left with
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Ek
k ¼ � 1

2
Lmf �kg; (C1)

where Lmf �kg denotes terms which do not contain k at all.
We now specialize to k ¼ n. The right-hand side can be
further split depending on the number of occurrences of the
index t, as

En
n ¼ � 1

2
½Lmf �n; tg þLmf �n; 2tg þLmf �n; �tg�: (C2)

The first set on the right-hand side contains terms like
RtD

AB which are identically zero [see first of Eqs. (A1)],
while the last set is the same as appears in Et

t. So we only
have to prove that Lmf �n; 2tg ¼ Lmf�t; 2ng. The set
Lmf �n; 2tg will have two t’s appearing either on different

factors of Rab
cd, which would again vanish identically for

the same reason as the first set, or it can have the two t’s
appearing on the same factor, which would contribute

Lmf �n; 2tg ¼ 4m� 1

16�

1

2m
�tB1...AmBm

tD1...CmDm

� RtD1
tB1

� � �RCmDm
AmBm

¼ 4m� 1

16�

1

2m
�B1...AmBm

D1...CmDm

� RtD1
tB1

� � �RCmDm
AmBm

: (C3)

Using Eq. (A3), we see that Lmf �n; 2tg ¼ Lmf�t; 2ng þ
Oðn2Þ. Therefore, En

n ¼ Et
t þOðn2Þ, and the equality

holds on the horizon.
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