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Abstract. Nakariakov & Roberts (1995) and Nakariakov et al. (1996) investigated the linear mag-

netosonic waves trapped within solar wind flow tubes by accounting for a slab having boundaries

at x = ±d and extended up to infinity in y and z directions. They obtained dispersion relations for

sausage and kink surface waves in incompressible plasma. Following the approach of Nakariakov

& Roberts (1995), we have obtained dispersion relations for sausage and kink surface waves in a

compressible plasma. Values of the parameter a ≡ ω/kCAo are found to vary in the ranges 0.755 −

0.849 and 1.080 − 1.356 for the sausage waves and in the ranges 0.850 − 0.882 and 1.358 − 1.538

for the kink waves in the compressible plasma. It shows an interesting feature that the sausage

and kink surface waves are exclusive from each other.

1 Introduction

HELIOS spacecraft observations (Thieme et al., 1990) supported Parker’s assumption (1963) that

the solar wind could be fine-structured in the form of flow tubes, sometimes also called ‘spaghetti

structures’. These flow tubes are considered to originate and extending for large distances in the

solar wind. Two adjacent flow tubes would have plasma having different values for parameters.

They may be separated by tangential discontinuities in flows and in magnetic fields. The total

(gas plus magnetic) pressure has to be continuous across the structure boundary (Tu and Marsch,

1995). In these flow tubes, the magnetosonic waves may be excited assuming the Alfvén speed

to be less inside the tube than that outside. Nakariakov & Roberts (1995) and Nakariakov et al.

(1996) investigated one-dimensional problem by considering a slab having boundaries at x = ±d

and extended up to infinity in y and z directions (Figure 1) and obtained dispersion relations for

sausage and kink surface waves in incompressible plasma. For incompressible plasma, the speed of

sound is taken much larger than all other velocities.
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Figure 1: A slab having boundaries at x = ±d and extended up to infinity in the y and z directions.

As the speed of sound may not be much larger than than all other velocities, the plasma may not
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be considered incompressible. In the present communication, following the approach of Nakariakov

& Roberts (1995), we have obtained dispersion relations for sausage and kink surface waves in the

compressible plasma.

2 Waveguide model

Nakariakov & Roberts (1995) and Nakariakov et al. (1996) considered a slab having boundaries at

x = ±d and extended up to infinity in y and z directions (Figure 1). Further, both the magnetic

field (inside Bo and outside Be) and steady flows (inside Uo and outside Ue) are directed along

the z-axis. The sound speeds are CSo inside and CSe outside, whereas the Alfvén speeds are CAo

inside and CAe outside. The unperturbed gas densities ρo inside and ρe outside are connected by

the condition of total pressure balance for an ideal gas:

ρe

ρo

=
2C2

So + γC2
Ao

2C2
Se + γC2

Ae

(1)

where γ = 5/3 is adiabatic index. For the regions inside and outside the slab, the linearized

equations of ideal MHD can be expressed as the following differential equations (Nakariakov &

Roberts, 1995; Nakariakov et al., 1996)

d2Vxi

dx2
− m2

i Vxi = 0 (2)

where the index i is either o (for inside the slab) or e (for outside the slab). The transversal plasma

velocity is Vxi exp i(ωt − kz) and

m2
i =

[a2
Ai − (a − Mi)

2][a2
Si − (a − Mi)

2]

a2
fi[a

2
Ti − (a − Mi)2]

k2 (3)

where

a =
ω

k CAo

a2
Ai =

C2
Ai

C2
Ao

a2
Si =

C2
Si

C2
Ao

Mi =
Ui

CAo

a2
Ti =

C2
Ai C2

Si

C2
Ao(C

2
Ai + C2

Si)
a2

fi =
C2

Ai + C2
Si

C2
Ao

Here, all the variables are normalized on CAo. Mi is the Alfvén Mach number and a the phase

speed in the units of the Alfvén speed CAo.

Following Nakariakov & Roberts (1995) and Nakariakov et al. (1996), equations (2) are to be

solved subject to the boundary conditions relating the perturbations across the slab boundaries

and also the conditions at infinity. The first boundary condition is the continuity

Vxe(x = ±d)

ω − kUe

=
Vxo(x = ±d)

ω − kUo

(4)

and the second boundary condition is the continuity of the total (gas plus magnetic) pressure

perturbation

pTe(x = ±d) = pTo(x = ±d) (5)

A relation between the total pressure pTi(x) and velocity Vxi(x) is

pTi(x) =
iCAoρia

2
fi

k(a − Mi)

[a2
Ti − (a − Mi)

2]

[a2
Si − (a − Mi)2]

dVxi

dx
(6)
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where ρi is the unperturbed gas density. The transversal structure of the modes outside the slab

are

Vxe(x) =

{

A1 exp[−me(x − d)] x > d
A2 exp[+me(x + d)] x < −d

(7)

where A1 and A2 are constants. Equation (7) gives zero wave energy as x → ±∞. Here, me is

positive, so that there is no leakage from the slab and the slab behaves as a wave guide. The

transversal structure of the modes inside the slab are

Vxo(x) =















A sinh(mox) for sausage surface modes
A cosh(mox) for kink surface modes
A sin(nox) for sausage body modes
A cos(nox) for kink body modes

(8)

where A is a constant and n2
o = −m2

o. After connecting equations (7) and (8) by means of the

boundary conditions (4) and (5), we get

ρemo

ρome

[a2
Ae − (a − Me)

2]

[1 − (a − Mo)2]
=

{

−tanh(mod)
−coth(mod)

(9)

for surface waves. The upper case corresponds to the kink waves whereas the lower to the sausage

waves. The similar relations for body waves are

ρeno

ρome

[a2
Ae − (a − Me)

2]

[1 − (a − Mo)2]
=

{

−tan(nod)
cot(nod)

(10)

Here, also the upper case corresponds to the kink waves whereas the lower to the sausage waves.

3 Dispersion relations

Equation (3) shows that mi tends to → k in two situations: (i) when a = Mo = Me and (ii) when

the speed of sound is much larger than all other velocities (the case of incompressible plasma).

(i) For a = Mo = Me, the steady shear flows are equal inside as well as outside the slab. Under

such situation, equation (9) reduces to

ρeC
2
Ae

ρoC2
Ao

=

{

−tanh(kd) kink surface waves
−coth(kd) sausage surface waves

It shows that there is no dispersion relation which relates a and k for this situation.

(ii) When the speed of sound is much larger than all other velocities (the case of incompressible

plasma), the dispersion relation is

ρe

ρo

[a2
Ae − (a − Me)

2]

[1 − (a − Mo)2]
=

{

−tanh(kd) kink surface waves
−coth(kd) sausage surface waves

(11)

This relation for surface waves in an incompressible plasma was obtained by Nakariakov & Roberts

(1995), Nakariakov et al. (1996) and Srivastava & Dwivedi (2006). No such relation is available

for body waves. However, Srivastava & Dwivedi (2006) has given a dispersion relation for body

waves also, which is absolutely wrong (Chandra, 2007). Equation (11) can be expressed as

kd =
1

2















ln
(

1−y
1+y

)

for kink surface waves

ln
(

y−1

y+1

)

for sausage surface waves
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where

y =
ρe

ρo

[a2
Ae − (a − Me)

2]

[1 − (a − Mo)2]

Using the values Me = 0, Mo = 1.46, CAo = 65 km/s, CAe = 100 km/s, ρe/ρo = 0.583, as

adopted by Nakariakov & Roberts (1995) and Nakariakov et al. (1996) for solar wind flow tube,

the variation of kd versus a for sausage and kink surface waves is shown in figure 2. Values of the

parameter a are found to vary in the ranges 0.00 − 0.46 and 2.00 − 2.46 for the sausage surface

waves and in the range 1.54 − 1.92 for the kink surface waves in the incompressible plasma. It

shows that in the incompressible plasma, the sausage and kink waves are exclusive from each other.
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Figure 2: Variation of kd versus a for sausage (solid line) and kink (dashed line) surface waves for
incompressible plasma.

3.1 Compressible plasma

When the speed of sound is not much larger than all other velocities, the plasma can not be treated

as incompressible. By using mo and me in equation (9), the dispersion relation is

kd =
1

2A















ln
(

1+B
1−B

)

for kink surface waves

ln
(

B+1

B−1

)

for sausage surface waves

(12)

where

A =
1

afo

√

[1 − (a − Mo)2] [a2
So − (a − Mo)2]

[a2
To − (a − Mo)2]

and

B =
ρeafe

ρoafo

√

[a2
Ae − (a − Me)2][a2

So − (a − Mo)2][a2
Te − (a − Me)2]

[1 − (a − Mo)2][a2
Se − (a − Me)2][a2

To − (a − Mo)2]

The values of afe and afo may be positive as well as negative. Thus, A and B can assume positive

as well as negative values. For getting positive value of k, A and B both should be either positive

or negative. For the compressible plasma also, we have only surface waves. It shows that the

magnitude of B is larger than 1 for the sausage surface waves whereas is smaller than 1 for the

kink surface waves. Hence these two types of waves are exclusive from each other.

Using the values Me = 0, Mo = 1.46, CAo = 65 km/s, CSo = 65 km/s, CAe = 100 km/s,

CSe = 70 km/s, Uo = 750 km/s, Ue = 655 km/s, ρe/ρo = 0.583, as adopted by Nakariakov &
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Roberts (1995) and Nakariakov et al. (1996) for solar wind flow tube, the variation of kd versus

a for sausage and kink surface waves is shown in figure 3. Values of the parameter a are found to

vary in the ranges 0.755 − 0.849 and 1.080 − 1.356 for the sausage waves and in the ranges 0.850

− 0.882 and 1.358 − 1.538 for the kink waves in the compressible plasma. It shows an interesting

feature that for the compressional plasma also the sausage and kink waves are exclusive from each

other.
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Figure 3: Variation of kd versus a for sausage (solid line) and kink (dashed line) surface waves for
compressible plasma.

Comparison of figures 2 and 3 that the ranges for a are different for compressible and incom-

pressible plasmas, as expected.

4 Conclusions

We found that for incompressible plasma, the sausage and kink surface waves are exclusive from

each other. We have obtained dispersion relations for compressible plasma under the same situation

as considered by Nakariakov & Roberts (1995) and Nakariakov et al. (1996). It is interesting to

note that the sausage and kink surface waves are exclusive from each other for the compressible

plasma as well. As per expectations, the values of a for the compressible plasma are different from

those for incompressible plasma. The interesting feature obtained is the exclusive behaviour of the

sausage and kink surface waves.
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