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Abstract

We consider the mixture of perfect fluid and string-dust and obtain
string-dust generalizations of the Einstein and Gédel Universes.
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The string-dust distribution is characterised by the stress tensor [1-2],
Tik = )\(uiuk — wiwk) (l)

where X is the string energy density and u; and w; are the unit time like
4-velocity and the spacelike vectors; u'u; = 1 = —w'w;, uw'w; = 0. For the

distribution (1), Einstein’s equation implies

R = —8m Muiug — gix — wiwy) (2)

k vanishes for

which means the gravitational charge density, —4mp. = Risutu
this distribution. That is gravitational charge of the spacetime is zero and
that is why one of us [3] would like to look upon (2) as defining generalised
empty space. The analogue of the Schwarzschild solution is the general so-

lution of (2) given by
ds? = (1 +2¢)dt* — (1 + 2¢) 7 dr? — r*(da® + sin ?df?) (3)

where 72¢ = 0, which means ¢ = k —m/r. It is remarkable to note that
¢ = k # 0 represents a non-flat spacetime. The spacetime is though curved
yet free of the Newtonian gravity in the sense that free particles experience
no gravitational attraction. With m # 0, the metric (3) represents a mass
point with a string-dust or a generalised empty space surrounding the mass
point (i.e. the solution of (2) for a mass point).

The string-dust spacetimes have been considered by several authors [1-
7]. Recently we have obtained the string-dust generalisations of the Kerr
and NUT solutions[4,5]. That is, the axially symmetric solutions of the
generalised empty space equation (2). Vaidya et al [8] have given a unified

treatment of the Kerr and NUT metrics by writing

ds? = 2(du + gsinadf)de — M*(da? + sin® adf?)
— 2L(du + gsin adB)? (4)
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where ¢ = g(a) and M, L are functions of u,z,«. For the Kerr z = ¢ while
z = r for the NUT solution, and u =t — r always.

Recall that ¢ = k # 0 represented the pure string-dust spacetime which
is free of the Newtonian gravity. The analogous situation for (4) will be to
consider L = const. Should it analogously describe a string-dust spacetime
in the Kerr-NUT symmetry? It turns out that it will give rise to string-dust
generalisations of the Einstein and Godel Universes.

Vaidya has also succeeded in unifying the Einstein and Gddel models by
considering M = M(«a) and 2L = € = %1 in the metric (4). His prescription
[9] is,

ds* = 2(du+ gsinadB)dz — e(du + gsin adf)?
—  Rf(da® + sin? adp?) (5)
where
f=¢ga+gcota (6)

satisfying the equation

1 [ fa 1 {fa 1.
5 (7)a+3 (7> cota —1 =——R(l+3€)f- (7)

R is a constant and f, = 0f/da. The above equation can be solved to give
Rfsina = gexp(—(1 + 3¢)0/R) (8)

and

exp(—(1 + 3¢)0/2R) (9)

gsina=1+¢€¢—

14 3¢
where we have redefined one of the angle coordinates by df = gdo.
Now the Einstein Universe follows for ¢ = 1 and & = t while the Godel

will have ¢ = —1 and z = r. We wish to consider 2L = € + k = const.,



M? = Rf in the metric (4) with f being given by (8). We introduce the
orthonormal tetrads,

6' = du+ gsinadp, 6% = (Rf)/*de

#® = (Rf)/?sin adp, 0* = dz — L6

and in what follows all the quantities will be referred to the tetrad frame.

The non-zero R;; are given by

. 2L 2
1
Rgz = R33 = _ﬁ(l + 3e — 4L) (10)

For string-dust perfect fluid we add to the stress tensor (1) the perfect

fluid stresses and write

1
Ry, = —8m [)\(uiuk — gir — wiwg) + (p + plujug — ‘2"(P - p)gz‘k] + Agir (11)

where A is the cosmological constant. Let us write

ll 1
Uy = (ﬂaoao,ﬂ') ) w; = <_ﬂ)0a0)y‘) (12)

where p is the parameter to be determined.

Equation (11) implies

Rud = —sn(p+ p)i?, Fus = A~ 8mp
Rys = —A—47m(p—p+2)\) = R, % = +2L (13)

and then (10) will give

2L
8rp = —A +'§(1 —+ 26) (14)
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2L

8rp = A_ﬁ (15)
ll :
8rA = ﬁ[l + 3¢ —2L(3 + ¢)] (16)

where 2L = e+ k, e = £1.

"It may be noted that with string-dust, equation (7) is not required but
it turns out that regular behaviour of f and the metric does not permit
any other choice for f. Hence we have continued with the same f as in the
Einstein and Godel cases. The string-dust generalisations of the Einstein and
Godel Universes are explicitly given as follows.

Einstein Universe with string-dust: ¢ = 1 and we have from (14-16)

) 3
grp = —A +§5(1 + k)
1
8rp = A— ﬁ(l + k)
N 4k
8TA = T
The metric is given by (4) with 2L = 1+ k, M? = Rf and
gsina =2 — e¥/R, Rfsina =g e */R,

When k = 0, it reduces to the Einstein Universe. The positivity of p,p and
) prescribes k < 0and 1 > (1 + k)/ A R? > 1/3. We can however set p = 0
for 1 +k = AR%

Godel Universe with string-dust: ¢ = —1 and we get
: 11—k
drp = — A +_R2—
1-k
&mp = A+ T
2k
87|'/\ = ‘—“*Ez-
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and in the metric (4), 2L = -1+ k, M? = Rf and

/R

gsina = 2e’/, Rfsina = ge®/R,

Here we should have 1 —k > AR?, k < 0 and k = 0 gives the Gédel Universe.
We can set p =0 for 1 — k = — A R? or can have p = p for A = 0.

It is rather interesting to note that the Einstein string density is double
of the Godel string density. In the Einstein case k = —1 will lead to p+p =0
or p=p=A=0and 87\ = 4/R?, while for the Gédel k =1, p+p =0 or
p=p=A=0but 8\ =—2/R? < 0. Thus we can have pure string-dust in

both the cases but its density is negative in the Godel case.
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