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We provide a detailed analysis of quantum field theory around a collapsing shell and discuss several

conceptual issues related to the emission of radiation flux and formation of black holes. Explicit

calculations are performed using a model for a collapsing shell, which turns out to be analytically

solvable. We use the insights gained in this model to draw reliable conclusions regarding more realistic

models. We first show that any shell of mass M, which collapses to a radius close to r ¼ 2M, will emit

approximately thermal radiation for a period of time. In particular, a shell that collapses from some initial

radius to a final radius 2Mð1� �2Þ�1 (where � � 1) without forming a black hole, will emit thermal

radiation during the period M & t & M lnð1=�2Þ. Later on (t � M lnð1=�2Þ), the flux from such a shell

will decay to zero exponentially. We next study the effect of backreaction computed using the vacuum

expectation value of the stress tensor on the collapse. We find that, in any realistic collapse scenario, the

backreaction effects do not prevent the formation of the event horizon. The time at which the event

horizon is formed is, of course, delayed due to the radiated flux—which decreases the mass of the shell—

but this effect is not sufficient to prevent horizon formation. We also clarify several conceptual issues and

provide pedagogical details of the calculations in the Appendices to the paper.
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I. INTRODUCTION, MOTIVATION, AND
SUMMARY

Classical general relativity allows for solutions in which
matter can collapse in a spherically symmetric manner,
forming a black hole event horizon when viewed from the
outside region. The collapsing matter hits a spacetime
singularity in finite proper time thereby preventing us
from using the classical equations to predict the future
evolution of the system, as viewed by an observer collaps-
ing with the matter. On the other hand, as far as any outside
observer is concerned, the collapsing material takes infinite
time (as measured by the stationary clocks outside) to
reach the event horizon and hence the formation of the
singularity has no influence on the outside region. While
this may appear bizarre to the uninitiated, general relativ-
ists have learned to livewith this dichotomous evolutionary
behavior of the system.

A new layer of complication arises when we go beyond
the classical theory and study quantum fields evolving in
the background geometry of collapsing matter. If a quan-
tum field is in the vacuum state in the asymptotic past, then
at late times an observer at spatial infinity will see a flux of
energy from the collapsing matter corresponding to a
thermal radiation with temperature TH ¼ 1=8�M [1].
(Throughout the paper, we will use Planckian units with
G, @, and c set to unity.) The thermal nature is closely

related to the exponential redshift experienced by the
modes when they travel from a region close to r ¼ 2M
to r ! 1 and—to that extent—the thermal nature of the
radiation depends on matter collapsing to a size r � 2M.
This process has been extensively investigated and is well
understood as long as we treat the quantum field as a test
field (see Ref. [2] for a pedagogical treatment and a review
of the literature).
But the radiation flux to r ! 1 is ‘‘real’’ in the sense

that the observer can collect it and use it to do work (say,
e.g., to heat up some water). Energy conservation then
requires that the mass of the collapsing body must decrease
due to the outgoing radiation, since it is the only possible
source of energy. In that case, we cannot treat the back-
ground as fixed but must solve for Einstein’s equations
with a semiclassical backreaction term added [which is
usually modeled through the vacuum expectation value
(VEV) of the stress tensor with the adjective ‘‘vacuum’’
referring to the choice that, in the asymptotic past, the
quantum field was in the vacuum state] and solve for the
radiated flux simultaneously and self-consistently. Several
authors have studied this phenomenon [3–16] and, in par-
ticular, we refer to the review by Brout et al. [3]. As long
as the flux of particles, characterized by the VEV of the
stress tensor is small and slowly varying (in Planckian
units), the backreaction can be self-consistently accounted
for and studied in the geometry of a black hole with a
slowly varying mass. In such a case, the backreaction
effects are not significant and can be incorporated in a
perturbative matter.
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Recently, there have been claims in the literature [17]
that the number of particles reaching an observer at large
distances from the black hole, at late times, can diverge. It
has then been conjectured that the backreaction from this
diverging number of particles might be sufficient to prevent
the formation of the event horizon. These claims are
clearly contradictory to the usually accepted view men-
tioned above, and other authors have also questioned this
view (see, e.g., Refs. [18,19]; see also Ref. [20]). In the
light of such claims, we wish to revisit this issue in this
paper.

Right at the outset, let us clarify one elementary—but
potentially misleading—aspect of the problem. During the
classical gravitational collapse, although the collapsing
object will cross its Schwarzschild radius (and thus form
an event horizon) in finite proper time, an observer at rest at
large distances from the collapsing object will see the
collapsing body approach its Schwarzschild radius only

asymptotically as RðtÞ ¼ 2Mð1þOðe�t=4MÞÞ, where t is
the usual Schwarzschild time coordinate of the outside
metric

ds2Schw ¼ �ð1� 2M=rÞdt2 þ dr2

ð1� 2M=rÞ þ r2d�2: (1)

(Throughout the paper, we shall deal with situations in
which a spherical body collapses without rotation.) In the
absence of any backreaction, a calculation of the stress-
tensor VEV will show a steady flux at late times corre-
sponding to a (nearly) thermal spectrum with a temperature
TH / 1=M. If one insists on waiting for an arbitrarily long
time without accounting for backreaction, we will clearly
end up with an arbitrarily large number of particles reach-
ing large distances at late enough times. Such a divergence,
of course, has nothing to do with black holes, and will arise
for any luminous object if we pretend that its mass does not
reduce due to the energy it radiates. For example, if the sun
could radiate a steady flux of photons for an infinite
amount of time without changing its mass or constitution,
it would emit an infinite amount of energy! That is, this
situation will arise regardless of whether the event horizon
forms or not and the divergence merely indicates the need
to correctly account for the backreaction (or, more simply,
energy conservation).

In principle, it is therefore inconsistent to assume that
the exterior geometry is described by an exact
Schwarzschild metric for two reasons: First, the mass of
the central object is changing and second, the presence of
an outgoing flux even at large distances means that the
geometry is not strictly asymptotically flat. One could now
imagine a situation like the following: the mass loss of the
collapsing object (in our case, the shell) implies that the
radius to which the shell must collapse to form an event
horizon, is shrinking. This means that the shell spends a
larger amount of time outside the event horizon, all the
while radiating particles to infinity. All this is likely to be
further complicated by the fact that if the mass loss rate is

high enough, the exterior geometry is likely to be very
complicated. The radius that the shell is chasing keeps
reducing, and the possibility arises that this runaway pro-
cess ends with the shell completely evaporating before the
event horizon is formed. If this situation is generic, it
would mean that black holes typically do not form, con-
trary to the popular view. It is therefore worth investigating
this scenario to settle the effect of backreaction, and in this
paper we will do this using some simple models for col-
lapse. The simplifications we introduce to make the prob-
lem tractable are the following:
(a) We assume that the collapsing system is a thin

spherical shell with internal stresses arranged in
such a manner as to allow it to collapse along
some given trajectory in the spacetime. Then the
internal metric is Minkowski and the outside is
Schwarzschild with matching conditions determin-
ing either metric in terms of the other and the
trajectory of the shell [11].

(b) We will assume that all computations can be per-
formed in the 1þ 1 sector of the spacetime, which
ignores the two angular coordinates. This corre-
sponds to using only the s-wave mode of the scalar
field and allows one to use the tools of conformal
field theory to compute the VEVof the stress tensor.
This assumption is unlikely to influence the conclu-
sions of the paper and is justified in Ref. [3].

(c) We will assume that the semiclassical backreaction
can be modeled by the VEVof the stress tensor hTabi
with Einstein’s equations modified to Gab ¼
8�ðTab þ hTabiÞ. There is general agreement that
such an equation should be valid in some suitable
limit (though no one has rigorously proved it; but see
Ref. [21]), and we will proceed hoping for the best.

Given these assumptions, the problem can in principle
be reduced to one of solving a set of equations. Given any
trajectory of the shell, one can compute the VEV of Tab

everywhere using the conformal field theory technique.
The problem then reduces to calculating (a) the backreac-
tion on the shell trajectory and (b) the flux radiated to
infinity. In practice, unfortunately, the equations turn out
to be quite intractable and one needs to obtain insights into
what is happening using simplified models. We do this
along the following lines in this paper.
We first consider the role of the event horizon in the

emission of particles to large distances (ignoring the effect
of the backreaction). We conclude that operationally, its
role depends on when the observer at infinity sets out to
detect the particles. To understand this result, consider two
collapse scenarios (say, A and B) in which shells (each of
mass M) start from the same initial radius R0 with further
evolution being different: (a) In Case A, the shell contin-
uously collapses and forms an event horizon. (The shell
crosses r ¼ 2M at a finite proper time as shown by the
clock on the surface of the shell but after infinite amount of
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coordinate time as measured by the clocks of the observer
outside the shell.) Standard calculations indicate that at late
times the asymptotic observer will see a thermal flux of
radiation. (b) In Case B, the shell follows exactly the same
trajectory as in Case A until it reaches close to r ¼ 2M. Its
trajectory then deviates from that of Case A; the shell
progressively slows down, and asymptotically approaches
a final radius r ¼ 2Mð1� �2Þ�1. Obviously no event hori-
zon is formed in this Case B for any value of �, however
small. It is also clear that at very late times the geometry is
static in Case B with the shell staying at a fixed radius
outside the event horizon, and there should be no flux of
radiation. But for an arbitrarily large period of time we can
arrange matters such that the trajectory in Case B behaves
similar to that in Case A when it is hovering just outside
r ¼ 2M (as seen by an outside observer). The outgoing
modes that cross the shell and propagate to future null
infinity will lead to a thermal flux in this case as well. In
fact, this is an elementary consequence of causality. What
an observer at infinity sees at some given event P (at time
tobs) can only depend on the behavior of shell trajectory,
which is contained within the backward light cone of P .
The future trajectory of the shell—in particular whether it
settles down at r * 2M or goes on to collapse through
r ¼ 2M—should not affect observations at P .

We therefore expect the Case B to be characterized by
three distinct phases. In the first phase, the shell collapses
from a large radius to some radius close to 2M but larger
than its final asymptotic radius. In this phase, the trajectory
of the shell is identical to that of Case A. We, therefore,
expect a flux of radiation being emitted to infinity, which
starts from zero and builds up to the thermal flux value
characterized by the temperature TH / ð1=MÞ in the time-
scale of the collapse [which is OðMÞ for nearly geodesic
motion]. In the second phase, the shell hovers close to r ¼
2M before settling down to its asymptotic radius. If we
choose the trajectory such that the timescale governing this
phase isOðMÞ, then during this phase also the trajectory is
similar to that of Case A, and now we would expect an
approximately thermal flux being emitted by the shell just
as though it is going to collapse to r ¼ 2M. The crucial
difference between the two cases arise in the third phase,
during which the shell is asymptotically coming to rest.We
will show by explicit calculation and a numerical analysis
that during this phase the flux of radiation from the body
dies down to zero exponentially. If the first two phases are
characterized by a timescale OðMÞ, then the intermediate
phase during which the shell emits approximately thermal
radiation lasts for a timescale of the order of M lnð1=�2Þ.

This explicit demonstration is one of the key results of
this paper. This result shows that the thermal flux of
radiation observed from a collapsing structure is not di-
rectly dependent on the formation of the event horizon.
When the event horizon does form, the thermal radiation
continues to escape for infinite amount of time if the

backreaction effects are ignored. This is, of course, unre-
alistic since it would require an infinite source of energy.
So in any realistic collapse scenario, the emission of ther-
mal radiation is an idealization that ceases to be valid at
sufficiently late times. Our model calculation shows that a
similar effect can be mimicked by having a system collapse
to a radius r ¼ 2Mð1� �2Þ�1 asymptotically. The ap-
proximately thermal radiation will emanate from the
body during the time interval M & t & M lnð1=�2Þ. At
very late times (t � M lnð1=�2Þ) the radiation dies down
exponentially.
The second key result of the paper is related to the

computation of semiclassical backreaction and its effect
on the formation of event horizon. We show that the effect
of backreaction is essentially to delay the formation of
event horizon by an amount �v (where v is the ingoing
Eddington-Finkelstein null coordinate) given by

�v ¼ O
�
M

�2
h

LH

�
; (2)

where�h is the proper velocity with which the unperturbed
trajectory crosses r ¼ 2M, and LH is the luminosity of the
thermal radiation. This result is intuitively clear: The delay
in the event horizon formation is governed by the product
of LH and the timescale of the unperturbed collapse, which
is essentially set by the initial mass of the collapsing
object. Physically this is simply the naive bound one might
place on the amount of mass that the collapsing object can
radiate via semiclassical emission, during the collapse. The
velocity at (unperturbed) horizon crossing �h is com-
pletely determined by the initial conditions (namely, that
the shell starts collapsing with zero velocity at a radius r ¼
R0 at initial time). For example, for geodesic infall starting
at r ¼ R0, one has �2

h ¼ 1� 2M=R0, and typically one

expects �h & Oð1Þ for more general trajectories as well.
For all such trajectories the backreaction, which varies on a
timescale �M3, cannot prevent the formation of the event
horizon, which occurs on a timescale �M; at best it can
delay this formation by a time �1=M. (One may wonder
whether one can arrange matters for �h to become suffi-
ciently small to increase this timescale arbitrarily. This
looks implausible, and we provide detailed arguments in
the relevant section eliminating this possibility.)
It is possible to use these results to also put a bound on

the total amount of mass that can be radiated away before
the event horizon is formed, and we find that it is given by
M�1 lnM for most of the realistic trajectories. These results
strongly suggest that the conventional wisdom as regards
the formation of black hole is correct and that the semi-
classical radiation does not prevent the formation of the
event horizon.
The plan of the paper is as follows: Section II deals with

the computation of the renormalized stress-tensor VEV for
a collapsing shell, in the absence of backreaction. We first
recall some basic concepts of quantum fields in curved
spaces in Sec. II A. To set the stage, in Sec. II B we analyze
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a trajectory that does not form a horizon and whose col-
lapsing phase is null. While being unrealistic, this toy
example admits of an exact calculation of the stress-tensor
VEV. In Sec. II C, we turn to the more realistic timelike
trajectory discussed above, and analyze the behavior of the
stress-tensor VEV in various phases of the collapse (which,
again, does not form a horizon).

In Sec. III, we include the effects of the backreaction of
the stress-tensor VEV, on the background geometry. We
begin by recalling details of a self-consistent picture as
presented by Brout et al. [3], which describes the exterior
geometry in the presence of a small and slowly varying
emission from the collapsing object. We then present a
simple calculation based on this picture, to derive the
expression (2) for the delay in formation of the event
horizon in the presence of backreaction. We argue that
even for (classical) trajectories that slow down drastically
as they approach the unperturbed Schwarzschild radius, it
is highly implausible that backreaction can significantly
delay the formation of the event horizon. Finally, we
calculate an upper bound on the mass that can be radiated
away due to semiclassical emission, using the extreme
trajectories studied in Sec. II. We briefly highlight our
main results and conclude in Sec. IV. Appendix A contains
pedagogical details of results from two-dimensional con-
formal field theory that are relevant to our calculations, and
Appendix B contains detailed proofs of various results that
are quoted in the main text.

II. FLUX OF RADIATION FROM A COLLAPSING
SHELL

We begin by recalling several results related to the
quantization of a scalar field propagating on a fixed back-
ground geometry, which is taken to be that of a collapsing
object. At the zeroth order we treat the scalar field as a test
field so that the stress-energy tensor of the scalar field does
not affect the background. For simplicity, throughout the
paper we will consider the collapse of a thin shell of mass
M, so that the exterior geometry is described by the
Schwarzschild metric, while the interior is flat
Minkowski spacetime. Since we will eventually be mainly
interested in order of magnitude estimates and asymptotic
behavior of various quantities, we will focus on broad
properties of the collapse trajectory without going into
details of the shell stress-energy tensor, etc.

A. Background geometry and mode analysis

The exterior geometry of the shell is given by the
Schwarzschild metric, which we write using the
Eddington-Finkelstein coordinates, as

ds2ðextÞ ¼ �
�
1� 2M

r

�
dudvþ r2ðu; vÞd�2

¼ �ð1� 2M=rÞdv2 þ 2dvdrþ r2d�2; (3)

whereM is the (constant) mass of the shell, and r is defined
implicitly via

eðv�uÞ=4M ¼
�
r

2M
� 1

�
er=2M; r > Rs; (4)

where r ¼ Rsð�Þ is the trajectory of the shell with proper
time �. The interior geometry is that of Minkowski space-
time, whose metric we write as

ds2ðintÞ ¼ �dT2 þ dr2 þ r2d�2

¼ �dUdV þ r2ðU;VÞd�2

¼ �dV2 þ 2dVdrþ r2d�2; (5)

where we have defined the light cone coordinates V ¼ T þ
r, U ¼ T � r, and we use the same r coordinate to label 2-
spheres in the interior and exterior. These metrics can be
matched at the surface of the shell to get equations forUðuÞ
and VðvÞ, which are valid throughout the spacetime outside
r ¼ 2M. We will always define the shell’s trajectory by the
value of its r coordinate as r ¼ Rs; however, we will treat
Rs as a function of either u or v depending on convenience.
The matching conditions are

dV � dU ¼ 2dRs; dv� du ¼ 2dRs

ð1� 2M=RsÞ ;

dUdV ¼
�
1� 2M

Rs

�
dudv;

(6)

with the differentials understood to be along the trajectory.
For a timelike trajectory, these can be used to write the
equation of the trajectory in the following alternative
forms, which will be useful later:

2R0
sð1�U0Þ ¼ U02 �

�
1� 2M

Rs

�
; (7)

2 _Rsð1� _VÞ ¼
�
1� 2M

Rs

�
� _V2; (8)

where the prime and dot denote derivatives with respect to
u and v, respectively, along the trajectory. Once the tra-
jectory is specified, these equations completely determine
the metric both inside and outside and also allow us to
relate the coordinates in the two regions.
We next consider the quantization of the scalar field in

this spherical geometry. Rigorously speaking, one needs to
introduce the spherical harmonics Ylmð�;�Þ and separate
out the angular dependence of the modes. The resulting
expressions will lead to a VEVof the stress tensor, which
cannot be evaluated analytically. To make progress, we
shall concentrate only on the s-wave component of the
scalar field and reduce the problem to one in the r� t
plane. In such a two-dimensional context, one can use the
techniques of conformal field theory to evaluate the VEVof
stress tensor. We further ignore the effects of the
Schwarzschild potential barrier, which arises in the exte-
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rior even for the s-wave component. (See Refs. [3,5,6] for a
detailed discussion of the accuracy of these approxima-
tions, and Ref. [2] for elementary arguments supporting the
s-wave approximation.) The scalar field is therefore taken
to satisfy the two -dimensional Klein-Gordon equation
both inside and outside the shell, i.e.,

@U@V’ ¼ 0; ðinteriorÞ;
@u@v’ ¼ 0; ðexteriorÞ:

(9)

We shall now briefly recall the procedure for quantizing the
scalar field in the 1þ 1 spacetime and collect together the
relevant formulas. The general solution of the Klein-
Gordon equation in the exterior region is

’ðu; vÞ ¼ fðvÞ þ �ðuÞ; (10)

which after matching at the shell becomes

’ðU;VÞ ¼ fðvðVÞÞ þ �ðuðUÞÞ � ~fðVÞ þ ~�ðUÞ (11)

in the interior region. Imposing the reflection condition that
the solution vanish at the center r ¼ ðV �UÞ=2 ¼ 0 then
gives

’ ¼ ~fðVÞ � ~fðUÞ ¼ fðvðVÞÞ � fðvðUÞÞ (12)

in the interior, where vðUÞ is the function vðVÞ evaluated at
V ¼ U. We think of these solutions as wave packets and
study each frequency mode separately. Denote by ’in

!

modes which are positive frequency with respect to
Schwarzschild time on past null infinity I�. These modes
will then define a vacuum (see below), which corresponds
to the Minkowski vacuum on I�. The relevant infalling
part of ’in

! is

’in
! � 1ffiffiffiffiffiffiffiffiffiffiffi

4�!
p e�i!v; ðonI�Þ; (13)

and is normalized with respect to the Klein-Gordon norm

ðf1; f2ÞðvÞ ¼
Z 1

�1
dvf�2ði@

$
vÞf1; (14)

and similarly with u. The previous discussion on matching
and reflection conditions shows that the outgoing
u-dependent part of these modes, which reaches future
null infinity Iþ, is given by

’in
! �� 1ffiffiffiffiffiffiffiffiffiffiffi

4�!
p e�i!GðuÞ; ðonIþÞ; (15)

where the function GðuÞ is defined by the following chain:
An ingoing mode labeled by v ¼ vent behaves like
�e�i!vent in the exterior. It enters the shell at the event

P ent and now behaves like �e�i!ventðVÞ in the interior. The
function ventðVÞ is determined by the matching conditions

at P ent. At reflection the mode becomes �e�i!ventðUÞ, and
after exiting the shell at the event P exit it becomes

�e�i!ventðUðuÞÞ. The function GðuÞ is hence given by

GðuÞ ¼ ventðUðuÞÞ: (16)

The scalar field is quantized by defining a vacuum state
jini with respect to these modes by writing the field
operator as

’ ¼
Z 1

0
d!ða!’in

! þ H:c:Þ; (17)

where ‘‘H.c.’’ stands for Hermitian conjugate, and the a!
are annihilation operators for the state jini,

a!jini ¼ 0: (18)

We will work throughout in the Heisenberg picture, so that
the state does not evolve, and hence all expectation values
must be computed in the state jini.
A key point is that on Iþ, the field operator has modes

that are positive frequency with respect to GðuÞ, not u. So
the state jini is the vacuum of the G modes, or the ‘‘G
vacuum’’. Since GðuÞ is a nonlinear function of u in
general, this G vacuum will contain particles correspond-
ing to the ‘‘u vacuum,’’ defined as the state annihilated by
modes, which are positive frequency with respect to u. We
will denote this vacuum by the state jouti, annihilated by
operators b	 corresponding to modes’out

	 , such that on Iþ,
the relevant outgoing part of ’out

	 is

’out
	 � 1ffiffiffiffiffiffiffiffiffiffi

4�	
p e�i	u; ðonIþÞ; (19)

and it should be clear that the corresponding infalling part
on I� is

’out
	 �� 1ffiffiffiffiffiffiffiffiffiffi

4�	
p e�i	hðvÞ; onI�; (20)

where if u ¼ hðvÞ then v ¼ GðuÞ. The field operator ’ can
be expanded in the ’out

	 modes as

’ ¼
Z 1

0
d	ðb	’out

	 þ H:c:Þ; (21)

and a Bogolubov transformation relates the a! with the b	.
(For definitions and properties of Bogolubov transforma-
tions see Ref. [4]. We will not require these details.) To
summarize, we have

’ ¼
Z 1

0
d!ða!’in

! þ H:c:Þ ¼
Z 1

0
d	ðb	’out

	 þ H:c:Þ;
(22)

where

’in
! � 1ffiffiffiffiffiffiffiffiffiffiffi

4�!
p

�
e�i!v ðonI�Þ
�e�i!GðuÞ ðonIþÞ

’out
	 � 1ffiffiffiffiffiffiffiffiffiffi

4�	
p

�
e�i	u ðonIþÞ
�e�i	hðvÞ ðonI�Þ ;

(23)

where, if v ¼ GðuÞ then u ¼ hðvÞ, and we have GðuÞ ¼
ventðUðuÞÞ as discussed earlier.
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It is now possible to write down an expression for the
time-dependent part of the VEVof the stress tensor at any
stage during the collapse. This is given by (see Appendix A
for details of the notation and derivation)

hTuuitrajG ðuÞ � 1

12�

�
dG

du

�
1=2

@2u

�
dG

du

��1=2

¼ hTuuirenG � hTvvirenG ; (24)

which is implicitly trajectory dependent. It can be easily
verified that in the limit when the surface of the collapsing
object approaches its Schwarzschild radius, the function

GðuÞ has the asymptotic form GðuÞ / �4Me�u=4M inde-
pendent of the details of the trajectory. Hence,

�
dG

du

�
1=2

@2u

�
dG

du

��1=2 ¼ 1

64M2
; (25)

thereby leading to a flux that asymptotes to ð�=12ÞT2
H at

late stages of the collapse. For later use, we write

hTuuitrajG ðuÞ in an alternative form. First note that since

GðuÞ ¼ ventðUðuÞÞ, differentiating using the chain rule
gives G0 ¼ dG=du ¼ ðdvent=dVÞðdU=duÞ ¼ U0= _V with
the understanding that all functions of v such as _V ¼
dV=dv and its derivatives (see Eq. (27) below) are to be
evaluated at v ¼ ventðUðuÞÞ. Using the identity

F1=2@2xF
�1=2 ¼ �1

4½2@2x lnF� ð@x lnFÞ2�; (26)

which is valid for any function FðxÞ, where @2x lnF ¼
@x½ð@xFÞ=F�, and repeatedly using the chain rule, it is
not hard to show that

hTuuitrajG ðuÞ ¼ 1

12�

�
ðU0Þ1=2@2uðU0Þ�1=2

�U02
_V2

ð _VÞ1=2@2vð _VÞ�1=2jv¼ventðUðuÞÞ
�
: (27)

Because of the presence of the chain of functional depen-
dences ventðUðuÞÞ, explicit calculations of the VEV will
require knowing the functions vðVÞ and UðuÞ. In principle,
once a trajectory r ¼ RsðuÞ or r ¼ RsðvÞ is specified, the
matching conditions Eqs. (6) can be solved to getUðuÞ and
VðvÞ. In practice, it is difficult to get bothUðuÞ and VðvÞ in
closed form, and the matter is further complicated by the
inversion required to get ventðVÞ at the point of entry P ent.
The analysis can be done for a few special cases, and Brout
et al. [3,13], for example, have an explicit calculation (in
parametric form) of the time-dependent flux outside a
collapsing star whose internal geometry is governed by a
homogeneous dust (Ref. [3], Appendix D). The asymptotic
behavior of attaining a constant flux is also displayed very
nicely in that calculation (Ref. [3], Figure D.1).

B. Trajectory with null infalling phase without horizon
formation

Regardless of calculational difficulties, the general ex-
pression (24) highlights an important point: The presence
of a flux of particles at large distances is governed entirely
by the local dynamics (in outgoing time u) of the collaps-
ing object. A flux will arise even in the situation where the
object starts at some radius R0 and collapses to a final
smaller radius Rf > 2M without forming a black hole,

although the spectrum will not be thermal. Physically
one would of course expect that the flux will only arise
during the collapsing phase of the trajectory, and we will
explore this feature next. We will first consider a situation
in which a shell collapses from R0 to Rf along a null

trajectory v ¼ const, after which it remains static at r ¼
Rf. Although this is a rather unrealistic situation, it does

admit an exact calculation of the VEVof the stress tensor at
any time. We will therefore present the calculations for this
case first. Following this, in the next section, we will give
results for a toy trajectory that remains timelike throughout
and also does not form a horizon. In this case, we will be
able to provide order of magnitude estimates for the second
term in Eq. (27), while the first term will be exactly
calculable.
Recall that we are working in a geometry described by

Eqs. (3)–(8). Our example trajectory r ¼ Rs comprises
three phases—

u < 0: RsðuÞ ¼ R0 ¼ const;

0< u< u1: v ¼ const; V ¼ const;

u > u1: RsðuÞ ¼ 2M=ð1� �2Þ ¼ const

with u1 defined in terms of � as described below. We will
ignore the derivative discontinuities at u ¼ 0 and u ¼ u1,
since these can be smoothed away if needed, and in any
case will not appear when we consider the more realistic
timelike trajectory in Sec. II C below. The parametrization
of the final radius is chosen to ease comparison with this
timelike case. For convenience we define the ‘‘tortoise’’
function xðrÞ as

xðrÞ � rþ 2M lnðr=2M� 1Þ; r > 2M: (28)

Using the trajectory Eqs. (6), fixing some constants of
integration and ensuring continuity at the transition events
u ¼ 0 and u ¼ u1, the functional form of the trajectory can
be shown to be as follows: For u < 0 [phase (1)], we get

UðuÞ ¼
�
1� 2M

R0

�
1=2

u� 2R0;

VðvÞ ¼
�
1� 2M

R0

�
1=2

v� 2xðR0Þ
�
1� 2M

R0

�
1=2

;

(29)

For 0< u< u1 [phase (2)], we get
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v ¼ 2xðR0Þ; V ¼ 0; U ¼ �2Rs;

u ¼ �2xðRsÞ þ 2xðR0Þ;
(30)

For u > u1 [phase (3)], we get

UðuÞ ¼ �ðu� u1Þ � 4M=ð1� �2Þ;
VðvÞ ¼ �ðv� 2xðR0ÞÞ;

u1 ¼ 2xðR0Þ � 2xð2M=ð1� �2ÞÞ:
(31)

The Penrose diagram for this trajectory is shown in Fig. 1.
There are five types of null rays (which we label I,II,

. . .V) relevant for the calculation of GðuÞ and hence the
stress-tensor VEV, characterized by the locations of entry
and exit events P ent and P ex. These correspond to (I) P ent

andP ex in phase (1). (II)P ent in phase (1),P ex in phase (2).
(III) P ent in phase (1), P ex in phase (3). (IV) The single
ingoing ray v ¼ 2xðR0Þ or V ¼ 0, which skims the trajec-
tory and finally enters the shell at u ¼ u1, with P ex in
phase (3). (V) P ent and P ex in phase (3). For type (I) rays,
we have

ventðVÞ ¼
�
1� 2M

R0

��1=2
V þ const;

UðuÞ ¼
�
1� 2M

R0

�
1=2

uþ const;

(32)

and hence GðuÞ ¼ uþ const, which leads to a vanishing
flux. For type (II) rays, we have

ventðVÞ ¼
�
1� 2M

R0

��1=2
V þ 2xðR0Þ;

e�u=4M ¼ eðRs�R0Þ=2M ðRs � 2MÞ
ðR0 � 2MÞ ; Rs ¼ �U=2;

(33)

and hence

GðuÞ ¼
�
1� 2M

R0

��1=2
UðuÞ þ 2xðR0Þ; (34)

with UðuÞ given implicitly by the last two equations in
(33). We will soon return to the flux obtained from this
form of GðuÞ. Note that type (II) rays all occur in 0< u<
u1. For type (III) rays, we have

ventðVÞ ¼
�
1� 2M

R0

��1=2
V þ const;

UðuÞ ¼ �uþ const;
(35)

which gives GðuÞ ¼ �ð1� 2M=R0Þ�1=2uþ const, which
is also linear in u and hence gives a vanishing flux. Finally,
type (IV) and (V) rays have

ventðVÞ ¼ ��1V þ const; UðuÞ ¼ �uþ const; (36)

also leading to GðuÞ ¼ uþ const and hence a vanishing
flux.
The only nonzero flux therefore arises for type (II) rays,

in the interval 0< u< u1. For hTuuitrajðuÞ defined in
Eq. (24), a straightforward calculation leads to

hTuuitrajðuÞ ¼ 1

48�

M

RsðuÞ3
�
2� 3M

RsðuÞ
�
; 0< u< u1;

(37)

and zero otherwise, where RsðuÞ in the given range is
implicitly determined through

e�u=4M ¼ eðRs�R0Þ=2M ðRs � 2MÞ
ðR0 � 2MÞ : (38)

The behavior of hTuuitrajðuÞ normalized by the Hawking
value ð�=12ÞT2

H, is shown in Fig. 2, for R0 ¼ 12M and two
values of �. The steplike rise and fall are due to the
derivative discontinuities mentioned earlier, and do not
occur in the timelike case, which we will study next. The
important feature to note is that for small but nonzero �, the
flux attains the asymptotic Hawking value but eventually
falls to zero. Eqs. (37) and (38) show that the time taken to
attain the Hawking value is governed by R0, which is

FIG. 1. Penrose diagram for the trajectory described by
Eqs. (29)–(31). We have set R0 ¼ 12M and �2 ¼ 0:1. The thick
solid line is the shell trajectory, and the dashed line is the
timelike surface r ¼ 2M. The interior of the shell is
Minkowski spacetime, while the exterior is Schwarzschild.
The five types of null rays relevant for the stress-tensor VEV
calculation are also shown.
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physically clear since the exponential redshift of the out-
going modes occurs only near r ¼ 2M, so that for larger
R0, the shell spends more time radiating a smaller non-
thermal flux. This argument can be easily verified numeri-
cally as well.

C. Timelike trajectory without horizon formation

We will now turn to a somewhat more realistic trajec-
tory, which is continuous, differentiable, and timelike at all
times, and which also does not form a horizon. The specific
example we choose is a trajectory which remains fixed at
r ¼ R0 until u ¼ 0, and asymptotically (as u ! 1) ap-
proaches a final radius Rf ¼ 2M=ð1� �2Þ> 2M. It turns

out that this can be easily accomplished by appropriately
choosing a function U0 ¼ dU=du. (Since this calculation
is for illustrative purposes, we will not worry about the
shell dynamics needed to obtain the behavior described
below.) Consider then the following prescription for U0:

U0 ¼ �þ
��
1� 2M

R0

�
1=2 � �

�
e�
ðuÞ � �þ Ae�
ðuÞ;

(39)

where 0< �< ð1� 2M=R0Þ1=2 is a fixed constant


ðuÞ ¼ �ðuÞ
4M

Z u

0
d~uhð~uÞ; (40)

where �ðuÞ is the Heaviside step function, and hðuÞ is
chosen to have the following asymptotic behavior:

hðuÞ ¼ 0; u 	 0; h0ðuÞ ¼ 0; u 	 0;

hðu ! 1Þ ! 1; h0ðu ! 1Þ ! 0;
(41)

and we require the asymptotic values for h and h0 to be
achieved exponentially fast, with a time scale determined
by M. An example of a function hðuÞ that meets these
requirements is hðuÞ ¼ �ðuÞ tanhð�2u2Þ for some constant

�. The condition that the trajectory remain timelike
throughout reduces to �2R0

s < U0 or ð1� 2M=RsÞ<U0,
which will in general impose a restriction on the allowed
values of the timescale � for a given starting radius R0.
Physically, if the shell starts from rest at a larger radius R0

then it will take a longer time (at subluminal velocities
throughout) to reach radii where the asymptotic exponen-
tial approach to the final radius begins. Hence, a larger R0

will imply a smaller �. We have checked numerically that
for hðuÞ ¼ �ðuÞ tanhð�2u2Þ with R0 significantly larger
than 2M (say R0 * 4M), the largest allowed value of � is
�max �M�1ðM=R0Þb with b � 2 (and a very weak depen-
dence on �), and in general we can expect b > 0. The
Penrose diagram for such an ‘‘asymptotic’’ trajectory is
shown in Fig. 3.
The reason for this somewhat convoluted prescription is

that we want to simplify the VEV calculations, which
involve derivatives with respect to u, and it is therefore
convenient to parametrize the trajectory using u. To see
that the required behavior for the trajectory RsðuÞ is repro-
duced by thisU0, one analyzes Eq. (7), which is reproduced

FIG. 2. The behavior of hTuuitrajðuÞ normalized by the
Hawking value ð�=12ÞT2

H , for the trajectory studied in
Sec. II B. We have set R0 ¼ 12M. The solid and dotted lines
show the flux for two values of � as labeled. The dashed line is
the asymptotic Hawking flux corresponding to � ¼ 0.

FIG. 3. Penrose diagram for the asymptotic trajectory de-
scribed by Eqs. (39)–(41). We have set R0 ¼ 5M, � ¼ 10�2,
and 2M� ¼ 0:075. The thick solid line is the shell trajectory, and
the dashed line is the timelike surface r ¼ 2M. The interior of
the shell is Minkowski spacetime, while the exterior is
Schwarzschild. The two null rays mark (by their entry points)
the beginning of the infall phase and the approximate beginning
of the asymptotic phase.
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below

2R0
sð1�U0Þ ¼ U02 �

�
1� 2M

Rs

�
: (42)

The behavior for u 	 0 is obtained correctly. For u > 0,
consider the asymptotic regime (large u) where h � 1 and
h0 � 0. In this regime U02 approaches �2 from above,
forcing ð1� 2M=RsÞ to also approach �2 asymptotically.
In Appendix B 1 we show that the asymptotic behavior for
the trajectory is

1� 2M

Rs

¼ �2 þ fðuÞ; e�u=4M � �2e�1=�M; (43)

where fðuÞ is an exponentially decaying function, the exact
form of which depends on the value of �. Note that � is
fixed, and we are not taking a � ! 0 limit. We then see that
the required behavior is being reproduced.

As before, we wish to evaluate hTuuitrajG ðuÞ at any given

time along this trajectory. The first term in Eq. (27) involv-
ing derivatives ofU0, can be easily computed exactly using
Eq. (39) and gives

1

12�
ðU0Þ1=2@2uðU0Þ�1=2

¼ 1

48�

1

1þ ð�=AÞe
ðuÞ
�

02

�
1� 2ð�=AÞe
ðuÞ
1þ ð�=AÞe
ðuÞ

�
þ 2
00

�
:

(44)

It is interesting to note that in the case � ¼ 0, i.e., for a
standard trajectory that approaches r ¼ 2M as u ! 1, this
term is positive definite and gives rise to the Hawking flux
ð�=12ÞT2

H, which can be easily checked by setting � ¼ 0 in

Eq. (44). The behavior of ð8MÞ2½ðU0Þ1=2@2uðU0Þ�1=2� for
hðuÞ ¼ �ðuÞ tanhð�2u2Þ with R0 ¼ 5M is shown in Fig. 4.
Panel (a) shows curves for a fixed value of � with 2M� ¼
0:075 (which ensures a timelike trajectory). The two solid
lines correspond to � ¼ 10�2 and � ¼ 10�8, while the
dashed line corresponds to the standard case with � ¼ 0,
with the asymptotic value corresponding to the Hawking
flux. In Panel (b), the solid lines correspond to a fixed value
of � ¼ 10�8, with 2M� ¼ 0:075 and 2M� ¼ 0:015. The
� ¼ 0 curves for these values of � are also shown as dashed
lines.

We see that the initial behavior of the U-dependent term
is practically identical to the standard � ¼ 0 case.
Eventually the term involving 
0 in Eq. (44) becomes
negative, leading to negative values for the right-hand
side at least for the chosen hðuÞ. While this sign change
might not be a generic feature, the late time behavior [u �
��1 lnð1=�2Þ, see Eq. (43)] is generically seen to be an

exponential decay �ðe1=�M=�M2Þe�u=4M, which directly
follows from Eq. (44). In Appendix B 2 we discuss some
additional features of the behavior of this U-dependent
term, which allow us to place a bound on the mass loss
due to backreaction for this type of trajectory.

We now turn to the second term in Eq. (27), which
involves derivatives of _V, and an evaluation at v ¼
ventðUðuÞÞ. Unfortunately, unlike Eq. (44) for the first
term, it is not possible here to give an analytic expression
valid at arbitrary times. The problem arises mainly because
of the function ventðVÞ, which—in general—has a compli-
cated form. Recall that this function is determined by the
matching conditions on the trajectory at the point of entry
P ent, and the evaluation is at V ¼ UðuÞ where UðuÞ is
determined by the exit point P exit. Despite the lack of
exact expressions, it turns out that we can make order of
magnitude statements by realizing that we are essentially
dealing with two kinds of ingoing rays characterized by the
locations of P ent and P exit on the trajectory:
(1) P ent occurs for uent > 0 but before the asymptotic

phase so that uent & ��1 lnð1=�2Þ.
(2) P ent (and hence P exit) occurs in the asymptotic

phase.

We ignore rays that enter at uent < 0, since it is easy to
show that ventðVÞ / V in this case, giving _V ¼ const, and
hence the second term will be exactly zero. For the choice
of parameters used in Fig. 4(a) (with � ¼ 10�8), and fixing
one constant so that Vtrajðu ¼ 0Þ ¼ 0, numerically one

finds that the ray that enters at uent ¼ 0 will exit at uex �
14M, and hence the second term in Eq. (27) will vanish for
u < 14M. In general, if Vtrajðu ¼ 0Þ ¼ 0 then uexðuent ¼ 0Þ
satisfies

�uex þ A
Z uex

0
e�
ðuÞdu ¼ 2R0: (45)

For rays of type (1), if uent & ��1, the requirement that the
trajectory be well behaved in the proper frame of the shell,
allows us to argue that the second term in Eq. (27) must be
small. For ��1 & uent & ��1 lnð1=�2Þ, the same arguments
show this term to be at most OðM�2Þ and changing on a
timescale OðMÞ (see Appendix B 3 for details). For
type (2) rays we need to work entirely in the asymptotic
regime, in which the function ventðVÞ turns out to be
approximately linear, and as we show in Appendix B 4
the contribution from the second term of Eq. (27) also
decays exponentially. The details depend on the value of
�, but the typical behavior is

U02
_V2

ð _VÞ1=2@2vð _VÞ�1=2jv¼ventðUðuÞÞ � 1

�2M2
e1=�Me�Ku=4M;

K ¼ Oð1Þ; e�u=4M � �2e�1=�M; (46)

where u ¼ uex, the exit time. When � is significantly
smaller than unity, this term will dominate over the first

term (which falls like �ðe1=�M=�M2Þe�u=4M) [22]. This
analysis demonstrates a result that one should intuitively
expect on physical grounds: When the object is initially
static, there is no outgoing flux. When the object starts to
collapse, there is a flux of at mostOðM�2Þ, which changes
on a timescale OðMÞ, and when the object approaches its
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asymptotically static configuration, this flux exponentially
decays to zero.

III. THE SEMICLASSICAL BACKREACTION

The presence of an outgoing flux of particles during the
gravitational collapse of a body, immediately tells us that
the assumption that the mass of this body is a constant,
cannot be correct. The formal way to see this is to consider
the energy conservation equation ubTa

b;a ¼ 0 at large dis-

tances from the collapsing object, assuming the
Schwarzschild exterior (which is asymptotically flat).
Taking the 4-velocity ub to be that of an observer at rest
at fixed ðr; �;�Þ, and integrating over a three volume of
radius r, we have

dM

dt
¼

I
r
d2STr

t ¼ 4�r2Tr
t ¼ ð2dÞTr

t ¼ �hTuuitrajG

� �LH: (47)

The first equality follows from integrating the conservation
equation, with d2S ¼ r2 sin�d�d�; the second follows
from spherical symmetry; the third follows from assuming
that the angular components of Tab vanish, so that the four-
dimensional values of Ttt, Trt, and Trr are rescaled versions
of their two-dimensional counterparts; the fourth equality

follows from replacing ð2dÞTab by its semiclassical value

computed in Appendix A. The last definition is for later
ease of notation.

In principle, this could lead to a situation in which the
existence of an outgoing flux prevents the formation of the
event horizon. The radiative flux decreases the mass of the
collapsing body and thus decreases the effective radius of
the event horizon that the collapsing surface is chasing. If
the radius of the event horizon decreases fast enough, the
collapsing surface will never be able to catch up with it and
as a result the event horizon will not form. Our aim now is

to analyze this situation more carefully and show that this
scenario can be ruled out. Backreaction does not prevent
the formation of the event horizon.
In reality, what comes to our rescue is the following fact:

the mass loss rate is set by the semiclassical backreaction
that is governed by the ratio 1=M2 in Planckian units,
which makes it a very small number (e.g., for a solar
mass object we have M
 ’ 1038). It then turns out that
under the assumption that the outgoing flux (and hence
mass loss rate) is small and slowly varying, a straightfor-
ward ansatz is enough to estimate the effect of the back-
reaction on the background geometry self-consistently.
Brout et al. [3] present a calculation (which we sketch
in Appendix B 5), which shows that the following late time
scenario is self-consistent (see also Refs. [9,10,12] for the
original papers):
(a) The time dependence of the outgoing flux LHðuÞ at

late times is determined solely by the time-
dependent mass MðuÞ, and is given by LH �
1=M2, with u being an ‘‘Eddington-Finkelstein-
like’’ outgoing coordinate. LH is assumed to be
small compared to unity (in Planckian units) and
slowly varying.

(b) The exterior geometry at large distances, in terms of
the outgoing coordinate u, is the outgoing Vaidya
solution given by

ds2ext;larger ¼ �
�
1� 2MðuÞ

r

�
du2 � 2dudrþ r2d�2;

dMðuÞ
du

¼ �LH: (48)

(c) The exterior geometry in terms of an ingoing coor-
dinate v, at any distance, is approximately (i.e., up to
terms of order OðLHÞ) given by

FIG. 4. Behavior of the U-dependent backreaction term ð8MÞ2½ðU0Þ1=2@2uðU0Þ�1=2�, for hðuÞ ¼ �ðuÞ tanhð�2u2Þ, with R0 ¼ 5M.
Panel (a): 2M� ¼ 0:075 is fixed. The thin solid curve has � ¼ 10�2, the thick solid curve has � ¼ 10�8, while the dashed curve is the
standard case with � ¼ 0. Panel (b): For the solid curves � ¼ 10�8 is fixed, while the dashed curves have � ¼ 0. The thick curves are
for 2M� ¼ 0:075 and the thin curves for 2M� ¼ 0:015. See text for discussion.
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ds2ext � �
�
1� 2mðv; rÞ

r

�
dv2 þ 2dvdrþ r2d�2;

(49)

where the mass functionmðv; rÞ is slowly varying in
the entire exterior, in that

@m

@v
¼ OðLHÞ; @m

@r
¼ OðLHÞ; (50)

with the transformation between the u and v coor-
dinate being such that at large distances one recovers
the outgoing Vaidya metric (48) with mðv; rÞ ¼
MðuÞ. (See Appendix B 5 for details of the
transformation.)

(d) Self-consistency is demonstrated by showing that
the VEV of the stress-tensor hTuuitrajðuÞ computed
in this geometry does indeed behave as�MðuÞ�2 �
ð1þOðLHÞÞ.

The Brout et al. calculation (as acknowledged by those
authors) is only valid in the regime where the flux LH is
small and slowly varying. There will inevitably be a phase
in the collapse when the mass loss rate becomes significant
enough that a perturbative expansion in LH is no longer
valid. A full fledged calculation of the backreaction in this
regime, to our knowledge, has not yet been performed. Our
interest however, is only to ask whether the backreaction
can delay the formation of the event horizon to the extent
that it does not form at all. We will not worry about any
significant backreaction effects that occur after the horizon
has formed.

It is important to note that all questions about event
horizon formation must be asked in a reference frame
where this formation occurs in a finite time in the unper-
turbed collapse. It is not possible to theoretically settle this
issue if one insists on working entirely in the coordinates
used by static observers at large distances, even though
these may be the most natural coordinates to use, simply
because even in the classical scenario, event horizon for-
mation takes an infinite amount of time in these
coordinates.

Consider then a situation in which the unperturbed
collapse trajectory of the shell crosses the radius r ¼ 2M
(with constant M) in finite proper time with a finite sub-
luminal velocity. The exterior geometry for the unper-
turbed collapse is given by the Schwarzschild metric (3),
while the interior is Minkowski spacetime (5). [It is also
interesting to consider a trajectory whose infalling phase is
lightlike, an extension as it were of the trajectory we
studied in Sec. II B. We have analyzed such a trajectory
in Appendix B 6.] On parametrizing the timelike trajectory
using the shell proper time � (with ds2jtraj ¼ �d�2), we

find that the quantity dv=d� remains finite at horizon
formation. It is then convenient to reparametrize the tra-
jectory using the ingoing Eddington-Finkelstein coordinate
v, as ðr ¼ �RðvÞ; V ¼ �VðvÞÞ. Assuming that horizon for-
mation in this unperturbed case occurs at some time

v ¼ v0, we have

�RðvÞ � 2M ¼ �kðv� v0Þ þOððv� v0Þ2Þ; as v ! v0;

(51)

where the constant k can be related to the proper velocity
�h � �ðd �R=d�Þj �R¼2M, as k ¼ 2�2

h (which follows from

using the metric (3) on the trajectory). The trajectory
Eq. (8) becomes

2 _�Rð1� _�VÞ ¼ ð1� 2M= �RðvÞÞ � _�V
2
; (52)

(where the dot is a derivative with respect to v along the

trajectory), which shows that _�V also remains finite at �R ¼
2M.
Let us now incorporate the effects of a backreaction

caused by a small outgoing flux LH � 1, and ask by
what amount is the event horizon formation delayed.
Specifically, let the trajectory now be ðr ¼ RðvÞ; V ¼
VðvÞÞ where the interior metric is still Minkowski space-
time in ðr; VÞ coordinates (5). The exterior metric, follow-
ing Brout et al., is given by Eq. (49), and the trajectory
Eq. (8) is easily shown to be replaced by

2 _Rð1� _VÞ ¼ ð1� 2mðv; RðvÞÞ=RðvÞÞ � _V2: (53)

For the exterior metric (49), the event horizon (if it forms)
is the last outgoing null ray r ¼ rehðvÞ and satisfies the
outgoing null geodesic equation

dreh
dv

¼ 1

2

�
1� 2mðv; rehðvÞÞ

rehðvÞ
�
: (54)

Note that this event horizon is distinct from the apparent
horizon r ¼ rahðvÞ, which is defined as the locus of events
at which dr=dv ¼ 0 along outgoing null geodesics, so
that rahðvÞ ¼ 2mðv; rahðvÞÞ. However, as we show in
Appendix B 5, assuming that the flux LH is small, we get

2mðv; rehðvÞÞ ¼ rehðvÞð1þOðLHÞÞ; (55)

so that this distinction is irrelevant. We now use the small-
ness of LH to make the following assumptions, which will
turn out to be self-consistent at the end of the calculation:
(a) We assume that the functional form of the trajectory is
affected only by terms of order OðLHÞ, so that

RðvÞ ¼ �RðvÞð1þOðLHÞÞ;
VðvÞ ¼ �VðvÞð1þOðLHÞÞ;

(56)

which is reasonable since the trajectory of the event hori-
zon (r ¼ 2M in the unperturbed case) is also affected by
the same amount [see Eqs. (54) and (55)]; and (b) the event
horizon is formed [i.e., RðvÞ ¼ rehðvÞ is satisfied] at some
finite v ¼ ~v0 such that ~v0 ¼ v0 þ �v where �Rðv0Þ ¼ 2M
and �v is to be determined. We now evaluate the perturbed
trajectory Eq. (53) at v ¼ ~v0, linearize around v ¼ v0

assuming that �v is ‘‘small,’’ and use the unperturbed
Eq. (52) to obtain after straightforward algebra,
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�v ¼ O
�
2M

k
LH

�
¼ O

�
M

�2
h

LH

�
; (57)

where�h is the proper velocity with which the unperturbed
trajectory crosses r ¼ 2M, and LH is the luminosity of the
thermal radiation. This result is intuitively clear: The delay
in the event horizon formation is governed by the product
of LH and the timescale of the unperturbed collapse, which
is essentially set by the initial mass of the collapsing
object.

One might still argue however, that there could in prin-
ciple exist unperturbed trajectories which slow down suf-
ficiently while still outside r ¼ 2M, that �h becomes
significantly smaller than unity. In such a case, it might
be possible to delay the event horizon formation to such an
extent that the backreaction itself starts changing signifi-
cantly and becomes large, leading to a runaway process
that might exclude the formation of the event horizon.
While this situation cannot be excluded, the following
argument does render it implausible:

(i) First note that there is no semiclassical radiation in
static geometries. The flux of particles arises when
the geometry (characterized e.g., by the shell radius)
changes by a significant amount during the time that
an ingoing mode reflects at the center and exits the
object. For this to occur the trajectory must be gov-
erned by a timescale linear in M, since this is the
order of the time spent by the modes inside the
object. For example in the asymptotic trajectory of
Sec. II C, the maximum flux is achieved for times
u � ��1 when the timescale of the function 
ðuÞ is
set by M.

(ii) Our calculations in Sec. II, and also, e.g., the calcu-
lation in Brout et al.’s Appendix D, show that in any
stage of the trajectory governed by the timescaleM,
the flux is expected to be at mostOð1=M2Þ, with the
largest value expected only as the object approaches
r ¼ 2M. In Sec. II C, we also saw that in the ex-
treme case when the trajectory is asymptotically
slowed down to a halt, the flux in fact exponentially
decays. One expects therefore that if a trajectory is
slowed down by some smaller amount (i.e., not
exponentially), the flux will have to lie between its
maximum of Oð1=M2Þ, and zero. In particular,
slowing down a trajectory cannot increase the flux.

(iii) In order to completely evaporate the collapsing
object before the event horizon forms, what we
need along the unperturbed trajectory is to sustain
the maximum possible flux for the largest possible
time. Naively one would want a flux Oð1=M2Þ
[which is the maximum possible] sustained for a
timeOðM3Þ. The previous arguments show that this
is unlikely to happen, since there is a trade-off
between having a significant flux and remaining
outside r ¼ 2M for long enough.

A. Bound on the total radiated mass

For trajectories such as those discussed in Sec. II, and in
fact for any trajectories that have such a form up to any
finite time, we can place concrete bounds on the amount of
mass that can be radiated away. We do this by calculating
or estimating the integral �M ¼ RhTuuitrajdu. For the tra-
jectory of Sec. II B, hTuuitraj is nonzero only in the range
0< u< u1, in which its integral can be explicitly per-
formed to give

�M

M
¼ �1

48�

1

4M2

�
lnð��2Þ þ lnð1� 2M=R0Þ þ ð2M=R0Þ

� ð1� �2Þ þ 3

2
fð2M=R0Þ2 � ð1� �2Þ2g

�
: (58)

We expect R0=M to be significantly larger than unity. Also,
since we are in the semiclassical domain, we can only
expect to make meaningful statements for situations where
the final asymptotic radius is not closer to r ¼ 2M than one
Planck length. This Planck length bound translates to a
lower bound on � given by �2 > 1=ð2Mþ 1Þ, so that the
maximum mass that can be radiated away (ignoring nu-
merical factors) is

j�Mmaxj �M�1 lnðMÞ: (59)

For the asymptotic trajectory of Sec. II C, the situation is
trickier since we do not have exact expressions for the full
backreaction, and also because the presence of the time-
scale ��1 causes a subtle interplay of competing effects.
We show in Appendix B 2, however, that even in this case
there is an upper bound on the possible mass loss, which is
in fact identical (up to numerical factors) to the expres-
sion (59).

IV. CONCLUSIONS

Since we have provided a detailed summary of results
right at the beginning of the paper, we shall be brief in this
section and will just review and stress the key conclusions
that we have obtained.
It is possible to explicitly compute the VEVof the stress

tensor around a collapsing shell for any arbitrary trajectory
of the shell. In principle, this calculation should be done in
(1þ 3) dimensions but the results based on s waves can be
obtained by using conformal field theory techniques in the
dimensionally reduced (1þ 1) case. Such an analysis
shows that the time-dependent geometry around a collaps-
ing shell will lead to emission of a flux of particles to
infinity though the spectrum, in general, will not be ther-
mal. This result has nothing to do with black holes or event
horizons.
When the shell does collapse to a radius close to the

Schwarzschild radius, the relevant functions acquire the
well known universal form characteristic of an exponential
redshift of the outgoing modes. This exponential redshift
leads to a thermal spectrum. In other words, while any
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collapsing shell will lead to a radiation flux, such a flux will
not, in general, have any universal characteristic. But if the
collapsing shell goes close to its Schwarzschild radius, the
flux becomes approximately thermal.

If the collapsing shell follows a trajectory that does not
form an event horizon and—instead—asymptotes to a
radius 2Mð1� �2Þ�1, then we still get (approximately)
thermal radiation during the period M & t & M lnð1=�2Þ.
Of course, in the case � ¼ 0, the collapse leads to an event
horizon, and we get the standard result that thermal radia-
tion will be emitted at all late times corresponding to t *
M. On the other hand, for � � 0, at t >M lnð1=�2Þ the
radiation decays to zero exponentially as to be expected
around a final static configuration.

The above description does not take into account the
effect of backreaction on the formation of event horizon. If
radiation of energy can decrease the mass (and hence the
effective radius of the event horizon) at a sufficiently rapid
pace, then the collapsing shell might never catch up with
the event horizon, and a black hole may never form. This,
however, does not happen essentially because the amount
of radiation emitted during the collapse is not enough to
decrease the effective radius of the event horizon suffi-
ciently fast. This result is nontrivial and requires the care-
ful computations which we have performed in this paper.
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APPENDIX A: VEV OF STRESS TENSOR AND
RELATED ISSUES

In this appendix we present a pedagogical review of the
calculation of the VEVof the stress tensor, using the tools
of 1þ 1 conformal field theory, and highlight certain con-
ceptual issues. The reader is referred to Refs. [3,4,8,11] for
details of the original calculations. The notation used here
was laid out in Sec. II A.

1. Choice of vacuum state

In the Heisenberg picture, there is only one vacuum state
that one can work with, which is the jini state.
Nevertheless, it is common to find references in the litera-
ture to vacua defined with respect to various combinations
of ingoing and outgoing null coordinates (for a review of
these vacuum states see Ref. [23]). One particular vacuum
known as the Unruh vacuum takes on a special significance
in the collapse situation. This is the vacuum defined to be
positive frequency with respect to the ingoing Eddington-
Finkelstein coordinate v and the outgoing Kruskal coor-

dinateU ¼ �4Me�u=4M [11]. As the surface of the object

approaches its Schwarzschild radius, one finds that under
the generic assumption that the trajectory in the ðv; rÞ
coordinates remains well behaved at the Schwarzschild

radius, we get GðuÞ ! �4Me�u=4M ¼ U as u ! 1.
This behavior arises due to the presence of an ingoing
ray labeled by v ¼ vH say, which after reflection is the
last ray that can exit the object before the horizon forms
(i.e., before the trajectory crosses r ¼ 2M). The presence
of this ‘‘last escaper’’ ingoing ray means that in the large u
limit for the outgoing rays, the corresponding ingoing rays
bunch together around v & vH, and hence the function
ventðVÞ can be linearized. Additionally, assuming that the
trajectory crosses the Schwarzschild radius at finite v ¼ v0

with a finite nonzero velocity dRs=dvjv0
, it is straightfor-

ward to show using Eqs. (6) that as u ! 1 (i.e., Rs !
2M), UðuÞ � e�u=4M þOðe�u=2MÞ. This shows that at late
times GðuÞ / e�u=4M, and in this limit, the G vacuum is
identical to the Unruh vacuum.
The previous arguments provide a dynamical ‘‘reason’’

for ‘‘choosing’’ the Unruh vacuum at late times: the reason
is simply the Heisenberg picture statement that the state
does not evolve. The rest is taken care of by the dynamics
and boundary conditions.

2. Stress-tensor VEVs: Regularization

The object of interest is hinjTabjini, where Tab is the
two-dimensional stress tensor in the u� v plane. Provided
the angular components of the stress tensor vanish, the
four-dimensional stress tensor can be obtained simply by
rescaling the 2-d one by ð4�r2Þ�1. The classical value of
Tab for a 2-d massless scalar field is @a’@b’�
ð1=2Þgab@i’@i’, and it is then easy to see by expanding
the field operator in the modes ’out

	 , that hinjTabjini
corresponds ultimately to expectation values of the number

operators by	b	 in the G vacuum. Operationally one works

with an expansion in the ’in
! modes since the state jini is

the vacuum of the G modes.
However, the stress-tensor VEV needs to be regularized,

since even in Minkowski spacetime with
ffiffiffiffiffiffiffiffiffiffiffi
4�!

p
’! ¼

e�i!v � e�i!u, this object diverges. So what we want is

hTabiren ¼ hinjTabjini � “Minkowski value.” (A1)

a. The accelerating mirror

Let us first consider the toy example of a scalar field
quantized in flat spacetime (ds2 ¼ �dudvþ . . . ) with the
boundary condition provided by an accelerating mirror,
which follows the trajectory v ¼ GðuÞ for some GðuÞ.
Note that since there is no ‘‘interior’’ region in this prob-
lem, the complication of finding a function like ventðVÞ
does not exist. The analysis is therefore simpler, and will
help to set up some formalism which can then be easily
adapted to the case of a genuine collapse situation. In
particular one finds that the renormalized VEV required
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can ultimately be obtained in a fairly straightforward man-
ner, without going into details of contour integrals, etc.
While the interesting case occurs when GðuÞ ¼
�ð1=aÞe�au for constant a, in which case reflection from
the mirror leads to a thermal spectrum of particles in the G
vacuum, we will not require this form of G in the calcu-
lation below. The flat spacetime mode functions satisfying
the reflection condition on v ¼ GðuÞ are

f! ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
4�!

p ðe�i!v � e�i!GðuÞÞ: (A2)

The ‘‘Minkowski value’’ for the stress-tensor component
Tvv is simply hinjTvvjini, while for Tuu it is
houtjTuujouti. This follows from the fact that the
Minkowski vacuum has modes that are positive frequency
with respect to u and v. This gives us

hTvviren ¼ 0; hTuuiren ¼ 1

12�
ðG0Þ1=2@2uðG0Þ�1=2;

(A3)

where G0 � dG=du. When G0 ¼ e�au, the second expres-
sion can be obtained by explicitly writing out the mode
expansions and performing the integrals involved (see
Ref. [3], Sec. 2.5.2). In general, the following regulariza-
tion procedure proves to be very useful, since it carries over
to the gravitational case as well (see Ref. [4] for alternative
regularization procedures).

One notes that the u part of the Green function for the
field in the u vacuum jouti, is ð�1=4�Þ lnju� u0j where
one is considering two spacetime events ðu; vÞ and ðu0; v0Þ.
Similarly, the Green function in the G vacuum jini is
ð�1=4�Þ lnjGðuÞ �Gðu0Þj. The stress-tensor VEV in the
state jini can then be computed using a point split double
derivative, as

hinjTuujini ¼ lim
u!u0

hinj@u’ðuÞ@u0’ðu0Þjini
¼ lim

u!u0
@u@u0 hinj’ðuÞ’ðu0Þjini

¼ lim
u!u0

@u@u0
�
� 1

4�
lnjGðuÞ �Gðu0Þj

�
;

(A4)

and similarly houtjTuujouti, which gives the result in
Eq. (A3) after expanding the expressions to third order in
ðu� u0Þ. In order to get the result in a form that is general-
izable to curved spacetime as well, one notes that the above
argument for calculating the uu components can be in-
verted to get the GG components. One would do this by
taking a point split double derivative with respect to G
instead of u, and get

hTGGiren ¼ hinjTGGjini � houtjTGGjouti
¼ � 1

4�
lim
G!G0

@G@G0 ðlnjG�G0j � lnjuðGÞ
� uðG0ÞjÞ

¼ � 1

12�

�
du

dG

�
1=2

@2G

�
du

dG

��1=2
: (A5)

It is important to note that the u coordinate here corre-
sponds to the Minkowski u.

b. Genuine gravitational fields

Let us now turn to the original problem of a body
collapsing to form a black hole. Because of mathematical
similarities with the moving mirror problem, one can use
similar ideas here as well, with some subtle differences
[3,8]. We still want a regularized version of hinjTabjini,
the two-dimensional stress-tensor VEV. But now, there is
no globally defined ‘‘Minkowski value’’ that one can sub-
tract. Instead, one subtracts a locally defined object corre-
sponding to the stress-tensor VEV in a locally inertial
vacuum. Given any spacetime with

ds2 ¼ �CðG; vÞdGdvþ . . . ; (A6)

such that we want expectation values with respect to the
vacuum of the modes e�i!v and e�i!G, one can show that
locally inertial coordinates are given, at some event x �
ðG0; v0Þ, by

û ¼
Z G

G0

CðG0; v0Þ
CðG0; v0ÞdG

0; v̂ ¼
Z v

v0

CðG0; v
0Þ

CðG0; v0Þdv
0:

(A7)

û and v̂ are affine parameters along the radial null geo-
desics v ¼ v0 and G ¼ G0, respectively, which pass
through x, and the Christoffels in the ðû; v̂Þ coordinates
vanish at x [3]. At this event x one wants to subtract from
hinjTabjini, the quantity hIðxÞjTabjIðxÞi where jIðxÞi is
the vacuum corresponding to the ‘‘locally inertial modes’’
e�i!û, e�i!v̂ at x.
The mathematics is now identical to the moving mirror

case, and one finds

hTGGirenG ¼ � 1

12�

�
dû

dG

�
1=2

@2G

�
dû

dG

��1=2
;

hTvvirenG ¼ � 1

12�

�
dv̂

dv

�
1=2

@2G

�
dv̂

dv

��1=2
;

(A8)

where the additional subscript on the VEVs reminds us that
we are working in the G vacuum (which is of course also
the v vacuum). Equation (A7) can be used to remove all
explicit reference to the locally inertial coordinates, and we
find in general that
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hTGGirenG ¼ � 1

12�
C1=2@2GC

�1=2;

hTvvirenG ¼ � 1

12�
C1=2@2vC

�1=2:

(A9)

For our case, the conformal factor is given in the exterior
Schwarzschild geometry, by

C ¼
�
1� 2M

r

�
du

dG
; (A10)

which follows from comparing the metrics in Eqs. (3) and
(A6), where u is the outgoing Eddington-Finkelstein
coordinate. This simple prescription for constructing the
stress-tensor VEV is a consequence of considering only
the s-wave contribution and further dropping the
Schwarzschild potential barrier, which is what allowed us
to approximate the scalar field modes in the exterior as
propagating on a conformally flat geometry. See Ref. [3]
for a discussion on how good this approximation is in
practice.

3. Changing vacua

Let us see how the renormalized stress-tensor VEV
behaves under a change of the reference vacuum. This
will allow us to write expressions which will clarify what
happens in various physical situations. The structure of this
object is, e.g.,

hTGGirenG � C1=2@2GC
�1=2

� @G@G0|fflffl{zfflffl}
Choice of coords

½ln jG�G0j|fflfflfflffl{zfflfflfflffl}
Choice of vacuum

� lnjû� û0j�:

(A11)

This shows that in any given vacuum, changing coordinates
is trivial, one simply multiplies by the appropriate coor-
dinate transformation factors. On the other hand, in a given
set of coordinates, changing the vacuum is not as trivial,
although it is straightforward. Let us suppose that we want
to compute hTabi in the vacuum corresponding to some null
coordinates ðf; gÞ instead of ðG; vÞ, where we assume that
f ¼ fðGÞ, g ¼ gðvÞ so that the 2-d metric remains con-
formally flat. (Later we will specialize to the case f ¼ u,
g ¼ v.) Our previous results [Eq. (A9)] tell us that

hTffirenfg ¼ � 1

12�
ðCfgÞ1=2@2fðCfgÞ�1=2;

hTggirenfg ¼ � 1

12�
ðCfgÞ1=2@2gðCfgÞ�1=2;

(A12)

with the subscript hifg on the VEVs denoting the choice of
vacuum, and where

Cfg ¼ CðGðfÞ; vðgÞÞdG
df

ðfÞ dv
dg

ðgÞ: (A13)

In general for some function FðxÞ, we have the identity

F1=2@2xF
�1=2 ¼ �1

4½2@2x lnF� ð@x lnFÞ2�: (A14)

Using this and the expression for Cfg in Eq. (A13), one can

simplify Eq. (A12) to obtain

hTffirenfg ¼
�
dG

df

�
2hTGGirenG � 1

12�

�
dG

df

�
1=2

@2f

�
dG

df

��1=2
;

hTggirenfg ¼
�
dv

dg

�
2hTvvirenG � 1

12�

�
dv

dg

�
1=2

@2g

�
dv

dg

��1=2
:

(A15)

In particular, for the ‘‘Boulware’’ vacuum defined through
the modes e�i!u and e�i!v, we have f ¼ u, g ¼ v. The
Boulware vacuum attains physical relevance only in the
static case when the star/shell does not evolve, and one has
GðuÞ ¼ uþ const (which can be shown using the trajec-
tory and matching equations using Rs ¼ const). But the
vacuum itself can of course always be defined even in the
dynamical situation. For this vacuum,

hTuuirenB ¼ hTuuirenG � 1

12�

�
dG

du

�
1=2

@2u

�
dG

du

��1=2
;

hTvvirenB ¼ hTvvirenG :

(A16)

As discussed earlier, in the limit when the object ap-

proaches r ¼ 2M, we have GðuÞ ! �4Me�u=4M, and it
is not hard to show that

hTuuirenB ¼ hTuuirenU � �

12
T2
H; (A17)

where TH ¼ 1=ð8�MÞ is the Hawking temperature of the
collapsing object, and we have denoted the asymptotic G
vacuum by the subscript U (for Unruh). Using the fact
that the conformal factor for the Boulware vacuum is
simply ð1–2M=rÞ, where r is given implicitly in terms of
u and v by the relation (4), the stress-tensor VEV in the
Boulware vacuum can be explicitly computed as

hTuuirenB ¼ � 1

48�

M

r3

�
2� 3M

r

�
: (A18)

This gives us the relations

hTuuirenB ðrÞ ¼ � �

12
T2
H

�
32M3

r3
� 48M4

r4

�

¼ hTvvirenB ¼ hTvvirenU ; (A19)

hTuuirenU ðrÞ ¼ hTuuirenB ðrÞ � hTuuirenB ðr ¼ 2MÞ

¼ �

12
T2
H

�
1� 32M3

r3
þ 48M4

r4

�

¼ �

12
T2
H

�
1� 2M

r

�
2
�
1þ 4M

r
þ 12M2

r2

�
;

(A20)

where hTuuirenB ¼ hTvvirenB follows from the fact that @ur ¼
�@vr. We see that hTuuirenU vanishes on r ¼ 2M but attains
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the constant Hawking flux value as r ! 1. Also, since the
coordinate transformation factor relevant to the u sector is
dU=du ¼ ð�U=4MÞ, which goes to zero in the asymp-
totic limit, we see that the component hTUUirenB ðrÞ ! 1 in
this asymptotic limit, for any finite value of r. (The limit
U ! 0 is distinct from the limits r ! 2M or r ! 1.)

The object hTUUirenU is trickier. This object has a factor

ð4M=UÞ2 and a factor ð1–2M=rÞ2 in the asymptotic limit.
Clearly, it remains finite on the horizon if one takes the
U ! 0 and r ! 2M limits simultaneously, assumingU /
ðr� 2MÞ. Such a situation is relevant for an asymptotic
freely falling observermaintaining approximately constant
v, for example, a geodesic observer who starts from rest at
some very large distance. This result therefore shows that
such an observer must see a finite flux at late times,
although apparently this flux is not universal and will
depend on the specific trajectory of the freely falling
observer.

For r ¼ const> 2M, the Kruskal coordinates are not the
natural choice; such an observer uses the Eddington-
Finkelstein ðu; vÞ null coordinates. Hence, even though
hTUUirenU diverges as U ! 0 for fixed r, this is not physi-

cally relevant. The natural choice for such an observer in
the U ! 0 limit is hTuuirenU ðrÞ, which as we see remains

finite and attains the Hawking flux value at large distances
r ! 1. Table I summarizes these results. The boxes high-
lighted by asterisks show physically relevant limits. Not
surprisingly, all of these are finite.

4. Stress-tensor VEV at arbitrary times

The calculations in the previous section show that in the
limit when the collapsing object approaches its
Schwarzschild radius, the stress-tensor VEV becomes
time independent and takes the form given in Eqs. (A19)
and (A20) for the components hTuuirenG and hTvvirenG , re-

spectively, in the limit G ! U. Physically this corre-
sponds to a steady blackbody flux of particles at any
radius r given by Tr

t ¼ Tvv � Tuu ¼ �ð�=12ÞT2
H.

Showing that this flux is associated with a thermal spec-
trum requires a calculation of the Bogolubov coefficients
relating the Boulware and Unruh vacua (see, e.g., Ref. [3]).
We will not discuss this calculation since we wish to
discuss backreaction, for which we need the flux and not
the explicit form of the particle spectrum. In principle

though, one already has the form of the stress-tensor
VEV at any stage during the collapse, since we have
derived the relation [see Eqs. (A16) and (A19)]

hTuuirenG � hTvvirenG ðrÞ ¼ 1

12�

�
dG

du

�
1=2

@2u

�
dG

du

��1=2

� hTuuitrajG ðuÞ; (A21)

which defines the trajectory-dependent quantity hTuuitrajG �
ðuÞ, which asymptotes to ð�=12ÞT2

H at late stages of
the collapse. Here, hTvvirenG ðrÞ ¼ hTuuirenB ðrÞ is given by

Eq. (A18) or Eq. (A19).

APPENDIX B: PROOFS FOR VARIOUS RESULTS

In this appendix we give calculational details for some
of the results quoted in the main text.

1. Asymptotic behavior of the trajectory defined
by Eq. (39)

As mentioned in the text, for U0 given by Eq. (39), the
trajectory Eq. (42) forces ð1� 2M=RsÞ to approach �2 at
late times. Let us assume therefore, that for large enough
times the asymptotic behavior is given by

1� 2M

Rs

¼ �2 þ fðuÞ; jfðuÞj � �2: (B1)

We will soon determine the condition to be satisfied by u
in order for this to hold. Differentiating and rewriting
Eq. (B1) leads to

2R0
s ¼

�
Rs

2M

�
2
4Mf0;

Rs

2M
¼ 1

1� �2 � f
; (B2)

which are exact. The behavior of U0 in the asymptotic

regime is well approximated by U0 ¼ �2 þ ~Ae�u=4M,

where ~A is different from the A, which appears in
Eq. (39). The assumption that the asymptotic behavior
for the function hðuÞ in Eq. (41) is achieved exponentially

on a timescale ��1, means that we can expect ~A ¼
Oðe1=�MÞ. Recall from the main text that we have

� < �max �M�1ðM=R0Þb; b > 0: (B3)

Using the expressions in Eq. (B2) in the trajectory Eq. (42)
and linearizing in f leads to

TABLE I. Various limiting cases of the stress-tensor VEV in different vacua.

G ! U ! 0; r ¼ const<1
Static asymptotic

observer at finite r > 2M

G ! U ! 0; r ! 1
Static asymptotic observer

at spatial infinity

G ! U ! 0; ðr� 2MÞ / U
Freely falling

asymptotic observer

hTuuirenB Eq. (A19) 0 �ð�=12ÞT2
H

hTUUirenB 1 0 (if r ! 1 first) �1
hTuuirenU � Eq. (A20) � ð�=12ÞT2

H 0

hTUUirenU 1 1 � Finite, obs. dep.
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4Mf0ð1� �Þ � ð1� �2Þ2ð2� ~Ae�u=4M � fÞ: (B4)

Defining the variable s � u=4M, we have

@sfþ K1f ¼ K2e
�s; (B5)

where

K1 � ð1� �2Þ2
ð1� �Þ ; K2 ¼ 2� ~AK1: (B6)

Solving Eq. (B5) gives

fðuÞ ¼ Ce�K1u=4M þ K2

K1 � 1
e�u=4M; if K1 � 1; (B7)

with f ¼ ðCþ K2u=4MÞe�u=4M when K1 ¼ 1, which we
ignore since this solution forms a set of measure zero. The
condition jfj � �2 shows that for consistency we must
have

u � ��1 lnð1=�2Þ; (B8)

which follows from the fact that for small �, K2=ðK1 �
1Þ � ~A� e1=�M. The constant C is not constrained by this
analysis: it can only be fixed by evolving the full set of
equations. The best we can say is that it must be at most of
order �K2=ðK1 � 1Þ, to be consistent with the condition
jfj � �2. Consequently, the sign of f is also not fixed by
this analysis. We see that fðuÞ exponentially decays and
hence consistently reproduces ð1� 2M=RsÞ ! �2 at late
times.

2. Behavior of the U-dependent backreaction and
bound on mass loss

In this section we discuss some features of the back-

reaction term ðU0Þ1=2@2uðU0Þ�1=2, and derive an upper
bound on the expected mass loss due to backreaction in
the asymptotic trajectory of Sec. II C.

a. Analyzing Fig. 4

An important feature in Fig. 4 is the time (u ¼ u� say) at
which any given curve starts deviating from the � ¼ 0
case. This time depends not only on � but also on �. (For
now we ignore the dependence on the starting radius R0

and assume � < �max.) We see that for a given �, smaller
values of � will lead to a larger u�=M, which can be
understood as the fact that it will take longer for a trajec-
tory to ‘‘feel the effect’’ of a smaller �.

On the other hand, for a given �, changing the value of �
has three distinct effects.

(i) First, reducing � ‘‘stretches out’’ the standard � ¼ 0
behavior of the backreaction, which is expected
since the timescale over which the standard trajec-
tory approaches r ¼ 2M is governed by ��1, which
is now larger.

(ii) Second, reducing � increases the value of u�=M at
which the backreaction deviates from the standard
case, which is also expected since a larger ��1 will
slow down the rate at which 
ðuÞ increases and
hence delay the time at which the effects of � � 0
are felt.

(iii) The third effect however is somewhat subtle and
will play an important role below in determining a
bound on the mass loss due to backreaction for such
a trajectory. This effect is the fact that the increase
in u�=M is generically less than the increase in
��1=M. In other words, for two values �2 < �1,
although we will have u�2 > u�1, we also see that
�2u�2 < �1u�1. Indeed, Fig. 4(a) shows that for the
chosen values of �, �1u�1 > 1, whereas �2u�2 ’ 1.
To understand the reason behind this behavior, we
note that the value of u� for some � and � is

essentially determined by the condition e
ðu�Þ �
A=�, which follows from the structure of the
right-hand side in Eq. (44). Also, 
ðuÞ is an integral
of a function hðuÞ, which in turn is controlled by �.
If we reduce �, then even though hðuÞ takes a
longer time to rise to its maximum value of 1, the
integral of hðuÞ can pick up a sizeable portion of its
required budget of order �M lnðA=�Þ even for u <
�2. This makes it plausible that although u�2 > u�1,
we in fact obtain �2u�2 < �1u�1. It is difficult to
give a more precise analytical argument for this
observed fact.

b. A bound on mass loss

The upshot is that reducing � also reduces the maximum
magnitude of the U-dependent backreaction term. We can
use this fact to construct an upper bound on the mass loss
due to backreaction along this asymptotic trajectory. Since
the V-dependent term remains subdominant until uent �
��1, and thereafter is expected to follow a profile qualita-
tively similar to the U-dependent term with slightly differ-
ent timescales, for order of magnitude estimates we will
not consider this term separately, and instead pretend that
the U-dependent term itself accounts for all the backreac-
tion for the entire duration starting from u ¼ 0. Our esti-
mate for mass loss is a simple one: we ask for the
maximum possible backreaction over the maximum pos-
sible time, and take the product. This will serve as a proxy
for the integral

RhTuuitrajdu (which is the mass loss at

leading order, see Sec. III).
To begin with, we notice that for any value of �, the mass

loss will be enhanced for smaller values of �, since reduc-
ing � will in principle allow the backreaction to be sus-
tained at its maximum value of �M�2 (although the value
of � may prevent this). This is clear from Fig. 4(a). So for
any �, the largest mass loss will be achieved when �
saturates its Planck scale bound (see main text,
Sec. III A) of �2 � 1=2M.
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Having fixed �, we see that if we choose � appropriately
so that the backreaction remains at its maximum value for
times ��1 & u & ��1 lnð1=�2Þ, then the mass loss is ap-
proximated by�M�M�2��1 lnð1=�2Þ. The question now
is what value of � will maximize this quantity. Naively one
might think that making � smaller will help the case, since
reducing � increases the time over which the backreaction
is in effect. But as we saw in the previous subsection, this is
not the whole story, and there is a competing effect at play:
reducing � will also mean reducing the peak magnitude of
the backreaction, thus decreasing the mass loss. Clearly
there is an optimum value for �, which will maximize the
mass loss. Figure 4(b) and similar figures obtained by
varying � for fixed � suggest that for values of R0 signifi-
cantly larger than 2M, this optimum value is in fact the
maximum value �max, which is also borne out by numeri-
cally integrating the U-dependent term for various values
of � (and � as well).

Finally, we note that �max is a decreasing function of the
starting radius R0, which we estimated earlier as �max �
M�1ðM=R0Þb for R0 significantly larger than 2M, where
b > 0 in general and b � 2 for hðuÞ ¼ �ðuÞ tanhð�2u2Þ. If
this scaling were true for all values of R0, then a simple
estimate for the largest possible value of the backreaction
would come from setting � ¼ �max with R0=2M * Oð1Þ
(for an � that saturates the Planck scale bound), i.e., by
setting ��M�1 up to numerical factors. However, this
scaling does not hold when R0 is close to 2M and �max in
this case can actually be very large. Physically this is
because it is possible for the trajectory to start its asymp-
totic phase very quickly without becoming superluminal. It
might then seem that asymptotic trajectories that start close
to r ¼ 2M and very quickly enter their asymptotic phase
will radiate away a negligible amount of mass. This is not
true since the form of the backreaction in the initial stages
of collapse also changes in this case: notice that the
U-dependent term (44) depends on 
00 ¼ h0=4M, and for
large enough �, h approaches the Heaviside step function
so that h0 shows a spike close to u ¼ 0 of strength �M�1.
The bottomline is that even for small values of R0 for
which �max can be very large, the mass loss is still of the
same order of magnitude as it would be in our estimate
M�2��1 lnð1=�2Þ, with ��M�1 and �2 �M�1. The final
upper bound on the mass loss (ignoring numerical factors)
is given by

�Mmax ¼ OðM�1 lnðMÞÞ: (B9)

3. Stress-tensor VEV in initial phase of trajectory
Eq. (39)

Here, we show that for type I rays, which enter at times
0< u & ��1 lnð1=�2Þ, the stress-tensor VEV is at most of
order Oð1=M2Þ and changes on a timescale �M. The
argument relies on simple order of magnitude estimates
using the fact that the velocity in proper time � � dRs=d�

in this phase satisfies � ¼ Oð1Þ as we show below. (�
actually starts from zero, rises in magnitude, and then falls
as the asymptotic phase begins, but for simplicity we will
treat it as order unity throughout this phase.) We only need
to concentrate on the second term in Eq. (27) since we
already have an exact expression (44) for the first.
Writing the trajectory matching Eqs. (6) in terms of the

proper time d�2 ¼ �ds2jtraj and noting that � is negative

for a collapsing trajectory, we have the following relations:

dV

d�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q
þ �;

dv

d�
¼ 1

ð1� 2M=RsÞ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2M=Rs þ �2

q
þ �Þ;

(B10)

dU

d�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

q
� �;

du

d�
¼ 1

ð1� 2M=RsÞ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2M=Rs þ �2

q
� �Þ:

(B11)

Using these, one can write down expressions for U0 and _V
in terms of � and Rs. Further, in the initial phase of the

trajectory we have U0 ¼ �þ Ae�
ðuÞ ¼ Oð1Þ, ð1�
2M=RsÞ ¼ Oð1Þ and hence dv=du ¼ Oð1Þ. This implies
that � and hence _V are of order unity.
The second term in Eq. (27) can therefore be estimated

as ���2
V where �V is the timescale controlling _V. This

timescale is set entirely by the function U0 due to the way
we have chosen to define the trajectory. We can therefore
estimate ��1

V as

��1
V � @u lnU

0 � 
0 ¼ hðuÞ=4M; (B12)

other factors being of order unity. Because of the required
asymptotic behavior of hðuÞ, we can approximately take
hðuÞ � 0 for u & ��1 and hðuÞ � 1 for ��1 & u &
��1 lnð1=�2Þ. This is not too bad an approximation since,
for example, if hðuÞ ¼ tanhð�2u2Þ, we will have h� �2u2

for u � ��1 and h� 1þOðe�2�2u2Þ for u � ��1. This

estimate shows that the second term ðU0= _VÞ2 _V1=2@2v _V�1=2

is expected to be significant during the interval ��1 &
uent & ��1 lnð1=�2Þ in which its value is at most
Oð1=M2Þ and changes on a timescale �M.

4. Stress-tensor VEV in asymptotic phase of trajectory
Eq. (39)

Here, we show that the second term in Eq. (27) expo-
nentially decays for the type II rays that enter and exit the
shell in the asymptotic phase u � ��1 lnð1=�2Þ of the
trajectory Eq. (39). Using the late time solution (B7), we
can parametrically obtain ventðVÞ by finding vðuÞjP ent

and

VðuÞjP ent
as follows: From Eqs. (6), we get
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dv

du
¼ 1þ 2R0

s

1� 2M=Rs

¼ 1þO
� ~A

�2
e�Ku=4M

�
;

_V ¼ 1

U0 ð1� 2M=RsÞ ¼ �

�
1þO

� ~A

�2
e�Ku=4M

��
;

(B13)

where K ¼ Oð1Þ is determined from the solution (B7),

and ~A ¼ Oðe1=�MÞ was defined in Appendix B 1 above.
This leads to

ventðVÞ ¼ V

�
þO

�
M ~A

�2
e�KV=4M�

�
: (B14)

Further, since the exit point is also in the asymptotic phase,
we have

U ¼ �

�
uþO

�
M ~A

�
e�u=4M

��
; (B15)

which leads to

ventðUðuÞÞ ¼ uþO
�
M ~A

�2
e�Ku=4M

�
: (B16)

Using the expression for _V from Eq. (B13) above and
replacing u (which is actually uent) by v at the leading
order, one can easily show that

_V 1=2@2v _V�1=2 ¼ O
� ~A

�2M2
e�Kv=4M

�
; (B17)

and further, evaluation at v ¼ ventðUðuÞÞ simply replaces v
by u (which is now uex). Also, at the leading order we have
U02= _V2 � 1, and hence the second term in Eq. (27) be-
comes

U02
_V2

_V1=2@2v _V�1=2jv¼ventðUðuÞÞ ¼ O
� ~A

�2M2
e�Ku=4M

�
;

(B18)

with the approximation valid for u � ��1 lnð1=�2Þ.

5. The effect of backreaction on the background
geometry

In this section we sketch the arguments presented by
Brout et al., which show that the late time backreaction is
determined by the time-dependent mass MðuÞ of the col-
lapsing object. The reader is referred to Sec 3.4 of Ref. [3]
for further details. The argument proceeds as follows: The
spherically symmetric exterior metric is written in the form

ds2ext ¼ �e2c
�
1� 2mðv; rÞ

r

�
dv2 þ 2ec dvdrþ r2d�2;

(B19)

in terms of which the Einstein equations become

@m

@v
¼ Tr

v;
@m

@r
¼ �Tv

v ;
@c

@r
¼ Tr

r=r; (B20)

where the right-hand sides contain the two-dimensional
stress-tensor components.
At large distances, the zeroth order calculation shows

that only Tuu ¼ LH survives. (We have already computed
Tvv, which falls like �ðM=rÞ3, and the energy-momentum
conservation equation can be used to show that so does
Tuv.) Hence, the metric must correspond to the outgoing
Vaidya solution

ds2ext; large r ¼ �
�
1� 2MðuÞ

r

�
du2 � 2dudrþ r2d�2;

dMðuÞ
du

¼ �Tuu; (B21)

where we assume that LH ¼ Oð1=M2Þ and varies slowly.
Matching (B19) and (B21) at some large radius [say r >
Oð6MÞ] gives the transformation between the ðv; rÞ and
ðu; rÞ coordinates as

ecdv ¼ duþ 2dr

1� 2MðuÞ=r ; mðv; rÞ ¼ MðuÞ:
(B22)

Using this to calculate the right-hand sides of the Einstein
Eqs. (B20) in terms of LH, one finds that at large r all three
stress-tensor components Tr

v, T
v
v , and Trr, are of order

OðLHÞ times some quantity of order unity.
Near the apparent horizon rahðvÞ ¼ 2mðv; rahðvÞÞ, one

uses the fact that r and v both behave like inertial lightlike
coordinates [see Eq. (B19)] to argue that Tv

v and Trr must
be of order OðLHÞ here as well. Integrating the conserva-
tion equation Tr

v;r þ Tv
v;v ¼ 0 from rah to r >Oð6MÞ then

gives Tr
v ¼ OðLHÞ near the horizon also. Specifically, one

finds near the horizon (from Eq. 3.86 of Ref. [3])

@m

@v
¼ �LHe

c þOðMLH;vÞ; @m

@r
¼ OðLHÞ;

@c

@r
¼ OðLH=rÞ;

(B23)

which shows that the metric function m varies slowly and
also that c can be safely set to zero in the calculation.
The next step is to obtain the equation for outgoing null

geodesics (ONGs). This is somewhat involved due to the
presence of the apparent horizon where the ONGs change
the sign of their ‘‘velocity’’ dr=dv. The analysis
proceeds by first noting that as long as LH is small and
slowly varying, the location of the event horizon r ¼ rehðvÞ
is not very far removed from that of the apparent horizon.
To see this, we write rehðvÞ ¼ rahðvÞ þ�ðvÞ. Dif-
ferentiating with respect to v and using 2dreh=dv ¼ 1�
2mðv; rehÞ=reh (since the event horizon by definition is the
last ONG to reach Iþ), we find at leading order in LH

� ¼ rahrah;v ��1=M ) reh ¼ rahð1þOðLHÞÞ; (B24)

since drah=dv ¼ OðLHÞ. A useful result which follows
from this is 2mðv; rehÞ ¼ rehð1þOðLHÞÞ,
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2mðv; rehÞ ¼ 2mðv; rah þ �Þ
¼ 2mðv; rahÞ þ�OðLHÞ þ . . .

¼ rahð1þOðL2
HÞÞ ¼ rehð1þOðLHÞÞ: (B25)

The ONGs are easier to analyze in terms of the coordinate
x ¼ r� rehðvÞ, in terms of which the metric becomes

ds2ext ¼ �dv2 2mðv; reh þ xÞx
rehðreh þ xÞ ð1þOðLHÞÞ þ 2dvdx

þ r2d�2: (B26)

The coefficient gvv vanishes on the event horizon (x ¼ 0)
in these coordinates rather than the apparent horizon, and
the ONGs near the horizon resemble those in the unper-
turbed Schwarzschild geometry, namely, we have for x �
reh,

~v� 2 lnx ¼ fðuÞ; ~v ¼
Z v dv

r2eh
2mðv; rehÞð1þOðLHÞÞ;

(B27)

along an ONG, and the following ansatz describes ONGs at
arbitrary distances x:

~v� 2
x

rehðvÞ � 2 lnxþ � ¼
Z u du0

~mðu0Þ þD: (B28)

Here, D is a constant of integration, and � ¼
OðLHðMxþ x2Þ=MÞ, which follows from integrating the
ONG equation u ¼ const using the form of the metric
(B26). By requiring that at large distances the coordinate
u be identical to the one appearing in the outgoing Vaidya
metric (B21), one finds ~mðuÞ ¼ MðuÞð1þOðLHÞÞ using
the transformation Eq. (B22).

This coordinate transformation is then used to calculate
the quantity hTuuiren in the same way as was done in the
case without backreaction, and to leading order one finds
that the flux on the horizon vanishes quadratically, and the
flux reaching Iþ is ð�=12ÞT2

HðuÞ where

THðuÞ ’ 1

8� ~mðuÞ ¼
1

8�MðuÞ ð1þOðLHÞÞ; (B29)

which completes the argument (see Eqs. 3.91–3.95 of
Ref. [3] for details).

6. Delay in horizon formation for a null trajectory

In this section we analyze the effect of backreaction on
the horizon formation time for a null infalling trajectory.
Our classical trajectory in the absence of backreaction has
two phases:

(1) u < 0: RsðuÞ ¼ R0 ¼ const.
(2) u > 0: v ¼ const, V ¼ const

The horizon is formed at finite ðU;VÞ. The trajectory
solution is

Phase 1: UðuÞ ¼
�
1� 2M

R0

�
1=2

u� 2R0 þ 4M;

VðvÞ ¼
�
1� 2M

R0

�
1=2

v� 2xðR0Þ
�
1� 2M

R0

�
1=2

þ 4M;

v ¼ uþ 2xðR0Þ; (B30)

Phase 2: V ¼ 4M; v ¼ 2xðR0Þ;
U ¼ �2Rs þ 4M; u ¼ �2xðRsÞ þ 2xðR0Þ;

(B31)

where xðrÞ � rþ 2M lnðr=2M� 1Þ is the tortoise func-
tion and constants are chosen so that the horizon is formed
at U ¼ 0 (with u ! 1). The Penrose diagram for this
spacetime is shown in Fig. 5.
Causality implies that backreaction cannot have any

effect on the spacetime region U < 4M� 2R0, i.e., while
the trajectory is in phase (1). In phase (2) the trajectory will
be modified and will no longer in general have V ¼ 4M ¼
const. Say the modified trajectory (parametrized by U) is
given by ðV ¼ ~VðUÞ; r ¼ ~RsðUÞÞ in interior coordinates
and ðv ¼ ~vðUÞ; r ¼ ~RsðUÞÞ in exterior coordinates. The

FIG. 5. Penrose diagram (in the absence of backreaction) for a
shell which stays at r ¼ R0 ¼ 3:5M until U ¼ 4M� 2R0 and
then collapses along v ¼ const, forming a horizon atU ¼ 0. The
shell trajectory and the r ¼ 2M surface are labeled. The two null
rays marking the onset of phase (2) and horizon formation, are
also shown.
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interior geometry is still Minkowski, while the exterior is
the Brout et al. approximation

ds2ext � �
�
1� 2mðv; rÞ

r

�
dv2 þ 2dvdrþ r2d�2; (B32)

where the mass function mðv; rÞ is slowly varying in the
entire exterior. All this refers to phase (2) of the trajectory.
The matching therefore leads to

d ~V � dU ¼ 2d ~Rs;

�dU2 � 2dUd ~Rs ¼ �
�
1� 2mð~v; ~RsÞ

~Rs

�
d~v2 þ 2d~vd ~Rs;

(B33)

and we will assume that the functional form of the trajec-
tory is shifted by terms of order OðLHÞ so that

~RsðUÞ ¼ RsðUÞð1þOðLHÞÞ;
RsðUÞ ¼ �1

2ðU� 4M0Þ;
(B34)

withM0 denoting the unperturbed mass of the shell. For the
backreaction LH, at the leading order we will take this to
be given by the exact calculation of Sec. II B [see Eq. (37)],
so that

LH ¼ hTuuitrajðRsÞ ¼ 1

48�

M0

R3
s

�
2� 3M0

Rs

�
: (B35)

Although the calculation of Sec. II B was for a trajectory
that does not form a horizon, the derivation can be easily
modified to show that the stress-tensor VEV (in the ab-
sence of backreaction) in the present case, will have the
form (B35) at least for Rs > 2M0. Using this form for LH is
self-consistent so long as LH � 1, which is the case for all
Rs � 2M0. We then have

1þ 2
d ~Rs

dU
¼ OðLHÞ; (B36)

which gives us, at the leading order,

d ~V

dU
¼ OðLHÞ; d~v

dU
¼ OðLHÞ: (B37)

Now assume that the horizon forms at U ¼ �U instead of
U ¼ 0, so that

~R sð�UÞ ¼ rehð~vð�UÞÞ; ~vð�UÞ � v0 þ �v; (B38)

where v0 ¼ 2xðR0Þ is the unperturbed value at which the
horizon is formed. We would like to estimate �U and �v.
Using Eq. (B37) we have

~vð�UÞ ¼ v0 þ
Z �U

�2R0þ4M0

OðLHÞdU; (B39)

where the lower limit of integration is set by requiring that
the trajectories in the presence and absence of backreaction
be identical at the beginning of phase (2) which is at U ¼
�2R0 þ 4M0. At this level of approximation, using the
expression (B35) for LH with RsðUÞ given by Eq. (B34),
we find

Z �U

�2R0þ4M0

LHdU ¼ M0

6�

ð2M0 �UÞ
ð4M0 �UÞ3

��������
�U

�2R0þ4M0

; (B40)

and hence, ignoring numerical factors,

�v

M
¼ OðM�2Þð1þOð�U=MÞ þOððM=R0Þ2ÞÞ: (B41)

We can further assume rehð~vð�UÞÞ ¼ 2M0ð1þOðM�2ÞÞ
since rehðvÞ is a slowly varying function whose unper-
turbed form is the constant 2M0, and since LH ¼
OðM�2Þ around horizon formation. Then Eq. (B38) gives
us

�U=M ¼ OðM�2Þ; (B42)

so that j�Uj=M � 1 as expected. The signs of �v and �U
are not determined by this analysis. As in the timelike case,
the backreaction in this case cannot halt the horizon for-
mation, but can only delay it by a time Oð1=MÞ.
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