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Abstract

Spacetimes with horizons show a resemblance to thermodynamic systems and it is possible to associate the notion:
of temperature and entropy with them. Several aspects of this connection are reviewed in a manner appropriate for
broad readership. The approach uses two essential principles: (a) the physical theories must be formulated for each
observer entirely in terms of variables any given observer can access and (b) consistent formulation of quantum field
theory requires analytic continuation to the complex plane. These two principles, when used together in spacetimes
with horizons, are powerful enough to provide several results in a unified manner. Since spacetimes with horizons
have a generic behaviour under analytic continuation, standard results of quantum field theory in curved spacetimes
with horizons can be obtained directly (Sections 3—7). The requirements (a) and (b) also put strong constraints
on the action principle describing the gravity and, in fact, one can obtain the Einstein—Hilbert action from the
thermodynamic considerations (Section 8). The review emphasises the thermodynamic aspects of horizons, which
could be obtained from general principles and is expected to remain valid, independent of the microscopic description
(‘statistical mechanics’) of horizons.
© 2004 Elsevier B.V. All rights reserved.

PACS:04.70.—s; 04.70.Dy

Keywords:Black hole; Quantum theory; Entropy; Horizon; Einstein—Hilbert action

E-mail addressnabhan@iucaa.ernet.(.. Padmanabhan).
URL: http://www.iucaa.ernet.in/paddy

0370-1573/$ - see front matter © 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.physrep.2004.10.003


http://www.elsevier.com/locate/physrep
mailto:nabhan@iucaa.ernet.in
http://www.iucaa.ernet.in/paddy

50 T. Padmanabhan / Physics Reports 406 (2005) 49-125

Contents
R 101 oo 13T o] o 51..
2. Horizon for afamily Of ODSEIVELS . . .. .. o e e e 52.
2.1. Horizon and infinite redshift. . . ... ... 58.
2.2. Inertial coordinate system near the horizon. . . ... . i 59
2.3. Classical wave with exponential redshift. . .. ... 60
2.4. Field theory near the horizon: dimensional reductiQn . . . ... e 61
2.5. Examples of spacetimes with horzons. ... ... ... e 63
3. Quantum field theory in singular gauges and thermal ambience . .......... ... i 65
3.1. Singular gauge transformations and horizon. . ... i 67
3.2. Propagators in SiNQUIAK QaUQES . . . ottt et e e e e e e 70.
3.3. Going around the horizon: complex plane. .. ... e 73
4. Thermal density matrix from tracing over modes hidden by horizan............ ... . ... . . . i .. 76
5. Asymptotically static horizons and Hawking radiation. . . . . ... o 80
5.1. Asymptotically Rindler observersinflatspacetime ........... ... . . 81
5.2. Hawking radiation from black holes. . . ... ... 82
5.3. Asymptotically De Sitter SPaCetimeS . . . . ..ottt 84
6. Expectation values of energy—momentum tENSOL. . . . . ..ottt e e e e e e 85
6.1. The(T,p) intwo-dimensional field theory. . ... ... 86
6.2. Vacuum states and;) inthe presence of horizons . ... ... . i e 87
6.3. Spacetimes with multiple horizons. . . ... ... e i e e e 39
7. ENtropy Of NOMZONS . . ..o e 9l1.
7.1. Black hole entropy in quantum gravity models . . ... ... 95
8. The thermodynamicC route t0 graVvity. . . . . .. ..ottt et e et e e e e e e e e e e e 97.
8.1. Einstein—Hilbert action from spacetime thermodynamics. . ... ... i 102
8.2. Einstein’s equations as a thermodynamicidentity . ............. o 108
9. Conclusions and OULIOOK. . . . .. ... e 112.
ACKNOWIEAGEMENES. . . . o et e e e 114 .
Appendix A. Gravitational action functional. . . . ... ... 114
R EIENCES . . . o 120..
We combine probabilities by multiplying, but we combine the actions ... by adding; ...... since the

logarithm of the probability is necessarily negative, we may identify action provisionally with minus the

logarithm of the statistical probability of the state... _
Eddington (1920)1]

The mathematicians can go beyond this Schwarzschild radius and get inside, but | would maintain that
this inside region is not physical space, .... and should not be taken into account in any physical theory.

Dirac (1962)[2]
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1. Introduction

The simplestsolutionto Einstein’s equations in general relativity—the Schwarzschild solution—exhibits
a singular behaviour when expressed in the most natural coordinate system which makes the symmetries
of the solution obvious. One of the metric coefficiergs X vanishes on a surface of finite area while
another ¢,,) diverges on the same surface. After some initial confusion, it was realized that these singu-
larities are due to bad choice of coordinates. But the sutfadmought in new physical features which
have kept physicists active in the field for decades.

Detailed investigations in the 1970s showed that the Schwarzschild solution and its generalisations
(with horizons) have an uncanny relationship with laws of thermodynamics. [A description of classical
aspects of black hole thermodynamics can be fouri@-8].] The work of Bekenstein moved these ideas
forward [6—8] and one was initially led to a system with entropy but no temperature. This paradox was
resolved when the black hole evaporation was discovi€jeand it was very soon realized that there is
an intimate connection between horizons and temperfiOrel 2]

Later work over three decades has re-derived these results and extended them in many different direc-
tions but — unfortunately — without any further insight. It is probably fair to say that the “deep” relation
between thermodynamics, quantum theory and general relativity, which was hoped for, is still elusive in
the conventional approaches.

This review focuses on certain specific aspects of thermodynamics of horizons and attempts to unravel
a deeper relationship between thermodynamics of horizons and gravity. Most of the material is aimed
at a broader readership than the experts in the field. In order to keep the review self contained and of
reasonable length, it is necessary to concentrate on some simple models (mentioning generalisations
when appropriate, only briefly) and deal directly with semi classical and quantum mechanical aspects.
(Hence many of the beautiful results of classical black hole thermodynamics will not be discussed here.
Approaches based on string theory and loop gravity will be only briefly touched upon.) The broad aim of
the review will be to analyse the following important conceptual issues:

e What is the key physics (viz. the minimal set of assumptions) which leads to the association of a
temperature with a horizon? Can one associate a temperaturarnitforizon?

e Do all horizons, which hide information, possess an entropy? If so, how can one understand the entropy
and temperature of horizons in a broader context than that of, say, black holes? What are the microscopic
degrees of freedom associated with this entropy?

e Do all observers attribute a temperature and entropy to the horizon in spite of the fact that the
amount of information accessible to different observers is different? If the answer is “no”,
how does one reconcile dynamical effects related to, say, black hole evaporation, with general
covariance?

e What is the connection between the above results and gravity, since horizons of certain kind can exist
even in flat spacetime in the absence of gravity?

Allthese issues are subtle and controversial to different degrees. Current thinking favours—correctly—
the view that a temperature can be associated with any horizon and the initial sections of the review will
concentrate on this question. The second set of issues raised above are not really settled in the literature
and fair diversity of views prevails. We shall try to sort this out and clarify matters though there are still
several open issues. The answer to the question raised in the third item above is indeed “no” and one
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requires serious rethinking about the concept of general covariance in quantum theory. We will describe,
in the latter half of the review, a possible reinterpretation of the formalism so that each observer will have
a consistent description. This analysis also leads to a deeper connection between gravity and spacetime
thermodynamics, thereby shedding light on the last issue.

The logical structure of our approach (summarized in the last sectiofrignd in p. 82) will be as
follows: families of observers exist in any spacetime, who—classically—have access to only limited
portions of the spacetime because of the existence of horizons. This leads to two effects when the horizon
is (at least approximately) static:

e The Euclidean version of the quantum field theory needs to be formulateddfieamivespacetime
manifold obtained by removing the region blocked by the horizon. When the horizon is static, this
effectivemanifold will have a nontrivial topology and leads to the association of a temperature with the
horizon (Sections 3-6). This arises because the quantum theory contains information which classical
theory does not have, due to non-zero correlation functions on a spacelike hypersurface across the
horizon.

e The gravitational action functional, when formulated in terms of the variables the family of observers
can acceswyill have a boundary term proportional to the horizon area. This is equivalent to associating
a constant entropy per unit area of any horizon. Further, it is possible to obtain the Einstein—Hilbert
action using the structure of the boundary term. Among other things;ltrifies a peculiar relation
between the boundary and surface terms of the Einstein—Hilbert a(3iection 8). This idea lends
itself to further generalisations and leads to specific results in the semiclassical limit of quantum
gravity.

Throughout the discussion, we emphasize the ‘thermodynamical’ aspects of horizons rather than the
‘statistical mechanics’ based on microscopic models, like string theory or loop gravity. While there has
been considerable amount of work in recent years in the latter approaches (briefly discussed in Section
7.1), most of the results obtained by these approaches are necessarily model dependent. On the other han
since any viable microscopic model for quantum gravity reduces to Einstein gravity in the long wavelength
limit, it is possible to obtain several general results in the semi-classical limit of the theory which are
independent of the microscopic details. This is analogous to the fact that the thermodynamical description
of a gas, say, is broadly independent of the microscopic Hamiltonian which describes the behaviour of
molecules in the gas. While such a microscopic description is definitely worth pursuing, one also needs to
appreciate how much progress one can make in a reasonably model independent manner using essentiall
the structure of classical gravity. As we shall see, one can make significant progress in understanding the
thermodynamics of horizon by this approach which should be thought of as complementing the more
microscopic descriptions like the ones based on string theory.

We follow the sign conventions §13] with the signaturé— + ++) and use units witlly =% =c = 1.

But, unlike [13], we let the Latin indices cover 0,1,2,3 while the Greek indices cover 1,2,3. The
background material relevant to this review can be found in several text jhdk4 6] and review
articles[17-23]

2. Horizon for a family of observers

Classical and quantum theories based on non-relativistic physics use the notion of absolute time and
allow forinformationto be transmitted with arbitrarily large velocity. An evelp, Xg) can, in principle,
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influenceall events af" > Tp and be influenced by all eventsiak Tp. There is no horizon limiting one’s
region of influence in non-relativistic theories.

The situation changes in special relativity, which introduces a maximal sp@ephal to unity in our
choice of units) for the propagation of signals. An evexifly, Xp) can now acquire information only
from the events?(T, X) in the “backward” light congéXg — X|<(To — T) and can send information
only to events in the “forward” light coneX — Xo| < (T — Tp). The light cones'(#)at 2, defined by the
equation?(X9) = |X — Xg|2 — (T — Tp)? = 0, divide the spacetime into two regions which are either
causally connected or causally disconnecteeltd his light cone structure is invariant under Lorentz
transformations. The norma), =0,%(T — To, X — Xp) to the light conez (2) is a null vector ¢n, =0)
and the light cone is a null surface.

Consider now a timelike curvE“(¢) in the spacetime, parametrised by the proper timiethe clock
moving along that curve. We can construct past light céi¢ for each even?[ X“(¢)] on this trajectory.
The unionU of all these past light cond% (), —co <t <oo} determines whether an observer on the
trajectory X“(r) can receive information from all events in the spacetime or ndd. las a nontrivial
boundary, there will be regions in the spacetime from which this observer cannot receive signals (We shall
always use the term “observer’as synonymous to a time-like curve in the spacetime, without any other
additional, implied, connotations). In fact, one can extend this notion to a family of timelike curves which
fill a region of spacetime. We shall call such a family of curves with reasonable notions of smoothness a
“congruence”; it is possible to define this concept with greater level of abstraction (s¢24¢)gvhich
is not required for our purpose. Given a congruence of time-like curves (“family of observers”), the
boundary of the union of their causal pasts (which is essentially the boundary of the union of backward
light cones) will define &orizonfor this set of observers. We will assume that each of the timelike curves
has been extended to the maximum possible value for the proper time parametrising the curve. If the
curves do not hit any spacetime singularity, then this requires extending the proper time to infinite values.
This horizon is dependent on the family of observers that is chosen, but is coordinate independent.We
shall call the horizon defined by the above procedureaassalhorizon in order to distinguish it from
horizons defined through other criteria, some of which we will discuss in Section 2.5.

An important example (in flat spacetime) of a set of observers with horizon, which we shall repeatedly
come across as a prototype, is a class of trajectafies = (7'(r), X (¢), 0, 0):

kT = N sinh(xt), xX = N coshxt) , Q)

whereN andxk are constants. The quantity'¢) is the proper time of the clock carried by the observer with
the trajectoryV = constant. Physically, for finite these trajectories (for differeil) represent observers
moving with (different) uniform acceleratiom/N) along the X-axis. The velocitgdX /dT) = tanh(krt)
approaches the speed of lightras> +o0.

For all N > 0, x > 0, these trajectories are hyperbolas confined to the ‘right wedge’ of the spacetime
() defined byX > 0, |T| < X and these observers cannot access any information in the rEgioX.
Hence, for this class of observers, the null light cone surf@te; X) =0, acts as a horizon. An inertial
observer with the trajectoyf”’ =¢, X =x, 0, 0) for all t will be able to access information from the region
T > X at sufficiently late times. The accelerated observer, on the other hand, will not be able to access
information from half the spacetime even when> oo.

Similarly, Eq. (1) withN <0 represents a class of observers accelerating along negative x-axis and
confined to the ‘left wedge(.¥) defined byX <0, |T| < |X| who will not have access to the region
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(T + X) > 0. This example shows that the horizon structure is “observer dependent” and arises because
of the nature of timelike congruence which is chosen to define it.

These ideas generalise in a straight forward manner to curved spacetime. As a simple example, considel
a class of spacetimes with the metric

ds? = Q®(X4)(—dT? + dx?) + dL? , )

whereQ(X%) is a non-zero, finite, function everywhere (except possibly on events at which the spacetime
has curvature singularities) andLﬂ vanishes on th&-X plane. For light rays propagating in tiie X

plane, with &2 = 0, the trajectories are lines at%45ust as in flat space time. The congruence in Eq. (1)
will again have a horizon given by the surfa@@— X) = 0 in this spacetime. Another class of observers
with the trajectoriesT =r, X =x, 0, 0) for all t will be able to access information from the regibn- X

at sufficiently late times (provided the trajectory can be extended without hitting a spacetime singularity).
Once again, it is clear that the horizon is linked to the choice of a congruence of timelike curves.

Given any family of observers in a spacetime, itis most convenient to interpret the results of observations
performed by these observer in a frame in which these observers are at rest. So the natural coordinate
system(z, X) attached to any timelike congruence is the one in which each trajectory of the congruence
corresponds ta= constant. (This condition, of course, does not uniquely fix the coordinate system but
is sufficient for our purposes.) For the accelerated observers introduced above, such a coordinate systen
is already provided by Eq. (1) itself witta, N, Y, Z) now being interpreted as a new coordinate system,
related to the inertial coordinate systém X, Y, Z) with all the coordinates taking the rangeco, o).

The transformations in Eq. (1) do not leave the form of the line intervakd—d72 + |dX |2 invariant;
the line interval in the new coordinates is given by

ds? = gap(x) dx?dx? = —N2d? + dN?/k? 4+ dL? . (3)

The light coneg?=|X|2in the(Y, Z)= constant sector, now corresponds to the surfaed in this new
coordinate system (usually called the Rindler frame). Thus the Rindler frame is a static coordinate system
with the ggo = 0 surface—which is just the light cone through the origin of the inertial frame—dividing
the frame into two causally disconnected regions. Since the transformations in Eq. (1) covers only the
right and left wedges, the metric in Eq. (3) is valid only in these two regions. Both the branches of
the light coneX = +T7 andX = —T collapse to the lingv = 0. The top wedge7 (|X| < T, T > 0) and

the bottom wedge?(|X| < T, T < 0) of the Minkowski spacdisappeaiin this representation. (We shall

see below how similar coordinates can be introduced ji” as well; see Eq. (13).)

The metric in Eq. (3) is static even though the transformations in Eq. (1) appear to depend on time in a
nontrivial manner. This static nature can be understood as follows: The Minkowski spacetime possesses
invariance under translations, rotations and Lorentz boosts which are characterised by the existence of a
set of 10 Killing vector fields. Consider any linear combinatighof these Killing vector fields which is
timelike in a sub-regiorv’ of Minkowski spacetime. The integral curves to this vector figlavill define-
timelike curves in7. If one treats these curves as the trajectories of a family of hypothetical observers,
then one can set up an appropriate coordinate system for this observer. Since the four velocity of the ob-
server is along the Killing vector field, it is obvious that the metric components in this coordinate system
will not depend on the time coordinate. A sufficiently general Killing vector field which incorporates the
effects of translations, rotations and boosts can be writtefias (1 + X, kT — 1Y, 21X — pZ, pY)
wherex, 2 andp are constants. Wheh= p = 0, the fieldV’ generates the effects of Lorentz boost
along theX-axis and the trajectories in Eq. (1) are the integral curves of this Killing vector field. The
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static nature of Eq. (3) reflects the invariance under Lorentz boosts aloigdhes. One simple way of
proving this is to note that Lorentz boosts alofigaxis “corresponds to” a rotation in t&-T plane by an
imaginary angle; or, equivalently, Lorentz boost will “correspond to” rotation in terms of the imaginary
time coordinate§ =iT, tg =it. In EQ. (1)r — ¢ + ¢ does represent a rotation in the— 7 plane on a

circle of radiusN. Clearly, Eq. (1) is just one among several possible trajectories for observers such that
the resulting metric [like the one in Eq. (3)] will be static. (For example, the Killing vector fieldoath
corresponds to a rotating observer while- x, p = 0 leads to a cusped trajectory.) Many of these are
analysed in literature (see, for examgh—27,19] but none of them lead to results as significant as Eq.
(3). This is because Eq. (3) is a good approximation to a very wide class of metrics near the horizon.
We shall now discuss this feature.

Motivated by Eq. (3), let us consider a more a general class of metrics which are: (i) static in the given
coordinate systengo, = 0, gap (¢, X) = gap(X); (i) goo(X) = —N2(x) vanishes on some 2-surfacé
defined by the equatial2 =0, (iii) 0, N is finite and non zero o’ and (iv) all other metric components
and curvature remain finite and regular.sh The line element will now be:

ds? = —N2(x*) di? + Vap(x™) dx” dxf . (4)

The comoving observers in this frame have trajectoriesonstant, four-velocity,, = —N 52 and four
acceleratior’ = u/V;u' = (0, a) which has the purely spatial componeats= (0,N)/N. The unit
normaln, to the N= constant surface is given hy, = amN((gr/”auNavN)‘V2 = a,(aga®) V2. A simple
computation now shows that the normal component of the accelewdtior= a*n,, ‘redshifted’ by a
factorN, has the value

N(nya*) = (g"%9,NoyN)? = Na(x) (5)

where the last equation defines the func@oRrom our assumptions, it follows that on the horiz6ge-0,
this quantity has a finite limiVa — «; thex is called the surface gravity of the horizon.

These static spacetimes, however, have a more natural coordinate system defined in terms of the
level surfaces oN. That is, we transform from the original space coordinatesn Eq. (4) to the set
(N, y%), A = 2,3 by treatingN as one of the spatial coordinates. Ty7& denotes the two transverse
coordinates on thé&v= constant surface. (Upper case Latin letters go over the coordinates 2,3 on the
t= constantN= constant surface). This can be always done locally, but possibly not globally, because
N could be multiple valued etc. We, however, need this description only locally. The components of
acceleration in théN, y4) coordinates are
oyB 1
ai;—u, ag =0, aN=N. (6)

a =a“6ﬂN = Na?, af =a*
Using these we can express the metric in the new coordinates as
gVN = y““aHNa‘,N = N%a%; gV =Na? | @)

etc. The line element now becomes

dn? a’dN aBdN
ds? = —N?dr? (dA— )(dB— ) 8
’ * (Na)2 Toap W Na? Y Na? ®
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The original 7 degrees of freedom v, y,,) are now reduced to 6 degrees of freedonina®, s ap),
because of our choice f@po. This reduction is similar to what happens in the synchronous coordinate
system which make& = 1, but the synchronous frame loses the static ng28F In contrast, Eq. (8)
describes the spacetime in terms of the magnitude of accelemtiba transverse component$ and
the metrico 4 g On the two surface and maintains thsdependence. Thd is now merely a coordinate
and the spacetime geometry is described in ternis,af, 4 3) all of which are, in general, functions of
(N, y). In well known, spherically symmetric spacetimes with horizon, we will havea(N), a? =0
if we choosey = (0, ¢). Important features of dynamics are usually encoded in the funetiin y4).

Near theN — 0 surface Na — «, the surface gravity, and the metric reduces to the Rindler form in

Eqg. (3):
dN2 dn?2
ds? = —N2dr® + —— +dL? ~ —N2d® + — +dL7 , ©)
(Na)? K?

where the second equality is applicable closgtoThus the metric in Eqg. (3) is a good approximation to
a large class of static metrics wigigo vanishing on a surface. (It is, of course, possibleNao vanish on
more than one surface so that the spacetime has multiple horizons; this is a more complicated situation
and requires a different treatment, which we will discuss in Section 6.3).

There is an interesting extension of the metric in Eq. (3) or Eq. (9) which is worth mentioning. Changing
to the variable fromN to | with

dN NdN 1,
=—= ; I~ —N°,

a Na 2K

where the second relation is applicable near the horizon Mith~ «, we can cast the line element in
the form

d

(10)

ds? = — F(1)dr® + @ +dL? ~ —2kl di® + d® +dL? (11)
- 0 + 2kl ’
where the second equation is applicable near the horizor wittil/ 2«) N2. More generally, the function
f (1) is obtained by expressingin terms ofl. Many examples of horizons in curved spacetime we come
across have this structure wigho = —g** and hence this is a convenient form to use.

There is a further advantage in using the varidbléne original transformations froiT’, X) to (¢, N)
given by Eqg. (1) maps the right and left wedgess ) into (N > 0, N < 0) regions. Half of Minkowski
spacetime contained in the future light com€)through the origin|X| < 7, T > 0) and past light cone
(#) through the origin|(X| < T, T < 0) isnotcovered by th€z, N) coordinate system of Eq. (1) at all.
But, if we now extend to negative values then it is possible to use thi$) coordinate system to cover
all the four quadrants of the Minkowski spacetime. The complete set of transformations we need are:

kT =/ 2kl sinn(kt); «X = +£+/2«xl cosh(xt) (22)
for | X| > |T| with the positive sign i and negative sign it¥ and
kT = ++/—2kl cosh(kt); kX = +/—2xkl sinh(it) (13)

for | X| < |T| with the positive sign iz and negative sign iep. Clearly,l < 0 is used in7 and2. Note
thatt is timelike and is spacelike in Eq. (11) only fdr> 0 with their roles reversed fdr< 0. A given
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T

|I=const <

N=const <
|I=const > 0

N=const > 0
|I=const > 0

I=const < 0

Fig. 1. The global manifold with different coordinate systems in the four quadrants. See text for discussion.

value of(¢, ) corresponds to a pair of points # and.# for [ > 0 and to pair of points i#7 and# for
[ <0.Fig. 1shows the geometrical features of the coordinate systems.

The following crucial difference between tfe N) coordinates an@, /) coordinates must be stressed:
Inthe(s, N) coordinatest is everywhere timelike (see the second equation of Eq. (9)) and the two regions
N >0 andN < 0 are completely disconnected. In thel) coordinatest is timelike wherel > 0 and
spacelike wheré< 0 (see Eg. (11)) and the surfaice 0 acts as a “one-way membrane”; signals can go
from !> 0 tol < 0 but not the other way around. When we talk e¢f O surface as a horizon, we often
have the interpretation based on this feature.

In Eq. (4), (11), etc., we have defindband| such that the horizon is & =/ = 0. This, of course, is
not needed and our results continue to hold wifiea O at some finité = /5. In spherically symmetric
spacetimes it is often convenient to take 0< co and have the horizon at some finite value /.

Metrics of the kind in EqQ. (4) could describe either genuinely curved spacetimes or flat spacetime in
some non inertial coordinate system. The local physics of the horizons really does not depend on whether
the spacetime is curved or flat and we shall present several arguments in favour of the “democratic”
treatment of horizons. In that spirit, we do not worry whether Eq. (4) represents flat or curved spacetime.

We have assumed that the spacetime in Eq. (8) is static. It is possible to generalise some of our results to
stationaryspacetimes, which hayg, # 0 but with all metric coefficients remaining time independent. A
uniformly rotating frame as well as curved spacetimes like Kerr metric belong to this class and pose some
amount of mathematical difficulties. These difficulties can be overcome, but only by complicating the
formalism and obscuring the simple physical insights. It is more difficult to extend the results to general,
time dependent, horizons (for a discussion of issues involved in providing a general definition of horizon,
see e.¢.[29,30). If one considers the static horizons as analogous to equilibrium thermodynamics then
the analogue of time dependent horizons will be non-equilibrium thermodynamics. The usual approach
in thermodynamics is to begin with the study of equilibrium thermodynamics in order to define different
thermodynamical variables, etc. and then proceed to time dependent non-equilibrium processes. These
extreme limits are connected by quasi-static systems, which can again be handled by a straight forward
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generalisation of the static case. We shall adopt a similar philosophy in our study of horizons and develop
the notion of thermodynamical variables like temperature, entropy etc. for the horizons using static
spacetimes of the form in Eq. (8) thereby precluding from consideration, stationary metrics like that of
rotating frame or Kerr spacetime. While stationary and time dependent metrics will be more complicated
to analyse, we do not expect any new serious conceptual features to arise due to time dependence. Wha
is more, the static horizons themselves have a rich amount of physics which needs to be understood.

The coordinate systems having metrics of the form Eq. (9) have several interesting, generic, features
which we shall now briefly describe.

2.1. Horizon and infinite redshift

In the metrics of the form in Eq. (9), th€ = 0 surface acts as a horizon and the coordinate¥) and
(z, 1) are badly behaved near this surface. This is most easily seen by considering the light rays traveling
along theN-direction in Eq. (9) withyA= constant. These light rays are determined by the equation
(dr/dN)=+(1/N%a) and asV — 0, we get(ds /dN) ~ +(1/N«). The slopes of the light cones diverge
making theN = 0 surface act as a one way membrane in(thé coordinates and as a barrier dividing
the spacetime into two causally disconnected regions ir(sth®¥) coordinates. This difference arises
because the light corie= X, for example, separatesfrom # and both regions are covered by thgl)
coordinates; in contrast, the regigh(and#) are not covered in th@, N) coordinates.

This result is confirmed by the nature of the trajectories of material particles with constant energy,
near N = 0. The Hamilton—Jacobi (HJ) equation for the act®dmescribing a particle of mass is
0,A0*A = —m?. In a spacetime with the metric in Eq. (8) the standard substitutien—Er + f(x%),
reducesiitto

42 of 2_ 2 202 2
a?( X)) =E2 = Nm? + @ 1), (14)

where (alf)2 is the contribution from transverse derivatives. Naar= 0, the solution is universal,
independent o and the transverse degrees of freedom:

dN
A%—Etﬂ:E/m%—E(tﬂ:é), (15)
where
dN d
==l 50 4o

is called thetortoise coordinateand behaves as ~ (1/x)In N near the horizon. The trajectories are
N = (constantexp(txt) clearly showing that the horizon (&t = 0) cannot be reached in finite tinhe
from either side.

Let us next consider the redshift of a photon emitte¢tatv,, y4), whereN., is close to the horizon
surface#’, and is observed &, N, y4). The frequencies at emissioriz,) and detectiom(r) are related
by [w(t)/w(t.)] = [N./N]. The trajectory of the out-going photon is given by

N dn 1
I —t,= / —5- =——In N, + constant a7
N, N<a K
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where we have approximated the integral by the dominant contributionMear0. This givesN, «
exp(—«t), leading to the exponentially redshifted frequengy) o« N, oc eXp(—xt).

2.2. Inertial coordinate system near the horizon

The bad behaviour of the metric nedr= 0 is connected with the fact that the observers at congtant-
perceive a horizon @/ = 0. Given a congruence of timelike curves, with a non-trivial boundary for their
union of past light cones, there will be trajectories in this congruence which are arbitrarily close to the
boundary. Since each trajectory is labelled by=aconstant curve in the comoving coordinate system, it
follows that the metric in this coordinate system will behave badly at the boundary.

The action functional in Eq. (15) corresponds to a particle with constant energy(in fheoordinate
system, since we have separated the HJ equation(@it}ior) = — E= constant. Since this coordinate
system is badly behaved at the horizon, the trajectory takes infinite coordinate time to reach the horizon
from either direction. In a different coordinate system which is regular at the horizon, the trajectories
can cross the horizon at finite time. This is clear from the fact that one can introduce a local inertial
frame even near the horizon; the observers at rest in this frame (freely falling observers) will have regular
trajectories which will cross the horizon. If we use a coordinate system in which freely falling observers
are at rest and use their clocks to measure time, there will be no pathology at the horizon. In case of flat
spacetime, the freely falling trajectories are obtained by choosing the action functional which behaves as
A=—E'T + F(X). The corresponding “good” coordinate system is, of course, the global inertial frame.

In the general case, the required transformation is

kX =€ coshkr; kT =€ sinhxt , (18)

where¢ is defined by Eq. (16). This result can be obtained as follows: we first transform the line element
in EQ. (11) to the tortoise coordinate

ds? = N2(&)(—dr? + de?) + dL? . (19)

Introducing the null coordinates= (r — &), v = (¢ + &), we see that near the horizaM, ~ exg«¢] =
expl(x/2)(v — u)] which is singular ag — —oo. This suggests the transformations to two new null
coordinatesU, V) with kV =expxv], kU=— exp —«u] which are regular at horizon. The corresponding
TandX given byU = (T — X), V = (T + X). Putting it all together, we get the result in Eq. (18). The
metric in terms of 7', X) coordinates has the form
2

- K2(x2 _ T2)
whereN needs to be expressed in termg Bf X) using the coordinate transformations. In general, this
metric will be quite complicated and witloteven be static. The horizon &t=0 corresponds to the light
conesI'? — X2 =0 in these coordinates afi¥2/x%(T2 — X?)] is finite on the horizon by construction.
Thus the(T, X) coordinates are the locally inertial coordinates ngar

The transformations in Eq. (18) show that? — 7'2) is purely a function oN (or |) while (X/T) is a
function oft. Thust= constant curves are radial lines through the origin withXhe 0 plane coinciding
with N = 0 plane. Curves o= constant are hyperbolas (Jeig. 1).

By very construction, the line element in tii&, X) coordinates is well behaved near the horizon,
while the line element is pathological in tlie N) or (¢, 1) coordinates because the transformations in

ds? (—dT? +dx?) +dL? | (20)
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Eq. (18) are singular @/ = = 0. In the examples which we study the spacetime manifold will be well
behaved near the horizon and this fact will be correctly captured i(fth¥) coordinates. The singular
transformation from(7', X) coordinates tdz, [) coordinates is the cause for the bad behaviour of metric
near/ = 0 in these coordinates. But the family of observers, with respect to whom the horizon is defined
to exist, will find it natural to use thé&, N) coordinate system and the “bad” behaviour of the metric
tensor implies somaon-trivial physical phenomenrfar these observers. Since any family of observers

has a right to describe physics in the coordinate frame in which they are at rest, we need to take these
coordinates seriously. (We will also see tlvat) coordinates often have other interesting features which

are not shared by th@", X) coordinates. For example, the metric can be statie,ih coordinates but

time dependent iG7, X) coordinates.)

The transformation in Eq. (18) requires the knowledge of the surface grawaitythe horizon. IfN
vanishes at more than one surface—so that the spacetime has multiple horizons—then we need different
transformations of the kind in Eq. (18) near each horizon with, in general, different value¥¥ershall
comment on this feature in Section 6.3.

2.3. Classical wave with exponential redshift

The fact that the time coordinates used by the freely falling and accelerated observers are related by a
nonlinear transformation Eq. (18) leads to an interesting consequence. Consider a monochromatic out-
going wave along the X-axis, given (T, X) = exgd —iQ(T — X)] with Q > 0. Any other observer who
is inertial with respect to th& = constant observer will see this amanochromatievave, though with a
different frequency. But an accelerated observel at No= constant using the proper time co-ordinate
= Not will see the same mode as varying in time as

¢ = d(T(1), X (1) = expliQqe™] = expiQq exp—(x/No)l . (21)

where we have used Eq. (18) ane: « L exp(x¢). Thisis clearly not monochromatic and has a frequency
which is being exponentially redshifted in time. The power spectrum of this wave is givevby| f (v)|2
where f (v) is the Fourier transform af(z) with respect ta:

© d )
sw=[ Srrme’. (22)

—00

Because of the exponential redshift, this power spectrummailanish forv < 0. Evaluating this Fourier
transform (by changing to the variabig exd — (x/No)<] = z and analytically continuing to Ira) one
gets

F () = (No/K)(Qq)""N/* I (—ivNg /i)™ No/2x (23)

This leads to the remarkable result that the power, per logarithmic band in frequency, at negative frequen-
cies is a Planckian at temperature= (x/2nNo):

p _ 2nNo

—2= .
WP = g B="

(24)
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and, more importantly,

|f (=)2/1f ()% = exp(—pv). (25)

Though (v) in Eq. (23) depends of, the power spectrurfy (v)|? is independent of2; monochromatic
plane waves of any frequency (as measured by the freely falling obsenes abnstant) will appear
to have Planckian power spectrum in terms of the (negative) frequerdsfined with respect to the
proper time of the accelerated observer locatet¥ at No= constant. The scaling of the temperature
p~ o Nyt o |gool ~Y/? is precisely what is expected in general relativity for temperature.

We saw earlier (see Eq. (17)) that waves propagating from a region near the horizon will undergo
exponential redshift. An observer detecting this exponentially redshifted radiation at latértimeso),
originating from a region close t# will attribute to this radiation a Planckian power spectrum given by
Eq. (24). This result lies at the foundation of associating temperature with horizons. [The importance of
exponential redshift is emphasised by several people incly8ihe36]]

The Planck spectrum in Eq. (24) is in terms of the frequencypdmak the (correct) dimension of time;
no7 appears in the result. If we now switch the variable to energy, invoking the basic tenets of quantum
mechanics, and writgv = (/%) (fiv) = (8/#)E, then one can identify a temperatuigl = (x#/2xc)
which scales withi. This “quantum mechanical” origin of temperature is superficial because it arises
merely because of a change of units freto E. An astronomer measuring frequency rather than photon
energy will see the spectrum in Eqg. (24) as Planckian without any quantum mechanical input.

It is fairly straightforward to construct different time evolutions for a waw@) such that the cor-
responding power spectrupf (v)|2 has the Planckian form. While the trajectory in Eq. (1) was never
constructed for this purpose and leads to this result in a natural fashion, it is difficult to understand the
physical origin of temperature or the Bose distribution for photons in this approach purely classically,
especially since we started with a complex wave form. (The results for a real cosine wave is more in-
triguing; see[37,38)). The true importance of the above result lies in the fact that, the mathematical
operation involved in obtaining Eq. (24), acquires physical meaning in terms of positive and negative
frequency modes in quantum field theory which we shall discuss later. This is suggested by Eq. (25) itself.
In the quantum theory of radiation, the amplitudes of the have, with frequencies differing in sign, cause
absorption and emission of radiation by a system with two energy levels differig byhv. Hence any
system, which comes into steady state with this radiation in the accelerated frame, will have the ratio of
populations in the two levels to be gxppE), giving an operational meaning to this temperature.

2.4. Field theory near the horizon: dimensional reduction
The fact thatvn — 0 on the horizon leads to interesting conclusions regarding the behaviour of any

classical (or quantum) field near the horizon. Consider, for example, an interacting scalar field in a
background spacetime described by the metric in Eq. (8), with the action

A= —/d4x\/—_g (;aa¢aa¢+ v)

-2 2 2
:fdthdzy]:]/zilx |:¢2—N4a2<6¢) — N? {MJFVH : (26)
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Where(aﬂi))2 denotes the contribution from the derivatives in the transverse directions including cross
terms of the typ€&d, ¢0, ¢). NearN =0, with Na — «, the action reduces to the form

/fdzxL/dzfd&{ ['2 (a?)” (27)

where we have changed variableftdefined in Eq. (16) [which behaves &s- (1/x) In N] and ignored
terms which vanish a& — 0. Remarkably enough this action represents a two dimensional free field
theory in the(z, &) coordinates which has the enhanced symmetry of invariance under the conformal
transformationg., — f2(t, &)gay [See e.g., Section 3 §B9]]. The solutions to the field equations near

A are plane waves in the, ¢) coordinates:

by =exp—iw(r + &)] = NH/xegTlon (28)

These modes are the samepasexp iA whereAis the solution Eq. (15) to the Hamilton—Jacobi equation;
this is because the divergence(@f N) factor near the horizon makes the WKB approximation almost
exact near the horizon. The mathematics involved in this phenomenon is fundamentally the same as the
one which leads to the “no-hair-theorems” (see, ¢49]) for the black hole.

There are several symmetry properties for these solutions which are worth mentioning:

(a) The Rindler metric and the solution nedris invariant under the rescaling — /N, in the sense
that this transformation merely adds a phase td@his scale invariance can also be demonstrated by
studying the spatial part of the wave equatjiéh] near.#, where the equation reduces to a Schrodinger
equation for the zero energy eigenstate in the potetitial) = —w?/N2. This Schrodinger equation has
the natural scale invariance with respecto—~ AN which is reflected in our problem.

(b) The relevant metricsd = — N2d:2 + (dN /x)? in thes—N plane is also invariant, up to a conformal
factor, to the metric obtained by — p=1/N:

1 2
ds? = —N?dr® + — dn® == (—pzdtz + d%) . (29)
K2 p K

Since the two dimensional field theory is conformally invariang,(if, N) is a solution, thewp (¢, 1/N) is
also a solution. This is clearly true for the solution in Eq. (28). SMc®a coordinate in our description,
this connects up the infrared behaviour of the field theory with the ultraviolet behaviour.

(c) More directly, we note that the symmetries of the theory enhance significantly neArh8é
hypersurface. Conformal invariance, similar to the one found above, occurs in the gravitational sector
as well. Definingg = —¢ by dg = —dN/N(Na), we see thalv ~ exp(—«xg) near the horizon, where
Na ~ . The space part of the metric in Eqg. (8) becomes, near the horiZoa &/%(dg? + €27 dL? )
which is conformal to the metric of the anti-De Sitter (AdS) space. The horizon becomgs-theo
surface of the AdS space. These results hold in any dimension.

(d) Finally, one can construct the metric in the bulk by a Taylor series expansion, from the form of the
metric near the horizon, along the lines of exercise 1 (p. 29(2&)f These ideas work only because,
algebraically,N — 0 makes certain terms in the diffeomorphisms vanish and increases the symmetry.
There is a strong indication that most of the results related to horizons will arise from the enhanced
symmetry of the theory near thé = 0 surface (see e.f#2—44]and references cited therein).
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Table 1

Properties of Rindler, Schwarzschild and De Sitter metrics

Metric Rindler Schwarzschild De Sitter
k=3%f"(n) K 1 -H

¢ 2 In«l ltZMln[ﬁ -1 7 IN(EED

KX 2kl coshwt e?[ﬁ — 11%/2 coshi 7471 (%)1/2 cosh Ht
KT V25l sinh kt a5 — 1142 sinh 4] (%)1/2 sinhHt

2.5. Examples of spacetimes with horizons

While it is possible to have different kinds of solutions to Einstein’s equations with horizons, some
of the solutions have attracted significantly more attention than offelte 1summarises the features
related to three of these solutions. In each of these cases, the metric can be expressed in the form Eq
(11) with different forms off (1) given in the table. All these cases have only one horizon at some surface
[ = Iy and the surface gravity is well defined. (We have relaxed the condition that the horizon occurs
at/ = 0; hencex is defined ag1/2) f’ evaluated at the location of the horizénr; [y .) The coordinates
(T, X) are well behaved near the horizon while the original coordinate sy&tdmis singular at the
horizon.Fig. 1describes all the three cases of horizons which we are interested in, with suitable definition
for the coordinates.

In all the cases the horizon ki [ corresponds to the light cones through the orid@ig — X2) =0
in the freely falling coordinate system, it is conventional to callithe X surface as the future horizon
and theT' = — X surface as the past horizon. Also note that the explicit transformatiaiis ) given
in Table 1corresponds té> 0 and the right wedge®z. Changing to —! in these equations with< 0
will take care of the left wedgez. The future and past regions will require interchange of sinh and cosh
factors. These are direct generalisation of the transformations in Egs. (12) and (13).

The simplest case corresponds to flat spacetime in wifickx') are the Minkowski coordinates and
(z, 1) are the Rindler coordinates. The range of coordinates exter(dsstg co). Thegpg does not go to
(—1) at spatial infinity in(¢, /) coordinates and the horizon islat O.

The second case is that of a Schwarzschild black hole. The full manifold is described(if, kg
coordinates, (called the Kruskal coordinates, which are analogous to the inertial coordinates in flat space-
time) but the metric imotstatic in terms of the Kruskal tinie The horizon a2 = 72 divides the black
hole manifold into the four regiong, #, &, 2. In terms of the Schwarzschild coordinates, the metric
is independent of and the horizon is dt= 2M whereM is the mass of the black hole. The standard
Schwarzschild coordinatés, /) is a 2-to-1 map from the Kruskal coordinai@s X). The regionl > 2M
which describes the exterior of the black hole corresponds &amd.# and the region &/ < 2M, that
describes the interior of the black hole, correspondgtand 2. The transverse coordinates are now
(0, ¢) and the surfaces= constant/= constant are 2-spheres.

In the case of a black hole formed due to gravitational collapse, the Schwarzschild solution is applicable
to the region outside the collapsing matter, if the collapse is spherically symmetric. The surface of the
collapsing matter will be a timelike curve cutting througtand.#, making the whole of,2 (and part
of 2 and.7) irrelevant since they will be inside the collapsing matter. In this case, the past horizon does
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not exist and we are only interested in the future horizon. Similar considerations apply whenever the
actual solution corresponds only to part of the full manifold.

There are five crucial differences between the Rindler and Schwarzschild coordinates: (i) The Rindler
coordinates represents flat spacetime which is a non singular manifold. The Schwarzschild coordinates
describe a black hole manifold which has a physical singularity:8tcorresponding t#'2 — X2=16M?2.

Thus a world lineX= constant, crosses the horizon and hits the singularity in fihit€he region

T2 — X2~ 16M? is treated as physically irrelevant in the manifold. (ii) In the Rindler metzjg,does

not tend toy,, when|x| — oo while in the Schwarzschild metric it does. (iii) The Rindler metric is
independent of thécoordinate just as the Schwarzschild metric is independent dfdberdinate. Of
course, the flat spacetime is statid@inoordinate as well while the black hole spacetime is not static in the
Kruskal coordinates. (iv) The surfaces with constant/= constant are 2-spheres with finite area in the
case of Schwarzschild coordinates; for example, the horizba-&M has the area 2. In contrast,

the transverse dimensions are non-compact in the case of Rindler coordinates and the hiosifbimeest
infinite transverse area. (v) There is a non-trivial, time dependent, dynamics in the black hole manifold
which is not easy to see in the Schwarzschild coordinates but is obvious in the Kruskal coordinates.
The geometrical structure of the full manifold contains two asymptotically flat regions connected by a
worm-hole like structur¢l3].

Because of these features, ttael) Schwarzschild coordinate system has an intuitive appeal which
Kruskal coordinate system lacks, in spite of the mathematical fact that Kruskal coordinate system is
analogous to the inertial coordinate system while the Schwarzschild coordinate system is like the Rindler
coordinate system.

The third spacetime listed in Tables the De Sitter spacetime which, again, admits a Schwarzschild
type coordinate system and a Kruskal type coordinate system. The horizon is hewrat?! and the
spacetime ismot asymptotically flat. There is also a reversal of the roles of “inside” and “outside” of the
horizon in the case of De Sitter spacetime. If the Schwarzschild coordinates are used on the black hole
manifold, an observer at large distancks oo) from the horizon! = 2M) will be stationed at nearly
flat spacetime and will be confined#n The corresponding observer in the De Sitter spacetimd is at
which is again inz. Thus the nearly inertial observer in the De Sitter manifold is near the origin, “inside”
the horizon, while the nearly inertial observer in the black hole manifold is at a large distance from the
horizon and is “outside” the horizon; but both are located in the regiamFig. 1 making this figure to
be of universal applicability to all these three metrics. The transverse dimensions are compact in the case
of De Sitter manifold as well.

The De Sitter manifold, however, has a high degree of symmetry and in particular, homogemn iy
Itis therefore possible to obtain a metric of the kind givemiable 1with any point on the manifold as the
origin. (This is in contrast with the black hole manifold where the origin is fixed by the source singularity
and the manifold is not homogeneous.) The horizon is different for different observers thereby introducing
an observer dependence into the description. This is not of any deep significance in the approach we have
adopted, since we have always defined the horizon with respect a family of observers.

Itis certainly possible to providepurely geometrical definition of horizon in some spacetimes like, for
example, the Schwarzschild spacetime. The boundary of the causal past of the future timelike infinity in
Schwarzschild spacetime will provide an intrinsic definition of horizon. But there exists timelike curves
(like those of observers who fall into the black holes) for which this horizon does not block information.
The comments made above should be viewed in the light of whether it is physically relevaetasdary
to define horizons as geometric entities rather than whethepdssibleto do so in certain spacetimes.
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In fact, a purely geometric definition of horizon actually hides certain physically interesting features. It
is better to define horizons with respect to a family of observers (congruence of timelike curves) as we
have done.

As an aside, it may be noted that our definition of horizon (“causal horizon”) is more general than
that used in the case of black hole spacetimes, etc. in the following sense: (a) these causal horizons
are always present in any spacetime for suitable choice of observers and (b) there is no notion of any
“marginally trapped surfaces” involved in their definition. There is also no restriction on the topology
of the two-dimensional surfaces (suitably defined sections of the boundary of causal past). Essentially,
the usual black hole horizons are causal horizons but not conversely. For our purpose, the causal horizon
defined in the manner described earlier turns out to be most appropriate. This is because it provides a
notion of regions in spacetimes which are not accessibleptartécular class of observerand changes
with the class of observers under consideration. While more geometrical notions of horizons defined
without using a class of observers definitely have their place in the theory, the causal horizon incorporates
structures like Rindler horizon which, as we shall see, prove to be very useful. We stress that, though
causal horizons depend on the family of time like curves which we have chosen—and thus is foliation
dependent—it is generally covariant. Ultimately, definitions of horizons are dictated by their utility in
discussing the issue we are interested in and for our discussion causal horizon serves this purpose best.

While the three metrics ifTable lact as prototypes in our discussion, with sufficient amount of
similaritiesand differencebetween them, most of our results are applicable to more general situations. The
key features which could be extracted from the above examples are the following: There is a Killing vector
field which is timelike in part of the manifold with the componetits= (1, 0, 0, 0) in the Schwarzschild-
type static coordinates. The norm of this fiéfd, vanishes on the horizon which arises as a bifurcation
surface#’. Hence, the points of are fixed points of the killing field. There exists a spacelike hypersurface
2 which includes# and is divided by# into two piecessg andX, the intersection of which is in fact
A . (In the case of black hole manifold,is theT = 0 surfaceXr andX; are parts of it in the right and
left wedges and# corresponds to thie=2M surface.) The topology df z and.# depends on the details
of the spacetime but’ is assumed to have a non-zero surface gravity. Given this structure it is possible
to generalise most of the results we discuss in the coming sections.

The analysis in Section 2.3 shows that it is possible to associate a temperature with each of these
horizons. In the case of a black hole manifold, an observée=aR >2M will detect radiation at late
times(r — oo) which originated from near the horizés= 2M at early times. This radiation will have a
temperaturd” = (x/2r) = (1/8xM) [9]. In the case of De Sitter spacetime, an observer neartgm
will detect radiation at late times which originated from near the horizér=ati —X. The temperature in
this case will bel' = (H/2r) [46]. In each of the cases, the temperature of this radiafios,x/2x, is
determined by the surface gravity of the horizon.

3. Quantum field theory in singular gauges and thermal ambience

Horizons introduce new features in quantum theory as one proceeds from non-relativistic quantum
mechanics (NRQM) to relativistic quantum theory. NRQM has a notion of absolutet timi¢h only
t — c1t + ¢2, c1> 0 being the allowed symmetry transformation) and exhibits invariance under the
Galilean group. In the path integral representation of non-relativistic quantum mechanics, one uses only
the causal pathX“(r) which “go forward” in this absolute time coordindte
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This restriction has to be lifted in special relativity and the corresponding path integrals use paths
X%(s) = (X@s), X*(s)), which go forward in the proper-timebut either forward or backward in co-
ordinate timex?©. In the path integral, this requires summing over paths which could intersegfthe
constant plane on several points, going forwards and backwards. For such a path, the particle could be
located at infinitely many points on the%= constant hypersurface, which is equivalent to having a
many-particle state at any given tinX€. So if we demand a description in which causality is maintained
and information on th& %= constant hypersurface could be used to predict the future, such a description
should be based on a system which is mathematically equivalent to infinite number of non relativistic
point particles, located at different spatial locations, at any given time. Thus combining special relativity,
quantum mechanics and causaliyguiresthe use of such constructs with infinite number of degrees of
freedom and quantum fields are such constructs (see, for exgdipfle,In the case of a free particle,
this result is summarised by

Gr¥,X) = / ~ dgerins / g72dAlYs X0l — (0| T[(Y)p(X)]|0) . (30)
0

HereAl[Y, s; X, 0] is the action for the relativistic particle to propagate fr&hto Y in the proper time
sand the path integral is over all pathé(z) with these boundary conditions. The integral over all values
of s (with the phase factor expiEs) = exp(—ims) corresponding to the energy = m conjugate to
proper times) gives the amplitude for the particle to propagate fr&fto Y“. There is no notion of a
quantum field in at this juncture; the second equality shows that the same quantity can be expressed in
terms of a field.

It should be stressed thé&tz (Y, X) # 0 whenX® andY“ are separated by a spacelike interval; the
propagation amplitude for a relativistic particle to cross a light cone (or horizonszeran quantum
field theory. Conventionally, this amplitude is reinterpreted in terms of particle—anti particle pairs. There
is a well-defined way of ensuring covariance under Lorentz transformations for this interpretation and
since all inertial observers see the same light cone structure it is possible to construct a Lorentz invariant
guantum field theory.

The description in Eq. (30) is (too) closely tied to the existence of a global time coordir(ated
those obtained by a Lorentz transformation from that). One can decompose the field op&rabdy
into positive frequency modes [which vary as éxp7)] and negative frequency modes [which vary as
exp(+iQT)] in a Lorentz invariant manner and use corresponding creation and annihilation operators to
define the vacuum state. Two observers related by a Lorentz transformation will assign different (Doppler
shifted) frequencies to the same mode but a positive frequency mode will always be seen as a positive
frequency mode by any other inertial observer. The quantum|8ateEqg. (30), interpreted as the vacuum
state, is thus Lorentz invariant. There is also a well defined way of implementing covariance under Lorentz
transformation in the Hilbert space so that the expectation values are invariant. The standard procedure for
implementing a classical symmetry in quantum theory is to construct a unitary opéredoresponding
to the symmetry and change the states of the Hilbert spad¢¢)by> U|y) and change the operators
by 0 — UOU ™! so that the expectation values are unaltered. This can be done in the case of Lorentz
transformations.

The next logical step will be to extend these ideas to curvilinear coordinates in flat spacetime (thereby
extending the invariance group from Lorentz group to general coordinate transformation group) and to
curved spacetime. Several difficulties arise when we try to do this.
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(i) If the background metric depends on time in a given coordinate system, then the quantum field
theory reduces to that in an external time dependent potential. In general, this will lead to production
of particles by the time dependent background gravitational field. On many occasions, like in the case
of an expanding universe, this is considered a “genuine” physical ¢f#8@9] If, on the other hand,
the metric is static in a given coordinate system, one would have expected that a vacuum state could be
well defined and no particle production can take place. This is true as long as the spacetime admits a
global timelike Killing vector field throughout the manifold. If this is not the case, and the Killing vector
field is timelike in one region and spacelike in another, then the situation becomes more complex. The
usual examples are those with horizons where the norm of the Killing vector vanishes on the bifurcation
surface which, in fact, acts as the horizon. In general, it is possible to provide different realizations of the
algebra of commutators of field operators, each of which will lead to a different quantum field theory.
These different theories will be (in general) unitarily inequivalent and the corresponding quantum states
will be elements of different Hilbert spaces. If we want to introduce general covariance as a symmetry
in quantum theory, we need unitary operators which could act on the states in the HilbertTdpace.
procedure, however, is impossible to implemaéathematically, the elements of general coordinate
transformation group (which is an infinite dimensional Lie group) cannot be handled in the same way as
the elements of Lorentz group (which can be obtained by exponentiating elements close to identity or as
the products of such exponentials).

(ii) The standard QFT requires analytic continuation into complex plane of independent variables for
its definition. It is conventional to provide a prescription such that the propa@gat@ropagates positive
frequency modes of the field forward in time and the negative frequency modes backward in time. This
can be done either (a) through anprescription or (b) by definings » in the Euclidean sector and
analytically continuing to Minkowski spacetime. Both these procedures (implicitly) select a global time
coordinate [more precisely an equivalence class of time coordinates related by Lorentz transformations].
This procedure is not generally covariafihe analytic continuation — ir and the general coordinate
transformation — f(¢’, x’) do not commute and one obtains different quantum field theories in different
coordinate systems.

(iii) One can also defin& ¢ as a solution to a differential equation, By T[¢(Y)¢(X)]|y) for any
stately) satisfies the same differential equation and the hyperbolic nature of this wave equation requires
additional prescription to choose the appropré@ge This can be done by the methods (a) or (b) mentioned
in (ii) above, in case of inertial frames in flat spacetime. But in curvilinear coordinate system or in curved
spacetime, this wave operator defini@g can be ill-defined at coordinate singularities (like horizons)
and one requires extra prescriptions to handle this.

We shall now study several explicit manifestations of these difficulties, their resolutions and the physical
consequences.

3.1. Singular gauge transformations and horizon

In many manifolds with horizon, like those discussed in Section 2.5, one can usually introduce a global
coordinate system covering the full manifold in which the metric is non-singular though (possibly) not
static. A clear example is the Kruskal coordinate system in the black hole manifold in which the metric
depends on the Kruskal time coordinate. Quantum field theory in such a coordinate system will require
working with a time dependent Hamiltonian; no natural vacuum state exists on such a global manifold
because of this time dependence.
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Many of these manifolds also allow transformation to another coordinate system (like the Schwarzschild
coordinate system) in which the metric is independent of the new time coordinate. There exists a well
defined family of observers who will be using this coordinate system and the question arises as to how
they will describe the quantum field theory. The metric in the new coordinates is singular on the horizon
and we need to ask how that singularity needs to regularised and interpreted. These singular coordinate
transformations require careful, special handling since they cannot be obtained by “exponentiating”
infinitesimal, non-singular coordinate transformations.

To see this issue clearly, it is better to use the concept of gauge transformations rather than coordinate
transformations. In the standard language of general relativity, one has a manifold with a metric and
different choices can be made for the coordinate charts on the manifold. When one changes from a
coordinate chark’ to x’, the metric coefficients (and other tensors) change in a specified manner. In
the language of particle physics, the same effect will be phrased differently. The coordinate chart and
a back ground metric can be fixed at some fiducial value at first; the theory is then seen to be invariant
under some infinitesimal transformatiogfis — g;; + 0g;; wheredg;; can be expressed in terms of four

gauge functiong“ (x) by ég;; = —V;¢; — V;¢;. The translation between the two languages is effected

by noticing that the infinitesimal coordinate transformatidn— x’ + & (x) will lead to the sam@ég.,
in the general relativistic language.

Itis now clear that there are two separate types of gauge (or coordinate) transformations which we need
to consider: thanfinitesimalones and thiargeones. Thénfinitesimalgauge transformations of the theory,
induced by the four gauge functiotishave the forndg;;=—V;&;—V;¢;. Forexample, the transformation
induced by¢(g) =(—xXT, —(1/2)xT?, 0, 0) changes the flat space-time mefig = (-1, 1, 1, 1) to the
formg,,=(—(1+2xX), 1, 1, 1), uptofirst orderirt. This could be naively thought of as the infinitesimal
version of the transformation to the accelerated frame. (It is naive because the “small” parameters here
are(xX, «T) and we run into trouble at larg&, T7').) Obviously, one cannot describe a situation in which
N — 0 within the class of infinitesimal transformations.

The classical theory is also invariant under finite transformations, which are more “dangerous”. Of
particular importance are tHarge gauge transformationsvhich are capable of changing >0 in a
non-singular coordinate system to a non-trivial functigix?) that vanishes on a hypersurface. The
transformation from th€T, X) to the Schwarzschild type coordinates belongs to precisely this class. In
particular, the coordinate transformation which changes the metric §tgme- (—1,1,1,1) to g.» =
(—(1+xX)%,1,1,1) is the “large” version of the infinitesimal version generatedfg%. Given such
large gauge transformations, we can discuss regions arbitrarily close Abth@ surface.

Anewissue, which is conceptually important, comes up while doing quantum field theory in a spacetime
with a N =0 surface. All physically relevant results in the spacetime will depend on the combihkdton
rather than on the coordinate time @he Euclidean rotation— €™/ can equivalently be thought of
as the rotatiolV — Né™/2. This procedure becomes ambiguous on the horizon at whiet0. But the
family of observers with a horizowill indeed be using a comoving coordinate system in which- 0
on the horizon. Clearly we need a new physical principle to handle quantum field theory as seen by this
family of observers.

To resolve this ambiguity, it is necessary to work in complex plane in which the metric singularity
can be avoided. This, in turn, can be done either by analytically continuing in the time cootdimate
in the space coordinate The first procedure of analytically continuing iris well known in quan-
tum field theory but not the second one since one rarely works with space dependent Hamiltonian
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in standard quantum field theory. We shall briefly describe these two procedures and use them in the
coming sections.

Let us consider what happens to the coordinate transformations in Eqg. (18) and the metric near the
horizon, when the analytic continuatiéh— T = T€7/2 is performed. The hyperbolic trajectory in Eq.
(1) for N =1 (for whicht measures the proper time), is given in parametric formfas- sinh xz, kX =
coshxkt. This becomes a circle;Tr = sinktg, kX = coSktg With, —oo <tg < 4+ oo on analytically
continuing in bothl andt. The mapping«Tg = sin k¢ is many-to-one and limits the range fz to
k|Tg| <1 for (—oo < tg < 00).

Further, thecomplex plane probes the region which is classically inaccestille family of observers
on N= constant trajectory. The transformations in (1) wNh> 0, —oo <t < oo coveronly the right
hand wedge|X| > |T|, X > 0] of the Lorentzian sector; one needs to take: 0, —co <t < oo to cover
the left hand wedge|KX| > |T|, X <0]. Neverthelesshoth X > 0 and X <0 are covered by different
ranges of the “angular” coordinatg. The range(—n/2) < atg < (n/2) coversX > 0 while the range
(n/2) <atg < (3n/2) coversX < 0. The light cones of the inertial fram¥? = T2 are mapped into the
origin of theTg-X plane. The region “inside” the horizdf| > | X| simply disappearsn the Euclidean
sector. Mathematically, Eq. (18) shows that— xr — in changesX to —X, i.e., the complex plane
contains information about the physics beyond the horizons through imaginary vatues of

This fact is used in one way or another in several derivations of the temperature associated with the
horizon[46,50-56] Performing this operation twice shows that—> «r—2iris anidentity transformation
implying periodicity in the imaginary timet = xtz. More generally, all the event®, = (r=(2nn/x), X)
[wheren = 41, +2, .. .] which correspond talifferentvalues of T and X will be mapped to thesame
point in the Euclidean space.

This feature arises naturally when we analytically continue in the time coorditatiie Euclidean
sector. If we takegr = iz, then the metric near the horizon becomes

ds? ~ N?dr2 + (dN/x)? + dL? . (31)

Near the origin of theg-N plane, this is the metric on the surface of a cone. The conical singularity at
the origin can be regularised by assuming thails an angular coordinate with®«zg <2z. When we
analytically continue i and map thev = 0 surface to the origin of the Euclidean plane, the ambiguity
of defining NV dr on the horizon becomes similar to the ambiguity in definingitdeection of the polar
coordinates at the origin of the plane. This can be resolved by imposing the periodicity in the angular
coordinate (which, in the present case, is the imaginary time coordinate).

This procedure of mappin = 0 surface to the origin of Euclidean plane will play an important role
in later discussion (see Section 8). To see its role in a broader context, let us consider a class of observers
who have a horizon. A natural interpretation of general covariance will require that these observers will
be able to formulate quantum field theory entirely in terms of an “effective” spacetime manifold made of
regions which are accessible to them. Further, since the quantum field theory is well defined only in the
Euclidean sector [or with an prescription] it is necessary to construct an effective spacetime manifold
in the Euclidean sectdsy removing the part of the manifold which is hidden by the horizon. For a wide
class of metrics with horizon, the metric close to the horizon can be approximated by Eqg. (31) in which
(the region inside) the horizon is reduced to a point which we take to be the origin. The region close to
the origin can be described in Cartesian coordinates (which correspond to the freely falling observers) or
in polar coordinates (which would correspond to observers at rest in a Schwarzschild-type coordinates)
in the Euclidean space. The effective manifold for the observers with horizon can now be thought to be
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the Euclidean manifold with the origin removed. This principle is of very broad validity since it only uses
the form of the metric very close to the horizon where it is universal. The structure of the metric far away
from the origin can be quite complicated (there could even be another horizon elsewhere) but the key
topological features are independent of this structure. It seems reasonable, therefore, to postulate that the
physics of the horizons need to be tackled by using an effective manifold, the topology of which is non
trivial because a point (corresponding to the region blocked by the horizon) is removed. We will pursue
this idea further in Section 8 and show how it leads to a deeper understanding of the link between gravity
and thermodynamics.

There is a second, equivalent, alternative for defining the theories in singular static manifolds. This is
to note that the Euclidean rotation is equivalent to tfgr@scription in which one uses the transformation
t — t(1+ie) which, in turn, translates t — N (1 + ie). Expanding this out, we get

N — N +iesign(N) (32)
Near the origin, the above transformation is equivalertte /(1 + i) [sincel « N?]. Hence,
[ — I +iesign(l) . (33)

This procedure involves analytic continuation in #acecoordinateN while the first procedure uses
analytic continuation in the time coordinate. Both the procedures will lead to identical conclusions but in
different manners. We shall now explore how this arises.

3.2. Propagators in singular gauges

Let us begin by computing the amplitude for a particle to propagate from an Ryergnother event
P’ with an energ\E [51]. From the general principles of quantum mechanics, this is given by the Fourier
transform of the Green'’s functioi [ P — P’] with respect to the time coordinate. The vital question,
of course, is which time coordinate is used as a conjugate variable to éae@pnsider, for example,
the flat spacetime situation witA’ being some point o = r = 0 axis in# andP being some event
in # with the Rindler coordinates /, 0, 0). The amplitudeG [P — P’] will now correspond to a
particle propagating from the inside of the horizon to the outside. F8e&; the fact that this amplitude
is non-zero in quantum field theory is a necessary condition for the rest of the argument.) The amplitude
for this propagation to take place with the particle having an enErgyvhen measured with respect to
theRindler time coordinate-is given by

2E; P - P)= /OO dt e_iEtGp[P(t, y) — P'(0, X)] (34)

(The notation in the left hand side should be interpreted as loeifaigedoy the right hand side; obviously,
theevents Rand P’ can be specified only when the time coordinate is fixed but we are integrating over the
time coordinate to obtain the corresponding amplitude in the energy space. The minus sigr ikex|s

due to the fact thdtis the time coordinate of thaitial eventP.) Shifting the integration by — ¢t —i(n/x)

in the integral we will pick up a pre-factor eprE /x); further, the evenP will become the evenPy
obtained by reflection at the origin of the inertial coordinates [see Egs. (12), (13)]. We thus get

oo .
WE; P — P)= e‘”E/"/ dre'F'Gp[Pgr —> P 1=e"E/*9(E; PR — P) . (35)
—o0



T. Padmanabhan / Physics Reports 406 (2005) 49-125 71

T

Fig. 2. The relation between absorption and emission probabilities across the horizon. See text for details.

The reflected evenky, is in the region?; the amplitude2(E; P — P’) corresponds to the emission of

a particle by the past horizon (“white hole” in the case of Schwarzschild spacetime) into the #&gion
By time reversal invariance, the corresponding probability is also the same as the proFapifioy the

black hole to absorb a particle. It follows that the probability for emission and absorption of a particle
with energyE across the horizon are related by

2nE
Pem = Paps eXp(_T> . (36)

This result can be directly generalised to any other horizon since the ingredients which we have used are
common to all of them. The translation in time coordinates ¢ — i(z/x) requires analyticity in a strip
of width (n/x) in the complex plane but this can be proved in quite general terms.

The fact that the propagation amplitudes between two events in flat spacetime can bear an exponential
relationship is quite unusual. The crucial feature is that the relevant amplitude is defined at constant
energyE, which in turn involves Fourier transform of the Green’s function with respect to the Rindler
time coordinatd. It is this fact which leads to the Boltzmann factor in virtually every derivation we will
discuss.

To see this result more explicitly, let us ask how the amplitude in Eq. (30) in flat spacetime will be
viewed by observers following the trajectories in Eq. (1) M= 1. For mathematical simplicity, let
us consider a massless particle, for whi€h (Y, X) = —(4n2) " L[s2(Y, X) — ie] ! wheres(Y, X) is
the spacetime interval between the two events. Consider(py, X) between two events along the
trajectory in Eq. (1) withV = 1. TreatingG ¢ (Y, X) as a scalar, we find that

(x/2)?

GrY(t),X(t)) = _mSinhz[K(t _ t/)/2] —ie

(37)
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The first striking feature of this amplitude is that it is periodic in the imaginary time under the change
it — it + 2z/x which arises from the fact that Eq. (1) has this property. In the limit ef 0, theGF is
proportional to[(r — ') — ie]~* which is the usual result in inertial coordinates. Next, using the series
expansion for coseéh, we see that the propagator in Eq. (37) can be expressed as a series:

n=0oo

Gr(t)= —% Z [(r+ 2nimc_l)2 — ie]_1 , (38)

n=—0oo

wheretr = (¢t — ¢’). Then = 0 term corresponds to the inertial propagator (fet 0) and the other terms
describe the new effects. If we interpret the Fourier transfor@(of- ') as the amplitude for propagation
in energy space, Eqg. (38) will give an amplitude

AG(E|) = /m G EAG() = o (39)
e 2n exp(B|E]) — 1

in which the4 indicates that the = 0 term has been dropped.

The new feature which has come about is the following: In compufipgP, P’) using Eq. (30) we
sum over paths which traverses all over #hel’ plane even though the two events are in the right wedge.
The paths which have contributed in Eq. (30) do criss-cross the horizon several times even though the
region beyond the horizon is inaccessible to the observers following the trajectories in Eqg. (1). The net
effect of paths crossing the horizon leads to the extra term in Eq. (39). In faatstleterms in Eq. (38)
contribute forE < 0, whilen < 0 terms contribute foE > 0. The result in Eq. (39) also shows that

AG(|E])
AG(—|E])

which can be interpreted as the probability for a particle to cross the horizon in two different directions.
These features emerges more dramatically in the Euclidean §6¢te59] The Euclidean Green’s

function isGg o« R~2 where R? is the Euclidean distance between the two points. To express the

same Euclidean Green’s function in termst@id:’, we need to analytically continue tras well by

t — tg = té™2 The Green’s function now becomes, in termsgft .,

= exp(—p|E]) (40)

, 1 (/2)?
Ge(Ye(tp), Xp(ty)) = — — 41
and can be expressed as a series:
K2 n=00
GE(IE - l‘é—:) = (4_7'52> Z [0 - 9/ + 27'[7’[]_2 (42)

n=—0o0

with 6 = atg. Clearly, each term in the sum can be interpreted as due to a loop which wiirdss
around the circle of radius = 1/« in the 0 direction. But note that these winding paths go over the
X < 0 region of Minkowski space. Paths which wind around the origin in the Euclidean sector contains
information about the region beyond the horizon (the left wedge) even though

As we said before, these results emerge naturally once we realise that the physical theory (in this case
the quantum field theory) should be formulated in an effective Euclidean manifold from which the region
inaccessible to the chosen family of observers are removed. Here, this family is m&ide ajnstant
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observers and the inaccessible region corresponds to the origin of the Euclidean plane. The winding
numbers for different paths as well as the fact that these paths probe the region beyond the horizon make
the quantum field theory nontrivial.

3.3. Going around the horizon: complex plane

The above analysis involved analytic continuation in the time coordirvaltiéch allowed one to probe
the region beyond the horizon, that was classically inaccessible inA&ewe discussed in Section 3.1,
the same results must also be obtainable from analytic continuatidsiirce only the combinatioN dr
is physically relevant. However, becauge— 0 on the horizon, we know (see Section 2.4) that the modes
which vary as exp-iwr] diverge on the horizon. The analytic continuatiorNrshould regularise and
interpret this behaviour meaningfully. In particular, Eq. (39) suggests that the probability for a particle
with energyE to go from/ = —¢ to 6 should have an exponential dependencghn It is interesting to
see how this result can be interpreted in the “bad” coordinates.

This amplitude, for the outgoing mode_ in Eq. (28), is given by the rati@ = [¢_(5)/p_(—)] =
(—1)~'“/* which depends on the nature of the regulator used for defining this quantity.</@rour
prescription in Eq. (33) requires us to interpras having a small, negative imaginary péft- i¢). (The
out-going mode with positive frequen@y_ = exp—iw(t — £) o« exp i is analytic in the upper half
of complex<¢ plane and will pick up contributions only from poles in the upper half; to obtain nonzero
contribution we need to shift the pole fram= 0 to ie which is precisely the interpretation used above).
This is same as moving along thaxis in the lower half of the complex plane so tliatl) becomes
exp(—in). Then2 = exp(—w(n/x)) and the probability i$2|2 = exp(—w(27/k)) = exp(—fw) which is
the Boltzmann factor that we would have expected.

More formally, the above result can be connected up with the concept of anti-particles in field theory
being particles traveling “backward in timgB0]. If we take¢_ as the outgoing particle state with positive
frequency, then analytic continuation can be used to provide the corresponding anti-particle state. The
standard field theory rule is that,df_(I) describes a particle stafe (I — ie) will yield an anti particle
state. Using the result

(1 — ie)_iw/K _ l_iU)/KQ(Z) + |l|—iw/1<e—7w)/rc9(_l) (43)

this procedure splits the wave into two components which could be thought of as a particle-anti particle
pair. The square of the relative weights of the two terms in the above equatféti/’egives the Boltzmann
factor. In fact, this relation can be used to interpret the amplitude for a particle to go from inside the horizon
to outside in terms of a pair of particles being produced just outside the horizon with one falling into the
horizon and the other escaping to infinity.

The analyticity arguments used above contain the gist of thermal behaviour of horizons. Since the
positive frequency mode expiQU) (with Q > 0) is analytic in the lower half of compleX = (T — X)
plane, any arbitrary superposition of such modes with different (positive) valyegilifalso be analytic
in the lower half of compleXJ plane. Conversely, if we construct a mode which is analytic in the lower
half of complexU plane, it can be expressed as a superposition of purely positive frequency[®@ldes
From the transformations in Eq. (18), we find that the positive frequency wave mode near the horizon,
¢ = exp(—iwu) can be expressed asx U'®/* for U < 0. If we interpret this mode ag o« (U — ie)'®/*
then, this mode is analytic throughout the lower half of compleyane. Using Eq. (43) withreplaced
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by U, we can interpret the mode as

s N/ e[i(“’/K) Inv] (for U> O) ’
U —ie)”/" = {eﬂw/'«e[(iw/w'nllf) (for U <0) . -

This interpretation of I0~U) as In|U| — in = ku — in = kt — ¢ — in is consistent with the procedure
adopted in Section 3.2, viz., using — xt — in to go fromX > 0to X <O.

Similar results arise in a more general contex#lioysystem described by a wave functi#i, [; E)=
expliA(z, I; E)]inthe WKB approximatioi6l]. The dependence of the quantum mechanical probability
P(E) = |¥|? on the energ¥ can be quantified in terms of the derivative

dln P d oA
~——2(ImA)=—-2Im| — (45)
OF OF

Gl

in which the dependence @n /) is suppressed. Under normal circumstances, action will be real in the
leading order approximation and the imaginary part will vanish. (One well known example is in the case
of tunnelling in which the action acquires an imaginary part; Eq. (45) correctly describes the dependence
of tunnelling probability on the energy.) For any Hamiltonian system, the quadtityoE) can be set

to a constanty thereby determining the trajectory of the systé&fm /0E) = —rg. Once the trajectory is
known, this equation determinesas a function o [as well as(z, I)]. Hence we can write

olnP
oF

~ 2Im[to(E)]. (46)

From the trajectory Eq. (17) we note thgtE) can pick up an imaginary part if the trajectory of the
system crosses the horizon. In fact, sinte— xr — in changesX to —X [see Egs. (12), (13), (18)],
the imaginary part is given by—n/x) leading to(@In P/30E) = —2r/k. Integrating, we find that the
probability for the trajectory of any system to cross the horizon, with the ertergiyl be given by the
Boltzmann factor

2n
P(E) exp[—?E} = Ppexp—fE] 47

with temperaturd” = k/2x. (For special cases of this general result[§@¢and references cited therein.)

In obtaining the above result, we have treatexb a constant (which is determined by the background
geometry) independent & A more interesting situation develops if the surface gravity of the horizon
changes when some amount of energy crosses it. In that case, we should=reéE) and the above
result generalises to

2ndE

B = P(Eg) exp—(S(E) — S(Ep)] , (48)

P(E) x exp—f
where & = (2n/x(E))dE =dE/T(E) is very suggestive of an entropy function. An explicit example
in which this situation arises is in the case of a spherical shell of erieggcaping from a black hole
of massM. This changes the mass of the black holé ¥ — E) with the corresponding change in the
surface gravity. The probability for this emission will be governed by the difference in the entropies
S(M)— S(M — E). WhenE < M we recover the old result with(M) — S(M — E) ~ (0S/0M)E = BE.
(We shall say more about this in Section 7.)
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Finally, it is interesting to examine how these results relate to the more formal approach to quantum
field theory. The relation between quantum field theories in two sets of coordipalgsand (7', X),
related by Eqg. (18), with the metric being static in tagx) coordinates can be described as follows:
Static nature suggests a natural decomposition of wave modes as

o(t, X) = f dolde fi ()€ +al (x0T, (49)

in (z, x) coordinates. But, as we saw in Section 2.4, these modes are going to behave badif(45

near the horizon since the metric is singular near the horizon in these coordinates. We could, however,
expanda (¢, X) in terms of some other set of modEgz, x) which are well behaved at the horizon. This
could, for example, be done by solving the wave equati@fi'jrX) coordinates and rewriting the solution

in terms of(z, X). This gives an alternative expansion for the field:

(1, X) :/dv[AvFv(t,x) +AIFV*(t,x)] . (50)

Both these sets of creation and annihilation operators define two different vacuumasites=

0, A,|0) , =0. The modeg,(z, x) will contain both positive and negative frequency components with re-
spect ta while the modes,,(x)e™'" are pure positive frequency components. The positive and negative
frequency components @f, (7, X) can be extracted through the Fourier transforms

o] . o .
Loy = / dr € F, (1, Xr); Boy = / dr e Fy Xf) s (51)
—00 —00

wherex s is some convenient fiducial location far away from the horizon. One can thiik,gf and

|B.,,|? as similar to unnormalised transmission and reflection coefficients. (They are very closely related
to the Bogoliubov coefficients usually used to relate two sets of creation and annihilation operators.) The
a-particles in thg0) , state is determined by the quant]i,,/«.,|°. If the particles are uncorrelated,

then the normalised flux of out going particles will be

2
N = |:Bwv/aw¥'| 5 (52)
1- |ﬂwv/awV|

If the F modes are chosen to be regular near the horizon, varying &és€Xg) etc., then Eq. (18) shows
that F,(z, X ) o« exp(—iQqge™"") etc. The integrals in Eq. (51) again reduces to the Fourier transform of
an exponentially redshifted wave and we (g, /«.,,|>=e~#* and Eq. (52) leads to the Planck spectrum.
This is the quantum mechanical version of Egs. (21) and (24).

When we can use WKB approximation we can alsafgét, x) =exfiA, (¢, x)] in the integrals in Eq.
(51) and use the saddle point approximation. The saddle point is to be determined by the condition

oA,

+
w + o

0, (53)

where the upper sign is feg,, and the lower sign is fof,,,,. The upper sign corresponds to a saddle point
trajectory with energye = w but, for g, we get the conditio = — so that the trajectory has negative
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energy. Writing the saddle point trajectory.as(z) it is easy to show that

Xy Xf

|“(017|2:exp|:_2|mf er(x) dx] 5 |ﬂ(0v|2:exp|:_2|m/ p,(x) dxj| . (54)
x40 x-0

This result contains essentially the same mathematics as Eq. (46) since one can relate the imaginary

part of rg to the imaginary part op = (0A/0x) through the HJ equation. Since positive energies are

allowed while negative energies are classically forbidden, this will often lead%e= 1 and|s|? to be

an exponentially small number.

The same result arises when one studies the problem of over-the-barrier reflection(inxthe
potential—to which the field theory near the horizon can be mapped because of scale invariance—using
the method of complex paths [see, e.g., Eq. (A36}4df]]. While the literature in this subject often
uses the term “tunneling” [see e.f53,63] to describe the emergence of an imaginary pap.td etc.,
in the context of horizons it is more appropriate to think of this process as “over-the-barrier reflection”.
Both the processes are governed by an exponential involving an integsét pbver de. In tunneling,

p(x) becomes imaginary whepf(x) o« E — V (x) becomes negative. In the over the barrier reflection,

E >V and the transmission coefficient remains close to unity because the process is classically allowed.
The imaginary part, leading to an exponentially small reflection coefficient, arises because one needs
to analytically continuec into the complex plane just as we have d¢64]. In Eq. (46) as well as in

Eq. (54) the imaginary part arises because the pathneeds to be deformed into the complex plane

[41] rather than because the momentplrecomes complex.

4. Thermal density matrix from tracing over modes hidden by horizon

In the previous sections, we have derived the thermality of horizons from the geometry of the line
element in the Euclidean spacetime. The key idea has been the elimination of the region inaccessible in
Re1 to a family of observers (the origin in the Euclidean plane) and usingtbrprobe these regions.

If these ideas are consistent, the same effect should arise, when we construct the quantum field theory
in the accessible region (iN > 0, say) by integrating out the information containedvn< 0. That is,

one family of observers may describe the quantum state in terms of a wave fuctipn fz) which
depends on the field modes both on the “lef &€ 0) and “right” (v > 0) sides of the horizon while
another family of observers will describe the same system by a density matrix obtained by integrating
out the modesf;, in the inaccessible region. We shall now show that this is indeed the case using an
adaptation of the analysis p§5](also see|66]).

On theT =t = 0 hypersurface one can define a vacuum diae of the theory by giving the field
configuration for the whole of-co < X < + o0o. This field configuration, however, separates into two
disjoint sectors when one uses tfre N) coordinate system. Concentrating on 1€ X) plane and
suppressingd, Z coordinates in the notation for simplicity, we now need to specify the field configuration
¢r(X) for X > 0 and¢; (X) for X < 0 to match the initial data in the global coordinates; given this data,
the vacuum state is specified by the functiofjvald¢; , ¢ ).

Letus next consider tieuclidearsector corresponding to tli&g, X) plane wherdr=iT.The QFT in
this plane can be defined along standard lines. The analytic continuatjbiowever, is a different matter;
we see from Eq. (31) that the coordinatesr = iz, x) are like polar coordinates ifY’, X) plane with
tg having a periodicity of2n/x). Fig. 3now shows that evolution iz from 0 tor will take the system
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iT=Tg

iKt =K tg

a(X) PR(X)

Fig. 3. Thermal effects due to a horizon.

configuration fromX > 0 to X < 0. This allows one to prove thavade; , pr) o (¢ 1€ H/*|pg);
normalisation now fixes the proportionality constant, giving

(pr1e7™ /% pp)

(vadoyr, ¢g) = [Tr(e*Z”H/")]l/z )

(55)

To provide a simple proof of this relation, let us consider the ground state wave fungtiadal; , ¢ )
inthe extended spacetime expressed as a path integral. The ground state wave functional can be representse
as a Euclidean path integral of the form

Tp=00;¢=(0,0)

(Vady . bg) o f gge | (56)
Te=0;0=(¢,Pg)

whereTr =iT is the Euclidean time coordinate. Frdfig. 3it is obvious that this path integral could
also be evaluated in the polar coordinates by varying the ahglecrg from 0 to z. When6 = 0 the

field configuration corresponds #o= ¢ and when) = = the field configuration correspondsd#e= ¢; .
Therefore

Ktp=m;¢p=¢,
(vadd, . bg) o / Ggeh | (57)

ktg=0;¢=¢p

But in the Heisenberg picture, this path integral can be expressed as a matrix element of the Hamiltonian
Hpg (in the (z, N) coordinates) giving us the result:

KtE=m;p=¢,
vadg, . dp) o / Gge = (gp e TR p L) | (58)

ktp=0;¢=¢ g

Normalising the result properly gives Eq. (55).
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This result, in turn, implies that for operatarsnade out of variables having support@nthe vacuum
expectation valuead 0(¢g)|vac) become thermal expectation values. This arises from straightforward
algebra of inserting a complete set of states appropriately:

(vad O(pp)lvag = Y > (vaddy, pr)(dkI0(dR)d%)(d%, b1 IVaQ
oL kg2
Yy (Brle ™R/ k) (kI 01%) (R 1E™ R/ Ig,)

Tr(e—anR/k)

PL r.d%
Tr(e 2mHr /% 0)

=— " . 59
Tr(e—ZnHR/ic) ( )

Thus, tracing over the field configurati@n behind the horizon leads to a thermal density mairix
exp—(2r/x) H] for observables im.

The main ingredients which have gone into this result are the following. (i) The singular behaviour of
the (¢, x) coordinate system near= 0 separates out the = 0 hypersurface into two separate regions.
(ii) In terms ofreal (¢, x) coordinates, it is not possible to distinguish between the pgifiitx) and
(=T, —X) but thecomplextransformationr — ¢ & iz maps the point7, X) to the point(—7, —X). As
usual, a rotation in the complex plane (Rém t) encodes the information contained in the flil= 0
plane.

The formalism developed above can be used to exgress formally in terms of quantum states
defined inz and #. It can be easily shown that

o0
vag = [ V1—e /x> |n),ln) p& ™", (60)
n=0

ki,o

The result in Eg. (60) shows that when the vacuum gtette is “partitioned” by the horizon at = 0,

it can be expressed as a highly correlated combination of states defigedrid.#. While this result

is suggestive, it is—unfortunately—somewhat formal. One can rigorously péa}ehat the stateg:)

on either# or ¥ are orthogonal to all the states of the standard Fock space of Minkowski quantum
field theory.

The results in Egs. (55) and (59) are completely general and we have not assumed any specific
Lagrangian for the field. Fdiree field theories in static spacetimes, it is possible to give a more ex-
plicit demonstration of the fact that the vacuum state appears as a thermal density matrix. To do this,
we begin by noting that in any spacetime, with a metric which is independent of the time coordinate
andgo, = 0, the wave equation for a massive scalar figld— m?)¢ = 0 can be separated in the form
¢ (t, X) =y, (x)e~'“" with the modeg),, (x) satisfying the equation

|gool ap _ 2
\/_—gaa (\/__gg 6/3%;) =—o l//a) : (61)

The normalisation may be chosen using the conserved scalar product:

(Yo 1) = / B /518 = o (62)
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Using this relation in the field equation, it can be easily deduced that

/ d3x /=20, %Y, = %50y - (63)

Expanding the field ag(r, x) = Y g, (), (X) and substituting into the free field action, we find that
the action reduces to that of a sum of harmonic oscillators:

A== [ VERa et 42t = Y [dlanl - P mdia . (60

Let us now apply this result to the quantum field theory decomposed into oscillators in:({#i) fg
space as well as in (ii) the@, x) coordinate system on the right and (iii) the left hand side.

On theT = 0 surface, we expand the field in terms of a set of mode functians, X ) with
coefficientsQg; thatis,¢ =Y, 0o Fo(X, X ). Similarly, the field can be expanded in terms of a set of
modes iz and %

(X >0,X1) =) anfoX,X1); ¢(X<0,X1)=) bugu(X,X1). (65)

The functional integral in Eq. (56) now reduces to product over a set of independent harmonic oscillators
and thus the ground state wave functional can be expressed in the form

P[] = (vad$(X)) = [ | (vad Qo) exp{— Y Ap(Tg =00,0; T =0, Q@} : (66)

Q

whereA g is the Euclidean action with the boundary conditions as indicated. On the other hand, we have
shown that this ground state functional is the samgpas ktg = n|¢; , ktg = 0). Hence

Y[a, b] = (vadp (X)) « exp{— Z Ap(ktg =7, ay; xtg =0, bw)} . (67)
Q

The Euclidean action for a harmonic oscillatpwith boundary conditiong = g1 attg = 0 andg = g»
attp = pis given by

w [coshwﬁ 5

29192
Ae(q1,0; g2, ) = 2 | sinhop (q? +q3) — —] - (68)

sinh wp

Eq. (66) corresponds =00, g2=0, g1=Q0q giving A (Tg =00, 0; T =0, Qo)1= (2/2) Qé leading
to the standard ground state wave functional. The more interesting one is, of course, the one in Eq. (67)
corresponding t@ = (n/x), g1 = a., g2 = b,,. This gives

| _ o [costtno/x) Sty _
Ag(aw, 0; by, (t/K)) = 2 |:sinh(nco/i€) Sinh(TC(U/K)] ‘

An observer confined te¢ will have observables made out @fs. Let ¢(a,,) be any such observable.
The expectation value @f in the state? is given by

© = [ TT dau [ [T b (@ b0 ¥ @b = [ T] dtop(ao. an)tan)

=Tr(p0) , (70)

(a? 4+ b2%) — (69)
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where

p(a(lu, ay) = /1_[ dbwlp*(a(/m by,)¥(aw, by)

_ B o cosh2rw/k) = 20 2a,,a),
=Ccexp %: { 2 |:Sinh(27w)/;<) (@, + o) Sinh(2nw/1<)] } (1)

is a thermal density matrix corresponding to the temperatuse(x/2xr).

The fact that the exponential in the density matrix in Eq. (71) is similar to that in Eq. (69),zwith
replaced by 2, is noteworthy and this result can be obtained more directly from an alternative argument.
The matrix element of can be expressed as the integral

(Srloldls) = f D1 (1 B0} (0l¢, Bl) - (72)

Each of the two terms in the integrand can be expressed in tertg v$ing Eq. (57). In one of them, we

shall takecrg = e (with e being infinitesimal and positive) at the lower limit of the integral and in the other,

we will takektr = —e at the lower limit of the integral. Hence the product which occurs in the integrand

of Eq. (72) can be thought of as evolving the field from a configuragipat xtz = 4 to a configuration

¢p atktg = —e rotating inxzg in the anti clockwise direction fromato (2z — ¢). In the limit ofe — 0,

this is same as evolving the system by the angie= 2r. So we can set = (2r/x), g1 = a,, g2 = a,,

in Eq. (68) leading to Eqg. (72). In arriving at Eq. (69) we have evolved the same systemrfrea to

ktg = min order to go fronx > 0 tox < 0. This explains the correspondence between Eqs. (72) and (69).
To avoid misunderstanding, we stress that the temperature associated to a horizon is not directly related

to the question of what a given non-inertial detector will measure. In the case of a uniformly accelerated

detector in flat spacetime, it turns out that the detector results will match with the temperature of the

horizon[11,60,68] There are, however, several other situations in which these two results do not match

[25—-27,19] The physics of a non-inertial detector is well understood and there are no unresolved issues

[69,70]

5. Asymptotically static horizons and Hawking radiation

The association of a temperature with a horizon, by itself, does not mean that the horizon radiates
energy in an irreversible manner or that a black hole “evaporates”. In fact, the metrics mentioned in
Section 2.5 (leading to horizons and temperature) are all trivially invariant unger:. The horizons
in these spacetimes exist “forever”; the most natural vacuum states of the theory share this invariance and
describe a situation in thermal equilibrium. There is no net radiation flowing to regions far away from the
horizon.

A completely different class of physical phenomena arises if the spacetime metric is time dependent,
like, for example, in the case of an expanding universe. Then the natural choice of mode functions and
the corresponding vacuum states ab —oo andoo, usually calledin) and|out), will be different and
the|in) vacuum will contain “out-particles”. In general, the spectrum of particles produced will depend
on the detailed nature of the time evolution. The result will not have the same kind of universality as the
results we have discussed so far and each case needs to be addressed separately.
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One important exception to this general rule is when the metric (in some coordinate system) evolves
from a geometry which has no horizon in the asymptotic gast> —oo) to a geometry with a
horizon in the asymptotic futuré — -+o0). Then the late time behaviour of modes, in a coordi-
nate system appropriate for the family of observers who has a horizon, is exponentially redshifted
and will lead to a thermal spectrum of particles. It must be stressed that we are now dealing with
an explicitly time dependent situation, the physics of which is different from the static horizons dis-
cussed in the previous sections. Time reversal invariance need not hold and there could be a gen-
uine flow of created particles from one region to another. This can arise in different contexts, three
of which are of primary interest to us because of their connection with the corresponding static
metrics:

(a) One can introduce coordinate systems in flat spacetimes which smoothly interpolates between
inertial coordinates at — —oo to the Rindler coordinates at— +o0. Such a coordinate system will
appropriately describe a family of observers with time dependent acceleration. The clodlofithés
observer with variable acceleration will match with inertial time coordinate in the asymptotic past and
with the Rindler time coordinate in the asymptotic future and the metric will be static in both the limits.

It is straightforward to show that the vacuum state in the asymptotic jpa@siyill contain a thermal
distribution of out-particles.

(b) A spherically symmetric distribution of matter, collapsing and forming a black hole, represents
another case in which the horizon develops asymptotically. A family of observers at constant (large)
radii outside will notice a horizon forming as— oo. The vacuum state of the asymptotic past will be
populated by a thermal distribution of out-particles in the future.

(c) The De Sitter spacetime also allows a time dependent generalisation which is most easily obtained
by using the cosmological (Friedmann) coordinates to describe the De Sitter metric. In these coordinates,
the dynamics of the spacetime is described in terms of an expansion dd@ctolf a () has a power
law behaviour at small and moderdtand evolves inta(r) — exp(Ht) ast — oo, the geometry will
describe a universe which is asymptotically De Sitter. [There is some observational evidence to suggest
that our universe is indeed evolving in this manner; for a review, seq &1,

Most of the techniques used in the previous sections are not applicable when the spacetime is explicitly
time dependent but the results based on infinite redshift will survive. We have seen in Section 2.3 that a
wave mode undergoing exponential redshift can lead to a thermal distribution of particles. At late times
and far away from the horizon, only modes which emanate from near the horizon at early times will
contribute significantly. These modes would have undergone exponential redshift in all the three cases
described above and will lead to a thermal spectrum.

5.1. Asymptotically Rindler observers in flat spacetime

Let us begin with the case of a time dependent Rindler metric in flat spacetime, which corresponds to
an observer who is moving with a variable accelerafitf39] The transformation from the flat inertial
coordinategT, X) to the proper coordinates, X) of an observer with variable acceleration is effected
byY=y,Z=zand

/ /
X=/ sinh u(t) dt 4+ x coshpu(r); T=/ coshu(r) dt + x sinh u(r) , (73)
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where the functionu(z) is related to the time dependent acceleragén by g(¢) = (du/dr). The form
of the metric in the accelerated frame is remarkably simple:

ds? = —(1 + g(r)x)dr® + dx? + dy? + dz? . (74)

We will treatg(r) to be an arbitrary function except for the limiting behavigur) — 0 forr — —oo
andg(r) — go=constant for — +oo. Hence, at early times, the line element in Eq. (74) represent the
standard inertial coordinates and the positive frequency modés-exp define the standard Minkowski
vacuum,lin). At late times, the metric goes over to the Rindler coordinates and we are interested in
knowing how the initial vacuum state will be interpreted at late times. The wave equ@atiom?)¢ =0

for a massive scalar field can be separated in the transverse coordingtescas, z) = f (z, x)e*y k2
wheref satisfies the equation

ot e 1 3f\_
(1+ g(t)x) ot ((1 + g(t)x) ax) =0t (75)

with y? = m? 4 k% + k2. Itis possible to solve this partial differential equation with the ansatz

f(x, 1) =exp |</ o(t) dr + ﬁ(t)x) , (76)

wherex and satisfy the equations?(r) — p2(r) = % p = g(t)a; & = g(¢)§; these are solved uniquely
in terms ofu(?) to givea(t) = y cosHu(t) — nl; B(t) = x sinnu(t) — n] wherey is another constant. The
final solution for the mode labelled k¥, , n) is now given by

Siykon(x, 1) = €Xp—iy [/ cosh(u — i) dr 4+ x sinh(u — n)] . (77)
For the limiting behaviour we have assumed gor), we see that(r) vanishes at early times and varies
asu(t) =~ (got+constant) at late times. Correspondingly, the mogdl behave as

f(x,1) — exp—iy[t coshy — x sinhy] (78)

at early times(r — —oo) which is just the standard Minkowski positive frequency mode witk-
% coshy, ky = x sinh#. At late times the mode evolves to

[, 1) — exp—il(z/2g0)(1 + gox)es”'] . (79)

We are once again led to a wave mode with exponential blueshift at anygillére metric is static in

t at late times and the out-vacuum will be defined in terms of modes which are positive frequency with
respect ta. The Bogoliubov transformations between the mode in Eq. (79) and modes which vary as
exp(—ivt) will involve exactly the same mathematics as in Eq. (24). We will get a thermal spectrum at
late times.

5.2. Hawking radiation from black holes

The simplest model for the formation of the black hole is based on a spherical distribution of mass
M which collapses under its own weight to form a black hole. Since only the exponential redshift of the
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modes at late times is relevant as far as the thermal spectrum is concerned, the result should be independer
of the detailed nature of the collapsing maf@12,60] Further, the angular coordinates do not play a
significant role in this analysis, allowing us to work in the two dimensianat) subspace. The line
element exterior to the spherically symmetric distribution of matter can be taken 18 be- (r) du dv

where

é:/drc_l; u=t—E(+ R v=t+E—R; (80)

andRj is a constant. In the interior, the line element is taken todfe-d—B(U, V) dU dV with U =

©—r 4+ Ro, V=1+r — RoandRo andR; are related in the same mannerand¢. Let us assume

that, fort < 0, matter was at rest with its surfacerat Ro and forz > 0, it collapses inward along the
trajectoryr = R(z). The coordinates have been chosen so that at the onset of collapse-0) we have
u=U =v =1V =0 at the surface. Let the coordinate transformations between the interior and exterior
be given by the functional form8 = f(«) andv = h(V). Matching the geometry along the trajectory

r = R(q), itis easy to show that

du

o= (L— R)C(BC(L— R?> + RAY?2 —p)~1 | (81)
WY (Bea- R+ R+ ) (82)
dv = Cc(1+R) '

As the modes propagate inwards they will reach 0 and re-emerge as out-going modes. In(he)
plane, this requires reflection of the modes ontke0 line, which corresponds t6 = U — 2Rg. The
solutions to the two dimensional wave equatidis= 0 which (i) vanish on the lin& = U — 2Rg and
(ii) reduce to standard exponential form in the remote past, can be determined by noting that~albng
we have

v=h(V)=h[U — 2Rg] = h[ f ) — 2Ro] . (83)

Hence the solution is

_ | —iov _ a—iwh[f(u)—2Ro]
) —m(e e ). (84)
(The second term, which is the “reflected wave’ at O can, in fact, be entirely interpreted in terms of
Doppler shift arising from a fictitious moving surface having the trajectogy0.) Given the trajectory
R(7), one can integrate Eq. (81) to obtafi{u) and use Eq. (84) to completely solve the problem.
This will describe time-dependent particle production from some collapsing matter distribution and—in
general—the results will depend on the details of the collapse.
The analysis, however, simplifies considerably and a universal character emerges if the collapse pro-
ceeds to form a horizon on whigh — 0. NearC = 0, Egs. (81) and (82) simplifies to

du R-1 dv _ B(1—R)

—~ ——C(R); —~R—7>, 85
du 2R () dv 2R (85)

where we have used the fact ti&?)'/2 = —R for the collapsing solution. Further, ne@r= 0, we can
expandR(t) asR(t) = Ry, + v(zp, — 1) + O[(z, — 1)%] whereR = R}, at the horizon and = —R(z,).
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Integrating Eq. (85) treating approximately constant, we get

au ~ —In|U + R, — Ro — 15| + const, (86)
wherex = (1/2)(0C/or)g, is the surface gravity and

v &~ constant- BV (1+v)/2v . (87)

Itis clear that: (i) The relation betweerandV is linear and hence holds no surprises; it also depends on

B. (ii) The relation betweeky andu, which can be written a& o« exp(—«u) is universal (independent

of B) and signifies the exponential redshift we have alluded to several times. The late time behaviour of
out-going modes can now be determined using Egs. (86) and (87)) in Eqg. (84). We get

i
v Anw

wherec, d are constants. This mode with exponential redshift, when expressed in termsefeXp
will lead to a thermal distribution of particles with temperat@re- «/2r. For the case of a black hole,
if we takex = 1/4M, then the Bogoliubov coefficients are given by

12

@ (7' — explio[ce ™ +d])) , (88)

_2iMye-iwdgvio (_e—(to+d) /AM

Oy =
21/ vo

andg,, = e Mmyr

4iMy
) e?M™ r(—4iMv) (89)

wcC

. Note that these quantitie® depend o, d, 1o, etc; but the modulus

aM
[exp(8zMv) — 1]

1
2
== 90
Bl =5 (90)
is independent of these factors. [The mathematics is essentially the same as in Egs. (23), (24).] This shows

that the vacuum state at early times will be interpreted as containing a thermal spectrum of particles at
late times.

5.3. Asymptotically De Sitter spacetimes

The De Sitter universe is a solution to Einstein’s equati@fis-8r T, with a source given by, = 47;.
The spacetime metric given ifable lis given in terms of the parameté;r2 A/3 and is useful for
providing easy comparison with Schwarzschild and Rindler metrics. But this coordinate system hides
the symmetries of the De Sitter manifold. Since the source is homogeneous, isotropic and constant in
space and time, the metric can be cast as a section of a maximally symmetric manifold. Using the
Friedmann—Robertson—-Walker coordinates, which is appropriate for describing maximally symmetric
3-space, one can express the De Sitter spacetime in the form

2

ds?=—d’ +a (t)|: 5 + r2(do? + sinf0 deb )] (91)
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with k = 0, a(r) = exp(Ht) or withk = 1, a(r) = H~1cosh(Ht). (There is also a solution with= —1
which we do not need).

To proceed from such an “eternal” De Sitter universe, to an asymptotically De Sitter universe, we
only have to add normal matter or radiation to the source of the Einstein’s equations. At sufficiently
late times the energy densities of matter or radiation will be diluted exponentially leading to the De
Sitter solution at late times. (This occurs in a wide class of dark energy mpa&[g3]) Mathe-
matically, this will correspond ta(¢) which is a power law at smatl tending toa(r) o« exp(Ht)
for Ht>1.

In the asymptotic future, one can introduce the static Schwarzschild coordinates in the manifold and
define a vacuum state. However, it is not possible to assign a natural (or unique) vacuum state in the
asymptotic past it:i(¢) is time dependent and one needs to invoke some extra prescription to define a
vacuum state.This issue has been extensively discussed in the literature and several possible prescription
based on different criteria have been explored (see [@4]). One of the simplest choices will be to
choose modes which vary as éxpwr) neart ~ tg will define an instantaneous vacuum state around
t = ro. At late times, the frequency of the wave mode will vary@®) o a(®)™! o« e H in the
WKB approximation. Fourier transforming these modes with respect to another instantaneous vacuum
state defined through the modes which vary aqeipr) nearr — +oo, one can recover a thermal
spectrum of particles at late times in the initial vacuum g6 It is clear from this discussion that the
asymptotically De Sitter spacetime requires a somewhat different approach compared to the other two
cases because of explicit time dependence.

6. Expectation values of energy—momentum tensor

The flow of radiation at late times, away from the horizon, is the new feature which arises when
horizon forms in the asymptotic future. A formal way of describing this result is to use the expectation
value(y/|T,»|y) of the energy momentum tensor of the matter figld If the quantum state is time reversal
invariant, then expectation values of flyXg), will vanish, though the expectation value of energy density,
(T(?), can be nonzero and correspond to thermal radiation at some equilibrium temperature, related to the
surface gravity of horizon.

It is clear that a new element, the quantum stége has entered the discussion. In a given spacetime
with a horizon, one can, of course, make different choices for this state, even if we nominally decide
it should be a “vacuum state”. The expectation value of various operators, incliigingill be quite
different in each of these states and there is no assurance that they will even be finite near the horizon
(or at infinity) in an arbitrary state. Similarly, if the mode functions are not invariant under time reversal,
then the expectation value of energy—momentum tensor in the corresponding vacuum state may show a
flux of radiation.

This new feature allows us to mimic the effects of formation of asymptotic horizons by choosing a
gquantum state which is not time reversal invariant. That is, we can identify quantum states which will
contain flux of radiation emanating from the horizon at late times even though we are working in a static
spacetime with a metric which is invariant under time reversal. This is possible only because the late
time behaviour in the case of spacetimes with asymptotic horizons (discussed in the previous section) is
independent of the details of the metric during the transient phase. We shall now see how such quantum
states and the expectation valueqgf in those states can be constructed.
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6.1. The(T,p) in two-dimensional field theory

A purely technical difficulty in such an approach arises from the fact that the mode functions in four
dimensional spacetime are fairly complicated in form and the expectation VAlpleis usually not
tractable analytically. However, the situation simplifies enormously in two dimensions and since the
results in two dimension capture the essence of physics, we shall use this approach to explain the choice
of vacuum states and the corresponding results.

In the (1+1) dimension, the metric has three independent components while the freedom of two co-
ordinate transformations allows us to impose two conditions on them. Hence we can reduce any two
dimensional metric to a conformally flat form locally. Consider such a spacetime with sigiiatute
and line element expressed as

ds? = —Cxt,x)dxtde™; xF=r4x. (92)

A massless scalar field in this spacetime is described by the action
1 2 ab 1 122
A== | Pay=gg"0,0 0yp =7 [ drdx[¢” — ] (93)

since/—gg® = 5 for the metric in Eq. (92). The field equatigd?¢/oxTdx~) = 0 has the general
solution:

pt, x7T) =) + dp(x7) (94)

with ¢4 (x™) = ¢41(t + x) being the‘in-going’ (or ‘left moving’) mode and,(x~) = ¢(t — x) being the
‘outgoing’ (or ‘right moving’) mode. The expansion of the scalar field, in terms of the normalised plane
wave mode functions, is given by

— (kx—|kl|t)

It is more convenient to rewrite this expansion in terms of the in-going and outgoing modes (as in Eq.
(94)) and label them by the frequeney= |k|. This is easily done by separating the integration range in
Eq. (95) into(—o0, 0) and(0, co) and changing the variable of integration fré&to —k in the first range.

This gives

_ * do —iwx~ —ioxt
o= /0 m[a(w)e + b(w)€ + h.c.] (96)

which is of the form in Eq. (94). There is a direct correspondence between the set of modesdaxp ]
and the vacuum state®) annihilated by the operatorgw), b(w).
The stress-tensor for the scalar field is givenMyy = 0,4 0,¢ — (1/2)g4»(0°¢ 0.¢). To evaluate

its expectation value, it is convenient to relate it to the Feynman Green function in this vacuum state
Gr(x™, y5) = (FT (@G (y)Ix), by

. 1
(Tap(x)) = lim [aaa;, — Egabaca’c] Gr(x,x) . 97)
x—x’
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Using this procedure, it can be shown that the (regularised) expectation values are given by (de)e.g.,

1 _
(F| T x®) = ——-CcV2ic™ 2 (98)
12n
C
(Th) = go- R R= 4co,0_InC . (99)

We shall now use the results in Eq. (98), Eq. (99) to evalliBtg in spacetimes with horizons.
6.2. Vacuum states and,) in the presence of horizons

Since the mode functions are plane waves in conformally flat (1+1) spacetime, we can immediately
identify two natural sets of modes and corresponding vacuum states. The out-going and in-going modes
of the form given by(4rnw) ~Y/2[exp(—iwu), exp(—iwv)] define a static vacuum state (called Boulware
vacuum in the case of Schwarzschild black H@% but can be defined in any other spacetime) natural to
the(z, x) or (¢, I) coordinates. The modes of the kinft}cw)‘l/z[exp(—in), exp(—imV)] define another
vacuum state [called Hartle—Hawking vacuum in the case of Schwarzschild blacfohfjleatural to
the(T, X) coordinates. (Note that these two coordinate fratdes() and(z, x) are related by Eq. (18).)
Finally, the modes of the kind4nw)‘1/2[exp(—in), exp(—iwv)] define a third vacuum state [called
the Unruh vacuunf60]] which is natural to the situation in which a horizon forms asymptotically, as in
the case of gravitational collapse. This is obvious from the discussion in Section 5.2 [see Eq. (88)] which
shows how these modes originate in the collapse scenario.

Using the result that, in any conformally flat coordinate system of the fefmre-C (x+, x ) dxTdx~,
the expectation values of the stress-tensor component are given by Eq. (98), Eq. (99), we can explicitly
evaluate the various expectation values. In the cases of interest to us the conformal factor only depends
on the tortoise coordinate= (1/2)(x™ — x~). For example, in the Boulware vacuum we get

1 1
B|T__|B) = (B|T44+|B) = — | CC" — Z(C")? 100
(BIT-1B) = (BIT,1B) = g | €C” = 5] (100)
(where the prime denotes derivative with respgathile in the Hartle—Hawking vacuum we get
2
(HH|T__|HH) = (HH|T,+|HH) = (B|T__|B) + IT&T . (101)

In both these cases, there is no flux siKEg) = 0. Near the horizon, we have

2
(B|T++|B) ~ T

The coordinate system used by an inertial observer near the horizon wilLhaaatead ofu and hence
the actual values measured by an inertial observer near the horizon will véBy%&s| B) (du /dU)? and
will divergeon the horizon if we choose the vacuum stad@é.

A more interesting situation arises in the case of Unruh vacuum which differs from the Boulware
vacuum only in the outgoing modes. If the coordinateis replaced byX — = F(x ™), the conformally
flat nature of the line element is maintained and the only stress tensor component which ch@hges is
Using this fact, we find that

(UIT--|U)=(HH|T__|HH); (U|T4+|U) = (B|T}+|B) (103)

(HH|T++|HH) =~ 0. (102)
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thereby makingqU|T__|U) # (U|T++|U). This leads to a flux of radiation with
(U|T5|U) = —(x%/48r). (104)

It is also clear that the energy density, as measured by inertial observers, is finite near the future horizon
in |U).

In the case of eternal black hole (or eternal De Sitter), therdvawénorizons in the full manifold
corresponding t@” = £X. So far we have discussed the behaviour near the future hoffzenX (in
global coordinates). One can perform a similar analysis at the past hdfizen-X for each of these
guantum states. The stress-tensor expectation vallgg i) is finite at both horizons. In contrast, the
expectation value inB) diverges at both horizons while the expectation valy&inwhich is finite at the
future horizon { = X)] diverges in the past horizoif’ (= —X). Since we require the expectation values
to be finite at both horizon$H H) is a suitable choice in the case of eternal black hole etc. However,
when a black hole forms due to gravitational collapse, the past horizon does not exist since it is covered
by the internal metric of the collapsing matter. Therefore, Wit ) and|U) are acceptable choices for
a black hole formed due to gravitational collapse. The (time symmetric) Hartle—Hawking state describes
thermal equilibrium and zero flux and the (time-asymmetric) Unruh vacuum describes a state with a flux
of radiation.

In the case of a Schwarzschild black hole, the explicit formulas for the stress-tensor expectation value
are given by

n 48mM*  32Mm3
(Ty)y =(T44)p=(T--)p = 1—2T13 [r—4 - r—3i| : (105)
n o[ 2M7? aM  12M2
<T__>U=1—2TH 1—T 1+T+ 2 ) (106)

whereTy = (ic/2n) = (1/8zxM). At r — o0, there is a constant flux of magnitute/12) Té which is the
flux at the temperaturéy .

Though these results are valid only(ib+ 1) spacetime, the results for the four dimensional space-
time in ther — ¢ sector can be approximated by4P) ~ (1/4rnr?)(T2P). Since the net flux across
a spherical surface of constanin 4D is given by 4r2(T4P), we can directly interpret7,2?) as the
net flux in the 4D case. Our results then imply that the energy flowing to infinity per second is given
by (n/12)T3.

While the above results are generally accepted and is taken to imply the radiation of energy from a
collapsing black hole to infinity at late times, there are some serious unresolved issues related to situations
with asymptotic horizons. These issues are particularly important for the general case rather than for black
hole since in the latter the asymptotic flatness of the spacetime helps to alleviate the problems somewhat.
We shall now briefly discuss these issues.

We saw in Section 5 that one can construct a coordinate system even in flat spacetime such that certair
quantum states exhibit a flux of radiation away from the horizon. But in De Sitter or Rindler spacetimes
there immonatural notion of “energy source”, analogous to the mass of the black-hole, which could decrease
as the radiation flows away from the horizon. The conventional view is to assume that: (1) In the case of
black-holes, one considers the collapse scenario as “physical” and the natural quantum state is the Unruh
vacuum. The notion of evaporation, etc. then follow in a concrete manner. The eternal black-hole (and the
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Hartle—Hawking vacuum state) is taken to be just a mathematical construct notrealized in nature. (2) Inthe
case of Rindler, one may like to think of a time-symmetric vacuum state as natural and treat the situation as
one of thermal equilibrium. This forbids using quantum states with outgoing radiation in the Minkowski
spacetime.

The real trouble arises for spacetimes which are asymptotically De Sitter. Does it “evaporate™? The
analysis in the earlier Sections show that it is imperative to associate a temperature with the De Sit-
ter horizon but the idea of the cosmological constant changing due to evaporation of the De Sitter
spacetime seems too radical. Unfortunately, there is no clear mathematical reason for a dichotomous
approach as regards a collapsing black-hole and an asymptotically De Sitter spacetime, since the math-
ematics is identical. Just as collapsing black hole leads to an asymptotic event horizon, a universe
which is dominated by cosmological constant at late times will also lead to a horizon. Just as we
can mimic the time dependent effects in a collapsing black hole by a time asymmetric quantum state
(say, Unruh vacuum), we can mimic the late time behaviour of an asymptotically De Sitter universe
by a corresponding time asymmetric quantum state. Both these states will lead to stress tensor ex-
pectation values in which there will be a flux of radiation. The energy source for expansion at early
times (say, matter or radiation) is irrelevant just as the collapse details are irrelevant in the case of a
black-hole.

If one treats the De Sitter horizon as a ‘photosphere’ with temperdtutg H/27) and area gy =
47 H~2, then the radiative luminosity will b@ E /dr) o« T*./ i o« H?. If we takeE = (1/2) H " (which
will be justified in Section 8.2), this will lead to a decay |§wb] for the cosmological constant of the
form

A(t) = Ai[1+ k(L3 A;) (/Z-(r _ ri)) 1723 o (L2123 | (107)

wherek is a numerical constant and the second proportionality is fer oco. It is interesting that this

naive model leads to a late time cosmological constant which is independent of the initial #glue (
Unfortunately, its value is still far too large. These issues are not analysed in adequate detail in the literature
and might have important implications for the cosmological constant problem. (For some recent work and
references to earlier literature, 986,77} for an interesting connection between thermality in Rindler

and DesSitter spacetime, sp8,79])

6.3. Spacetimes with multiple horizons

A new class of mathematical and conceptual difficulties emerge when the spacetime has more than
one horizon. For example, metrics in the form in Eq. (11) wiil) having simple zeros at=r;, i =
1,2, 3, ..., exhibit coordinate singularities at=r;. The coordinate alternates between being timelike
and spacelike when each of these horizons are crossed. Since all curvature invariants are well behavec
at the horizons, it will be possible to introduce coordinate patches such that the metric is also well
behaved at the horizon. This is done exactly as in Eq. (18) near each herzenwith « replaced by
ai=N'(r))= f'(r)/2.

When there is more than one horizon, we need to introduce one Kruskal like coordinate patthfor
of the horizons; théx, v) coordinate system is unique in the manifold buttbig V;) coordinate systems
are different for each of the horizons since the transformation in Eq. (18) depends explicitly which
are (in general) different for each of the horizons. In such a case, there will be regions of the manifold in
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which more than one Kruskal like patch can be introduced. The compatibility between these coordinates
leads to new constraints.

Consider, for example, the region between two consecutive horizens < r,, .1 in whichtis timelike.
The coordinatesU;, V;) with i =n, n + 1 overlaps in this region. Euclideanisation of the metric can be
easily effected in the region, < r <r,4+1 by takingz = iz. This will lead to the transformations

Upy1=—-U,exg(ans1 + ap)(—it— 9] ;
Vitr=—Vyexp—(ayt1 + ap)(—it+ 9] . (108)

Obviously, single valuedness can be maintained only if the periot@ integer multiple of2/ (a,,+1+
a,). More importantly, we get from Eqg. (18) the relation

Ui+ V, = agexp(a,- &) sinh(—ia; 1) (109)
1
which shows thatU;, V;) can be used to define values0bnly up to integer multiples of 2/a; in
each patch. But sincd/,,, V,,) and(U,+1, V,+1) are to be well defined coordinates in the overlap, the
periodicityr — t© +  which leaves both the set¥,,, V,,) and(U,+1, V,,+1) invariant must be such that
B is an integer multiple of both2/a,, and 2t/a, 1. This will requirep = 2nn; /a; for all i with n; being
a set of integers. This, in turn, implies that/a; = n;/n; making the ratio between any two surface
gravities a rational number, which is the condition for a non singular Euclidean extension to exist.
These issues also crop up when one attempts to develop a quantum field theory based on different

mode functions and vacuum states (see, for exarf§dg). It is easy to develop the quantum field theory
in ther — r plane if we treat it as 41 + 1) dimensional spacetime. In a region between two consecutive
horizonsr, <r <r,+1, we can use (at least) three sets of coordinatesy), (U,,, Vi), (Uy+1, Vit1)
all of which maintain the conformally flat nature of thi¢ + 1) dimensional metric, allowing us to
define suitable mode functions and vacuum state in a straightforward manner. The outgoing and in-going
modes of the kind4rw) 2 [exp(—iwu), exp(—iwv)] define a static (global) Boulware vacuum state.
The modes of the kind4rw) Y?[exp(—iwU;), exp(—iwV;)] with i = (n, n + 1) definetwo different
Hartle—Hawking vacua. As regards the Unruh type vacua, we now have three different choices. The
mode functiong/,, = (4nw)‘1/2[exp(—inn), exp(—iwv)] define the analogue of Unruh vacuum for the
horizon atr =r,,. Similarly, %, 11 = (4nw) " Y[exp(—iwu), exp(—iwV,4+1)] define another vacuum state
corresponding to the horizon at= r,+1. What is more, we can now also define another set of modes
and a vacuum state based®p , ;1 = (4nw) Y2 [exp(—inU,), exp(—iwV,,1)]. The physical meaning
of these three vacua can be understood from the radiativéld¥, ) in each of these states. We find
thal( %, | Tz %) = —(a2/480); (U 41| Ter| U 41) = (a2, 1/48n) and

Uy 1| Ter|% Gi1 = G (110)

9 o | U =T

< n,n+1| qtl n,n+1> 481

It is clear that the quantum staft&, ,.1) corresponds to one with radiative flux at two different tem-
peratures arising from the two different horizons; in the case of Schwarzschild-De Sitter spacetime,
one flux will correspond to radiation flowing outward from the black hole horizon and the other to ra-
diation flowing inward from the De Sitter horizon. A detector kept between the horizons will respond
as though it is immersed in a radiation bath containing two distinct Planck distributions with different
temperaturef81].
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In addition to the coordinate systems we have defined, it is also possible to introduce a global non
singular coordinate system for the SdS metric. (The method works for several other metrics with similar
structure, but we shall concentrate on SdS for definiteness.) Let the horizong badit, which are the
roots of(1 — 2M /r — H?r?) = 0 with surface gravities, «». We introduce the two sets of Kruskal-like
coordinategU1, V1), (U2, V) by the usual procedure. The global coordinate system in which the metric
is well behaved at both the horizons is given by

-1 1 -1 1
U = —tanhk1U1 + —tanhikoUy; V = — tanhk1 V1 + — tanhko Vo (112)
K1 K2 K1 K2

intheregion| U1 <0, V1 >0, Uz > 0, V> < 0). Similar definitions can be introduced in all other regions

of the manifold[80,82,83]maintaining continuity and smoothness of the metric. The resulting metric

in the U, V coordinates has a fairly complicated form and depends explicitly on the time coordinate
T = (1/2)(U + V). In general, the metric coefficients aret periodic in the imaginary time; however,

if the ratio of the surface gravities is rational with/x1 = n2/n1, then the metric is periodic in the
imaginary time with the periofl = 2rn,/x2 = 27n1/x1. Since the physical basis for such a condition is
unclear, it is difficult to attribute a single temperature to spacetimes with multiple horizons. This demand
of ko/k1 =n2/n1 is related to an expectation of thermal equilibrium which is violated in spacetimes with
multiple horizons having different temperatures. Hence, such spacetimes will not—in general—have a
global notion of temperature.

7. Entropy of horizons

The analytic properties of spacetime manifold in the complex plane directly lead to the association of
a temperature with a generic class of horizons. In Section 5 we also saw that there exist quantum states
in which a flux of thermal radiation will flow away from the horizon if the horizon forms asymptotically.
Given these results, it is natural to enquire whether one can attribute other thermodynamic variables, in
particular entropy, to the horizons. We shall now discuss several aspects of this important—and not yet
completely resolved—issue.

The simplest and best understood situation arises in the case of a Schwarzschild black hole formed
due to gravitational collapse of matter. In this case, one can rigorously demonstrate the flow of thermal
flux of radiation to asymptotic infinity at late times, which can be collected by observers located in
(near) flat spacetimes at— oo. Given a temperature and a change in energy, one can invoke classical
thermodynamics to define tlehange inthe entropy via @ = dE/ T (E). Integrating this equation will
lead to the functiors (E) except for an additive constant which needs to be determined from additional
considerations. In the Schwarzschild spacetime, which is asymptotically flat, it is possible to associate
an energyE = M with the black-hole. Though the calculation was done in a metric with a fixed value
of energyE = M, it seems reasonable to assume that—as the energy flows to infinity at late times—the
mass of the black hole will decreaséwe make this assumptiothenone can integrate the equation
dS =dM/T (M) to obtain the entropy of the black-hole to be

1(.y
S=d4nrM?==- =), 112
=4 (74) w2)
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where.«/y = 4n(2M)? is the area of the event horizon ang = (G#/c3)Y? is the Planck length. This
integration constant is fixed by the additional assumption$isiould vanish whets = 0.

The fact that entropy of the Schwarzschild black holprigportionalto the horizon area was conjec-
tured[6—8] even before it was known that black holes have a temperature. The above analysis fixes the
proportionality constant between area and entropy tdlpé) in Planck units. It is also obvious that the
entropy is purely a quantum mechanical effect and diverges in the limitof0. Nevertheless, even in
theclassicalprocesses involving black holes, the horizon area does act in a manner similar to entropy. For
example, when two black holes coalesce and settles down to a final steady state (if they do), the sum of
the areas of horizons does not decrease. Similarly, in some simple processes in which energy is dumpec
into the black hole, one can prove an analogue for first law of thermodynamics involving the combination
T dS. While bothT andSdepend ort the combinatiorf” dS is independent of and can be described in
terms of classical physics.

The next natural question is whether the entropy defined by Eg. (112) is the same as “usual entropy”.
If so, one should be able to show that for any processes involving matter and black holes, we must have
d(Spp + Smattep /dt >0 which goes under the name generalised second law (GSL). One simple example
in which the area (and thus the entropy) of the black ldelereasess the Hawking evaporation; but the
GSL holds since the thermal radiation produced in the process has entropy. It is generally believed that
GSL always holds though a completely general proof is difficult to obtain. Several thought experiments,
when analysed properly, uphold this [§] and a proof is possible under certain restricted assumptions
regarding the initial stati85]. All these suggest that the area of the black hole corresponds to an entropy
which is same as the “usual entropy”.

In the case of normal matter, entropy can be provided a statistical interpretation as the logarithm of
the number of available microstates that are consistent with the macroscopic parameters which are held
fixed. That is,S(F) is related to the degrees of freedom (or phase volug) by S(E) = In g(E).
Maximisation of the phase volume for systems which can exchange energy will then lead to equality of
the quantityl (E) = (35/0E) " for the systems. Itis usual to identify this variable as the thermodynamic
temperature. (This definition works even for self-gravitating systems in microcanonical ensemble; see
e.g.,[86].)

Assuming that the entropy of the black hole should have a similar interpretation, one is led to the
conclusion that the density of states for a black hole of enErgfyould vary as

2
g(F) exp(i ”QZ;) = exp[%(fp) } . (113)
P

Such a growth implies, among other things, that the Laplace transfogitofdoes not exist so that no
canonical partition function can be defined (without some regularization).

This brings us to the next question: what are the microscopic states by counting which one can obtain
the result in Eq. (113)? That is, what are the degrees of freedom (or the missing information content)
which lead to this entropy?

There are two features that need to be stressed regarding these questions. First, classically, the blacl
hole is determined by its charge, mass and angular momentum and hence has “no hair” (for a review, see

10One may think that this assumption is eminently reasonable since the Schwarzschild metric reduces to the Lorentzian
metric whenM — 0. But note that in the same limit af — 0, the temperature of the black-hole diverges. Treated as a limit
of Schwarzschild spacetime, normal flat spacetime has infinite—rather than zero—temperature.
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e.g.,[40]). Therefore, the degrees of freedom which could presumably account for all the information
contained in the initial (pre-collapse) configuration cannot be classical. Second, the question is intimately
related to what happens to the matter that collapses to form the black hole. If the matter is “disappearing”
in a singularity then the information content of the matter can also “disappear”. But since singularities
are unacceptable in physically correct theories, we expect the classical singularity to be replaced by
some more sophisticated description in the correct theory. Until we know what this description is, it is
impossible to answer in a convincing manner what happens to the information and entropy which is
thrown into the black hole or was contained in the initial pre collapse state.

In spite of this fact, several attempts have been made in the literature to understand features related
to entropy of black holes. A statistical mechanics derivation of entropy was originally attemp8xg;in
the entropy has been interpreted as the logarithm of: (a) the number of ways in which black hole might
have been formef¥,88]; (b) the number of internal black hole states consistent with a single black hole
exterior[7,89,88]and (c) the number of horizon quantum std8-92] There are also other approaches
which are more mathematical—like the ones based on Noether cj¢g@5] deficit angle related to
conical singularity96,97], entanglement entrop98—100]Jand thermo field theory and related approaches
[101-103] Analog models for black holes which might have some relevance to this question are discussed
in [104-106] There are also attempts to compute the entropy using the Euclidean gravitational action
and canonical partition functidb2]. However, since we know that canonical partition function does not
exist for this system these calculations require a non trivial procedure for their interpretation. In fact, once
the answer is known, it seems fairly easy to come up with very imaginative derivations of the result. We
shall comment on a few of them.

To begin with, the thermal radiation surrounding the black hole has an entropy which one can attempt
to compute. It is fairly easy to see that this entropy will proportional to the horizon area but will diverge
quadratically. We saw in Section 2.4 that, near the horizon, the field becomes free and solutions are simple
plane waves. It is the existence of such a continuum of wave modes which leads to infinite phase volume
for the system. More formally, the number of modg®) for a scalar field) with vanishing boundary
conditions at two radir = R andL is given by

2 L r2dr 2 2M 2 3/2

in the WKB limit. [This result is essentially the same as the one contained in Eq. (14t3&&08]]
This expression diverges &— 2M showing that a scalar field propagating in a black hole spacetime
has infinite phase volume. The corresponding entropy computed using the standard relations:

B 0 ' L o0 n(E)
S_ﬁ[aﬁ—l]F, F= /O dE gp— . (115)

is quadratically divergent = (=7 /1) with [ — 0. The divergences described above occur around any
infinite redshift surface and is a geometric (covariant) phenomenon.

The same result can also be obtained from what is known as “entanglement entropy” arising from the
quantum correlations which exist across the horizon. We saw in Section 4 that if the field configuration
inside the horizon is traced over in the vacuum functional of the theory, then one obtains a density matrix
p for the field configuration outside (and vice versa). The ent®py—Tr(p In p) is usually called the
entanglement entropy. This is essentially the same as the previous calculation and, ofdvesges
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quadratically on the horizof109,110,98-100]Much of this can be done without actually bringing in
gravity anywhere; all that is required is a spherical region inside which the field configurations are traced
out[111,112] Physically, however, it does not seem reasonable to integrate over all modes without any
cut off in these calculations. By cutting off the modd at L p one can obtain the “correct” result but

in the absence of a more fundamental argument for regularising the modes, this result is not of much
significance. The cut off can be introduced in a more sophisticated manner by changing the dispersion
relation near Planck energy scales but again there are different prescriptions that are 4t4itatil&6]

and none of them are really convincing.

The entropy computed using any non gravitational degrees of freedom will scale in proportion with the
number,g,, of the species of fields which exist in nature. This does not cause a (separate) problem since
one canre-absorb itin the renormalisation of gravitational con&adntany calculation of effective action
for a quantum field in curved spacetime, one will obtain a term proportiondiviith a quadratically
divergent coefficient. This coefficient is absorbed by renormalising the gravitational constant and this
procedure will also take care gf.

In conventional description, entropy is also associated with the amount of missing information and
one is tempted to claim that information is missing inside the horizon of black hole thereby leading to
the existence of non zero entropy. It is important to distinguish carefully the separate roles played by
the horizon and singularity in this case; let us, for a moment, ignore the black hole singularity inside the
horizon. Then the fact that a horizon hides information is no different from the fact that the information
contained in a room is missing to those who refuse to enter the room. The obsefvefs@t= constant
in the Schwarzschild metric do not venture into the horizon and hence cannot access the information
atr <2M. Observers who are comoving with the collapsing matter, or even those who plunge into the
horizon later on, can access (at least part of) the information which is not available to the standard
Schwarzschild observers at- 2M. In this respect, there is no difference between a Rindler observer
in flat spacetime and &, 0, )= constant observer in the Schwarzschild spacetimeKggel) and it
is irrelevant what happens to the information content of matter which has collapsed inside the event
horizon. The information missing due to a horizon is observer dependent since—as we have stressed
before—the horizon is defined with respect to a congruence of timelike curves (“family of observers”). If
one links the black hole entropy with the missing information then the entropy too will become observer
dependent.

In the examples which we have discussed in the previous sections, the thermal density matrix and
temperature of the horizon indeed arose from the integration of modes which are hidden by the hori-
zon. In the case of a black hole formed by collapse, there is a well defined, non singular, description
of physics in the asymptotic past. As the system evolves, the asymptotic future is made of two parts.
One part is outside the horizon and the other part (classically) hits a singularity inside the horizon.
The initial quantum state has now evolved to a correlated state with one component inside the horizon
and one outside. If we trace over the states inside the horizon, the outside will be described by a den-
sity matrix. None of this is more mystifying than the usual phenomenon in quantum theory of starting
with a correlated quantum state of a system with two parts (say, two electrons each having two spin
states), spatially separating the two components and tracing over one of them in describing the (spa-
tially) localised measurements made on the other. There is no real information loss paradox in such
systems.

In the case of the black hole there is an additional complication that the matter collapses to a singularity
classically taking the information along with it. In this description, some of the information will be missing
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even to those observers who dare to plunge inside the event horizon. But, as we said before, this issue
cannot be addressed until the problem of final singularity is solved. We have no idea what happens to the
matter (or the wave modes of the quantum field) near the singularity and as such it is not possible to do

a book keeping on the entropy content of matter inside the black hole. As the black hole evaporates, its

mass will decrease but such a semi-classical calculation cannot be trusted at late stages.

There is considerable discussion in the literature on the “information loss problem” related to this
issue. Broadly speaking, this problem arises because the evolution seems to take a pure quantum state t
a state with significant amount of thermal radiation. It is, however, difficult even to attempt to tackle this
problem properly since physics loses its predictive power at a singularity. One cannot meaningfully ask
what happens to the information encoded in the matter variables which collapses to a singularity. So to
tackle this question, one needs to know the correct theory which replaces the singularity. If for example,
a Planck size remnant is formed inside the event horizon then one needs to ask whether a freely falling
observer can retrieve most of the information at late stages from this remnant. [Some of the discussions
in the literature also mixes up results obtained in different domains with qualitative arguments for the
concurrent validity. For example, one key assumption in the information loss paradox is that the initial
state is pure. It is far from obvious that in a fully quantum gravitational context a pure state will collapse
to form a black holg1171]].

One immediate consequence, of linking entropy of horizons to the information hidden by them, is
that all horizons must be attributed an entropy proportional to its area, with respect to the observers who
perceive this horizon. More precisely, given a congruence of timelike curves in a spacetime we define the
horizon to be the boundary of the union of the causal pasts of the congruence. Assuming this is non-trivial
surface, observers moving on this congruence will attribute a constant entropy per u(ﬂt/arleé) to
this horizon. (We shall say more about this in Section 8.) The analysis given in Section 3.3 [see Eq. (48)]
shows that whenever a system crosses the horizon with e&ethg probability picks up a Boltzmann
factor related to the entropy. In the case of a spherically symmetric horizon, one can imagine thin shells
of matter carrying some amount of energy being emitted by the horizon. This will lead to the correct
identification of entropy for the horizon. It is conceivable that similar effect occurs whenever a packet
of energy crosses the horizon even though it will be difficult to estimate its effect on the surface gravity
of the horizon. Naive attempts to compute the corresponding results for other geometries will not work
and a careful formalism using the entropy density of horizons—which is currently not available—will be
required.

7.1. Black hole entropy in quantum gravity models

The above discussion highlights the fact that any model for quantum gravity, which has something to
say about the black hole singularity, will also make definite predictions about the entropy of the black
hole. There has been considerable amount of work in this direction based on different candidate models
for quantum gravity. We will summarise some aspects of this briefly. [More extensive discussions as well
as references to original literature can be found in the revi{@d8,119]. The central idea in any of
these approaches is to introduce microscopic degrees of freedom so that one can attribute large numbe
of microscopic states to solutions that could be taken to represent a classical black hole configuration. By
counting these microscopic states, if one can showgh&i o exp(wE?), then it is usually accepted as
an explanation of black hole entropy.
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In standard string theory this is done as follows: There are certain special states in string theory, called
BPS state$120], that contain electric and magnetic charges which are equal to their mass. Classical
supergravity has these states as classical solutions, among which are the extremal black holes with electric
charge equal to the mass (in geometric units). These solutions can be expressed as a Reissner—Nordstrol
metric with both the roots qfpo=0 coinciding: obviously, the surface gravity at the horizon, proportional
to goo(rm) vanishes though the horizon has finite area. Thus these black holes, classically, have zero
temperature but finite entropy. Now, for certain compactification schemes in string theory éagtht, 5
flat directions), inthe limitot; — 0, there exist BPS states which have the same mass, charge and angular
momentum of an extremal black holedmimensions. One can explicitly count the number of such states
in the appropriate limit and one finds that the result gives the exponential of black hole entropy with
correct numerical factorid21,119,122] This is done in the weak coupling limit and a duality between
strong coupling and weak coupling lim{ts23—125]is used to argue that the same result will arise in the
strong gravity regime. Further, if one perturbs the state slightly away from the BPS limit, tongar a
extremal black hole and construct a thermal ensemble, one obtains the standard Hawking radiation from
the corresponding near extremal black HaAl22].

While these results are intriguing, there are several issues which are still open: First, the extremality
or near extremality was used crucially in obtaining these results. We do not know how to address the
entropy of a normal Schwarzschild black hole which is far away from the extremality condition. Second,
in spite of significant effort, we do not still have a clear idea of how to handle the classical singularity
or issues related to the information loss paradox. This is disappointing since one might have hoped that
these problems are closely related. Finally, the result is very specific to black holes. One does not get
any insight into the structure of other horizons, especially De Sitter horizon, which does not fit the string
theory structure in a natural manner.

The second approach in which some success related to black hole entropy is claimed, is in the loop
quantum gravity (LQG). While string theory tries to incorporate all interactions in a unified manner,
loop quantum gravity126,127]has the limited goal of providing a canonically quantised version of
Einstein gravity. One key result which emerges from this programme is a quantisation law for the ar-
eas. The variables used in this approach are like a gaugeAfietthd the Wilson lines associated with
them. The open Wilson lines carry a quantum numhewith them and the area quantisation law can
be expressed in the form7y = 8rGy ) _ +/Ji(Ji + 1) where J; are spins defined on the linkof a
spin network and is free parameter called Barbero—Immirizi parameter. J;iiake half-integral values
if the gauge group used in the theory is SU(2) and take integral values if the gauge group is SO(3).
These quantum numbers, which live on the links that intersect a given area, become undetermined
if the area refers to a horizon. Using this, one can count the number of microscopic configurations con-
tributing to a given horizon area and estimate the entropy. One gets the correct numerical factor (only) if
y=Inm /272 wherem =2 orm =3 depending on whether the gauge group SU(2) or SO(3) is used in the
theory[128-131]

Again there are several unresolved issues. To begin with, it is not clear how exactly the black hole
solution arises in this approach since it has been never easy to arrive at the low energy limit of gravity
in LQG. Second, the answer depends on the Immirizi parametdrich needs to be adjusted to get
the correct answer, if we know the correct answer from elsewhere. Even then, there is an ambiguity
as to whether one should have SU(2) with= In 2/27+/2 or SO(3) withy = In 3/27+/2. The SU(2)
was the preferred choice for a long time, based on its close association with fermions which one would
like to incorporate in the theory. However, recently there has been some rethinking on this issue due
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to the following consideration: For a classical black hole, one can define a class of solutions to wave
equations called quasi normal modes [see fL§2—-135]. These modes have discrete frequencies which
are complex, given by

_ont (1/2) N In(3)
AM 8tM

The In(3) in the above equation is not negotiafl®6-139] If one chooses SO(3) as the gauge group,

then one can connect up the frequency of quanta emitted by a black hole when the area changes by
one quantum in LQG with the quasi normal mode frequdiey,141] It is not clear whether this is a
coincidence or of some significance. Third, most of the details of the LQG are probably not relevant to
the computation of the entropy. Suppose we haweformalism of quantum gravity in which there is a
minimum quantum for length or area, of the ordeiéi. Then, the horizon are& i can be divided into

n= (gssz/ClL%,) patches where; is a numerical factor. If each patch Hadegrees of freedom (due to the
existence of a surface field), then the total number of microscopic state% anel the resulting entropy
isS=nlnk=(4In k/cl)(,;ziH/4L§)) which will give the standard result if we chooéglnk/c1) = 1.

The essential ingredients are only discreteness of the area and existence of certain degrees of freedom ii
each one of the patches.

Another key issue in counting the degrees of freedom is related to the effective dimensionality. If we
repeat the above argument with the voluiex M3 of the black hole then one will get an entropy
proportional to the volume rather than area. It is clear that, near a horizon, only a region ofllgngth
across the horizon contributes the microstates so that in the expres’sibﬁ), the relevanV is M2L p
rather than\/3. Itis possible to interpret this as due to the entanglements of modes across the horizon over
a length scale of. p, which—in turn—induces a nonlocal coupling between the modes on the surface
of the horizon. Such a field will have one particle excitations, which have the same density of states as
black hole[113,114] While this is suggestive of why we get the area scaling rather than volume scaling,

a complete understanding is lacking. The area scaling of entropy has also led to different proposals of
holographic bounds [see, e[g0]] which is beyond the scope of this review.

+0mn~Y?) . (116)

W

8. The thermodynamic route to gravity

Given the fact that entropy of a system is closely related to accessibility of information, it is inevitable
that there will be some connection between gravity and thermodynamics. To bring this out, it is useful to
recollect the way Einstein handled the principle of equivalence and apply itin the present context. Einstein
did not attempt to “derive” principle of equivalence in the conventional sense of the word. Rather, he
accepted it as a key feature which must find expression in the way gravity is described—thereby obtaining
a geometrical description of gravity. Once the geometrical interpretation of gravity is accepted, it follows
that therewill arise surfaces which act as one-way-membranes for information and will thus lead to some
connection with thermodynamics. It is, therefore, more in tune with the spirit of Einstein’s analysis to
acceptan inevitable connection between gravity and thermodynamics and ask what such a connection
would imply. We shall now describe this procedure in detail.

The existence of a class of observers with limited access to spacetime regions, because of the existenc
of horizons, is a generic feature. This, a priori, has nothing to do with the dynamics of general relativity or
gravity; such examples exist even in flat spacetime. But when the spacetime is flat, one can introduce an
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additional “rule” that only the inertial coordinates must be used to describe physics. While this appears to
be artificial and ad hoc, it is logically tenable. It is the existence of gravitational interaction, which makes
spacetime curved, that removes this option and forces us to consider different curvilinear coordinate
systems. Further, gravity makes these phenomena related to horizons appear more natural in certair
contexts, as in the case of black holes. A region of spacetime, described in some coordinate system with
a non-trivial metric tensog,;(x*), can then have a light cone structure such that information about one
sub-region is not accessible to observers in another region.

Such a limitation isalwaysdependent on the family of observers with respect to which the horizon is
defined. To appreciate this fact, let us note that the freedom of choice of the coordinates allows 4 out of
10 components of the metric tensor to be pre-specified, which we shall takege£e-N2, go, = N,.

These four variables allow us to characterise the observer-dependent information. For example, with the
choiceN =1, N, =0, g.5 = .5, thex= constant trajectories correspond to a class of inertial observers

in flat spacetime while wittv = (ax)?, N, =0, gqp = 0,5 thex= constant trajectories represent a class

of accelerated observers with a horizorncat 0. We only need to change the form Nfto make this
transition in which a class of time-like trajectoriess constant, acquire a horizon. Similarly observers
plunging into a black hole will find it natural to describe the Schwarzschild metric in the synchronous
gauge withw =1, N,=0 (see e.g[28]) in which they can indeed access the information contained inside
the horizon. The less masochistic observers will use a more standard foliation whigh+as—2M/r)

and the surfac& = 0 will act as the horizon which restricts the flow of information frem 2M to the
observers at > 2M.

This aspect, viz. that different observers (defined as different families of timelike curves) may have
access to different regions of spacetime and hence differing amount of information, introducesexwery
feature into physics. It is now necessary to ensureghgsical theories in a given coordinate system are
formulated entirely in terms of the variables that an observer using that coordinate system can access
[142]. This “principle of effective theory” is analogous to the renormalisation group arguments used in
high energy physics which “protects” the low energy theories from the unknown complications of the high
energy sector. For example, one can use QED to predict results at, say, 10 GeV without worrying about the
structure of the theory at 18GeV, as long as one uses coupling constants and variables defined around
10 GeV and determined observationally. In this case, one invokes the effective field theory approach
in the momentum space. We can introduce the same reasoning in coordinate space and demand—fol
example—that the observed physics outside a black hole horizon must not depend on the unobservable
processes beyond the horizon.

In fact, this is a natural extension of a more conventional procedure used in flat spacetime physics.
Let us recall that, in standard description of flat spacetime physics, one often divides the spacetime by a
space-like surface= t1 = constant. Given the necessary information on this surface, one can predict the
evolution forr > 1 without knowing the details at< 71. In the case of curved spacetime with horizon,
similar considerations apply. For example, if the spacetime contains a Schwarzschild black hole, say,
then the light cone structure guarantees that the processes inside the black hole horizon cannot affect the
outside eventslassically What makes our demand non trivial is the fact that the situatiaquamtum
theoryis quite different. Quantum fluctuations of fields will have nontrivial correlations across the horizon
which is indicated by the fact that the propagators do not vanish for spacelike separations. (Alternatively,
QFT in the Euclidean sector probes the region beyond the horizon.) Our principle of effective theory
states that it must be possible to “protect” the physical processes outside the horizon from such effects
influencing it across the horizon.
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For a wide class of horizons which we have discussed, the region inside the horizon (essentially the
Z and 2 of the maximally extended Kruskal-type coordinate systems) disappears “into” the origin of
the Euclidean coordinate system. The principle of effective theory requires that one should deal with
the corresponding effective manifold in which the region that is inaccessible to a family of observers is
removed. In the examples studied in the earlier sections, this required removing a point (say, the origin)
from theX—T plane in the Euclidean manifold. The standard results of quantum field theory in coordinate
systems with static horizons can be obtained from this approach. We shall now proceed tratitgy
from this approach.

In the case of gravity, the information regarding the region inside the horizon will now manifest in two
different forms. First, as a periodicity in the imaginary time coordinate and non trivial winding number
for paths which circle the point which is removed. Second, as a boundary term in the Euclidean action
for gravity, since the Euclidean action needs to be defined carefully taking into account any contribution
which arises from an infinitesimal region around the point which is removed.

The origin in the Euclidean spacetime translates to the horizon surface in the Lorentzian spacetime. If
we choose to work entirely in the Lorentzian spacetime, we need to take care of the above two effects
by: (i) restricting the time integration to a suitable (finite) range in defining the action and (ii) having a
suitable surface term to the action describing gravitational dynamics which will get a contribution from
the horizon. Since the horizon surface is the only common element to the inside and outside regions, the
effect of the quantum entanglements across a horizon can only appear as a surface term in the action. So i
is an inevitable consequence of principle of equivalence that the action functional describingmgrestity
contain certain boundary terms which are capable of encoding the information equivalent to that present
beyond the horizon. We shall now see that this surface term can be determined from general principles
and, in fact, one can deduce the form of the full action for gravity using this appfb48h

Before we begin the detailed discussion, we mention related approaches exploring the connection
between thermodynamics and gravity at different levels. Many people have attempted to relate the ther-
modynamics of gravity and matter systems to the Euclidean a@it44—-149] Some of these papers
also discuss the derivation of laws of thermodynamics as applicable to matter coupled to gravity. An
attempt to derive Einstein’s equations from thermodynamics, which is closer in spirit to the discussion
presented here, was made [4%0] but this work did not unravel the structure of gravitational action
functional. Several intriguing connections between not only gravitational systems but even other field
theoretic phenomena and condensed matter systems have been broughi6ut152]

Let us now proceed with our programme. In order to provide a local, Lagrangian, description of
gravitational physics, this boundary term must be expressible as an integral of a four-divergence, allowing
us to write the action functional for gravity formally as

Agrav= / d4x\/ —8& Lgrav= / d4x«/ —g (Lpulk + ViUi) = Apulk + Asur (117)

where Lpyk is quadratic in the first derivatives of the metric and we are using the convenient notation
ViU = (—g)~Y%9,[(—g)Y2Uirrespective of whethdy is a genuine four vector or not. Since different
families of observers will have different levels of accessibility to information, we do exggtio depend

on the foliation of spacetime. On the other hand, since the overall dynamics should be the same for all
observersAgray Should be a scalar. It follows that neithég,ik nor Asyr are covariant but their sum should

be a covariant scalar.
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Let us first determine the form ofgy,. The horizon for a class of observers arises in a specific gauge
and resultan g, will in general depend on the gauge variableésy,.. Of the gauge variable¥, N,, the
lapse functiorN plays a more important role in our discussion tian and we can seV, = 0 without
loss of generality. The residual gauge (co-ordinate) transformation that Rgepd but changes the
other components of the metric is given by thinitesimalspace-time transformatiot — x/ + & (x/),

with the conditiongoq,;&/g = N2(2%/0x*), which is equivalent to

&0
& =/dzN2g°‘ﬁi + APy . (118)
oxP

Such transformations keep, = 0, but changédN andg,s according toig;; = —V;&; — V;¢; (see e.g.,
[28], Section 97).

We next introduce &1 + 3) foliation with the standard notation for the metric componegts &
—N?, go,=N,). Letu’ =(N~1,0, 0, 0) be the four-velocity of observers corresponding to this foliation,
i.e. the normal to the foliationi’ =u/V;u’ be the related acceleration; akgy, = —V,uj, — ugap be the
extrinsic curvature of the foliation, withl = Kl.i = —V,u'. (With this standard definitiornk ,;, is purely
spatial, K ,,u® = K»u” = 0; so one can work with the spatial componekitg whenever convenient.)

Given this structure, we can list all possible vector fieléiswhich can be used in Eq. (117). This
vector has to be built out of’, g,, and the covariant derivative operatéy acting only once. The last
restriction arises because the equations of motion should be of no order higher than two. Given these
conditions, (i) there is only one vector field—viz., theitself—which has no derivatives and (ii) only
three vectorgu’ V,u', u/Viu;, u' V/u ;) which are linear in covariant derivative operator. The first one
is the acceleration’ = u/V;u'; the second identically vanishes sincehas unit norm; the third can
be written as—u’ K. ThusU" in the surface term must be a linear combinatiomof’! K anda’ at the
lowest order. The corresponding term in the actimmsthave the form

Asur= / dtx /—=gViU' = f d*x /=gViliou' + JaKu' + Jpa'l, (119)

where/’s are numerical constants to be determined.

Let the region of integration be a four volumé bounded by two space-like surfacEs and %>
and two time-like surfaces” and.#1. The space-like surfaces are constant time slices with normals
u', and the time-like surfaces have normaisand we shall choose;u’ = 0. The induced metric on
the space-like surfack is hup, = gap + uqup, While the induced metric on the time-like surfageis
Yab = &ab — NaNp. These two surfaces intersect on a two-dimensional sudagéth the induced metric
oab = hap — ngnp = gap + uaup — ngnyp. In this foliation, the first two terms of Eq. (119) contribute
only on ther= constant hypersurfaces{ andX») while the third term contributes o#f and hence on
a horizon (which we shall treat as the null limit of a time-like surfagdike the limitr — 2M+ in the
black hole spacetime). Hence we get, on the horizon,

Asur=J2 / d*x/—gVia' = iz / dr d2xN/|o|(na”) . (120)
3

Further, in any static spacetime with a horizon: (i) The integration blsecomes multiplication by =
2r/x wherex is the surface gravity of the horizon, since there is a natural periodicity in the Euclidean
sector. (ii) As the surface” approaches the horizon, the quanfitya;n') tends to—x which is constant
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over the horizon. (see e.§153] as well as the discussion at the end of Section 2.9)lsing fix = 2x,
the surface term gives, on the horizon, the contribution

B
Asur= — ok / dr f d’x /o = —2nipl i | (121)
0

where.o7 g is the area of the horizon.

Itis interesting to ask how the above result arises if we choose to work entirely in Euclidean spacetime.
Such an exercise is important for two reasons. First, the range of integration for time coordinate has a
natural limit only in Euclidean sector and while obtaining Eq. (121) we have “borrowed” it and used it in
the Lorentzian sector; it will be nice to see it in the proper context. Second, in the Euclidean sector, there
is no light cone and horizon gets mapped to the origin ofrthe: plane. In the effective manifold, we
would have removed this point and the surface term has to arise from a limiting procedure. Itis important
to see that it works correctly. We shall now briefly discuss the steps involved in this analysis.

Consider a simply connected, compact region of the Euclidean manifolith two bounding surfaces
Yo and «, where# g encloses a small region around the origin (which corresponds to the horizon in our
coordinate system) and ., is an outer boundary at large distance which we really do not care about. We
assume that the regiow is foliated by such surfaces and the normal to the surface defines a vector field
u'. The earlier arguments now show that the only non-trivial terms we can use in the Lagrangian are again
of the form in Eq. (119) but the nature of boundary surfaces have now changed. We are interested in the
contribution from the inner boundary near the origin, where we can take the metric to be approximately
Rindler:

dsZ ~ (ex)?drz + dx? + dL? (122)

and the inner surface to ¥ x R? wheres? is small circle around the origin in thg — x plane and
RZ? is the transverse plane. While evaluating Eq. (119), the integi@ldfwill now give a;u’ =0 on the
boundary while the integral of;u’ will now give u;u’ = 1, leading to the area of the boundary. In the
limit of the radius ofS* going to zero, this contribution froi;u’ vanishes. The interesting contribution
comes from the integral o%; (K u') term, which will give the integral ok = —V,u’ on the boundary.
Takingu' = &' we get the contribution

2n/K
—J2 f dx / digd, (kx) = —2mipl 1y (123)
0

exactly asin Eq. (121). This analysis, once again, demonstrates the consistency of working in an effective
manifold with the origin removed.

Treating the action as analogous to entropy, we see that the information blocked by a horizon, and
encoded in the surface terrmust beproportional to the area of the horizon. Taking into consideration
the non-compact horizons, like the Rindler horizon, we may state that the entropy (or the information

2The minus sign in—x) depends on the convention adoptedsfor It arises naturally under two circumstances. First is
when the region outside the horizon is treated as bounded on one side by the horizgisaheé outward normal as perceived
from the outside observers. Second, when we take the normal to the horizon to be pointing to the outside (like in the direction
of unit vectorf in Schwarzschild geometry) but we take the contribution to the surface integral from two surfaces (&b
andr — 2M in the Schwarzschild spacetime) and subtract one from the another. The horizon contributes at the lower limit of
the integration and picks up a minus sign.
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content) per unit area of the horizon is a constant related.t@vriting 1> = —(1/8r.«7/p), Where.«/ p
is a fundamental constant with the dimensions of area, the entropy associated with the horizon will be
Sy = 1/% (L g/ p). The numerical factor ifip is chosen for later convenience; the sign is chosen so
thatS > 0.

Having determined the form ofsyr we now turn to the nature ofgray and Apyik. We need to express
the Lagrangiarv; U’ as a difference between two Lagrangidnga, and Lpuik such that: (@).grav is a
generally covariant scalar. (lB)yk is utmost quadratic in the time derivatives of the metric tensor. (c)
Neither Lgray NOr Lpyik should contain four divergences since such terms are already taken into account
in Lgyr. This is just an exercise in differential geometry and leads to Einstein—Hilbert action. Thus it
is possible to obtain the full dynamics of gravity purely from thermodynamic considerdlid8F We
shall, however, obtain this result in a slightly different manner which throws light on certain peculiar
features of Einstein—Hilbert action, as well as the role played by local Lorentz invariance.

8.1. Einstein—Hilbert action from spacetime thermodynamics

Since the field equations of gravity are generally covariant and of second order in the metric tensor,
one would naively expect these equations to be derived from an action principle invglyirmmnd its
first derivativesd, g,1,, analogous to the situation for many other field theories of physics. The arguments
given in the last section show that the existence of horizons (and the principle of effective theory) suggest
that the gravitational Lagrangian will have a te¥ixU’ [see Eq. (119)] which contairsecondierivative
of 8ab-

While any such Lagrangian can describe the classical physics correctly, there are some restrictions
which quantum theory imposes on Lagrangians with second derivatives. Classically, one can postulate
that the equations of motion are obtained by varying an action with some arbitrary furictiof) of q
andg held fixed at the end points. Quantum mechanically, however, it is natural to demand thad either
or p = (0L /9q) is held fixed rather than a mixture of the two. This criterion finds a natural description in
the path integral approach to quantum theory. If one uses the coordinate representation in non-relativistic
gquantum mechanics, the probability amplitude for the dynamical variables to changesf(arr1) to
g2 (atr) is given by

¥ (q2, t2)=/dQ1K(qz, 12 q1, tOY(q1, 11) , (124)
K(g2,12;q1,11) = Z exp[%/dtLq(q,c])} : (125)
paths

where the sum is over all paths connectipg, r1) and(gz, r2), and the Lagrangiah, (¢, ¢) depends on

(g, 9). Itis, however, quite possible to study the same system in momentum space, and enquire about the
amplitude for the system to have a momentpprat s, and p, atr. From the standard rules of quantum
theory, the amplitude for the particle to go frapy, 1) to (p2, t2) is given by the Fourier transform

i
G(p2.t2; p1. 1) = / dg2dq1K (g2, 12; q1, t1) eXp[—f—,l(pzqz—plcu)} . (126)
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Using Eqg. (125) in Eq. (126), we get

[
G(pa, 12 p1. 1) = Y /déﬁdCIz EXD[% {/ diLg — (p2g2 — P1Q1)H

paths

i d
— Z/dqldqzexp[;—/dt {Lq — a(pq)ﬂ

paths

Zexp[%/Lp(q,q,'q) dt} . (127)

paths

d / oL
Lszq——(q—f’) . (128)

In arriving at the last line of Eq. (127), we have (i) redefined the sum over paths to include integration
overgi andgz; and (ii) upgraded the status pfrom the role of a parameter in the Fourier transform to
the physical momentum(z) =0L /d4. This result shows that, given any Lagranglajig, 9¢) involving
only up to the first derivatives of the dynamical variables, itliwayspossible to construct another
LagrangiarL , (¢, dg, 9%¢) involving up to second derivatives, such that it describes the same dynamics
but with different boundary conditiorid54,155] The prescription is given by Eq. (128). While using
L ,, one keeps thmomentdixed at the endpoints rather than twordinatesThis boundary condition is
specified by the subscripts on the Lagrangians. The result generalises directly to multi-component fields
and provides a natural interpretation of Lagrangians with second derivatives.

Thus, in the case of gravity, tllmameequations of motion can be obtained fretp,k or from another
(as yet unknown) action:

, ov/—gL
A = /d4x«/—ngu|k—/d4x6c [gabﬂ]

a(acg(lb)

= Apulk — /d4xac («/—_gVC) , (129)

whereV¢ is made ofg,;, andFj.k. Further,V¢ must be linear in thé’s since the original Lagrangian
Lpuik Was quadratic in the first derivatives of the metric. (This argument assumes that we have fixed the
relevant dynamical variablesof the system; in the case of gravity, we take these tg@ e Sincerl's
vanish in the local inertial frame and the metric reduces to the Lorentzian form, the dgtigrcannot
be generally covariant. However, the actidhinvolves the second derivatives of the metric and we shall
see later that the actioff is indeed generally covariant.

To obtain a quantity’¢, which is linear inI's and having a single indexfrom g, andl";k, we must

contract on two of the indices an using the metric tensor. (Note that we requitg,k, A’, etc. to be
Lorentz scalars an#“, V¢, etc. to be vectors under Lorentz transformation.) Hence the most general
choice forVe¢ is the linear combination

V= (a1g* I + axg'*rs,) | (130)
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wherea; (g) andaz(g) are unknown functions of the determingrf the metric which is the only (pseudo)
scalar entity which can be constructed fragg,s andI”;s. Using the identities’] = o,(In/—=g),

V—gg*re, = —2,(/—gg"), we can rewrite the expression f8f = /—gV° as

P¢=/=gV =c1(8)g0,v/—8 + c2(8)v/—0,8" | (131)

wherec1 = a1 — az, ¢2 = —ap are two other unknown functions of the determingnitf we can fix
these coefficients by using a physically well motivated prescription, then we can determine the surface
term and—»by integrating—the Lagrangiagyk.

To do this, let us consider a static spacetime in whictgals are independent of° and gg, = 0.
Around any given even® one can construct a local Rindler frame with an acceleration of the observers
with x = constant, given by’ = (0, a) anda=V(In /800)- This Rindler frame will have a horizon which
is a plane surface normal to the direction of acceleration and a tempefatdi@|/2n associated with
this horizon. The result obtained in Eq. (121) shows that the entgmsociated with this horizon is
proportional to its area or, more precisely,

dAsyr - 1
dos | _-4%p’

where.«7 p is a fundamental constant with the dimensions of area. In particular, this result must hold in
flat spacetime in Rindler coordinates. In the static Rindler frame, the surface term is

(132)

B
Asur:—/d4xacPC:—/ dt/ dxv-P=p [ d’x.0-P. (133)
0 1/ a.f/

The overall sign in the last equation depends on the choice of directian fee have chosen it to be
consistent with the convention employed earlier in Eq. (121). We have restricted the time integration to
an interval(0, ) wherep = (2x/|a|) is the inverse temperature in the Rindler frame, since the Euclidean
action will be periodic in the imaginary time with the perigdWe shall choose the Rindler frame such
that the acceleration is along thé=x axis. The most general form of the metric representing the Rindler
frame can be expressed in the form

2

di
2_ _ 1 2, = 2 2
ds (1 + 2al) dt +(1-|—E l)—l-(dy + dz%)

de2

2 2
(14 2410)] + (dy“ +dz) , (134)

= — [1+4 2al(x)]dr® +
wherel (x) is an arbitrary function antd = (d//dx). Since the acceleration is along thexis, the metric
in the transverse direction is unaffected. The first form of the metric is the standard Rindler frame in
the(z,1, y, z) coordinates. We can, however, make any coordinate transformation fiamsome other
variablexwithout affecting the planar symmetry or the static nature of the metric. This leads to the general
form of the metric given in the second line, in terms of thex, y, z) coordinates. Evaluating the surface
term P€ in (131) for this metric, we get the only non-zero component to be

1/

l
P* =2acx(g) +[1+ 2al(X)]l,—2[61(g) — 2¢2(8)] (139)
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so that the action in Eq. (133) becomes

Asur= BPX / dZXJ_ = ﬂPxJZ{J_ y (136)
where.«7 | is the transverse area of the — z) plane. From Eq. (132) it follows that
I 1
2afca(g) + Pler — 2c2](1 + 2al)l,—2 = Ay (137)

For the expression in the left hand side to be a constant independehot ainy choice of (x), the second
term must vanish requiringy (g) = 2c¢2(g). An explicit way of obtaining this result is to consider a class
of functions/(x) which satisfy the relatiofl = (1 + 2al)" with 0<n<1. Then

"

[
Blei’) — 2c2()1(1 + 2al)l,—2 = 2aplc1(l") — 2c2(I)In (138)

which can be independent of and x only if ¢1(g) = 2c2(g). Further, usingz = 2z, we find that
¢2(g) = (16n+7 p)~* which is a constant independentgfHenceP¢ has the form
1 J=g

Pe= g (26708 + V808" ) = (6 T, — )

1 1 bc

- 167'[,5sz \/_—gab(gg ) . (139)

The second equality is obtained by using the standard identities mentioned after Eq. (130) while the third
equality follows directly by combining the two terms in the first expression.

The general form o€ which we obtained in Eq. (131) is not of any use unless we cafe{ix?2). In
general, this will not have any simple form and will involve an undetermined range of integration over
time coordinate. But in the case of gravity, two natural features conspire together to give an elegant form
to this surface term. First is the fact that Rindler frame has a periodicity in Euclidean time and the range of
integration over the time coordinate is naturally restricted to the intédyg) = (0, 2x/a). The second is
the fact that the surviving term in the integraRf€lis linear in the acceleraticathereby neatly canceling
with the (1/a) factor arising from time integration.

Given the form ofP¢ we need to solve the equation

<6v —8Louk . b) _pe__ L 1 (22"
=P T
08ab.c 16ns/p /=g ©

to obtain the first order Lagrangian density. It is straightforward to show that this equation is satisfied by
the Lagrangian
1

/—oL —
8 Lbulk 16/ p

This is the second surprise. The Lagrangian which we have obtained is precisely the first order Dirac—
Schrodinger Lagrangian for gravity (usually called tffeLagrangian). Note that we have obtained it
without introducing the curvature tensor anywhere in the picture.

) (140)

(v=gs*aiir, - rirs) - (141)
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Given the two pieces, the final second order Lagrangian follows from our Eq. (129) and is, of course,
the standard Einstein—Hilbert Lagrangian:

oP¢

oaxe (167[&/,3) Rv=g. (142)

Thus our full second order Lagrangi&urns outto be the standard Einstein—Hilbert Lagrangian. This
result has been obtained, by relating the surface term in the action to the entropy per unit area. This
relation uniquely determines the gravitational action principle and gives rise to a generally covariant
action; i.e., the surface terms dictate the form of the Einstein Lagrangian in the bulk. The idea that surface
areas encode bits of information per quantum of area allows one to determine the nature of gravitational
interaction on the bulk, which is an interesting realization of the holographic principle.

The solution to Eqg. (140) obtained in Eq. (141) is not unique. However, self-consistency requires that
the final equations of motion for gravity must admit the line element in Eqg. (134) as a solution. It can be
shown, by fairly detailed algebra, that this condition makes the Lagrangian in Eq. (141) to be the only
solution.

We stress the fact that there is a very peculiar identity connectingdheagrangianLp, and the
Einstein—Hilbert Lagrangiai.gray, €ncoded in Eq. (142). This relation, which is purely a differential
geometric identity, can be stated through the equations:

v —ngrav= v/ —8&Lpuk —

0Lpulk

L =L — V. -
grav bulk c |:8aba(acgab)

. OL
:| ; Lpuk = Lgrav— Ve |:F(jzb¢jwi| . (143)
a(acrab)

This relationship defies any simple explanation in conventional approaches to gravity but arises very
naturally in the approach presented here. The first line in Eq. (143) also shows that the really important
degrees of freedom in gravity are indeed the surface degrees of freedom. To see this we merely have to
note that at any given event, one can choose the local inertial frame in Whigh~ I'? vanishes; but
the left hand side of the first line in Eq. (143) cannot vanish, being proportiofalfbat is, in the local
inertial frame all the geometrical information is preserved by the surface term in the right hand side,
which cannot be made to vanish since it depends on the second derivatives of the metric tensor. In this
sense, gravity is intrinsically holographic.

The approach also throws light on another key feature of the surface term in the Einstein—Hilbert action.
To see this, consider the expansion of the action in terms of a graviton figlgh By 1, + h., Where
/.= /167G has the dimension of length ahgj, has the correct dimension of (length)in natural units
with7=c=1. Since the scalar curvature has the struckure (8g)%+02g, substitution ok, =nup+Aab
gives to the lowest order:

1 1
Len o }—ZR ~ (0h)® + 7azh . (144)

Thus the full Einstein—Hilbert lagrangian is non-analytic.ipecause the surface term is non-analytic in
At is sometimes claimed in literature that one can obtain a correct theory for gravity by starting with
a massless spin-2 field,;, coupled to the energy momentum tengpy of other matter sources to the
lowest order, introducing self-coupling 6§ to its own energy momentum tensor at the next order and
iterating the processt will be quite surprising if, starting froniok)? and doing a honest iteration ot

one can obtain a piece which is non-analyticlirAt best, one can hope to get the quadratic partgf
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which gives rise to th& action but not the four-divergence term involviekg . The non-analytic nature

of the surface term is vital for it to give a finite contribution on the horizon and the horizon entropy cannot
be interpreted in terms of gravitons propagating around Minkowski spacetime. Clearly, there is lot more
to gravity than gravitons (for a detailed discussion, [4&6]).

The analysis leading to Eq. (142) can also be carried out in the Euclidean sector, starting from Eqg.
(123). Itis shown in Appendix A that the integral@fP¢ with P¢ given by Eq. (139), can be alternatively
thought of as the integral &€ over the boundaries [see Eg. (A.11)]. The rest of the analysis is straight
forward so we will not discuss it.

In the above discussion we split the Einstein—Hilbert action as a quadratic part and a surface term.
There is a different way of expressing the Einstein—Hilbert action which will turn out to be useful for our
later purposes. This is done by introducing thet 3) foliation and writing the bulk Lagrangian as (see
Appendix A):

R=Len=Lapm — 2V;(Ku' +a') = Lapm + Laiv (145)
where
Lapm="2 4 (Kup K% — K?) (146)

is the ADM Lagrangiaril57] quadratic ing,s, andLgiy = —2V; (Ku' +a') is a total divergence. Neither
Lapm Nor Lgiy is generally covariant. For examplé,explicitly depends o, which changes when one
makes a coordinate transformation from the synchronous frame to a frama/ wAtii.
There is a conceptual difference betweenW¥hek u') term and théV;a’ term that occur irL gy in Eq.
(145). This is obvious in the standard foliation, whé&re' contributes on the constant time hypersurfaces,
while a' contributes on the time-like or null surface which separates the space into two regions (as in
the case of a horizon). To take care of tkia' term more formally, we recall that the form of the
Lagrangian used in functional integrals depends on the nature of the transition amplitude one is interested
in computing, and one is free to choose a different representation. We shall now switch to the momentum
representation of the action functional, as described earlier in the discussion leading to Eq. (128).
SinceLapw is quadratic irg,s, we can treag,s as the coordinates and obtain another Lagrangian
in the momentum representation along the lines of Eq. (128). The canonical momentum corresponding

t0ga = gup iS
o O TELaow) _ v

— = K*P — ¢*PKy | 147
pi=m 3 TR g"K) (147)

so that the term @4 p*)/dr is just the time derivative of

gupn® = —*/f(K —3K)=/—g(2Ku") . (148)
Since

) : ‘

o (V=gKu’) =3, (V=gku') = v=gVi(Ku') , (149)

the combination/—gL, = /—g[Lapm — 2Vi(Ku')] describes the same system in the momentum
representation with*’ held fixed at the end points. (This result is known in literafd%8] and can be
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derived from the action principle, as done in Appendix A. The procedure adopted here, which is based
on Eg. (143) relating the bulk and surface terms, provides a clearer interpretation.) Switching over to this
momentum representation, the relation between the action functionals corresponding to Eq. (145) can
now be expressed as

AgH = Ay + Apoun (150)

1 .
A= ApDM — Q/./—g d4xVi(Ku’) . (151)

Here A, describes the ADM action in the momentum representation, and

1 : 1
Aboun:—g/d‘lxx/—gvial =—§/dt/;d2xN\/3(naa“) (152)

is the boundary term arising from the integral over the surface. In the last equality, g.s — nang is
the induced metric on the boundary 2-surface with outward nonpand the gaug&/, = 0 has been
chosen.

8.2. Einstein’s equations as a thermodynamic identity

The fact that the information content, entangled across a horizon, is proportional to the area of the
horizon arises very naturally in the above derivation. This, in turn, shows that the fundamental constant
characterising gravity is the quantum of ared glwhich can hold approximately one bit of information.

The conventional gravitational constant, givend®y= .« pc2/# will, in fact, divergeif we take the limit

# — 0 with .« ,= constant. This is reminiscent of the structure of bulk matter made of atoms. Though
one can describe bulk matter using various elastic constants etc., such a description cannot be considere
as the strictt — 0 limit of quantum mechanics—since no atomic system can exist in this limit. Similarly,
spacetime and gravity are inherently guantum mechanical just as bulk sol{d$8y£60]

This suggests that spacetime dynamics is like the thermodynamic limit in solid state physics. In fact,
this paradigm arises very naturally for astaticspacetime with a horizofi61]. Such a spacetime has a
metric in Eq. (4) with the horizon occurring at the surfaée= 0 and its temperaturg determined by
the surface gravity on the horizon. Consider a four-dimensional region of spacetime defined as follows:
three-dimensional spatial region is taken to be some compact voluméh boundaryoy”. The time
integration is restricted to the ran§@ f] since there is a periodicity in Euclidean time. We now define
the entropy associated with the same spacetime region by

S = % / V=g dxVa' = % a”l/‘\/EdZ)c(NnHa“) i (153)
The second equality is obtained because, for static spacetimes: (i) time integration reduces to multiplication
by p and (ii) since only the spatial componentsdfare non-zero, the divergence becomes a three
dimensional one over” which is converted to an integration over its boundafy. If the boundary s is
ahorizon(Nn,a") willtend to a constant surface gravityand the usinggx =2n we getS =.o/ /4G where
</ is the area of the horizon. (For convenience, we have chosen the sigrsoth thatVa,n* — «,
rather than—x.) Thus, in the familiar cases, this does reduce to the standard expression for entropy.
Similar considerations apply to each piecanfarea element when it acts as a horizon for some Rindler
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observer. Results obtained earlier show that the bulk action for gravity can be obtained from a surface
term in the action, if we take the entropy of any horizon to be proportional to its area with an elemental
area,/s d?x contributing an entropy §l= (Nn,a")/s d?x. The definition given above in Eq. (153) is
the integral expression of the same.

The total energ¥£ in this region, acting as a source for gravitational acceleration, is given by the Tolman
energy[162] defined by

1
E= 2/ dx /7N <Ta;, - ETgab) uul . (154)

The covariant combination(2,, — (1/2)Tgab)u“ub [which reduces tdp + 3p) for an ideal fluid]is
the correct source for gravitationatceleration For example, this will make geodesics accelerate away
from each other in a universe dominated by cosmological constant, GingeSp) < 0. The factorN
correctly accounts for the relative redshift of energy in curved spacetime. It is now possible to obtain
some interesting relations between these quantities.

In any space time, there is differential geometric identity (see Eq. (A.13))

Rpqubud = Vi(Ku' +a') — Ky K% + KOK} (155)

whereK,, is the extrinsic curvature of spatial hypersurfaces ksl its trace. This reduces 6;a’ =
Rapu®u® in static spacetimes witk,, = 0. Combined with Einstein’s equations, this gives

1 ; 1
%Vial = (Tab — ETgab) Mabtb . (156)

This equation deals directly witti which occur as the components of the metric tensor in Eg. (8). We
now integrate this relation with the measuyye-g d*x over a four-dimensional region chosen as before.
Using Egs. (154), (153), the integrated form of Eq. (156) will read quite simply as

S =(/2pE . (157)

Note that botlfSandE depend on the congruence of timelike curves chosen to define them thréugh
If these ideas are consistent, then the free energy of the spacetime must have direct geometrical meaning
independent of the congruence of observers used to define the entropy StesttbEId be stressed that
the energ)E which appears in Eg. (154) iotthe integral

U= / dBx /FN (Tupuu®) (158)
.
based op=T,,uu” but the integral ofp+ 3p), since the latter is the source of gravitational acceleration

in aregion. The free energy, of course, needs to be definéd=ad/ — TS, since pressure—which is an
independent thermodynamic variable — should not appear in the free energy. This gives:

BF =pU — S=-S5+ ﬂf deﬁN(Tabu“ub) (159)
e
and using Egs. (153), (156) al= —8rG T, we find that

1
PF=1p = / d*xv/—gR (160)
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which is just the Einstein—Hilbert action. The equations of motion obtained by minimising the action can
be equivalently thought of as minimising the macroscopic free energy. For this purpisssportant
thatF is generally covariant and is independent of theised in defining other quantities.

The sign ofE in Eg. (154) can be negative if matter wijtht 3p < 0 dominates in the region™. The
sign of Sin Eq. (153) depends on the convention chosen for the direction of the nor@al but it is
preferable to choose this such tl§at 0. Then the sign of will arrange itself so that Eq. (157) holds. (Of
course, the temperaturefs= |8|~1 > 0). As an illustration, consider the Schwarzschild spacetime and
the De Sitter universe. For spherically symmetric metrics with a horizon, hawirg—g1%, goo(rz) =0,
we can writegoo ~ goo(rm) (r —ry) near the horizon anfl= —4n/ g;,(r5) in our signature convention.
Hencep = 8zM > 0 for Schwarzschild whilg¢ = —2r/H < 0O for de Sitter. In the first casg,= 8xM
and we can tak& = M for any compact two surfad® that encloses the horizon. Sinde: = (M /r?),
Eq. (153) givess = 4n(M?/G) for anyd . This result agrees with Eq. (157). The de Sitter case is more
interesting since it is non-empty. In the static coordinates wigho = ¢’” = (1 — H?r?), let us choose a
spherical surface of radius< H. We then haveZ = — H2L3 andS = = H L2 from(154) and (153). Once
again, Eq. (157) holds singe= —2n/H.

We should, therefore, be able to rewrite Einstein’s equations in a form analogousTtalshe dU =
P dV equation[75,163] Itis fairly straight forward to achieve this in the case of spacetimes of the form:

ds? = —f(r)d? + f(r)"1dr? 4 r2(do? + sinf0 d¢?) (161)

with f(r) =1 — 2m(r)/r. This metric solves the Einstein’s equations if the energy depsity/ 8z and
the transverse pressusér)/8r are arranged to give(r) = (m'/2r2); u(r) = p + (1/2)rp'(r) and the
radial pressure is set equal to the energy density. If there is a horizeaatwith f(a) =0, f'(a) = B,
then the temperatufBis determined by~ = g = 4z/B. Further, we find that, for a spherical region of
radiusr = a,

1
S=na?, E=-a’B, |Ul=2. (162)
2 2
These relations hold on the horizon for a class of solutions parametrised by the functiowith a
determined as the root of the equation(2) = a. What is more, these relations, along with the fact that
radial pressure is equal to the energy density, allow us to write Einstein’s’ equations as

dUu=7dS - Pdv (163)

where the differentials are interpreted d$ € (dU/da) da, etc. In these spacetime$oc U2 giving the
density of stateg(U) = exp(cU?) wherec is a constant.

The above results are of particularimportance to a horizon whitbt@ssociated with a black hole, viz.
De Sitter horizon. In this cas¢(r)=(1— H%r2),a=H 1, B=—2H < 0 so that the temperature—which
should be positive—i% = | f/(a)|/(4rn) = (— B) /4x. For horizons withB = f’(a) < 0O (like the De Sitter
horizon) we havef (a) =0, f'(a) <0, and it follows thatf > 0 forr <a andf < 0 forr > a; that is, the
“normal region” in whicht is timelike is inside the horizon as in the case of, for example, the De Sitter
metric. The Einstein’s equations for the metric in Eq. (161) evaluated at the herizenreads as:

By (%471412) + %da =—T"(a)d <4—;a3) = P(—dV) (164)
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The first term on the left hand side is again of the fdfrdS (with positive temperature and entropy).
The term on the right hand side has the correct sign since the inaccessible region fwh@yés now
outside the horizon and the volume of this region changegsHoly/). Once again, we can use Eq. (164)
to identify the entropy and the energy:
5—1(4 %)= Y oo U = —~HL (165)
= 4 Ta ) = 4 horizon, = 2 .

As a byproduct, our approach provides an interpretation of energy for the De Sitter spacetime and a
consistent thermodynamic interpretation of De Sitter horizon.

Our identification,U = —(1/2)H‘1 is also supported by the following argument: If we use the
“reasonable” assumptions=(1/4)(4nH 2), V o« H—3andU=— PV inthe equatiod” dS— P dV =dU
and treal as an unknown function df, we get the equation

,dU
H T (BUH +1) (166)
which integrates to give precisely = —(1/2) H 1. Note that we only needed the proportionaliy,x
H~2in this argument sinc® dV « (dV/ V). The ambiguity between the coordinate and proper volume
is irrelevant.

These results can be stated more formally as follows: In standard thermodynamics, we can consider
two equilibrium states of a system differing infinitesimally in the extensive variables volume, energy
and entropy by &, dU and dS while havingsamevalues for the intensive variables temperatiieand
pressure ). Then, the first law of thermodynamics asserts thaltS = P dV + dU for these states.

In a similar vein, we can consider two spherically symmetric solutions to Einstein’s equations with the
radius of the horizon differing byawhile having the same sourd@g. and the same value f@. Then

the entropy and energy will be infinitesimally different for these two spacetimes; but the fact that both
spacetimes satisfy Einstein’s equations showsThé and dJ will be related to the external sourég

and d: by Einstein’s equations. Just as in standard thermodynamics, this relation could be interpreted as
connecting a sequence of quasi-static equilibrium states.

The analysis is classical except for the crucial periodicity argument which is used to identify the
temperature uniquely. This is again done locally by approximating the metric by a Rindler metric close
to the horizon and identifying the Rindler temperature. This idea bypasses the difficulties in defining and
normalising Killing vectors in spacetimes which are not asymptotically flat.

Finally we mention that this framework also imposes a strong constraints on the form of action func-
tional Agrav in semi-classicafravity. It can be shown that, the area of the horizon, as measuradyby
observer blocked by that horizon, will be quantigg&d2]. In normal units,=norizon = 8nm(G#/c3) =
8nmL,23|anckWherem is aninteger. (Incidentally, this will match with the result from loop quantum gravity,
for the highi modes, if the Immirizi parameter is unity.) In particular, any flat spatial surface can be made
a horizon for a suitable Rindler observer, and hence all area elements (in even flat spacetime) must be
intrinsically quantised. In the quantum theory, the area operator for one observer need not commute with
the area operator of another observer, and there is no inconsistency in all observers measuring quantises
areas. The changes in area, as measured by any observer, are also quantised, and the minimum detectat
change is of the order df2, .. It can be shown, from very general considerations, that there is an op-
erational limitation in measuring areas smaller tlﬂé%nck when the principles of quantum theory and
gravity are combineflL64]; our result is consistent with this general analysis. (The Planck length plays
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a significant role in different approaches which combine the principles of quantum theory and gravity;
see, for exampld165,166]) While there is considerable amount of literature suggesting that the area of
ablack holehorizon is quantised [for a small sample of references[8d41,167-179,404s well as

papers cited in Section 7.1] the result mentioned above is more general and is applicable to any static
horizon.

9. Conclusions and outlook

We shall now take stock of the results discussed in this review from a broader perspective and will
attempt to provide an overall picturEig. 4).

Combining the principles of quantum theory with special relativity (and Lorentz invariance) required
a fairly drastic change in the description of physical systems. Similarly, it is natural for new issues to
arise when we take the next step of combining quantum theory with the concept of general covariance
or when we attempt to do quantum field theory in a curved background spacetime. However, one would
have naively expected these issues tkipematicalin the sense that they are independent of the field
equations or the action for gravity. Our discussion shows that there is a strong link between the kinematical
aspects and the dynamics of gravity because of the structure of classical general relativity. While it may be
convenient to distinguish between the kinematical aspects (discussed in Sections 2—6) and the dynamical
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Fig. 4. Summary of the logical structure of the approach adopted in this review.
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aspects (discussed in Sections 7 and 8), each by itself can only give a partial picture. The overall structure
of the theory should allow a seamless transition across these two aspects.

In this review this was attempted by (i) noting that one needs to use the Euclidean sector to incorporate
the new ingredients which arise when special relativity is combined with quantum mechanics and (ii)
using the fact that when quantum theory is formulated in the Euclidean sector, a unique structure emerges
in the presence of horizons. Using a congruence of timelike curves to define a horizon, one finds that
it is possible to incorporate the kinematical effects of (at least static) horizons in a general manner and
associate the notion of temperature with the horizons. This is achieved by using a coordinate system
in which the spacetime region hidden by a horizon is mapped to a single point in the Euclidean sector
and constructing an effective manifold for a family of observers by removing this point. The resulting
non-trivial topology leads to the standard results of quantum field theory in curved spacetimes with
horizons.

The importance of the above point of view lies in its ability to provide a deeper relationship be-
tween gravity and thermodynamics, as shown in Section 8. If one accepts the idea—that the physical
theory for a class of observers should be formulated in an effective manifold in which the region inac-
cessible to those observers is removed—then one is led to enquire what it implies for the dynamics of
gravity. Using the fact that the horizon is the common element between the inaccessible and accessi-
ble regions, it is possible to argue that the action functional for gravity must contain (i) a well defined
surface term and (ii) a bulk term which is related to the surface term in a specific manner. Hence, this
point of view allows one to determine the action functional for gravity from thermodynamic consid-
erations. What is more, it links the kinematical and dynamical aspects of the theory in an interesting
manner.

This approach is very similar in spirit to that of renormalisation group theory (RGT) in particle physics.
When an experimenter does not have information about the model at gcaléssay, inmomentum
spacethe RGT allows one to use an effective low energy theory with the coupling constants readjusted
to incorporate the missing information. This, in turn, puts restrictions on the nature of the theory as well
as the “running” of the coupling constants. Similarly, when a given family of observers has limited infor-
mation because they are blocked by a horizomdal space rather than momentum space) it is necessary
to add certain boundary terms in the action functional in order to provide a consistent description. Just as
the RGT contains non-trivial information about the low energy sector of the theory, our approach allows
us to determine the form of the action in the long wavelength limit of gravity. As far as the loss of infor-
mation due to a horizon is concerned, there is no need to distinguish between the uniformly accelerated
observers in flat spacetime and, say, the observers located permanentlR &t in the Schwarzschild
spacetime.

There are some new insights that arise in this approach which are worth exploring further.

e Einstein’s equations for gravity can be obtained from a variety of action functionals, any two of which
differ by a surface term. In the case of Einstein—Hilbert action, the surface term is related in a very
specific manner to the bulk term. (See e.g., Eq. (143); it is rather intriguing that this relation has not
been explored in the literature befor€his relation is so striking that it demands an explanatidrich
is indeed provided by the thermodynamic paradigm described in Section 8.

e The approach makes gravity “holographic” in a specific sense of the word. The Einstein—Hilbert
Lagrangian has the structufgey = L1 + Lo whereLq1 ~ (ag)z, Ly ~ 9%g. Along any world line,
one can choose a coordinate system such(&izat — 0 suggesting that the dynamics of the theory is
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actually contained in thé&, ~ 92g term which leads to the surface term in the action. We saw in
Section 8.1 that one could determine the bulk term from the surface term under certain assumptions. This
fact, that the structure of the surface term in an action determines the theory, provides a possible inter-
pretation of holographic principle (which is somewhat different from the conventional interpretation of
the term).

e The approach supports the paradigm that the spacetime is similar to the continuum limit of a solid
that is obtained when one averages over the underlying microscopic degrees of fld&@hrAs
described in Section 8.2, this strongly indicates the possibility that gravity is intrinsically quantum
mechanical at all scales just as solids cannot exist in the &trietO limit. Just as the bulk properties
of solids can be described without reference to the underlying atomic structure, much of classical
and semi classical gravity (including the entropy of black holes) will be independent of the under-
lying description of the microscopic degrees of freedom. Clear signs of this independence emerges
from the study of Einstein—Hilbert action which contains sufficient structure to lead to many of the
results involving the horizon thermodynamics. Hence any microscopic description of gravity which
leads to Einstein—Hilbert action as the long wavelength limit will also incorporate much of horizon
physics.
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Appendix A. Gravitational action functional

This appendix summarises several aspects of action functionals used in gravity and derives some of
the results not readily available in the literature.
The conventional action principle for general relativity is the Einstein—Hilbert action given by

1
Apn = 7o RJ—gd*x . (A1)

Straightforward algebra shows that the scalar curvature can be expressed in the form

1 - , ,

Ry/=g = 3V/=8M“" gap cgij k= 0; P = V/=gLquaa— 0, P/ , (A.2)
where

Meabeiik — ook [gabgij _ gaigbj] + 2g° [gaigbk _ gkigba] (A.3)

and

Pl = /=88uaci(g"g’ — g"g") = =gV’ . (A.4)
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This result is equivalent to a more conventional expression for the gravitational action written in terms
of Christoffel symbols with

Lquad= g**(I',, I, — ', I')) (A.5)

and

PC= =gk —g*re) = (A.6)

_La( bc)
H »\88 :

The manner in whichP¢ is expressed hides its geometrical interpretation. To bring this out, note that
the integral ofo, P¢ can be evaluated in a given coordinate system, most simply by:

/dAXGCPCZ /dxodxldxzdx3(60P0+alP1+...)
:/ dxldxzdstO-i-/ dxOdx?dxpPl + ... | (A7)
x0 il

where the subscript on the integral indicates the coordinate that is held constant. To study the integral of
P" on thex = constant surface, let us choose a coordinate system in which the metric has the form

ds? = gun (dx™)? + gz, dx® dlx” (A.8)

wheren = 0, 1, 2, 3 and for each choice af the a, b run over the other three coordinates. (We have
assumed that the cross terms vanish to simplify the computation PTlethis coordinate system can
be computed using the last expression in Eq. (A.6). We get

1 1
P" = n S— A.9
F \/— <g gt ) (A.9)
—1/2

The normal to the surface’ = constant is given by? = g,,,»
of thex”= constant is

0% and the trace of the extrinsic curvature

=-Vn*=

«/_\/_ (@f gnn):_J%sza”\/;' (A.10)

Hence we get the result
/ d'xo, P =) "2 / K./ g+d3x | (A.11)
nt/ a"f”

where the sum is over all the bounding surfaces. Thus the total divergence term can be expressed as the
sum over the integrals of the extrinsic curvatures on each boundary and the Einstein—Hilbert action in
Eq. (A.1) becomes

AEH=/V 16”«/_ quad—/ : (A.12)
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This result can be obtained in a more geometrical fashion, which is instructive. We foliate the space-
time by a series of spacelike hypersurfaEesith normals:’. Next, from the relatiomR,jcqu? = (V4 Vj, —
Vi Va)u., we obtain the identity

Rpau’u? = g% Ropeau’u® = ubV,Vou — u®VvyV,u
= Va W’ Vpu®) = (Vau®) (Vo) = Vp(u"Vqu®) + (Vpu’)?
=Vi(Ku' +a') — KspK® + KIK) (A.13)
whereK;; = K ;i = —Vu; — u;a;j, is the extrinsic curvature witk = K/ = —V;u' and K;; K"/ =
(Viu/)(V;u'). Further using
R = —Rg u'u’ =2(Gap — Rap)u®u® (A.14)
and the identity
2G puu’ = KK} — Ky K + P2 (A.15)
where® 7 is the scalar curvature of the three-dimensional space, we can write the scalar curvature as
R=®2+ KypK® — KIK}) — 2Vi(Ku' +d') = Lapm — 2V (Ku' 4 a') , (A.16)

whereLapm is the ADM Lagrangian.

Let us now integrate Eq. (A.16) over a four volume bounded by two spacelike hypersurfaces
X1 andX> and a timelike hypersurfac#. The spacelike hypersurfaces are constant time slices with
normalsu’, and the timelike hypersurface has normalbrthogonal tau’. The induced metric on the
spacelike hypersurfaceis h.p, = gup + uqup, While the induced metric on the timelike hypersurface
IS y.p = 8ab — Nanp- TheX and¥ intersect along a two-dimensional surfagewith the induced metric
Gab = Nap — Nglp = Gab + Ugltp — ngnyp. With gog = —NZ, we get

1 [?*2
AgH = d4 V—gR=— /d V—gLaom — — |  ExvhK
B =16 ), 6r), ADM =8 ), x/h

——/ dr >x N /o (nia') . (A.17)
8n )y

Let the hypersurfaces, .# as well as their intersection 2-surfagenave the corresponding extrinsic
curvaturesK ., @45 andg,,. To express the Einstein—Hilbert action in the form in Eq. (A.12), as aterm
having only the first derivatives, plus an integral of the trace of the extrinsic curvature over the bounding
surfaces, we use the foliation condition:’ = 0 between the surfaces, and note that

nia' =niujVjui = —ujuiani =(g" — hij)an,' =qg—-0, (A.18)

where® = 0% andqg = ¢/ are the traces of the extrinsic curvature of the surfaces, when treated
as embedded in the four-dimensional or three-dimensional enveloping manifolds. Using Eq. (A.18) to
replace(n;a') in the last term of Eq. (A.17), we get the result

1 [*2 1
AgH + — d3xvhK — —f dt d’x N /o0
8n Jx, 8n J o

1 1
= —/ d4x«/—gLADM - —/ dtdszﬁq . (A.19)
6r Jy 8t Jy
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The left hand side is in the form we want as the suniefy and the traces of extrinsic curvatures on

the bounding surfaces. In the right hand side, the first tdramy is not purely quadratic in the first
derivatives of the metric tensor, since it contaifis?, which in turn contains second derivatives of the
metric tensor. We can now use a formula, analogous to Eq. (A.2), to separate the second derivatives from
@ 2. The relation is

O vh = Lyyaqh +0,0" (A.20)

whereh is the determinant of the spatial metr@,Lquad is made from the spatial metric and its spatial

derivatives and* is same ag’ but built from spatial metric. The sign reflects the fact #hat negative
definite whileh is positive definite. What we need in Eq. (A.19\i5-g® % = Nv/1® % which becomes

\/__8(3)%_(3)L uad\/__""Na 0"
o,(hh""
= O Lo/ = — «/_< ) % +0,(NQ") . (A-21)

On integration, the last term becomes a surface integral and using the result analogous to Eq. (A.11), we
find that

/ dr d®xd, (N 0") = / dr d®xN Q*n,, = / dr d>xN/oq . (A.22)

When we substitute Eq. (A.21) into te\pm in EQ. (A.19), the terms witlg cancel and we get the final
result:

AEH + Z = d3fo = E d4x./ |:(KabK“b KiK?)

3 a/‘N uv
+  Lquadt 3 0,(hh™) (A.23)

which is preciselyAqua¢ The terms withK,;, are quadratic in time derivatives of spatial metric, the
@ quad has quadratic terms of spatial derivatives of spatial metric and the last term gives a (quadratic)
cross term between spatial derivatives of spatial metric @pd. This is the standard result often
used, which—unfortunately—misses the importance of(the’) term in the action by splitting it as
in Eq. (A.18).

Let us now get back to some features of Eq. (A.2) which are not adequately emphasised in the literature.
The first interesting result that can be obtained from Eq. (A.2) is a direct relation befvesmd Lqyad
Differentiation of Lquaqdfollowed by contraction withg,;, gives

anuad 1
0(gab,c) V=8

This remarkable result shows that the scalar curvature can be written in the form

anuad
R = Lquad— \/—— |:V gaba(gab C)] (A.25)

= gijxlg g% — g% g1 =V = Pe. (A.24)

8ab
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Comparing this result with Eq. (A.11), we get a more dynamical interpretatién \dfe have

anuad

= negapn’c . A.26
a(gab,c) c8ab ( )

2K = Nnc8ab

The quantityl7*> = n.n%" is the energy—momentum conjugatet@ with respect to the surface defined
by the normabh..

If we take the Lagrangian to bie(g4, 9;q4) Which depends on a set of dynamical variakjgsvhere
A could denote a collection of indices (in the case of grayity—~> g.» with A denoting a pair of indices),
then one can obtain a second Lagrangian by

Ly=L -3 [qA } =L —29;(qap™) . (A.27)

0(9;q4)
Both will lead to the same equations of motion proviggds fixed while varying_ andp*’ is fixed while
varying L. [See discussion leading to Eq. (128).] In the case of gravitgrresponds to the quadratic
Lagrangian whilel., corresponds to the Einstein—Hilbert Lagrangian and Eq. (A.27) corresponds to Eq.
(A.25).

Itis possible to understand Eq. (A.25) from the fact thgtaq has certain degrees of homogeneity in
terms ofg,, andgap .. The argument proceeds as follows: Consider any Lagrarigigm, 0;q4) which
depends on a set of dynamical variabjgswhereA could denote a collection of indices as before. Let
the Euler—Lagrange function resulting frdnbe

oL oL
FA=_— -5, [ ] . (A.28)
0q4 0(0;94)
Taking the contractiog4 F4 and manipulating the terms we get
oL oL
FA—gsi— — 0. 0. . A.29
qa a5, 0 [qAé(aiqA)} + ( ’qA)a(a,.qA) (A.29)

If L is a homogeneous function of degrei g4 and a homogeneous function of degrga 0,¢4, then
the first term on the right hand sidegig& and the third term isL because of Euler’'s theorem. Hence

oL
FA =) L —0. . A.30

qa A+ ; [CIA a(aiqA)] (A.30)
In the case of gravityF4 = — (R — (1/2)g* R) ./—g with the minus sign arising from the fact th&t!
corresponds to contravariant indices. So

gaF" = gapl— (R“b - %g“"R) V=g=RJ=¢ . (A.31)
Further, if we changg., — fg,, theng® — f=1¢ /—¢ — f2 /—g. If the first derivatives
gab.c are held fixed, the above changes will chageg Lquadin Eq. (A.2) by the factorf2f =3 = f—1
showing that,/—gLquadis of degreeu = —1 in g,». Wheng,,, is held fixed anc,,, . is changed by a
factor f, /—gLquadChanges by factof?; so /—gLquadis of degree. = 42 in the derivatives. Using
gaF4 =R/—g andu+ 2= 1in Eq. (A.30) we get the result which is identical to Eq. (A.25).



T. Padmanabhan / Physics Reports 406 (2005) 49-125 119

From the relation Eq. (A.27), it is possible to derive the variationg\gfi and Aquad for arbitrary
variations ofég,,. We get

S(16nAgn) = / d*x /=g Gapdg® + / Axhaps[VR(KY? — h* K))
2 o1

=/ dPxhgpor?? (A.32)
s

wherelT* = /h(K* — h* K) and the last equality holds when equation of motiép, =0) are satisfied
(“on-shell”). Similarly,

5(16nAquad = / A /=gGupog™ — | Ex[Vh(K™ — hK)16ha
a o7

=— | & shgy, (A.33)
o7

with the last equality holding on shell. Subtracting one from the other, we have

16n6(Aquad— AgH) = — d3x (IT% Shyp + hapoII®?)
oy

= — | dxshapy1®™®) =25 | dxviK , (A.34)
o1 o1

irrespective of the equations of motion (“off-shell”) which is precisely whatis needed for consistency. Thus
Einstein—Hilbert Lagrangian describes gravity in the momentum space and leads to the field equations
when the moment&*? are fixed at the boundaries while the quadratic Lagrangian describes gravity in
the coordinate space with the methig, fixed on the boundary.

Finally, we shall provide a direct derivation of the ADM form of the action starting from Eqg. (A.2)
and separating out the space and time components. To do this, we shall assume a metric of the form
200=—N?, g0, =0 andg, arbitrary. In evaluating the kinetic energy term of the fariy4) Mogdg in
Eq. (A.2), one can separate out the terms made of (i) the time derivatiggg, ¢fi) time derivatives of
goo, (i) spatial derivatives ok, (iv) spatial derivatives 0goo, (v) mixed terms involving one spatial
derivative ofggo and one spatial derivative @f,3. Of these, it is easy to verify that (ii) and (iv) vanishes
identically since the corresponding componenkbis zero. The remaining three terms giveliguad

L 1. . off  uv o pv aﬂN off  uv oav fu

quad= 788 [g " —g"g ] + (T) 0,848 [g g —g"g ] + (), (A.35)
where(. - -) denote purely spatial terms. The first three termg.4gaq correspond to (i), (v) and (jii),
respectively. The last term made entirely out of spatial derivatives of spatial metric is not explicitly
written down. Next, consider the terms that arise fr(errg)‘l/zacP" which can be classified as follows:

(a) The time derivative term arises fram= 0. (b) Spatial derivatives involving,goo. () In calculating

the spatial derivative terms, one should note tjfatg = N+/A. This will give terms involving product

of spatial derivatives di andg.;. (d) Spatial derivatives of purely spatial metric. Working out the terms,
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we get

ac(«/—_gV”)=\/1—60(\/_g g* gxﬁ)+—a (\/_g“ﬁ )

a,N
+ 0,00 678" — g™gM |+ -0 (A.36)

b
Vel

When Egs. (A.35) and (A.36) are added, the cross term involyjnd, g, cancels out precisely. All the
spatial terms combine together to gi¥ez. This leads to the result

_ 1. . aff o, fv 3 00
—4—1\]2guﬁg,w[g g —g"g ] R—J——a [v gg &” gﬁ]
— = 3 |J=geP L] . A.37
NeT oc|: 88"~y ] (A.37)

The terms in the first line give what is conventionally called the ADM Lagrandiasy . The time
derivative term (in the second line) leads to the integral of twice the trace of the extrinsic cukamre

ther = constant surfaces. The spatial derivative term leads to the integral of twice the normal component
of the acceleration on the timelike boundaries. Incidentally, note that the last two terms can be expressed
more symmetrically in the form

1
- H[ao(J—ggoog“ﬁaogaﬁ> —0,(v=2¢"¢*%0;200)1 . (A.38)

It is clear that the structure of Einstein—Hilbert Lagrangian is very special.
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