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Fred Hoyle and J. V. Narlikar

The significance of conformal transformation is discussed in rela-
tion to physical theories and cosmology. It is well known that Maxwell's
equations and the Dirac equation for a massless particle are conformally in-
variant, whereas Einstein's gravitational equations, and the Dirac equation
for a particle with mass, are not. However, the Dirac equation can be made
conformally invariant provided mass transforms as the reciprocal of length.
A conformally invariant gravitational theory in which masses transform in
this way can also be formulated. The latter theory gives the same results as
Einstein's provided

(/) local fields are weak,
(//} particles are conserved.

For strong local fields llie theory is different. The theory also permits non-
conservation of particles. It permits creation of matter without recourse to
the so-called C-fiehl.

Since all isolropic, homogeneous cosmological models are con-
jormally flat it is possible to discuss all sucli models in flat space. Masses
then change with epoch and the cosmological red-shift is explained by this
property.

The role of cosmological boundary conditions is also considered.
The Friedmann models and the steady-state model appear in sharp contrast
when discussed from this point of view.
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I. Units and Dimensions

A survey of scientific l i terature reveals a chaotic situation
concern ing u n i t s . A l t h o u g h experimentalists understandably prefer
to avoid describing measured quantities by very large or very small
numbers , th is disadvantage appears a small price to pay---especially
in an age when much data is analyzed by computer—in order to
s impl i fy the present extremely unsatisfactory position. We begin by
asking; What is the minimum number of units required to describe

physical theories?
Theoretical physicists frequently work with units of length,

mass and time. This number can be further reduced if we take
account of two major developments of physical thought in the first
quarter of the present century. The special theory of relativity
introduced a fundamental velocity c, the velocity of light. The square
of the proper distance between two world events separated by a
coordinate difference (x, ;;, z, /) is given by

.v2 = c'-t- — x'1 — y- — z". (1)

The in variance of (1), and the constancy of c, clearly suggests that we
reduce the number of unnecessary symbols by setting c — 1. This
identifies the time unit with the space unit and thereby reduces the
number of units to two.

Another constant was introduced into physics by quantum
theory. This is Planck's constant /?, or more commonly h = h/2ir.
What significance can we attach to fil The behavior of a classical
system can be described by the principle of stationary action

5S = 0. (2)

However, in classical physics the action functional 5 is not dimen-
sionless. S has the same dimensionality as fi, so that (2) can be written

in dimensionless form
S(S/fi) = 0. (3)

Although the insertion of h in (3) is trivial for classical theory it is
not trivial in quantum theory. Following Dirac (1958) and Feynman
(1948) we interpret

exp (iS/ti)

as the probability amplitude for a physical system to follow a certain
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course specified by S. The total amplitude for all possibilities can be
: written as

E exp (iS/ti).

Feynman has shown how t h i s sum can be related to the q u a n t u m
mechanical propagator. I t is easy to see how (2) can be obtained
from (4) in the classical l i m i t 5'»//, By the principle of s tat ionary
phase only paths close to that for which (2) is sat isf ied make a
significant contribution to the sum (4) in this l imit .

From this discussion it is clear that fi has appeared because
! we have made the 'mistake' of attributing dimensionality to S. With

c — 1, ti = 1 we then have only one independent unit. To fix ideas
we take this as the unit of length. All physical quantities are now
expressed as some power of length. For example

mass ~ Lr1, frequency ~ L~l, charge ~ L°, electric field ~ L~'\d so on. The choice of length unit converts all quantities into

numbers.

Define /-,, for a particle P of mass in,, by

/•„ = Gmp.

It is convenient to choose a standard reference particle and to take
rp as the unit of length. When this is done for the proton we obtain
the numbers set out in the following table:

Lengths Relative to rp for the Proton

Hubble radius H~l

Electron radius 4Trez/mc

Compton wavelength of electron \/me

Compton wavelength of proton 1 /mv
Fermi

-3X10^
-3X104

-103S

-103'1

We also note that G ~ L- and is numerically equal (with this choice
of unit) to the Compton wavelength of the proton. Another quantity
of interest, the cosmological mass density, ~L~4 and is numerically
^.JO--00. The fact that all lengths of importance in atomic and
nuclear physics fall close to (rpH~-l}l/- suggests the existence of
important relationships between local and cosmological, phenomena.

Having now reduced the number of units to one, we turn
next to a mathematical transformation that is closely related to the
measurement of this remaining unit.
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II. Coiiformal Transformations: Should Physical Theories
Be Conformally Invariant?

In early discussions of the general theory of r e l a t i v i t y
considerable a t t en t ion was paid to the measurement of length. The
assumpt ion of a l i ne element

els- = g,k dx' dxk (5)

impl ies that the square of length between two neighboring points
separated by a coordinate displacement dx' is given by ds". However,
suppose we have a new line element

ds

where 9.(x') is a real non-zero funct ion of position. Since in physics
we are concerned ul t imately with climensionless numbers, and since
these are obtained by appropriate combinations of quantit ies with
dimensionality L", n = 0. ±1, . . . , it follows that provided such
quantities are all taken at the same point (5) and (6) would be physi-
cally undistinguishable. But if significant climensionless numbers are
buil t from quanti t ies not taken at the same point (5) and (6) wi l l in
general be distinguishable. The transformation (5) —-»(6) is known as
a conformal transformation. Physical theories that are invariant
under this transformation are said to be conformally invariant .

We now ask: Should physical theories be conformally
i n v a r i a n t ? For a physical theory not to be conformally invariant it
is necessary that there be some form of propagation from a point ,
A say, to another point, B say, whereby information concerning the
length unit at A is carried to B. Then the length units at A and B can
be compared and (5) and (6) can be dist inguished.

Next we notice that not all points / /can be reached by physi-
cal propagat ion from //. Thus I) must lie in or on the future l ight
cone of A. Now the light cone is conformally invariant since ds* =

0 if ds — 0. Hence the set of points B that can be reached by physical
propagation from A is conformally invariant. This important
property of physical theories suggests we take the view that all other
properties of physical theories should also be conformally invariant.

Which of the ex i s t i ng theories are conformally invar ian t?
It is well known that Maxwell's equations

7'k = Airj*, (7)
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are conformally invar iant . That is, the form (7) remains unchanged
using

Ft* = Fik> /*' = Qr*j*, (8)

and going from (5) to (6). [Note that F** = i}-'/™.] The Dirac
equa t ion for a massless pa r t i c l e is also confonnally i n v a r i a n t . Hut
the Dirac equation for a particle of mass in,

(t + imW = 0 (9)

is not. However, (9) can be made conformally invariant by requiring
that

m* = mQ-\* = ^ft~3/- (10)

The transformation of ̂  is that which we expect from the probability
interpretation of ^*i/>, but the transformation of the mass is new. On
the other hand we have already remarked that with c = 1, h = 1,
mass has dimension L~' so that the transformation of in is in ac-
cordance with our dimensional interpretation. Or we can look on
the transformation of m in another way. The statement c = 1 is
conformally invariant because null geodesies are unaffected by a
conformal transformation. The adoption of in* = mil~l makes the
statement h = 1 also conformally invariant.

Turning now to gravitation, Einstein's equations are ob-
tained from

5 =
1

\6jrG nin I da, ( I I )

the volume integral being over some assigned 4-dimensional region
and the l ine integrals being over the portions of the world lines of the
particles that fall w i t h i n this volume. The classical 5S = 0 is used, the
variation 5S being computed for the most general i n f i n i t e s i m a l
changes of #,A.. By s l ight ly r ewr i t i ng the second term of ( 1 1 )

(12)

we can make this term conformally invar iant . Thus da is the element
of length along the world l ine of a, so that da* = [Ida. With in* =
/?;„!>-' we therefore have m* da* = ma da. Proceeding in the same
way for the first term of (11) we first wr i t e

16;r G (13)
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and consider G* — il-G, since G has dimensionality L~. But the
device does not work this time because the scalar curvature R does
not transform in accordance with a simple power of 0. Derivatives
of <> appear in the relation of R:'" and R. Hence Einstein's theory
cannot be made conformally invariant in the simple way that the
Dirac theory can, or as (12) can. We are therefore led to ask: Is
Einstein's theory correct? In particular, is the first term of (11)
correct?

We shall proceed by showing that a gravitational theory can
be obtained from (12) alone, and that this theory agrees with
Einstein's in all cases of practical interest for weak fields. The new
theory differs from Einstein's, however, for strong fields.

The transformation m* = /na(-1~L demands a physical
interpretation of mass. We can no longer regard the mass of a
particle as a fixed quantity that we assign to the particle. It becomes
necessary to take a Machian point of view concerning the nature of
mass. According to this point of view ma arises from the rest of the
particles in the universe. Let each particle b ^ a give rise to a 'mass
field'. Denote this field at a general point x by /»(6)(.v). At any point
A on the world line of a we therefore have mw(A) as the contribution
of particle b to the mass of a at A. Summing for all b ^ a gives

ma = E m^'(A).
/; /• a

Our expression for the action 5 can therefore be written as

(14)

(15)

In order that (15) shall have symmetry with respect to every pair of
particles a, b it is necessary that m(h}(x) be of the form

(16)

S= - EE P(A,B)dadb,
,i^-b •> •>

from which it is clear that 5 is conformally invariant provided

P\A, B) = [l(A)-{il(B)-[P(A, B). (IS)
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The'function P(x, B~) propagates the mass field of particle b
and we expect it to satisfy a wave equation of the usual kind. It turns
out that for (18) to hold it is only possible to choose the wave
equation in one way, namely

H*P(x, B) + -Jtf(A-)P(-Y, B) = i-g(By\-"W\x, B), (19)

where 5(4}(-Y, B) is the 4-dimensional delta-function representing a
source of unit strength at point B.

The gravitational equations are now calculated from 5S = 0,
using (17) for S, and making general infinitesimal changes .of the
components of the tensor gik. The calculation is rather long and we
have obtained (Hoyle and Narlikar 1964a, 1966) the following
gravitational equations

F(R,, - lgik

where
F = i VV /H«OWCW

>* = ~^EE(22)

and r,-i- is the same matter tensor as in the usual theory. All quantities
in (20) are evaluated at a general field point x.

In the actual universe there is a large number of particles,
so that the double summations in (21) and (22) contain very many
terms. All mass fields from particles at cosmological distances from
x have the same sign (cf. footnote on p. 24), and all mass fields from
particles local to .v also have the same sign provided local gravita-
tional fields are weak, i.e., provided the (l/6)R term in (19) is small.
Changes of sign are possible, however, when fields are strong. This
can be seen from the study of the one-particle problem (Hoyle and
Narlikar 1966). Excluding the case of strong local fields it follows
that since Fis quadratic in the mass fields all terms contributing to F
must be positive and F cannot be zero.

Evidently for a conformal transformation we have

F* = ?--F. (23)

Suppose now that F has been determined for some given gik. In
general F will be dependent on .v. But by making an appropriate
conformal transformation we can then obtain F* independent of ,v.
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! Icncc by fixing the conformal f rame in a su i table way we can s impl i fy
(20). I n fact , d r o p p i n g the s tar n o t a t i o n , we can w r i t e

i, - \Kn-K = -87rG'(Y',, + -I-,,),

Sn-G = - > 0.

(24)

(25)

Except for the f f > , / , term we now have Einstein's equations. The <!>,-<
term is indeed of exactly the form we have previously attributed to a
C-field. Formerly we had

-i/££ [era'" + crc{*' - gitCFCW], / > 0, (26)
a*b

in place of (l>,k. This is not only similar in form but similar in sign.
The C-field was used to permit the creation of matter. Does

the <bik term in (24) permit the creation of matter? We shall show in
section IV that the answer to this question is affirmative. Indeed both
the Friedmann cosmologies and the steady-state cosmologies are
solutions of (24). The Friedmann cosmologies are obtained when we
postulate no creation of matter and the steady-state cosmology is
obtained when we permit creation of matter.

When a large number of terms contribute mass fields all of
the same sign we can write

where

(21)

(28)

the summation in (28) being over all particles. The approximation in
(27) consists in ignoring J^ [;n(a)]- in comparison with

When there are N terms, N » 1, in (28) the double sum is greater by
a factor of order N than the single sum. To the same approximation
we can write

zr][£'»w']}. (29)
b

If there is no creation of matter

X>;"> = [£m«->],-= mit
a a

in which case

22
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But /•" ~- constant requires /;; cons t an t , so t h a t (31) vanishes and
(24) reduces to E ins t e in ' s e q u a t i o n s .

Hence we ob t a in E i n s t e i n ' s equa t ions when
(/) local g rav i t a t i ona l fields are weak,

( / / ) particles are conserved.
The v a n i s h i n g of 'I1,-/, when ( / / ) is s a t i s f i e d is again s i m i l a r to the
behavior of (26). The C-field was considered to arise from the ends
of broken world lines- i.e., from particle creation, so that when there
was no par t ic le creation there was no C-field. Al though there are thus
considerable similarit ies between fI> /A . and our former use of a C-field,
it is impor tant that our present theory is conformally invariant
whereas the C-field theory was not.

The present derivation of Einstein's equations, subject to (/)
and (//'), gives us addit ional information not present in the usual
theory. We have deduced that G > 0, so we deduce that weak
gravitational fields must be attractive. In Einstein's theory we might
equally well take G in ( 1 1 ) to be negative and this would lead to
fields being repulsive. So G > 0 is an assumption in the usual theory,
not a deduction.

We also see that the 'cosmical term' \gn-. sometimes intro-
duced into Einstein's equations, must be absent. The requirement of
Conformal invariance removes this term, although the go, term in
<&u- has some similar i t ies of behavior to the cosmical term. Practical
details of the Lemaitre cosmology, which depends on the \gik term,
are in a number of respects very similar to the practical details of the
steady state model. Mathematically th is can be traced to the s imilar
effects of Xg,,. and of the gik term in <$;k.

We have sometimes heard physicists argue that the cosmical
term \g,-,- should be present in order that the gravitational equations
take their most general form. To dispose of this argument it is only
necessary to remark that a s imi la r argument used in the electro-
magnetic theory leads incorrectly to the Proca equations for the
4-potential instead of to the usual correct equations.

III. Conforrnally Invariant Cosmological Models

When we turn to cosmology there arc two directions we can
follow. If we decide that particles must be conserved our gravitational
equations reduce to Einstein's in the conformal frame in which F =
constant. Since, moreover, masses are constant in this frame we have
the usual Friedmann models. Or we can decide to permit creation of
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matter, in which case the <!>,* term in (24) is important and leads to
the steady slate model, as we shall verify in the following section.

All these models belong to the class of isotropic homogene-
ous cosmologies described by the Robertson-Walker line element

sin2 f) d<p'2)

(32)

It is well known that coordinate transformations r — r(t, /•), p =
p(t. r) can be found that permit (32) to be expressed in the form

dp'1 — p-(d(3- + sin2 0(33)

where f is a function of r, p depending on the form of the expansion

factor S(l) and on the choice of A'. 1 fence this whole class of cosmolo-
gies is conformal to flat space. Because Einstein's theory is not

conformally invariant it is not possible to take advantage of this
geometrical simplification. But now that we have shown that all the

cosmologies in question can be obtained from a conformally

invariant gravitational theory, we can make the transformation
o = e~f, in which case we have /n* = mcf. The situation is that we

can work either with constant masses (F = constant) and with the

line element (32) or equivalently with

P\dO'- + sin2 0 d<p2),

m* = mcf.

(34)

(35)

Here m — 23 '"'"' *s l'lc lola' mass, but all individual mass fields
a

/7;(6!(.v) are also changed by ef. In this conformal frame the wave
equation (19) has the Hat space 'elementary solution'

All individual mass fields are seen to be positive.!
At first sight it might seem as if a different theory can be

obtained by changing the sign of the right-hand side of (19), but this

is not so. The mass fields are then systematically negative, but F,

being quadratic in the mass fields, is unchanged, as is (I>u-. Tik is

t Local contributions lo the mass field can be negative because of the (l/'&jR
term in (19), but not unless such fields are strong.
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linear in (the mass fields, but the sign of the Tik term in (20) is also
changed, to + 37',*.

In the remainder of the present section we consider two
examples. First, the simplest Friedmann model, the Einstein de
Sitter case. /,- = 0, for which

,. - ds- = dt- - (lHtY'3[dr- + r-(dQ'2 + sin2 0 dp-)]. (37)

The length H~l is not a physical constant here but is defined by

//- = i%, (38)

where 10 is the present epoch. The time transformation

Hr = 2(!!///')1/3

changes (37) to

ds- = (^//r)4[f/r2 — dr- — r-(dQ- + sin2 0 d&-)].

The required conformal transformation is evidently

(39)

(40)

(41)
and

\H-r)-m. (42)

We have thus achieved the required transformation without needing

to change the /• coordinate, which must be done in more complicated
Friedmann models (k — ±1). The range of the coordinates is

0 < T < X, 0 < /' < OC , -7T < 0 < 7T, 0 < s? < 27T, (43)

and the present epoch on the r scale is 1H~l.

The result (42) shows that masses increase with epoch. The

frequencies of radiation from atomic transitions also increase with

epoch—in the same way ,as masses. This leads to the cosmological
red-shift effect. In fact, it;is easy to verify that the flat space form of

the theory gives exactly the same red-shift effect as the curved space
form.

Next we consider the steady state model. The curved space
form of the line element is

ds- = dt- - exp 2Ht[dr- + /-2(f/02 + sin2 0 d<p-)] (44)

in which H~l is now a physical constant related to the creation proc-
ess (cf. the following section). Once again we do not need to trans-
form the r coordinate, since

HT = -Q-ut '
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transforms (44) to

/ | \•
r/.y*- - ( ""77") if/r''' "" clr~ ~ ''"(f/()'~ + s i n -OoV- ) ] .

The required conformal t ransformat ion is now

< > - - HT,
and

777* = —m/Hr.

The ranges of the variables are

-00 < r < 0, 0 < r < C C , -7T < 0 < 7T, 0 < ^

(46)

(47)

(48)

' < 27T,

(49)

and the present epoch has been taken as / = 0, T = —H~l. Once
again masses increase with time and lead to exactly the same red-shift
effect as in the form (44).

In the i r Hat space forms all cosmological models are geo-
metrically the same. The differences now arise from the physical
dependence of mass on epoch. From many points of view it is easier
to work with the flat space form since our in tu i t ive geometrical
perceptions then become applicable.

The flat space forms of the Einstein de Sitter and of the
steady state models are strikingly similar. A comparison of the
coordinate ranges (43) and (49) shows that if we were to write —~ for
r in (49) the ranges would be identical. But we have arranged (49) so
that T increases with r, as it does in (43). This means that in (43) the
universe evolves 'away' from T = 0, whereas in (49) it evolves
'toward' T = 0. Here we choose the sense of evolution to agree with
the sense in which masses increase, this being susceptible to obser-
vation from the red-shift effect.

The difference we have just noted is important in the
absorber theory of radiation (Hogarth 1962, Hoyle and Narl ikar
1964b). The consistency of retarded electromagnetic solutions in the
steady state model arises because matter acts as a perfect absorber as
r — > 0, i.e., in the fu ture . Mat te r also acts as a perfect absorber as
T — > 0 in the liinstcin de Sitter, but this now represents the beginning

of the universe and leads to advanced electromagnetic solutions
being self-consistent.
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IV. The Steady State .Model

In t h i s section we ver i fy t h a t the steady s ta te model w i t h
creation of mat ter sat isf ies the Held equation (24). Re tu rn ing to the
action (15) we first note t h a t a world l ine in the steady state model has
a beginning. Thus when we vary 5 with respect to the world line a
the following relation must be satisfied at the beginning:

0. (50)

This leads to /??„ = 0. To understand the implication of this result we
have to assume that the elementary interaction P(A, B) does not act
at endpoints of world lines. The line integrals (17) are therefore over
open rather than closed intervals.

Since the ends of world lines do not cont r ibute to the mass
interaction we can no longer write

f = [£ (51)

but now new contributions appear continually in £. In a steady
astate situation

dm „

W - ? '"

must be independent of time; Writing the difference (53) as Am,
where A is a constant, we get

Thus we have

We also have non-zero con t r ibu t ions from the tensor

(54)

(55)

(56)

A simple calculation using (54), and the line element (44) gives

(A2 - H-)F, $ = -2(A- + 2H-)F. (57)
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The field equations at a point other than on a particle (7",* = 0) are

F(R', ~ },g[R) = ,̂ - 3^. (58)

It is easily verified that these are satisfied if we set

A- = //-, i.e., X = H. (59)

The equation (54) now becomes

Y/>!<"•> = -X/n = -JfYuiM. (60)
n a

This is consistent with our interpretation of mass as the reciprocal of
length. A quantity which behaves as a reciprocal of length changes
logari thmical ly with time according to (60) in the steady state

universe.
The above solution does not tell us the density of the

matter. To obtain this we have to consider a region which includes
particles. We can then define average density p from the equation

Dm + i&" = £ tf(a) (61)

For in = constant, we get from above

p — /\'m =
3H- (62)

Notice that F]'» behaves peculiarly; it has singularity,on a particle
but is non-zero elsewhere. Its average over a region including

particles is zero.
This completes the ver i f icat ion.
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Arno A. Penzias

The Discovery of the Microwave Background

The technique of measuring the effective noise temperature
of the sky by comparing the noise obtained at the terminals of an
antenna with that of a resistor is as old as radio astronomy itself.
Carl Jansky used this technique in his original measurements at
14.6 m. The great result of his work was the determination of the
angular variation of the noise lie had discovered rather than its
absolute intensity. He noted its sidereal variation and placed the
max imum at "a right ascension of 18 hours and a dec l i na t i on of —10
degrees," and correctly a t t r ibu ted its origin to the galactic center
(Jansky 1933).

Because of our location in the galaxy we encounter galactic
radiation from all directions a l though in varying amounts, owing
to the geometry of the disc. The size of the effect falls oil strongly
with decreasing wavelength, so that galactic measurements at wave-
lengths shorter than one meter are quite difficult over much of the
sky. (The shortest wavelength at which an absolute temperature map
of the sky has been made is 74 cm, with the lowest equivalent
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