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ABSTRACT

Precise measurements of the Cosmic Microwave Background (CMB) anisotropy have been
one of the foremost concerns in modern cosmology as it provides valuable information on
the cosmology of the universe. However, an accurate estimation of the CMB power spectrum
faces many challenges as the CMB experiments sensitivity increases. Furthermore, for polar-
ization experiments the precision of measurement is complicated by the fact that the polarisa-
tion signal is very faint compared to the measured total intensity, and could be impossible to
detectin the presence of high level of systematics. One of the most important source of errors
in CMB polarization experiment is the beam asymmetry. For large data set the estimation of
the CMB polarization power spectrum with standard optimal Maximum Likelihood (ML) is
prohibitive for high resolution CMB experiments due to the enormous required computation
time. In this paper, we present a semi-analytical framework using the pgguskiimator to
compute the power spectrum TE of the temperature anisotropy and the E-component of the
polarization radiation field using non-circular beams. We adopt a model of beams obtained
from a perturbative expansion of the beam around a circular (axisymmetric) one in harmonic
space, and compute the resulting bias matrix which relates the true power spectrum with the
observed one using an efficient algorithm for rapid computation. We show that for a multipole
up tol,.... = 500, the bias matrix can be computed in less than one second with a single CPU
processor at 2.53 GHz. We find that the uncertainties induced by the beam asymmetry in the
polarization power spectrum at the peak of the bias matri\i@AP andPlanck experiments

can be as large as a few 10 to 20% (upper limitFtanck LFI 30 GHz).
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1 INTRODUCTION

Over the past decade, the data fromWi&kinson Microwave Anisotropy Probe (\NI\/IAP) 3) programme has kept scien-

tists busy analysing them, tuning the standard model of cosmology as to the finer details and testing various models of cosmology - a true
decade of precision cosmology. With the launch of Iﬁhmckﬁ satellite by the European Space Agency in 2009, and with data currently
starting to pour in, it becomes more challenging to analyse the da@&arack probe for a much smaller angular resolution (larger multipoles).

Planck is scanning the CMB sky to multipoles ef 3000, as compared to 1000 by tW&IAP. To make full use of the potential of the data

that we receive it is necessary to accurately determine the observed data, eliminating the systematic effects. One of the primary objectives
to probe the CMB sky to such high multipoles is to determine the polarized CMB signals and, in particular, the possibility of detection of
the B-mode generated by tensor modes in the primordial perturbations of the density field which could indicate the signature of gravita-
tional waves predicted by the cosmological inflation thebry (Kamionkowski, Kosowsky, & Stebbirls 1997; Seliak & Zaldarriaga 1997). The
CMB polarized signals (E-mode) produced by the quadrupolar anisotropy during the recombination epoch are a few order of magnitudes
smaller than the total intensity of the anisotropy field (@F@ 1968) implying that even an unsignificant systematic effects drastically

L http://map.gsfc.nasa.gov/
2 http://sci.esa.int/planck
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bias the measurements of the CMB polarization. The asymmetric beam response of instruments, consequence of the off-axis placement of
the detectors in telescopes, is one of the major systematic issue in CMB experiments as for small angular beam size, a highly asymmetric
beam can strongly correlate with the sky signal distorting significantly the underlying true sky signal that we are unable to measure directly
from observations. In CMB experiments the beam shape is measured using planets or bright sources observations combined with optical
models (e. g] Page et tlal. 2003; Crill etlal. 2003; Masi &t al. MMMI 2010). The actual beam pattern of the experiment can
be complex (e.gArcheops/Macias-Pérez et al, 2dO7) and special tools and techniques have been depicted to model the beam shapes (e.g.,
IChiang et alll 2002; Gorski etlal. 20d5; Ashdown ét al. 2009; Huffenbergetlet al. 2010), but in general an elliptical Gaussian fit provides
a good description of the main beam in many experiments (dAXIMA- 1E-mlethon V Souradeep & Ratria 200WMAP

3: Jarosik eflal. ZUQY, Hill d{_a;iOOQ) and in particular, the ongi@inck survey (e. gl, Maffei et al. 2010; Huffenber rger retal.
M Mltrae t all 2011; Planck ration . 2013a; Planck Collaboration et al 12013b). The far sidelobes can be modelled separately
in spherical harmonics (e.b., Wangelt & Gofiski 2001), but we will neglect their contributions (sele, e.q.. Burigana, Qruppuggl@lnelli 2006)

as in this paper we mainly focus our attention on the computation of the coupling matrix between multipoles arising from the beam asym-

metry. We note that sidelobe pickup systematie-i€.5 % to 3.7% of the total sky signal sensitivity fdMAP M@B). When

the beam in CMB experiments is treated as circular (axisymmetric), it introduces systematic errors and biases the estimation of the power

spectrum as the imperfection of the instruments optics that triggers the asymmetry is unavoidable.

The use of the optimal ML is desirable as it provides an accurate estimation of the CMB angular power spedbifferent ML estimators

have been implemented in data analysis, mainly for small data sizé_(e_.gjbgﬁlki 1994 Gorski et al. 1994 TegHark 1997; Bond. Jaffe, & Knox

@). These estimators can handle various systematics including correlated noise, non-uniform/cut-sky and asymmetric beams. The method

consists to find the covariance that maximizes the likelihood function, defined as the integral over all possible values of the true temperature

anisotropyAT(G) (¢ denotes the pointing direction across the sky), which is statistically Gaussian distributed on the sky map. Neverthe-

less, the standard ML estimator requires intensive computation either in pixel Epage (Bond Jaffe| & Knox 1998), or Fource (Gorski

|L9§_z{l; Gorski et dl|¢9$4). In fact, the evaluation of the inverse of the covariance matrix of the likelihood that seal(és(a@) for a

data sizeN, (see, e.gL_B_OLdIh_MQ;_B_QD_d_eﬂé.L_ﬂ%99), is computationally expensive, even impossible for large datasets/détiPras

or Planck. Various techniques have been developped to speed up the ML estimation, such as exploiting the scanning strategy symmetries

th,_S_p_elgg_eL_&_HinihdMQ_bg), using hierarchical decomposition of the CMB map with varying degrees of rex, & Peel

) iterative multigrid metho@-%) Specific methods such as estimate of the spectra on rings in the sky, can reduce the compu-

tational cost in special cases (Challinor etal. 2002; van Leeuwe et al. 2002; Wandelt & Hansen 2003). Other 'exact’ power spectrum esti-

l%?n methods have been proposed in the literature (e.g.. Knox, Christensen, & Skortis 2001 Wandelt 2003; Jewell, Levin, & Anderson
)

AIternatlver, the suboptimal pseudd- esnmatorl()ALa.nd.e.LL.l:lm&.&ﬁ.czdedOl) provides a very convenient way for a fast computation

(~ O(N; 3 )) of the angular power spectru@}, that we strive to measure. The psetﬁipmethod is exploiting the fast spherical harmonic

transform N2) to estimate the angular power spectrdn = 3" al,afn: /(20 + 1 d_u_Le_e_b_eH_%‘iJ_e_dlb_LbR) from the
data. This quadratic estimator is biased by the instrumental systematics that mcorporate the beam asymmetry, partial sky/non-uniform sky
coverage, noise, etc. Appropriate corrections of the systematic errors must be effectuated in order to guarantee the debiasing of the power
spectrum estimator. Quadratic estimators can be assorted in the way the spectra are corrected. We can illustrate the Spatially Inhomogenous
Correlation Estimator (SplCOOl) which computes the two-point correlation fubi¢figh) = (AT (¢)AT(¢")) in pixel
space in order to account for the non-uniformity of the sky cove@ (2004) have proposed the extension of SpiCE to polar-
ization.| Wandelt, Hivon, & Gor. §ki_(_Qb1) and Hivon et L(_bOZ) have presented the Monte Carlo apodized spherical transform estimator
(MASTER), which allows a fast computation of the angular power spectrum from the data before correcting the galactic cut in spherical har-
monic space, by assuming circular beams. The method has been extended to the polarlzdlm&g“ﬂanﬁn&ﬁb&kwlnor & Chon
12005 Brown, Castro, & T gyIHr ZQbﬂ). Efgtatdldy_(_b04) and EfgtaltlmLtZOOG) have suggested a hybrid algorithm that computes the power
spectrum using ML for low-resolution maps at low multipoles, and psetidestimator for highet where it tends to be nearly optimal in
the presence of dominant instrumental noise. This hybrid approach has been applied to the WMAP 3-yr datd analysis (Hiﬂig aw et al. 2007).
ll:lans_en_&_G_QLs.le(ZQ_(b3) have employed the Gabor transforms to recover the power spectrum of the temperature and polarization on cut-sky,
an h.n_(i004) have exploited a global, exact method for power spectra recovery from CMB observations
using Gibbs samplinm @04). The beam non-circularity (asymmetry) effects can be simulated into the covariance functions
in approaches related to ML estimation (Tt rk 1997; Bond. Jaffe, & Knox 1998), and can be included in Harminor etal.
) and ring-torus estimators (Wandelt & Hansen fZOOS). However, these estimators are computationally intensive and unfeasible for high-
|%:ution maps and, the pseu@p-method, sufficiently fast, is preferred for extracting the power spectrum at large muItM}stathiou

).
The beam systematics have been investigated using semi-analytical methods based on th€;psstilhator (semhtra
12001 Fosalba et Al. 2002; Mitra Sengupta, & §gurdﬂe&d 2004; Hinshalv et al. 2007; Mitra etlal. 2009; Mitra et al. 2011) and full numerical
integration|(Burigana et Al. 1998 Wu eﬂ_aﬁbOl). The present work is focused on the optimization of the computation time of the bias matrix
and, investigation of the effect of non-circular beams on the temperature and polarization (E-mode) power spectrum estimation with full sky

3 http://www.cfpa.berkeley.edu/group/cmb/
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coverage and noiseless limit, using the psettonethod approach. We propose to extend the results of Fosalbid et al. (2002) by introducing
the analytical tools developped MOOQ) and, compute the bias matrix that encodes the power coupling at different multipoles
that arises from the non-circularity of the beam patterns.

The paper is structured as follows. In Secfibn 2 we present the formalism which leads to the analytical expression of the multipole expansion
of the temperature fluctuations and the E-mode polarization in harmonic space, that will allow the estimation of the TE power spectrum
through the two-point correlation function using the psetdestimator. In Sectidn 3 we review the model of the beam harmonic transforms

of the total intensity and the linear polarized radiation. We derive in Selction 4 the general expression of the bias matrix using a non-circular
beam in the case of equal declination scan and for the particular case of non-rotating beam. We outline i Section 5 the numerical implemen-
tation of the bias matrix for non-rotating beam and evaluate the computation cost. In §&ction 6 we investigate the effect of the non-circularity
of the beam and estimate the uncertainties on the power spectrum with respect to a circular Gaussian beam. We preseriflin Section 7 the
discussion and conclusion. We check the consistency of the bias matrix expression in the case of a circular (symmetric) beam in Appendix
(A). We treat in Appendix[(B) the evaluation of the integriisI2, andIs involved in the derivation of the bias matrix (Sectldn 4) and in
Appendix [@) we give explicitly the decomposition of the general expression of the bias matrix of the TE power spectrum.

2 FORMALISM

For the present formalism, we follow the approach developed in the pamm. (2009) for the treatement of the total intensity of
the radiation field and combine it with the semi-analytical treatment of the polarized CMB radiation developed in thealba etal.
). The idea consists to expand the total intensity of the anisotropy field and the polarized components of the CMB in harmonic space
and cross-correlate the multipole coefficients of the expansion in order to obtain a simple theoretical estimate of the power spectrum. The en-
semble average will be used to construct the psetidestimator. We expand the statistically Gaussian and isotropic temperature fluctuations
AT(g) over all sky directiong = (0, ¢), on the basis of the spherical harmonics as

lmaz m=l

Q)= iY@ = D D i Yim(d) (1)
lm

1=2 m=—1

wherea},, are the the coefficients of the temperature expansion in harmonic space. We apply the complex cgjijuddieof the spherical
harmonic function in Eq[{1) and integrate over the solid angle of théXxkp derive

[ 49T @i =S [ 49%Yon @)Yiim @), @

and using the orthogonality and normalization relation (2.g., Varshalovicii et al. 1988) of the spherical harmonic function

/qunm(qA))/ltm’(qA) = 6ll’5mm’ (3)

in which §;; denotes the Kronecker symbol, we obtain
b = [ AT (@)Y (@) )

whered$); = sinfd@d¢. The above expression defines the multipalgs as a function of the true temperature of the radiation field in
spherical harmonic basis under an ideal systematic errors-free experiment assumption. In reality CMB experiments can only measure a
disturbed temperaturgf(q) triggered by instrument systematic effects. In this condition the coefficients of the harmonic transform of the
observed temperatuzgf(q) take the form

af, = / 405 NT(3) Vi (3)- (5)

As we focus our study on the effects of the beam non-circularity (asymmetry) in CMB surveys, we will neglect other systematics such as the
cut-sky or non-uniformity of the sky due to the galactic mask applied in foreground removal processes. In the case of full sky and noiseless
limit the observed temperatur®7’(§) is the convolution of the true temperatubd’(§) with the beam as

AT(q) = / 42 B(3.4)AT () ©)
whereB(4, ¢') denotes the beam function. From Hd. (5) and Ejg. (6) it follows that
if = / 49 [ a9 B(6.0)AT(@)Vi(0). ™)

We expandAT'(¢") in the spherical harmonic space as

T(q,) - Z al"rn’}/l’m’ (ff/) (8)

U'm/’
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and plugg in Eq.[{]7) to derive the following form of the mutipole coefficients

it = 3 b [ 420 @) [ 2 BT Vi (@), ©

U'm/

We can transform the above Efgl (9) by using the results of the integration of the beam function as referred to MI al. (2009)

IV, /2l -‘rl
/qu/B(q,ql)YVl/m/(q/) = Z Bl//Bl/m”D m”(q7 (q))7

m!t=—1

4

/dQ@/ B((L ql))/ﬁm’ (q,) = Z bl1;7rL”D'lrrL’m” (qA7 p((f)) (10)
m!=—1
where
1 1 27
B = / d(a.4)Pa.d) {2— / do B(é,q)] . (D
-1 ™ Jo

The beam distortion parameter definedbas = b7, /bio describes the deviation of the beam from circularity and
b = [ 9% Vi @) B2, ) (12)

denotes the beam harmonic transform of the total intensity of the underlying anisotropy field. Thd)ﬁgrms (g, p(q)) in Eq. [10) are

the Wigner-D functions given in terms of the Euler ang(és¢, p). The rotation angle(§) describes the rotation of the beam along

the pointing directionj Whereast ' (@, p(q)) accounts for the rotation that carries the pointing directido the North Polez axis

dMltra, Sengupta, & Souradébp_b04). Eql(11) includes the Legendre polyndn(i@lg’) and the instrument beam respoi3gz, §) along

the pointing directiorg. From Eq. [®) and Eg[{10) we derive the general form of the temperature harmonic transform as a function of the
intensity beam harmonic transforif,, as

l/
i = Yl Y0 b [ dYin @Dl (0,(@) (13)
U'm/ m!=—1'
which will be used to estimate the cross-power spectrum TE.
For the E-component of the polarization field we calculate the harmonic tranéﬁ{msindMla@OZ) approach by introducing
the beam smoothed Stokes paramamrﬁé andU, ; on the spherical polar basis. The convolution of the beam with the sky can be expressed

using Eq. (31) and Eq. (32) thl. (2002) as
Qesr = 2 [Drae(d,p(@)]" biat air, (14)
ImM
Uepy = 2 Z [Drar (4, p(d))]" biat atn (15)
ImM
where|m| l |M| [. We adopt the E and B mode notation in our formula which is connected to the gradient (G) and curl (C) components
asal, = —v2a$, andal, = —/2 af,. In the case of a symmetric (circular Gaussian) beam the Stokes parameters can be expanded in
the spin-2 spherical harmonic basisY:..(§) as
(Q£iU)(G) = D (i F iaiy,) +2Yim(d) (16)

Im

from which we derive the multipole coefficients of the polarization E-component given by
1 . A~ * A . A * A
afu =5 [ 4%[(Q = U)(@) 2Yirn(@) + (@ + V)(@) -2Yin (D). (a7)

We can obtain the sky multipoles of the non-circular bedm by plugging in Eq.[(1l7) the effective smoothed Stokes parameters defined in
Eq. (I3) and Eq[{5) and after some algebra the final expression of the muléipiplesduces to

ity = [dy Z (D (@ (@) 68 rt]” [ (Y5 (@) + —2 Yion (@)

U'm! M=—1"
- 7:alBj'm'( 2Y1m(Q) - =2 Sflm(q))] (18)

From Eg. [I8) and Eq[{18) we can cross-correlate the temperature and the E-mode polarization in spherical harmonic space and get an
estimate of the cross-power spectrum using the pséldsstimator which will be defined later. In order to compute the two-point correlation
function we need to evaluate the beam spherical harmonic transform of the total intensity of the field and the polarized one. In reality we can
obtain this beam corrections from the CMB experiment but we can also simulate the beam response of the instrument. In the gkt Section 3
we use the approach t@OOZ) to describe the beam asymmetry model using the flat-sky apprakigaattiomdy].
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3 BEAM SPHERICAL HARMONIC TRANSFORM

In this section we will use the resultsOOZ) which give the explicit forms of the beam spherical harmonic transforms of the
intensity and the polarized beam. The approach is based on a perturbative expansion of an elliptical beanBf(éheticaround a circular

Gaussian beam in the flat-sky approximation which provides a good approximation for single-dish experiments.The beam window function
is expanded in real and harmonic space from which a semi-analytic model of the beam harmonic transform can be obtained. Following

I@Z), the explicit form of the beam window function can be defined as
92

B0.6) = Boexp |~ (0] (19)
Th

in polar coordinates. The ellipticity parameter= 1 — (o3, /o, )* of the window function is connected to

f(¢) =1—x cos’(¢ — w) (20)

which describes the deviation of the beam from a circular (axisymmetricygrendo, denote the beam widths along the major and minor
axis. The expansion of the window function in spherical harmonic space reads

Ilmax l

B(0,¢)=>_ > bunYim(6,9) (21)

1=2 m=—1

from which we obtain the beam harmonic transfdim
mm:/aBW¢mz@m (22)

where2 is the total solid angle over the sky. It is show2002) thdiEqg. (22) can be solved using a semi-analytical framework
in the flat-sky approximation. Although a full numerical integration can also be performecl! (see, Souradee;H& Rhatra 2001) to evaluate the
integral involved in Eq[{22 ) the rapidly converging semi-analytical approach is largely sufficient for our purpose. We will use the eccentricity
e = /X and the geometric mean beam width of the elliptic Gaussian window

. T OpwHM
o(in degrees) = \/o.0p = — 23
(i degrees) = Voo = 155 o @)

to describe accurately the beam geometry wheten denotes the full width at half maximum of the beam Gaussian profile. The ellipticity

of the beam will be defined by = o, /o, (not to be confounded with the ellipticity parameger= 1 — 1/¢?). The harmonic expansion
coefficients of the beam defined in EQ.}(22) have symmetry properties which greatly simplify the numerical implementation. As mentioned
in I@Z) only the even modes have non-vanishing contribution in the beam transform as a consequence of the azimuthal
symmetry of the terneos? (¢) which appears in the functiofi(¢). As a result of the property of the spherical harmonic complex conjugate

Y5, (0, ¢) it follows thatbd;,, = (—1)"b;—n, and from the reality condition of the beam harmonic transfofm = b;..,. This implies that

bim = bi—m SO that negative and positive modes have the same contribution. We will use the beam mbdels of Foid@t al. (2002) that
will allow us to compute numerically the bias matrix which describes the coupling between multipoles. For the temperature, the harmonic
transform of the beam with second order in the parameter ellipticisycomputed with the formula (A20) @002) as follows

T 2A+1 22 X2 2, X 2 2 344
bio e 1 410—1—4 la+1610' ,

- IT+x (1 12,2
X _Z g )
A+1 X2 4 4 1222
by = 4/ 2 2 24
14 4r 128 o € ) ( )

and the linear polarized beam transforms with the same order expansion is obtained by using the simpléjtetatigy/2, b = b /2

andbf = b7, /2. We limit the perturbative expansion for both intensity and polarized beam to three terms which provides sufficient accuracy
for experiments with mildly non-circular (asymmetric) beam. Under this prescriptions, the precision that can be achie¢@al tifl the
multipolelmaz = 5lpeak (for Orwrn = 10" ande = 1.3) wherel,eq, defined as?l>, ;. ~ (1 — x/4) is the multipole where the window

function peaks (seOOZ). As inferred fronTED. (13) and Eq. (18), the correlation between T and E in harmonic space involves
the product?,, b2, which is illustrated in FigI1. Clearly, the effect of higher order correctioms=@, 4 modes for T aneh=4, 6 modes for

E) due to the beam non-circularity (asymmetry) is significanidor- 1. Providing the analytical expansion of the beam total intensity and

the E- polarized beams, we are able to compute the correlation between the sky harmonic coefficients defingd in Eq. (18 hnd Eq. (18) and

thereafter, the power spectrum of TE. We will use the psetidestimator whose advantage will be justified in the following Sedflon 4.

T
bl2

Il
I
S
3|+
—
00|
s
q
[V}
)




6

F. A. Ramamonjisoa et al.

10 F - JR— . E 10 F B A
+ " rar,, )
1E eay 1k 4
e S e el LIS, R
01 ¢ e ~ 01 PO ]
0 PP
o potee
= T iiattaatalattd| = -
Be 001y S e 1 =E ool Lo g
eE ST = £ e
o 3 '1 “,ﬂ S 5 e
107 F ¢ e 3 e g e - ]
H -~ ¥ o
N & 8 47 e }
107} /z‘ Orwinv=30.6 10 § ,-"’ Opwiv=21.0
i e e=0.65 H o e=0.46
SNH S 5 L4 A
10 7 107 K P
y i -
/ i /
T 4 L L 106 H 7 . .
0 100 200 300 0 100 200 300
1 1
: :
[ —— [T e————
o --...\\ f"’
5
1 ¥ 1§
- --"""--., g, bT bE ...........
e, - 14712
ol N ol . ", bigbyg - 3
V4 \\ . /a ", 10016
4 o,
wE 001 k¢ T ~— Wy 1wz ool E
< { ’xf e N, A5 ; P
] . ", = £ - o,
= H ~ . = H “ -
10,3 L ", '-._,%h ) | 103 ki {,of "‘\.,__ 4
'] 7 ", ¥
4 I R ‘"}g‘. 4 | 7
10 7 Bpwim=30.6 \‘“ E 10 / Bpwim=21.0 \“s E
i =0.65 AN i e=0.46 AN
{ ,
105 ¢ f NN 105 g f ") E
\ i NN
1 k) 7 "-
1 0—6 i L L L L 1 0—6 i L L L L L L L MY W
0 05 1 15 2 25 3 35 4 45 5 0O 05 1 15 2 25 3 35 4 45 5
lo

Figure 1. Product of the temperature T and the E-polarized beam harmonic transforms. The top left panel shows the variation as a function of thé multipole
for a beam widtlrwan = 30.6” and eccentricity e=0.65 corresponding to WIAP- Q1 beam parameters model limited/tg,.. = 500, and the bottom

left panel illustrates the same product plotted agdimstWe show on the right panel the product of the beam transforms corresponding/vithe- \V beam

with a beam widthpwmn = 21.0” and eccentricity e=0.46 plotted against the multigo{p right panel) ando (bottom right panel). The first leading

terms of the beam harmonic products (the blue thick dotted lines) are connected to the circulary symmetric Gaussian window. Thﬁnreiaﬁﬁgﬁﬂ

(m=2, 4, 6) implies that each of the second and third leading terms (non-circularity corrections) of the beam harmonic products incorporate two terms with
the same amplitude which are illustrated with the overlapping dotted and dot-dashed lines. Note that the peak shiftsl ttohigbker order corrections

and becomes important fés ~ 1.

4 THE BIASMATRIX

Different methods have been proposed to estimate the power spectrum of CMB anisotropies. Among them, the optimal maximum likelihood
estimator is the most commonly used but the huge computational cost makes it just unfeasible for high-resolution CMB experiments which
probe small angular scales on the sky. Therefore, we adopt an alternative approach that will use the suboptimé&), stindator to

compute the power spectrum. Whereas it is not an exact estimator as the maximum likelihood, it has the advantage of being relatively fast
and can be used to proceRianck-like CMB large data sets in real time. The pseudoestimator of the TE power spectrum is defined by

(25)

l

¥ = g Y bl
This suboptimal estimator is qualified as “pseudo” in the sense that it is biased. In order to obtain an accurate estimation of the CMB power
spectra that corresponds to a real CMB experiment we need to take into account the systematic effects due to the beam asymmetry, the in-
strumental noise and the non-uniformity and cut-é&z (Mitra, Sengupta, & SouHadeép 2004) as well as other systematics such as the telescope
scanning and pointing errors, gain and calibration, power leakage between E and B-modes and the B-mode induced by the gravitational
lensing of the CMB by large scale structure in the case of the B-mode polarization cross-spectra. We will investigate the effect of the beam
asymmetry in the case of full sky coverage leaving apart for a future prospect the other systematic effects.
The expectation value of the pseu@p-estimator is related to the true power specti@f” by

(CIF)y=>"AjFci® (26)
ll

where(élTE> denotes the ensemble average of the power spectrum over all realizations on the sky. ThEiésnthe mutipoles coupling
matrix which represents the bias (with respect to a cicular Gaussian profile) that will affect the estimation of the TE power spectrum when
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the beam pattern is asymmetric. From Eq] (25) we can write the expectation value of the cross-power spectrum TE as
1
~TE ~T ~Ex*
<Cl > = 21 1 Z <almalm>
!
_ ~Tx~FE
= g7 2 (atnain). (27)

We substitute Eq[{13) and E@.{18) into Hq.l(27) to obtain the ensemble average of the power spectrum which reads

l/
e = g SO ) S b [ 49Yin @Dl (0:9(@)

m=—11'm /l’ / m!=—1

x Z bE i / 4D, (@ p@)]" (25 (@) + —2Yi (). (28)

]M—fl’

Then we use the statistical isotropy of the CMB anisotropy

(a;{fn/ aﬁ ’ > CL’I;E 6l’l'1 5m’m/17 (29)

<alj;m/ al’ m} > = CZI;B 5l’l/1 6m/m’1 =0 (30)

to derive the following expression

l/

m=—11'm’ m/ ==
I

X Z Y {/dQ (2Yim (4 )D /M(‘L p(q)) + 72Y}7,L(Q)D£;/M(¢j,p((j))

M=—1

*

4 g
- 2z+1 Z SCEE ST b ln > bi[la +15]" (31)

m=—11m/ m == M=—1/

where we define the integrdls, I, andls; as

Iy = /qu )/lm(q)Div/L’m” (qA7 p(d))7 (32)
I, = /qu 2Y277L( )Dm’lvf (é p(é))7 (33)
13 = / qu —2Y277L(qA)D'lr;z’]VI (é7 p(qA)) (34)

The above integrals depend on the scanning strategy of the CMB survey through the fut¢fiarmich defines the rotation of the beam
along the pointing direction of the telescope. We will show that under some assumptions on this scan pattern thdinfggratsl; can
be solved analytically. We report in Appendixl (B) the derivations of the intedrals, andlIs. By replacing the integralk , I> andIs into
Eqg. (31) we get the following expression of the expectation value of the power spectrum

v 1+
20+ 1
TE _ T 7 L(—m+m')
CHIRIESD vh Al ol STNEETES ST o
—UU'm! m! =—1 L=[1—1'|
l+l
L — m’
X /dQ D( m+m’)m'’ q P Z bl’]\{ \/ l inl’ribrj ")
M=—1 L'= \z ]
L'(24+M L'(—=2+M L' o "
x |:Clzl’(M )/dQ D( m+m’)(2+M)(q p(q ))Cz él’M/ )/dQéD(ﬂner’)(fHM)(%P(Q)) (35)
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which can be simplified in the form

! 1+
~ 1 m-+m
(CIEy = = S > al* Z bl Y CLLT Dokmt,
m=—11'm/ m! =—1 L=[1-1|
1+’
X /dQ D( m+m!)ym!! q p Z bl/M Z CL ;l:?:ntm)
M=—1" L'=[l—1"|
L' (24+M L' (—24+M ! ~ P -
X |:Clzl/(]\/[+ )/dQ D( m+m/)(2+M)(q p(d ))Cz émf )/dQ(}D(Lfm+m/)(72+]\/I)(Q7p(q)) . (36)
In the following we propose to compute the integral
Ko (@] = [ %D (. p() 37)

involved in Eq. [(36) which depends on the scanning strategy of the CMB experiment. We can evalyaie(q)] usin.9)
approach. We consider a beam rotatig) which can be decomposed into declination and right ascensionggdits= ©(0) + ®(¢) as it
provides a good approximation of real scan strategies. Using Eq. (1), Section 4.3 of Varshalovich etlal. (1988)

Dfnm/ (é: p(qA)) 7’Lm¢dmm' (e)eiim p7 (38)

whered, ., (0) denotes the Wigner-d function’!,,,... [p(¢)] takes the form

27 o, ,
X 0(@)] = / dpe i ¥®) / d0 sind ', (0)e="™ O (39)
0 0

which contributes significantly only for constrained valuesrof
For an equal declination scaiig) = p(6), and the integrak’ ., ., [p(4)] reduces to

Xonm [p(0)] = 2760 / df sind d,,,. (0)e ™ "®)
0

Xom: [p(0)] (40)

where the Wigner-d functiod),,,, () (since the only non-vanishing terms are obtainedrfor= 0) can be evaluated using Eq. (E15) of
IMitra et all (2000) as

l

i _m/ DOV (TyeiNe g (T
o (0) =1 37 (1) ¥ o (S)e™ i (5)] (41)
Then
Xomr [0(0)] = 27TZ do (5)dm ()™ (=)™ / df sing e e P
N=-1
= or Z don (= de,(Q)rm,N[p(a)] (42)
N=-—1
where
Lo [p(0)] = ™ (—1)Y / df sing eV e~ PO, (43)
0

. @b) show that only the real partslof, x [p(0)] contribute in most of the cases where the general shape of the beam and the
scan strategies exhibit trivial symmetries. For non-rotating bpéji = 0, and the real part of thE coefficients reduces to Eq. (38) of

Mitra et all @b) expressed as follows

(=)' ED/2 279 if m/=o0dd andN = +1
Rl =0 = forn = § (=1)™/22/(1 = N?) ifbothm/, N = 0 or even (44)
0 otherwise.
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We apply the property obtained in Ef.{40) and the relation given in[EY. (42) to derive the following quantities assuming that the beam is
non-rotating.

[ 4DE pr(apt@) = 2 S b (™ Okt (2 o (45)
M=—L
L' A o
/dQ@D(fm+m/)(2+]\/I)(q7p(q)) = 2 Z dON dN(2+I\/I)( )f(2+M)N (46)
N=—1L’
L’ A s
/dQéD(ﬂner/)(fwM)(%P(Q)) = 2r Z din dN( 2+M)( J(—24Mm)N- (47)
N=—L'

Eg. [40) implies that the only non-vanishing terms from the above integrals are obtained fer m. After some algebra the general
expression of the bias matrix for an equal declination scan strategy can be derived frém Eqg. (36) in the form

1+ 1+
Au/ = 7 Z Z bl/m” Z Cl ml'm Cl%?/lm// Z dOM de”(Q) m M [P Z bl/l\/I’ Z C mz/
m=—lm/ =—1 L=[1—1'] M=—L M= L'=|1-1]
L' (2+M’ 0
X ZQZSM/ ) Z dfy dN(2+]\/I’)(E)F(QJHW/)N[p(e)]
N=-L'
L’ -
L' (—24+M'
+ b Z din (= )dN( 2+1\/I’)(E)F(72+1\/1’)N[p(9)] (48)
N=-L'

and for the particular case of a non-rotating bedm (v [p(§) = 0] = f,.»n) the bias matrix takes the form

1+ 141
All’ = 7w E E bl’m” E C —ml'm lOl’m” E dOM d]%m” fm”IVI E bl’]\{’ E C ml’
m=—lm/' =1 L=[l-1| M=—L M/ =—1 L'=|l—1'|
L (24+M") T
X | Crn E d dN(2+M’ (5)f(2+M’)N
N=—L'
L (—2+M") m
+ l 21/ M/ E d dN( 24+ M) (E)f(72+1\{’)N (49)
N=—L'

wherem” = 0, £2,+4 and M’ = 42, £4, 46 are the modes corresponding to the total intensity beam and the polarized beam transforms
with second order in ellipticity. EL{49) constitutes one of the main results of this paper. It provides the most general form of the bias matrix
for a non-circular (asymmetric) beam in the case of a full sky coverage. We can see frdmlEq. (48) Eq. (49) that the computational cost
of the bias matrix for an equal declination scan is equivalent to that of the non-rotating beam as we need only to precompute the coefficients
TN p%&i and £,/ for the corresponding scan strategies. As a result of the constraimt ionEq. [40) and as discussed in the paper

of ), we can expect that the bias matrix computation for real scan strategies is computationally equivalent to the bias
computation for non-rotating beam.

5 NUMERICAL IMPLEMENTATION

The bias matrix defined in Eq_(#9) contains implicit information about the modes coupling between multipoles attributed to the beam
asymmetry. A detail study of the effect of the non-circularity of the beam in the power spectrum estimation requires numerous and repeated
computations of the bias matrix with different beam parameters (beam width and eccentricity) at each step of the computation. However, the
numerical evaluation of the algebraic expression in Ed. (49) is a computational challenge. A naive numerical implementation of the formula
Eq. [49) would scale a9(1¢,,,..) which becomes quickly prohibitive at large multipoles (smaller angular resolution). In this section we will
tackle this issue and estimate the computational cost of the evaluation of the bias matrix. We first decompose the summations involved in Eq.
(@9) in order to split the bias matrix into several ones in which, separately appears the beam harmonic transfornts,pbiuctroduced

in Sectior 8. Therefore, Eq._(49) can be written as follows

ALP = AP (term 1) + ALF (term 2) + AL (term 3) + ALF (term 4) + ALF (term 5) (50)

where each term of the bias matrix derived from Eq] (49) is given explicitly in Appehdix (C). The firstAg/ffterm 1) is the bias
corresponding to the leading temfyb%; of the harmonics product. We will show in Appendix] (A) that this term reduces to the well known
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window function for a circular symmetric beam which reads

712 2

ALF (term 1) = 7 Oy (51)

Hereafter, we will introduce the symmetry properties of the Wigner-d functions that considerably allow us to reduce the number of operations
involved in the computation of the summations of kinth,_ . We define the quantities

L/
d(L',m') = > d(L',N,m) (52)
N=—L"
where
/ / L T L’ i
d(L',N,m") = dON(E)de’(g)fm’N (53)

for m’ = £2, 44, +6. We notice that the non-rotating beam scanning strategy described by the fufigtigrinvolved in Eq. [4%) is of
even parity with respect td/, i.e., f,.-—n = f.~. From the following symmetry relations of the Wigner-d function (Eq. (1), Section 4.4

of Varshalovich et al. 1988)

A" () = (~D)Vdin (5) = (=) din (5). (54)
A (5) = (DY 7 A (), (55)
we can write that

A5 (A ns (G o = (=1 N (5) K () i (56)
which translates to

AL, —N,m') = (-1)™ d(L',N,m’), (57)

and finally by plugging in Eq[{82), the above relation gives

d(L'm') = df (5) b (5 fm'0+z Dby (5)dXm () frr (58)

which is valid for the different values of,’. We can see from EJ_(58) that instead2df additions, only’ operations are necessary for the
computation of each summation of the form defined by Ed. (52). In this way, we will gain a computational improvement by a factor of two.
Analogously, the evaluation of the terms,” (term 2), A}F (term 3), ALF (term 4) and ALF (term 5) can be carried out by following

the same algebra formalism exposed in Apperidix (A) where we treat a detailed derivation of thg t&¢term 1). Furthermore, we can

reduce the number of addition operations by including the Clebsch-Gordan coefficients symmetry properties. We notice that each term of the
bias matrix contains the summati@ﬁnzfl CEO .. which can be written using Eq. (11), Section 8.4.3 of Varshalovich @(1988) as

C(l7 lly L) = Z ClLmel/m (59)
m=—I1
min(l, 1)
m=—min(l, l")
min(l, 1)
= Cll(l)(l)’o + ((_1)L + 1) Z (_1)m lLmel’mv (61)
m=1

which again reduces by a factor of two the operations needed for the summations. Putting all together and introducing the new notations
introduced in Eq[(52) and Eq._(b9), we can resume the expression of the different terms of the bias matrix as follows

ALF (term 1) = e S, (62)
1+
A (term 2) = +lbl'2bz'2 > Clite (D (L, =2) +d(L,2) el D), (63)
L=|1-1"|
1+

ALF (term 3) = ———bliobE, Y [cl 4 ((—1)Ld(L, —2)+d(L,2))+ClL2?/4 ((—I)Ld(L, —6)+d(L,6))]c(z,z',L), (64)

21+1 =
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141

47 /
ARF (term 4) = S=blabl DS Ciiha ((—1)Ld(L, 4+ d(L,4)) e(1,l, L), (65)
L=[1—1|
2w .l
ATE(term 5) = = blobEs S [Cffm/ﬁ ((—1)Ld(L, —4)+ d(L,4)) + OB ((—I)Ld(L, —8) + d(L,s))] c(l,I',L). (66)
A+ 1 L

In order to compute efficiently the bias matrix, we need to simplify as much as possible the above formula. We further proceed with the
algorithm implementation by introducing the new quantities

dm/(L) = (—=1)*d(L, —m') + d(L,m") (67)

which will greatly ease the computation as they appear several times in the bias matrix expressier @, 6, 8). As the above quantities
can be precomputed, we can expect a fast computation of the bias matrix in real time. At this step the summation of the bias matrix terms
reduces to the following relation

2,2
ARE = eV sy
141
47 < T, E L2 1.7 E L2 L6
+ N1 E brabiig Czoz/2d2(L)+§bl/obl/4 CZ5p4d2(L) + Cigpr,d6(L)
L=|i—1|
1 /
+ bhabla Cltudd(L) + 5bhobls (cﬁm,wzx(L) + C’fﬁlﬁds(L))} (L, L). (68)

We will make use of the simplified form Eq._{(68) of the bias matrix and estimate the computation time involved in the process. The Clebsch-
Gordan coefficients can be computed from the Wigner 3jm symbols using the cb_d_e_b_LS_Qh_uLte_n_d Gordon (1976) written in Fortran 77 based
on a recursive evaluation of the 3j coefficients. The Wigner-d functions can be computed using Fourier transforms on the rotation group
SO(3). One approach adopted@@g%) is to expand the Wigner-d functions into a Fourier sum and handle the transforms using a
trivariate FFT. An alternative approach proposed by Kostelec & Rockmore! (2003) consists to use a recursive evaluation of the Wigner-d
functions combined with a bivariate FFT technique. We will use the later through the free software C routine SOFT which calculates the
Wigner-d on the rotation group SO(3) with Fourier transforms. Notice that when loopind.aweiq. [68), at each step we need to call eight
Clebsch coefficients in addition of the Wigner-d functions computed by the formul&Bq. (67) abdlEq. (58). Obviously, this is computationally
expensive; consequently, the computation on the fly of the Clebsch and Wigner-d functions is not an envisageable option. Our main motivation
is to precompute all Clebsch and Wigner-d coefficients that will allow as to optimize the computation time. We show in this section that the
bias matrix can be numerically computed in a very short time without the need of parallel computation. Due to the huge RAM memory
requirement (seé Kostelec & Rockd{moom for the Wigner-d computation the maximum multipole is lindjfgd te 500. In addition,

we know that the bias matrix is not far from diagonal. As a result, we can restrain the computation of the bias matrix to a diagonal band
|l — I'| < 20 which sufficiently provides an accurate estimation of the uncertainties inherent to the non-circularity of the beam.

All computations have been carried out using a 2.53 GHz Intel Core i5 processor with 4 GB of RAM. First, we precompute the coefficient
c(1,', L) defined by Eq[{81). We have uttered the necessity of the precomputation of the Clebsch coefficients, but if we look at the coefficient
CE° .., where for eacli and!’, L varies from|l — | to I +1" andm varies froml tomin(l, I'), we realize that this cannot be achieved due
to the enormous memory storage requirement and this is prohibitive even using high performance computing. Alternatively, we can reduce
the memory storage by precomputing the szfz Cr° ... and calculating the coefficiens/®,,,,,.. on the fly. We report in Fig]2
the computation time of the su@fn}l CcFo ... as afunction of the multipole. The straight lihez, ,(time) = 3.8log,,(1) — 7.13
represents the best fit of the recorded data points. Clearly, the computation time (in minutes) stlesnasby extrapolating to higher
I's we find that for thePlanck-like high resolution experiment the time needed for the precomputation of the sum@ﬁgrll CE i
corresponding té,,.. = 3000 is ~ 10° minutes. This can be carried out in a reasonable time with the current high performance computing
facilities. Assuming that we use 1000 dual core processors working at the specified frequen2ybdBHz the precomputation of the sum
up tol = 3000 will take about 10 hours.

We show in Fig[B the computation time of each Clebsch coefficient which roughly scale$. &he extrapolation of the best fit to

= 3000 gives an estimate of 12 hours for the precomputation of each Clebsch-Gordan coefficient (1 CPU). Practically, this can be achieved
just in a few minutes using computer clusters. Following the same procedure we precompute all Wigner-d functions ofd[ﬁp,(@r)n
wherel < M < Land|l —1'| < L <1+1". The results are shown in FIg. 4 where the computational cest@¥*?). A naive estimate of
the computation time deduced from the best fit extrapolatéd=3000 gives~3 days for each Wigner-d. We conclude that at sufficiently
large multipoles (small scales) the Wigner-d functions dictate the computational complexity of the calculation of the bias matrix. As the
Wigner-d and Clebsch-Gordan coefficients values will never change, we just need to precompute all at once using clusters and store the
coefficients in the computer disk. The next step of the numerical implementation is to precompute the product of the Clebsch coefficients
with the termsdm/ (L) (m=2, 4, 6, 8) introduced in the expression of the bias matrix [Ed. (68) vidED. (67). We define and precompute the

m
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Figure 2. The figure illustrates the plot of the logarithm of the computation tirakthe sumzinzfl Cffml,m in minutes as a function of the logarithm

of the multipolel. The red circled data points are the measured computation time.with = 400. The blue dashed line is the best fit to the points. We
can see a tight correlation betweksg; , (computation time) andlog;(1). The linear correlation allows us to extrapolate the computation time for large
multipoles. The figure indicates a computational costad(13-8).
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Figure 3. The two panels show the computation time (in minutes) of the Clebsch-Gordan coefficients involved in the calculation of the bias matrix. The blue

dashed lines in both panels are the best fit of the data points.fpr = 500. Each Clebsch coefficients has approximately the same computation time and
scales a®(12-9).

new quantities

cd2(l,l')L) = Ci5ied2(L

( ) ) (69)
cda(l,l',L) = Cfpada(L) (70)
cd6(l,l',L) = COF%.d2(L) + C5%,d6(L) (71)
cd8(1,I')L) = O 6dA(L) + Chyed8(L) (72)

for each2 < I < lnae = 500, [l —1I'| < 20, |l = 1’| < L <1+ 1'. We store the new coefficients in splitted files where each file has 63
MB of size. There are in total 11 output files as we have constrdireedi/’ to a bandwidth of 20 wherg,.... = 500. The computation
time is shown in TablE]1. We, again, rearrange the expression of the bias matiixJEq. (68) in the following form which is ready for further
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Figure 4. The figure illustrates the computation time (in minutes) of the Wigner-d functions for data points recorded=uplf0. The blue dashed line

scaling ag*-? represents the best fit to the data points. The slope of the best fit line is relatively much steeper implying that the computation of the Wigner-d
function takes much longer time as the multipblacreases.

Table 1. Estimate of the total computation time (in minutes) required for the precomputation of all new coefficients introduced in the calculation of the bias
matrix wherel,,,q. = 500.

Coefficients cd2 cd4 cdé cd8 cd2c cd4c cd6c  cd8c X ¥4 Y6 Y8

Computation time (mn) 5.05 6.60 3.05 458 504 456 455 460331 1.33 133 1.33

precomputation
1252
AFE = eV sy
A 1+
+ o5 > [blT,Qb{?Q cd2(1,1', L)e(1,1', L) + bjabjis cd4(l,1', L)c(1,1', L)
L=|l-1]
+ %b%b{ﬂ ed6(1,1', LYe(1,1', L) + %bﬁob{% cd8(1, 1, LYe(l,I', L) | . (73)

We proceed as previously and precompute the coefficients defined by
cdm/c(1,1', L) = cdm/(1,1', L)c(1,1', L) (74)

wherem’ = 2, 4, 6, 8. We report the computation time of the coefficients in Table 1.
We plug in Eq.[(7B) the new coefficients and write the formula in the following form

720_2
AP = eV by
An 1+ 11’
+ g |bebie Do ed2e(LU, L) +blably Y] cdde(l U, L)
L=[1-V| L=[1—1'
1 1+ 1 141’
* EblT“’bli > Cd6c(l,l’,L)+§sz/ob56 > cdse(l,l', L) . (75)

L=[1-U]| L=[1—1']
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Figure 5. Estimate of the computation time (in seconds) of the bias matrix. The blue dashed line represents the best fit to the red circled data points recorded
at! = 100, 200, 300, 400, 500. The total amount of computation time is considerably reduced and scaleg as\ote that the computation time is in a
unit of seconds.

The final step of the algorithm implementation consists to precompute the summations defined by

141

(L) = > ed2e(l,l, L) (76)
L=[1-1]
1+

S,y = > edde(l,l', L) (77)
L=[1-U]
1+’

Se(l,l') = > edbe(l,l', L) (78)
L=[l1-1]
1+

Ss(Ll)= > ed8e(l,l',L) (79)
L=[1-U]

which only depend ohand!’. We resume on Tabld 1 the computation time of the different coefficients that we have incorporated in the bias
matrix. Then the final form of the bias matrix reads

1252
ALP = e,
AT bE Sa(L 1) + bEabE Sa (L)
2041 ’ ’
1 / 1 /
+ gbinobira De(L 1) + Sbiobirs Bs(L 1) | - (80)

From Eq. [BD) we can estimate the power spectrum using the relation defined I[N Eq. (26) and investigate how the beam asymmetry affects
the cross-power spectrum TE. As all coefficients have been precomputed, provided the beam width and eccentricity, only the beam harmonic
transforms need to be computed using the specific model of beam. The final computational cost of the bias matrix evaluation is illustrated in
Fig.[8. We have already noticed tHat,,(computation time) varies linearly withlog,,(1). Therefore, we can fit the data points recorded

from the runs with a linear function. The equation of the best fit is givefoRy, (time) = 1.03log,,(1) — 2.88. After extrapolation to

[ = 3000, we find that the bias matrix can be computed in just 5 seconds. We find that the computational gain of the method scales as

O(l?ngx)/O(l;lnix) = O(l}n?“)

6 NON-CIRCULAR BEAM INVESTIGATIONS

In this section we present a detailed analysis of the beam systematics using realistic beam geometry¥\APtaadPlanck experiments.
We have reviewed that any deviation of the beam from circularity induces systematic errors in the estimation of the power spectrum which
become especially significant at small angular scales. As the mulfipodeeases we expect more off-diagonal elements in the bias matrix
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Figure 6. Plots of the modulus of the bias matrix as a function of the multigpfer different values of’ — 1 = 2, 4, 6, 8, 10. The left panel illustrates the
coupling between multipoles arising from the non-circularity of the beam. The mixing of power between multipoles kidks-nldbut decreases when we
move away from the diagonal. We show in the right panel the effect of the beam eccentricities for a given béagy size= 30.6" atl’ = [ + 2. The bias
increases rapidly with the beam ellipticity (eccentricity) whereas the peaks of the bias are shifted téshiherelements of the bias matrix are shown for a
model of beam corresponding to tW&AP-Q1 band with the mean beamwidth= 3.78 x 103,
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Figure 7. The modulus of the bias matrix plotted as a function of the multipofer different values of’ — I = 2, 4, 6, 8, 10. The coupling between
multipoles arising from the beam asymmetry kicks ifcaat-1 but falls off when we move away from the diagonal. The elements of the bias matrix are shown
for a model of beam corresponding to tRkanck 30 GHz with the mean beamwidth= 4.04 x 10~ and mean ellipticitye = 1.36 (€=0.68).

which arise from the non-circularity of the beam. In that case the bias matrix encodes the coupling between multipoles which is illustrated
in Fig.[d for theWMAP experiment in Q1 band at the frequency 40.9 2003). As inferred from both panels the bias inherent
to the beam asymmetry dominatesi@at~ 1. The coupling between multipoles due to the non-circularity of the beam is evident but the
effect decreases when we move further away from the diagonal elements of the bias matrix. The bias systematic is effectively pronounced
for highly elliptical beams.

In new generation CMB high resolution experiments the beam systematics can affect significantly the estimation of the power spec-
trum. We consider particularly thielanck instrument beam response that can be simulated with the beam model defined[in Eq. (24). The
Planck survey is carried out with the Low Frequency Instrument (LEI) (Bersanellilet all 2010), and the High Frequency Instrument (HFI)

I|._2_D_iO). The broad frequency rang®lahck allows to cover the peaks of the CMB power spectrum and characterizes the
spectra of foreground emissioOlO).Pl'hmk polarized detectors at 30 GHz exhibit the highest beam asymmetry with an
ellipticity which spans over the rande35 — 1.40 .). Therefore, we expect an important beam corrections at this channel.

At 30 GHz the beam mean ellipticity is= 1.36 (e=0.68) with a mean beam widthrwin = 32.7 O). We report in Fig.
[7the bias matrix obtained from the simulated beams. The plot of the bias matrix against the multipoles exhibits similar behavigur as Fig. 6
demonstrating the importance of power mixing between multipoles in polarization experiments with asymmetric beam.

In order to illustrate the effects of the beam non-circularity in multipole space we consider a sufficiently high resolutida®eam=
2° with a mean beam width = 1.48 x 10~2. We report in Fig[B the corresponding plot of the logarithm of the modulus of the bias matrix.

We can see that the off-diagonal elements of the bias matrix arising from the non-circularity of the beam start to dominate at the multipole
where the bias peakéds( = 1).
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Figure 8. Plot of log | A;;» | in regions of the multipole space for an hypothetical experiment under a non-rotating beam assumption with a beam resolution
fpwaM = 2° (average beam size = 1.48 x 10~ 2) and eccentricitye=0.6. Significant off-diagonal elements can be sedarat1 and the effects become
more important asincreases. The plot of the logarithm of the bias matrix modulus is shown within the mutipoles band ivielth |=20.

The off-diagonal elements which dominatedat~ 1 can be clearly distinguished in F[d. 9 where we plot the bias matrix for an ideal
experiment with non-rotating bean®¢wuwm = 1° ande=0.6).

We have seen that tlitanck 30 GHz beam response pattern is the most asymmeti@§8) among th@lanck beams. As anillustration
we plot the corresponding bias in the multipole space which is shown il Hig. 10. Obviously, the coupling between multipoles (off-diagonal
elements of the bias) is important flar > 1 implying the necessity of an appropriate corrections of the systematics.

In the following, we focus our analysis on the effect of the beam asymmetry on the power spectrum estimation and evaluate the uncer-
tainties. For this purpose, we compare the observed power spectrum of an elliptical beam with a given réselutiormand eccentricitye
to the corresponding power spectrum measured using a circular Gaussian beam with the séimersizel he observed power spectrum
(CF'®) can be obtained by convolving the true power specttifif’ with the elliptical window through Eq[{26). We compute the true
power spectrum using the CAMB_(Lewis & Challinor 2011) software for a set of cosmological parameters derived from the WMAP7 and
the Planck best fit fiducial model. The recovered power spectrum is illustrated if Fig. 11. For a given beam size we find that the peak of the
power spectrum is increasing with the beam eccentricity (ellipticity) and is shifted to HigBenilar shifts are observed for théanck+
WP+ highL (Planck Collaboration et al. 2013) best fit model which are reported ifLHig. 12 fé#nek channels with the highest beam
asymmetry ¢= 0.68 at LFI 30 GHz) and the smallest beam asymmetr).30 at HFI 143 GHz). From both panels of Higl 11 and Eig. 12
we notice that for a given beam eccentricity the peaks amplitude of the power spectrum increases as the beam size becomes much smaller.

The relative uncertainties of the power spectrum estimation are reported inFig. 13. For clarity we only plotted the systematic errors for
the eccentricitye = 0.2, e = 0.3 (Planck smallest asymmetric beam) aad= 0.7 (Planck highest asymmetric beam). The plots show that
the error estimates are significant at laig&or the least asymmetric beam (143 GHz) the uncertainties 186 atl,,... = 500. For the
Planck 30 GHz the systematic errors can be quite large. However, the uncertainties computed are in reality an upper limit of the systematics
since we expect that the effective eccentricity of the beam in the time stream is reduced as during observations the beam revisits each sky
pixel with different orientations so that some non-circular modes cancel out.

Now, we estimate the power spectrum uncertainties for different eccentricities computed at the multipole where the bigs.peaks (
1) for the Planck angular beam sizérwnnm = 32.7" (30 GHz),0rwunm = 27.0" (44 GHz) andWMAP V beam sizérwun = 21.0°. The
results are presented in Fig] 14. We find an evidence of strong correlation between the relative errors and the eccentricity of the beam computed
atl,.q.r. The recorded data points can be fitted very well with quadratic polynomials which allow the determination of the uncertainties at
lpear Up to the smallest angular resolution probedPgnck (Orwun = 4.3" at HFI 857 GHz). The plots clearly show that for a polarimetry
experiment the power spectrum uncertaintie$,at, increase with the beam ellipticity and for a given beam eccentricity (ellipticity) the
systematic errors become more significant for smaller beam size.
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Figure 9. Plots of log | A;;, | in the multipole space for a hypothetical experiment with non-rotating beam and a beam resgiytign: = 1° (o =
7.41 x 10~3) with an eccentricitye=0.6. The top panel illustrates the plot between the multipole range [2, 500] and the bottom panel shows the same plot
between [120, 140]. Both panels show important off-diagonal elements that kickslin forl.

7 CONCLUSION

In CMB experiments the bias matrix relates the observed power spectrum to their true values. Among the systematic biases affecting the
estimation of the power spectrum, the beam non-circularity (asymmetry) is one of the major potential source of systematic errors that cannot
be neglected irPlanck-like high sensitivity and resolution experiment. More importantly for the polarized signal (at a level about tenth

of the temperature fluctuation), the beam systematics must be correctly addressed and accounted for. We have presented a semi-analytical
framework to compute the bias matrix of the TE power spectrum including the beam asymmetry in which the non-circular beam shape was
modeled using a perturbative expansion of the beam around a circular Gaussian beam (see, Fosalba et al. 2002).

We have developed a computationally fast algorithm that can be implemented in simulation pipeline analysis although the formalism de-
scribed in this paper is only valid for a non-rotating beam. Nevertheless our approach provides some insights about the computational cost
involved in more realistic scanning strategies. We have reduced the analytical expression of the bias matrix to its simplest form by precom-
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Figure 10. Plots oflog | A;;/ | in the multipole space fdPlanck experiment simulated beam parameters at 30 GHz with a beam resdlptipnn = 32.7

(0 = 4.04 x 10~3) and eccentricitye=0.68. The top panel illustrates the plot of the bias matrix between the multipole range [2, 500] and the bottom panel
shows the same plot between [230, 270]. Both panels show significant mixing of power (off-diagonal elements) between multipolesifdinat arises

from the beam ellipticity.

puting all Clebsch-Gordan coefficients and Wigner-d functions. The computation ressource requirement is very modest and can be carried
out with a single computer processor up to the multiggle. = 500 with a computational scaling @ (/) (1 CPU at 2.53 GHz and

4 GB of RAM). Our approach can be extended to higher multipoles up,i9 = 3000 at the expense of disc/memory storage and code
input/output (1/0) overhead. This can be done in the future provided that all Wigner-d functions can be precomputeg, tp=ts000.

The bias matrix computation was restricted in the bphd I’ |< 20 in order to reach the highest multipdlg.. = 500 probed. This band

width choice can be well justified as in most CMB experiments the beam profile is mildly elliptieall(2, |[Fosalba et al. 2002) implying

that the bias matrix is not far from diagonal. For highly asymmetric beams, a much broader bgnid{é’g< 50) is desirable in order to

evaluate correctly the error estimates of the power spectrum with high precision.

A second order expansion in the ellipticity parameter introduced in the beam harmonic transform is accounted for highly elliptical beam
(e.g.,Planck 30 GHz where: = 1.36), and two non-circular corrections with modes = 2, 4 (for the temperature) andh = 4, 6 (for
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Figure 11. Recovered power spectrum using the WMARZDM best fit model. The effect of the non-circularity is shown for WRIAP-Q1 band experi-
mental beam parameter with si@ewpnv = 30.6 (left panel) and th&VWMAP V band with sizefpwan = 21.07 (right panel). The red line is the power
spectrum computed from a circular Gaussian window. WMAP best fit model is shown in brown dotted line.
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Figure 12. Recovered power spectrum using fRlkanck ACDM best fit model Planck+ WP+ highL in black dotted line). For comparison the WMAP7 best
fit model is also shown in the left panel (brown dotted line). The effect of the non-circularity is shown fBtattek 30 GHz beam parameter with size
Orwunm = 32.7" and eccentricitye=0.68 (highest ellipticitye = 1.36) (left panel) and th@lanck 143 GHz beam with sizégw i\ = 7.0” and eccentricity

e=0.30 (smallest ellipticit = 1.05) (right panel).
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Figure 13. Recovered power spectrum using tAnck ACDM best fit model and the corresponding relative uncertainti€ /C, as a function of the
multipole. The systematic errors due to the non-circularity of the beam is shown fBrahek beamfrwn = 32.7" and eccentricite = 0.68 ~ 0.7 at

30 GHz (top panel) and tHelanck beamfpwun = 7.0° and eccentricitye = 0.3 at 143 GHz (bottom panel). Hypothetical experiments with respectively
the same beam sizgwunv = 32.7" andOpwnny = 7.0° but with mildly circular beamd = 0.2) are shown for comparison. The uncertainties strongly
depend on the beam eccentricity and are more significant at small angular scales.
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Figure 14. Relative uncertaintie\C;/C; computed al, ... = 1/0 for different beam eccentricities The dashed lines are the best fit to the data points
recorded for thé®lanck beam sizérwuv = 32.7" at 30 GHz, andpwan = 27.0" at 44 GHz. TheVMMAP V channel beam widt@ewan = 21.07 is

shown as well in order to illustrate the effect of the beam size. The data points can be well fitted with a second order polynomial of the eccentricity. As inferred
from the plots, the beam systematics increase with the ellipticity (eccentricity) of the asymmetric beam; and given the ellipticity of the beam, the uncertainties
of the power spectrum determination become more significant for smaller beam width.

the E-mode polarization) are included to describe accurately the beam geomet@@t al. 2002). From the extrapolation of the
recorded runs, we find that the bias matrix can be computed Up.to= 3000 in few seconds and the corresponding computational gain

is ~ O(I"®). Theoretically, this is a naive estimate of the computation time at large multipoles as the program 1/O overhead marginally
increases the computation time.

Our findings suggest that the systematic biases peak at a multipole comparable to the inverse of the beam width. The amplitude of the peaks
of the bias increases with the ellipticity and is more significant at higher multipoles. Similar behaviour has been already observed for the
temperature correlation (sée, Mitra, Sengupta, & Sourﬂdeeﬂ) 2004). A graphic representation of the bias matrix in multipole space shows the
importance of multipoles coupling & 2> 1 which arises from the beam asymmetry but the mixing of power between multipoles falls off
when we move away from the diagonal.

We find that the effect of the non-circularity of the beam in the TE power spectrum uncertaintjgsrat- 1/0 is important attaining

~ 20% (€mean = 1.36 at 30 GHz) in thePlanck highest asymmetric beams. WMAP Q band (effective ellipticitye = 1.15 with beam

width Orwam = 30.6") the power spectrum uncertainty estimate-id2% and inWMAP V (effective ellipticity e = 1.09 and beam width

Orwrm = 21') the corresponding relative erroris 16%. For Planck and WMAP beams with much smaller size the bias peaks outside

the range [2, 500] but we expect much significant error bars for such high resolution beams. We note that the errors previously estimated in
the simulatedVMAP andPlanck beams represent upper limits. This is explained by the fact that the ellipticity (eccentricity) of the beam in

our time domain representation of the elliptical window is slightly larger than the effective beam ellipticity (eccentricity) in the pixel domain
since in the later, during the satellite observations the beams visit each sky pixel multiple times, but with different orientations of the beams
resulting to some extent in the suppression of non-circular modes. Consequently, the effective beam ellipticity (eccentricity) in the sky map
becomes much smaller than our nominal ellipticity (eccentricity) in the time stream.

General scanning strategies must be incorporated in our analysis in the future in order to improve the accuracy of the error estimates of the
TE power spectrum. The systematics of instrument noise and sky non-uniformity/cut-sky using asymmetric beams are expected to become
important as well in CMB polarization experiments. In the near future, we will extend this work in the case of non-circular beam with in-
complete sky coverage resulting from the Galactic foreground emissions and point sources masking.

Finally, our fast pipeline implementation provides a very convenient tool in the understandings of the beam systematics corrections of the
TE power spectrum at large angular scales where many CMB anomalies have been previously observed by\dd#kiPthad Planck
experiments.
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APPENDIX A: CONSISTENCY CHECKS

We will show in this appendix that for the particular case of a circular beam, the general expression of the bias mkfiix Eq. (49) reduces to the
usual form of the window function of a symmetric and co-polar beams in polarization experiments. Only themfodes and M’ = £2
contribute when the beam is circulary symmetric. Replacing this intd EL. (49) we get

I+ 1+
AR = whingbiis Z > CimCioino Z dr (5)dxro(G)Jorr D Cifurm
m=—1L=|l—1'| L'=|1-1|
L ™ ™ L ™ ™
L' L' L'—4 L' L’
X Clzl/ 2 Z doN(E)dNo(E)fON“‘Cl,gy,g Z doN(E)dN74(§)ff4N
N=—L' N=-L'
’ L T T
+  Chit Z din (2 dN4 )f4N+Cﬁng2 > dgN(g)dﬁo(g)foN : (A1)
N=-L"' N=—L"'
The integrali :E j dOM; f ?dMO(%)foM can be evaluated from the following relation involving spherical harmonics (Eqg. (1) of Section
59.10 8)

Yim(q)dQ = V4ATdL0dmo-

47
Then we introduce the relation between rotation matrices and the spherical harmonics using Eq. (1), Section 4.17 of Varshalovich et al.
(1988)

2L +1

Yim(@) =/ = —Dmo(4,0), (A2)

and making use of the following formula (Eq. (E14jmm009) that relates the rotation matrices to the Wigner-d function
L _ m+m 71m¢ IVI E iMO ;L , E —im/p

Dmm’ (¢797P) - Z [ d (2) € de (2)i| € ) (A3)

we derive

N 2L +1m HMak (g) ke (g) / ) / ™M §in 0d0 = /ATS LoGmo (A4)

where [ e*im¢d¢ = 27d.m0. We identify both sides of Eq_{A4) and by taking into account the definition

fonr = (—I)M/ d sin fe*™M°? (A5)
0
derived from Eq.[(4B) in the case of non-rotating beam, it follows that
Z dgne (5 dMo( ) for = tho- (AB)
2L +1

M=-—L
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This implies that the only non-vanishing terms in Eq.JA1) are obtained.fer L’ = 0 which yields

ALP = Ambiiobirs Z CP2 it Cior 0 CL2 it (Cizyr—2 + C1a172) (A7)

m=—1

since the other terms of the summations containing the Wigner-d function vanish Bihless. We can further simplify the above equation
by using the properties of the Clebsch-Gordan coefficients. From Eq. (1) of Section 8.5.1 and Eq. (11) of Sectioovich etal.

(198%)

a—a 5111)5& —B
Caa = (-1 —_— A8
b (=1 20 +1 A8
C;lbﬁ = (—1)a+biccﬁab7ﬂ (A9)

we can derive using a simple algebra the following expression of the bias matrix

l

A”/ = 2l—|— 1bl’0bl’2 6”/ Z (C —ml/'m )2

8
= 2l T 1bl’0bl’2 6”/ (AlO)

and finally from the analytical definition of the beam harmonic transforms inEly. (24) where we plug i, we recover

m=—1

_2

ATE — P07, (A11)

which is the well-known result of the bias matrix for a symmetric beam (see, Ng!& Lid 1999; Challinar et al. 2000).

APPENDIX B: EVALUATION OF THE INTEGRALSI;, I AND I3

In this appendix we will give the explicit forms of the integrals by using the properties ofssgpherical harmonics and Wigner-D functions
and their relations to the Clebsch-Gordan coefficients. We use the Eq. (11), Section 5.1.5 and Eq. (1), Section 4.17 of Varshelovich et al.

(1988)
Vi@ = (—=1D)"™Yiem(d), (B1)

A 2041 , . .
Y, = {/——D B2
lm(Q) Ar mO( (q)) ( )
and write the spherical harmonic function in the form

2l +1

5 Plano(@ (@), (B3)

Yim(q) = (=1)™

and we get

I _ m\/m/dQ Dl mo q7 ( ))Dm m”(q P( )) (B4)

The product of the two Wigner-D functions is expanded in terms of the Clebsch-Gordan coefficients and can be expressed using Eq. (1),

Section 4.6 of Varshalovich etlal. (1988) as follows

141

Dfm()( ( ))Dm 'm!! q p Z CL(mzr/l:L:n )D( m+m’)m/’’ (q p( ))Olol’m” (BS)
L=|l-1'|

and then the integrdl can be written as

m 2l -|- 1 l+l L( m+4m') L o 4
L = l ml/m/ ClOl’m” thiD(fm+m’)m” (‘L p(q)) (BG)

L\z i

We calculate the integrals andI; by making use of the following relation (Eq. (3.11) of Goldberg €t al. 1967)

Fim(@) = ()" 2ELDL (3 0(@) (®7)

for the spins spherical harmonics. The integidalcan be expressed as
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and from Eq. (1), Section 4.6 of Varshalovich et al. (1988), the expression reduces to the following form

1+
/2l +1 —mtm/ N A

L=[1—1'|

We follow the same procedure to evaluate the intefyraind find

I = \/T / A D" (. (@) Dy (3. 0(d)), (B2

which after expansion of the product of Wigner-D functions leads to

l+l
7 L m4m') ~L(—2+M ~ ~
Is = " \/ l(ml’:ﬂ )Cz (zmtf )/quD(Lferm’)(fwM)(%P(Q))« (B11)

L\z i

APPENDIX C: DECOMPOSITION OF THE BIASMATRIX

From Eg. [49) we can decompose the general form of the bias matrix corresponding to the beam harmonic transform exgansion (
0, £2, +4 for the temperature antll’ = 42, =4, +-6 for the E-mode) as follows

1+ 1+’
ALP (term1) = hirgbir Z Z Cz ml'm Czoz'o Z dOI\/I dI\/IO fOM Z C ml’
m=—1 L=|l—1'| M=—L L'=|1-1|
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< |Chi, Z din (2 dNo )f0N+ClL 22 Z din (2 dN 4(§)f74N
N=—L N=—L
’ L, ’
+ Cht Z dON dN4 )f4N+CzL7(2)z/2 Z déN dNO fON (C1)
N=—L/ N=—L/
141’ L - -
AP (term2) = whiabira Z Z Cl%rm < o2 Z dOI\/I Ty 2( BV foant + Cl Z déM(E)dszz(E)f2M>
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