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sources per steradian. This transfer to absolute scales yields information
concerning absolute values of the probability function K and of the intrinsic
emission L. We shall defer a discussion of the probability function until a later
section.

The value of L can now be worked out from (7), by inserting ^ = 0-3,
P=2 x io~26w.m-2 (c/s)-1s~1. The result is £ = 3'3 x io26w (c/s)"1, the
values of P and L being taken at ~ 160 Mc/s. For a source with spectrum
4v/v°'7 extending up to v = 3000 Mc/s, the total energy emission would be
~ 4 x io42 log s"1, a value that falls within a factor of about 2 of the total emission
of the source Hydra A. It is of course the case that a value must be ascribed to H
in (7). In the present calculation H— 100 kms^1 (mpc)"1 was used.

7. Fluctuations in the number count.—Two quite different types of fluctuation
enter the present theory: fluctuations in the number count due to the presence
of the observer in or near one or more lattice units of the discrete model, and
fluctuations from isotropy in the distribution of sources on the sky. The two
types of fluctuation are affected by the discrete properties of the model in markedly
different ways. The effect on the count is more extreme when the observer lies
inside a lattice unit. This lifts the log N—log P curve at large values of P,
thereby reducing the overall slope of the curve to a greater degree than if the
observer were to lie immediately outside a lattice unit—in the latter case the curve
is unaffected at both large and small values of P, but receives a wiggle at
intermediate values. Departures from isotropy only become an issue, on the
other hand, when the discrete lattice units are projected on to small areas of the
sky. Hence departures from isotropy must be considered for the case where the
observer is distant from a lattice unit, not when he is inside it. The question of
non-isotropy will be considered later in the paper. For the present, we are
concerned with effects on the number count, particularly with placing the
observer inside a lattice unit, or units.

First we note that an observer cannot lie in more than one lattice unit of a
particular generation. If he lies in two lattice units of different generations,
one of the units will have appreciably greater weight than the other. Thus if
the two units belong to generations with ages great enough for them both to
belong to the range of q in which K(q) is rapidly increasing, but not so great
that K(q) has reached an ultimate saturation level, then the older of the two units
contributes the greater weight. It follows that we need only consider the presence
of the observer inside one lattice unit, the one giving the greatest weight.

The lattice units are never so large that the 1+2^1 cannot be used as a
tolerable approximation for the sources within the particular lattice unit in which
the observer happens to be situated. These particular sources, taken by
themselves, therefore follow a logTV— logP curve with slope close to — 1-5.
The general effect is shown by Fig. 4, where logTVP3'2 is plotted against log P.
Curve I is simply a plot of the values of Table I. At large P, the curve falls
steeply away. Curve II of Fig. 4 shows the effect of a fluctuation. At large P
the fluctuation dominates and A*P3'2 is effectively constant. Then as P decreases
the curve first falls to a minimum, and thereafter rises steeply. The minimum is
caused by reaching the limit of the local lattice unit at logP^ 2-0, the contribution
of the lattice unit ceasing at this value of P.

The reason why the fluctuation has been set at the level shown in Fig. 4
will now be explained. We have seen that the age of our own Galaxy suggests
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that we are situated inside a lattice unit belonging to about the 6th generation.
The 6th generation lattice has spacing /x exp 5/3. The distance of an observer
at the centre of a unit cube of this lattice from each of the nearest eight vertices is
(-V/3/2)/! exP 5/3- This distance corresponds to a red-shift (-\/3/2)c~W/1 exp 5/3.
With /iSQompc, H= lookmsec"1 (mpc)^1 (we have used these values through-
out), the resulting value is 0-137. According to Table I the value of N at z = 0-137
is ~ 17. If the whole of this count were contributed by the 6th generation alone
then each of the eight lattice units of the unit cube would contribute ~ 2 to the
count. This would ignore, however, the contribution of the 5th generation,

3-2

3-1 —
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2-9

2-8

CL

z
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2-6

I
1 I 1 1

-0-5 0-0 0-5 I-O
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1-5 2-0 2-5 3-O 3-5

and also the contribution from one or two lattice units of the 7th generation
that may be observable at red-shifts ^0-137. We have made allowance for this
by taking half the count as coming from the 6th generation, in which case each
of the eight lattice units of this generation contributes ~ i to N.

The radius of a 6th generation lattice unit ~^^exp 5/3. A source at such a
distance has red-shift ~^#1exp5/3 (2^ = 0-03). Thus an observer situated at the
centre of a 6th generation lattice unit will find that all the local sources coming
from the unit in question give red-shifts z^o-oi exp 5/3 =0-053. The value of
logP at ^ = 0-053, on the scale of Table I, is about 2-0. Thus with N^ i at
logP=2-o, the constant level of log ./VP3'2 to be used for curve II of Fig. 4 is ~3-o.

The precise depth of the minimum of curve II depends on the steepness in
the region logP^i'S of the fluctuation-free curve. This is affected by our
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choices for zlt k, A. Since our choices are somewhat uncertain, the depth of
the minimum, and its position with respect to P, is not well determined. All we
can properly assert is that a minimum is to be expected in the region from
logP^i-5 to logP^2-o.

If io-26w.m-2(c/s)-1 is the unit of P, then the values of N in Table I at
P~io-25w.m-2(c/s)-1 are approximately correct for the number of radio
sources counted per steradian. On this basis N^i implies only about one source
per steradian. It is clear, therefore, that although the fluctuation appears
impressive when plotted in the form of Fig. 4, the actual number of sources
introduced by the fluctuation is very small compared with the count at
P<io-25w.m-2(c/s)-1. The precise height of the fluctuation of curve II is
not therefore a matter of great importance. Doubling the height (i.e. increasing
logiVP3/2 by 0-3) would only add about i source per steradian at flux levels
> lo-^w.m-^c/s)-1, and no profound attention would be paid to this. The
existence of the minimum is of considerable theoretical interest, however, since
it clears up an apparently puzzling point.

Consider a single object, with any probability function for being a radio
source at rest in the usual cosmological frame of reference (r, 9, <£ coordinates
constant). Suppose that observations of the source are made by an ensemble
of observers at rest with constant r, 6, <j> coordinates. Imagine the observers
collate their experiences and that they draw an average curve relating the
probability of observing the radio source against flux P, the averaging being
performed with equal weight per unit proper volume for observations made at
the same value of t. Then the curve so obtained will be the same as the
log N— log P curve determined by a single observer in the case where an ensemble
of objects, each exactly similar to the original object, is uniformly distributed
throughout space. Hence an arbitrary set of objects distributed in space in any
fashion will yield exactly the same result when averaged with respect to an
ensemble of observers as will a grand ensemble of objects uniformly distributed
in space. Now the continuous steady-state theory treats just the case of a grand
ensemble—it treats a mixture of ages in the correct proportions. Taking account
of the eventual saturation of any probability functions (so that divergences
cannot occur) the smooth continuous theory yields the form of log N— log P
curve used by Ryle and his colleagues. Hence the latter curve must represent
the average arrived at by the ensemble of observers. The discrete model of the
present paper can lead to a particular observer obtaining a different log N— log P
curve, but it cannot prevent the average with respect to all observers from being
of the usual form. The averaging of the observers must take place through a
volume with dimensions greater than the lattice spacing of the oldest generation
that makes an important contribution to the count. This is determined by the
saturation of the probability function. The results derived above are unaffected
by a saturation at the icth generation. The relevant lattice spacing could
therefore be 71exp3S2o/1'= iSoompc. Averaging must therefore take place
over the whole '' observable'' region of the Universe (this is defined as
cH*1 23000 mpc, for H = iookms-1(mpc)~1). While it would be possible to
raise logical objections to observers actually collating their experiences over
regions as large as this, one can still carry through a mathematical average. The
question arises as to how the results derived above could lead, when averaged
for all observers, to the log AT- log P curve given by the usual continuous theory.
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The answer lies in the minimum shown in curve II of Fig. 4. Some observers
will be situated inside late generation lattice units e.g. the 8th and 9th. The
fluctuation level of 7VP3'2 for an observer in such lattice units is not only lifted
but the fluctuation extends to smaller values of P. The minimum of curve II
of Fig. 4 is shifted left by ~ i-o in log P. The observer would find a log N- log P
curve with slope -1-5 at high P, the slope would become somewhat less than
-1-5 as P decreased (due to the usual red-shift effect), but then for P around
io-25 w m-2 (c/s)-1 the slope would fall precipitately away to the minimum—the
slope would be markedly less than that given by the completely continuous theory.
Eventually at low values of P the slope might increase somewhat, but NP3'2
would not rise back to its value at high P.

We expect observers of the sort described in the previous paragraph to have
a large weight in determining the average for the whole ensemble of observers.
This is because such observers add comparatively large numbers of sources at
high values of P. The slope of a log TV- log P curve can be appreciably changed
by adding only a moderate number of sources provided these are added at high
and at medium P values. No great differences in the counts at low P values are
needed. Indeed we expect all observers to obtain much the same counts at low
flux values.

Can any explanation be given of why we do not ourselves lie inside a late
generation lattice unit? On the basis of sheer probability the chance against
lying inside a lattice unit of any particular generation is about 5/6 (cf. Section 4).
The chance against lying inside lattice units belonging to the yth, 8th and gth
generation would thus be ~ (5/6)3, and this is not small. Moreover there could
be biological and physical reasons of relevance, relating to our presence on the
Earth. For life to be possible (in our particular form) rather stringent chemical
conditions, as well as astronomical conditions, must very likely be satisfied.
It is entirely possible that these conditions are only met with in galaxies of about
the age f//"1, in which case our presence inside a 6th generation lattice unit
would not be an accident. And this could inhibit our chance of lying inside a yth,
or even an 8th, generation unit, since the lattice positions of succeeding
generations are very likely anticorrelated. Nor is it an entirely unreasonable
speculation that the degree of electromagnetic activity associated with 8th and
Qth generation lattice units might be so great that biological development would
be significantly affected by a very high cosmic ray background inside such units.

Quite apart from these points, however, it is important to notice that although
a discrete model does not change the average of an ensemble of observers,
it does make each observation yield a log N—log P curve that is different from the
average curve. The situation is not similar to the case of a Maxwellian distribution
of particles, where most particles have energies close to the mean energy. A typical
observer does not obtain a log TV— log P curve close to the average of the whole
ensemble. Observers obtain widely differing curves depending on their
individual relationships to the discrete structure of the condensations. Only
after a very large-scale averaging process has been carried out does the mean
log N— log P curve appear.

Our answer to Ryle's criticism lies at exactly this point. Every observer
taken individually obtains a log N- log P curve differing from the mean curve.
Hence every observer could interpret his result as disproving the steady-state
theory, even though in the mean their results actually verified the theory. For
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example, an observer situated inside a late generation lattice unit (8 or 9) could
argue that as P decreased below io"25w.m-2(c/s)~1 the slope differed markedly
from the continuous steady-state curve, but in just the opposite sense to that of
the terrestrial observations. We are dealing with a property in which the
fluctuations make an important contribution, particularly fluctuations arising
from old lattice units. The property is due to the weighting effect of the probability
function K(-r) which causes the mean situation to have no close resemblance to
the situations in particular cases. Such an effect does not arise when K is
independent of r, as it is in the simple counting of galaxies.

8. The effect of the luminosity function.—In the previous sections we have
shown how a log TV—log P curve appreciably steeper than — 1-5 can be obtained.
In the present section we shall be concerned less with the precise value of the
steepness of the log N— log P curve than with the discussion of a realistic
luminosity function, and with the relation of the luminosity function to an absolute
scale for P. To obtain the best fit of the theory to known data concerning the
luminosity function some sacrifice of steepness has to be made—the value obtained
below for the slope resulting from the combination of a number of luminosity
classes will turn out close to — 1-6.

We have seen in Section 6 that the unit of the logP scale in Table I and
in Figs. 2, 3, 4 can be taken as io^26w.m^2(c/s)~1 if the intrinsic luminosity
of the sources in question is ~3 x io26w. (c/s)"1 at frequency 160 Mcs~x.
Such sources we refer to as of class II. We consider five other classes:
I, L = io26 w. (c/s)^1 ; III, L = io27 w. (c/s)-1 ; IV, L = 3 x io27 w. (c/s)-*
V, L = .,28 W. (c/s)- VI, L = 3 x io28 w. (c/s) Each class of source
is taken as possessing a log(7VP3/2) — logP curve of the form of curve II of
Fig. 4, but with an appropriate displacement of the flux scale. Thus class I
is displaced by ^0-5 to the left (with respect to Fig. 4 for class II), class III
by ~ 0-5 to the right, class IV by i-o to the right, class V by ~ 1-5 to the right,
and class VI by 2-0 to the right. The maxima for I and II were taken as of
•equal height in the log 7VP3/2 — log P plane, the maximum of III was reduced
by 0-2 in the logarithm, that of IV by 0-44, that of V by 0-24, that of VI by 0-64.
These choices were made in order to give what we feel to be reasonable agreement
with all the available data, such as it is known to us. The result of combining the
six classes is shown in Table II. The percentages of each class at the various
five levels are given in the second part of the table.

The fluctuation introduced at high values of P brings in sources only at the
places entered as F in Table II. The precise contribution of the fluctuation is
uncertain within a factor 2. For curve II of Fig. 4, sources of class I would
increase the total count at logP= 1-5, and at logP= 1-75 by about 30 per cent,
while the count at log P= 2-0 would be approximately doubled.

Optical photographic magnitudes, uncorrected for spectrum red-shift effects,
and making no allowance for galactic obscuration, are attached in brackets to
the entries in the second part of Table II for the columns logP= —0-5, o, 0-5,
i, 1-5, 2. Since optical and radio magnitudes vary with distance in the same
way when spectrum red-shift effects are omitted (these are in any case small for
the radio magnitudes) the optical magnitudes change by 1-25 when the logP
changes by 0-5. And assuming that all radio sources are associated with galaxies
of the same intrinsic optical luminosity, the optical magnitudes vary as 2-5 logL
for the various radio classes. Since logL changes by 0-5 from one radio class
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to the next, the optical magnitude therefore also changes by 1-25 as we pass from
one radio class to the next at fixed P.

Remembering that Table I refers to class II sources (when the scale of P is
io-26w.m-2(c/sj'-1), we note that the red-shift for logP=i is close to 0-15
for a class II source.' At this red-shift, Humason, Mayall and Sandage give about
+ 18-5 for the photographic magnitude of the brightest galaxy of the cluster
0025 + 2223. This value has been taken as the standard in Table II, other values
being determined by differencing in the manner described in the previous
paragraph.

The magnitudes in Table II are therefore chosen as bright as seems reasonably
possible. They assume that all radio sources are associated with galaxies of
abnormally great optical emissivity. While it is true that known optical
identifications support this assumption, it is obvious that a selection effect exists
in favour of making identifications with galaxies of abnormal luminosity. Also
we may note that cluster 0025 + 2223 is at comparatively high galactic latitude
b= -40°, where galactic absorption is only about o-i mag. In attempting
identification with radio sources it will usually be necessary to work at lower
galactic latitudes where absorption is greater. Hence it does not seem likely
that we have set the optical magnitudes too faint in Table II.

The situation concerning the possibility of making optical identifications
stands out clearly in the table. A satisfactory identification demands a highly
accurate radio position, say + 0-5' in both coordinates, and so far it has not
been found possible to obtain such positions except for particularly bright sources.
And the remarkable point emerges from Table II that the bright radio sources
are just the ones that contain the highest proportion of classes IV, V and VI,
all of which are distant objects associated with faint optical magnitudes.

A thoroughgoing attempt to secure optical identifications has recently been
made by Bolton and Minkowski, who have considered about 100 bright sources
with flux levels above about logP~ 1-5 (160 Mc/s). The attempted identifications
with galaxies brighter than + 19-5 were successful in about 45 per cent of cases,
which is about the percentage indicated by Table II, if the contribution F of
class I is omitted. Table II suggests that some 35 per cent will be likely to fall
between + 17 and + 19-5, as compared with the 30 per cent actually identified.
The contribution F might have been expected also to yield some 30 per cent,
whereas about 15 per cent were found at optical magnitudes bright enough to be
associated with the nearby class I objects.

The values of Table II do not hold out much hope that many further optical
identifications will be forthcoming, unless either it proves possible to work to
magnitude +20 (or even +21 if spectrum red-shift effects become important)
or accurate radio positions become available down to log PS i.

It is our impression that the following argument has surrounded the whole
question of optical identifications. Taking the bright radio sources, roughly
half of them cannot be identified with galaxies brighter than +19. Accordingly
it seems fairly certain that these radio sources are distant objects. Then how
much more distant must the faint radio sources be ? Our table shows that the
last step of this argument may well be quite erroneous. The effect of the red-shift
(not in the spectrum now, but on the apparent bolometric magnitude) can produce
a situation in which classes IV, V, VI dominate the count at high, and even
medium, values of P, but in which the intrinsically faint classes I and II entirely
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dominate the count at low flux values. This effect has already been noted by
Mills (4).

It is of interest to consider the relation of our luminosity function to the
recent work of Allen, Palmer and Rowson, on the surface temperatures of radio
sources*. For the purpose of relating our results to the observations, we note
that the L value for class VI is close to that of Cygnus A. Write rcyg for the
measured surface temperature of Cygnus A Then if all radio sources possess
the same physical size we expect the temperatures of our six classes to be given by

(I, II, III, IV, V, VI)£ (3 . io-3, io-2, 3 . io^2, io-1, 3 . io-1, i)T0yg. (2?)

Some uncertainty is attached to the appropriate value of r0yg. In the
general surface temperature experiments, in which Cygnus A was treated in the
same way as other sources, a value rCyg = 8 x io8 °K was found. Special
information from the fuller analysis of Jennison et al. suggests a lower value of
TCyg^3 x ios°K, however. A satisfactory compromise appears to be to accept
the lower value of TCyg, but to continue to ignore the effect of the red-shift on
the surface temperature, as we have already done in (27). The red-shift lowers
the surface temperature by (i+#)-4. If we restrict ourselves to sources that
make the important contributions to Table II, the values of z are never greater
than 0-3 to 0-4, so that the (i+s)~4 factor is not larger than the measure of
uncertainty in TCyg. For the Jodrell Bank experiments, logP is on the average
near 1-2, and at this value of P the red-shift correction is small for sources of
classes I, II and III, although it amounts to a factor ~ 3-* for class V.

We set the surface temperatures in relation to Cygnus A as follows

(28)

If the sources are not of the same physical size, if the intrinsically weaker sources
are smaller in their dimensions, then the values of T for the lower classes have
been set too low. Turning to the percentages given in Table II for logP= 1-25,
we see that the most frequent source is of class III with surface temperature
~ io7 °K and that classes II and IV with temperatures ~3 x io6 and 3 x io7

are symmetrically distributed about ~ io7 °K. This result is in close accord
with the work of Allen, Palmer and Rowson, as also is the 20 per cent of sources
at temperatures of order io8 °K.

These considerations, both of the optical identifications and of the surface
temperatures of radio sources, show that we have been realistic in the absolute
values of L that have been associated with the various classes, and hence that
our taking io"26 w.m-2 (c/s)-1 as the unit of P is not an improper choice.

As we have already mentioned, the mixing of the various luminosity classes
results in a reduced slope for the log NP3^ — log P curve. The values given in
the first part of Table II are plotted in Fig. 5. The slope of the log N— log P
curve is now no greater than —1-6 in the important range of P, although there
is a steepening to — 1-7 at logP^ 1-5. The effect of the fluctuation at logP> 1-5
hasnotbeen shown in Fig. 5. This would lift the curve in the region i • 5 ̂  log P <; 2,
probably yielding a sub-Euclidean slope in this range, exactly as in the case of
curve II of Fig. 4.

* We are indebted to the Jodrell Bank workers for valuable discussions on their observations.
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The present results are of course related to our choice, K^ccq1, for the
dependence of the probability function on age over the relevant generations
(5th to gth or icth). A steeper rise of K would lead to a steeper log N— log P
curve. For this reason no particular significance we feel can be attached to an
amount of the order of o-i or 0-2 in the slope. At the outset we noticed that
whereas the latest Cambridge results yielded —1-8, Mills has given reasons for
believing that the slope should not exceed —1-5. In these circumstances our
value of — 1-6 does not seem unsatisfactory.

Although we have lost steepness in the slope for O'4<logP<i we have
gained in the behaviour of the log JVP3'2 — log P curve for logP<o-o. This
section is now very close to the ultimate slope suggested by Ryle to be the most
probable interpretation of an analysis by Hewish (of deflections rather than
source counts) using the method of Scheuer.

9. The count from individual lattice units.—We return to a consideration of
the luminosity class II alone. The specification of a red-shift z defines a distance
cH^z, Within this distance, if % is sufficiently large, there will be a particular
generation n for which the volume of a unit cube, ln3, is comparable with
47r/3(c.Hr~1.s)s. Observation to red-shift z is expected to include the eight lattice
members (or part of them) belonging to such a unit cube. The question arises
as to how many sources are to be associated with each of these eight members
and how does this number vary with %, and hence with P. An answer to this
question can be given to within an uncertainty of a factor of about 2. The
uncertainty arises from connecting ideas that relate to the discrete model with
values given by the continuous theory. To remove the uncertainty it would be
necessary to work entirely in terms of an explicit discrete model. (Such a project
is feasible if automatic computing were used. If the present theory turns out to
survive any further immediate attacks we shall consider it worth while to abandon
altogether the simple methods of the continuous theory and to go over entirely
to a discrete situation.)
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Referring back to (23), the number of sources counted to red-shift zm i&
given by integrating the function

3x) (29}

over the appropriate portion of the (x,«) plane shown in Fig. 5. It will be
recalled that xH~l is the age of a source at the moment of emission or radiation,
viz. x = rH-ln(i+z) where T is the present age. The relevant area of the
(x,%) plane is that lying below the curve

kz
(30)

and enclosed by the .s-axis, and by z=zm.
It is easy to estimate what fraction of the total count to red-shift zm is

contributed by the "last generation", this being denned as the last range
of \n the interval of x- The fraction is obtained by integrating the same function
(29) over the portion of the (x,%) plane enclosed by x = ln(2m/i +zm) — §, by
z = zm, and by the curve (30). The fractional contribution is thus the ratio of
the two integrals of (29) over the areas shown in Fig. 5. Introducing q =
again, we require the ratio of the following integrals

/X5.-S-.

fa
*(?)

1 . to 04
-5 + ̂ (T+F) q

, >
(32)

_ _
1+z

Computations for o-2<.s<o-4 for K(q)ccq* and for kjz1' = i^, give ratios
close to 2/9.

We turn now to the actual numbers N given in Table I. We have seen that
if these numbers are interpreted per steradian they are in reasonable relation to
the actual counts. Thus ~ 4.rrN(z') is the order of the total count on the whole
sky to red-shift z. We now see that ~ 2/9 of this must be attributed to the
"last generation", viz. ~3N(z).

The next step brings in the uncertainty of connection to the discrete model.
We associate the "last generation", as defined above for the continuous
picture, with the situation in the discrete model in which the observer sees the
eight lattice units of generation n. Then each lattice unit of the "last
generation ", contributes a total of ~ %N(z) sources. In view of the uncertainty
of association we can simply say that the lattice units making the maximum
contribution to the count to red-shift z contain of the order of N(z) sources,
where the functional dependence of N on z is given in Table I. (The present
discussion essentially determines the order of the absolute value of the probability
function K.)

Reference to Table II shows that we have made important use of class II
sources down to about logP= —0-5. Table I shows that such a value of P
corresponds to z^o-6, and at this red-shift ^(0)^2500 sources. It follows that
the maximum population of the oldest lattice units (those of the ~ icth generation)
is some 2500 sources of class II. The maximum populations required for the
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i • o>v r1a<wes are easily estimated from Table II. For example, the
±^orrof classes /and II at logP=-0-5 is about J Our
considerations down to this flux level therefore require the presence of some
7500 sources of class I. Results for the various classes are as follows:

Maximum number of sources required per lattice unit

Class I 7S°o
Class II 2500
Class III 25°
Class IV 25
Class V 10
Class VI < i

Since the number of galaxies per lattice unit is ~ io5 it is clear that the
maximum populations in the oldest lattice units only become at all comparable
with the number of galaxies for the cases of classes I and II. Only these cases
require further consideration.

Class II sources are comparable to the source Hydra A, for which Burbidge
(13) has calculated a minimum total energy requirement of ~ io58 ergs. At an
emission rate of 4x io42 erg sec"1 (the value arrived at in Section 6), such an
energy reservoir would last for about 2-5 x io15 sec. We require the main radio
source activity throughout a lattice unit to last for an interval of time of the
order of ^H~1. Thus if each of the ~ io5 galaxies were to become a radio source
on one occasion during the relevant generation the number of sources existing
at any particular moment would be of order 2-5 x iol5l(^H~l) x io5. H~l must
be expressed in seconds, viz. H~^^ 3 x io17 sec. The number is thus very
close to 2500.

A similar calculation for class I sources yields an equally satisfactory answer.
Since the emission rate for class I is lower by a factor ~ 3 the time for which a
given energy reservoir can maintain the radiation rate is increased by 3, and the
number of sources existing at any moment of time is expressed by the same factor.

It is of course the case that we do not literally require every galaxy to become
a radio source. It would be equally sufficient if a sub-class of galaxies became
radio sources on an appropriate number of occasions, say io per cent of galaxies
ten times more frequently. Energy requirements do not forbid such a situation.
Thus the gravitational energy of a galaxy of mass M and radius r is of order
GMz/r; and for M=3xio u o , r=i$kpc, this is ~5xio5 9erg. Hence an
energy reservoir ~ io58 erg could be provided on a number of occasions.

It is entirely possible that the classes III-VI are simply cases where galaxies,
of abnormally large mass are involved. With M increased by ~ 10, gravitational
energies are increased by ~io2, which is of the order of difference between II
and VI. The lower proportions required for the very strong radio sources,
could be simply a consequence of the small fraction of galaxies that possess masses
of order 3 x io12o.

io. The distribution of sources on the sky.—The discrete model not only
introduces fluctuations in the number counts, of the sort discussed in Section 7,
but it also introduces fluctuations from strict isotropy in the distribution of
sources on the sky. The discrete lattice units introduce patchiness. We have
now to examine whether this patchy characteristic is consistent with the
observations or not.
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We note that MSH have drawn attention to a possible departure from isotropy,
and that more recently Mills, Slee and Hill (14) report that between declinations
-20° and - 50° they find a marked deficiency of sources in R.A. ooh to R.A. O2h.
(We have taken Mills' sources and have divided them into 12 groups. Each group
covers 2h in R.A. and the whole range of declination. We find only a negligible
probability that the grouping is random. A test applied to the postulate that the
source density varies in the ratio 4/3 from one area of sky of order io3 square
degrees to another yielded a reasonable result.)

We proceed now to the theoretical discussion, and we do this, first, for a
single luminosity class. When a limiting flux P is given, the generations of our
model can be ordered in the following way. There will be a particular generation,
n(P) say, of which the observer will expect to see one complete unit cube with
its associated 8 lattice units. For the n(P) + s generation (s= i, o, — i, — 2, ...)
the observer will expect to see ~8exp( — s) lattice units. The series of values
of s must be taken only for s< i, since for s^z the formula derived from the
continuous theory ceases to have any relevance.

In the simple cubic model the 8 lattice units for s = o present the smallest
total solid angle to an observer at equal distances from each of them. WTith / as
the lattice spacing, the observer's distance from the vertices is (\/3/2)/. Since
the radii of the units (in our model) is \l, the solid angle presented by each unit
is 0-485 ster. The 8 units together therefore cover a fraction 0-31 of the whole sky.

For the generation s= —i, each lattice unit is smaller by c"1'3. Thus a lattice
unit of generation s= —i at the same distance / subtends a solid angle smaller
by ~ e~2'3. There are, however, e times more units from generation s = — i
than from generation s = o. Generation s = — i therefore subtends a total solid
angle that is greater by at least e1'3. (Not all the units of s = — i are as far away
as /, although the majority of them are at distances of this order.) Hence
generation s=— i covers at least a fraction 0-3ie1'3 = 0-43 of the whole sky.
In a similar way, one can easily see that generation s = — 2 covers at least a fraction
0-3 ie2'3 = 0-60 of the whole sky.

The situation is somewhat more complicated for generation s = i. A lattice
unit of this generation, if completely within range of observation, must subtend
so large a solid angle that a simple inverse square law cannot be used. The most
distant sources of the 8 lattice units of i- = o, for an observer at the centre of a unit
cube, demand observation not merely to VV/2 but to /(i/3 + \/3/2). If the
sources of an s=i lattice all lie within this distance, then the centre of the
lattice unit cannot be further away from the observer than

- + v-M _ £ ei/3
3 3 / 3

the radius of the unit being \l exp (^). Hence the minimum solid angle subtended
by such a unit must be i -43 ster, if the unit is to be completely observed. Three such
units would therefore cover at least a fraction 0-342 of the whole sky.

It is of course the case that the formula 8 exp ( — s), derived from the
continuous theory, does not require the value ~ 3, given by s= i, to be made up
of three complete lattice units of generation s=i. The three could be made up
by partial contributions from more than three lattice units. Indeed a system of
partial contributions is certainly much more probable. Such a system would
have a smaller departure from isotropy, since there would be more than three
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th kv and each patch would contribute fewer sources. We shall
pate es on e >> t case m wnich the observer sees three complete lattice

of £££ r " Summarizing w« have :

Solid angle subtended
P ration Number of by each lattice unit Minimum fraction of
jcner j „ iattice units (ster.) the sky covered

, 3 I-43 0-34
0 8 0'48 0-31

_! 32 °-2S 0-43

_2 60 °-i3 0-60

It is useful to consider departures from isotropy by dividing these four
generations into two pairs 5= — i, — a; s=i ,o. The first of these pairs has so
many lattice units that it is essentially free from ambiguities ; and the sum of
the fractions of the sky covered adds almost exactly to unity, which is a convenient
simplification. Since successive generations are expected to be anticorrelated we
consider the patches of s= - i to interlace those ofs=-2.

Write X for the total number of sources contributed by 5 = — i, — 2, — 3, ____
The work of the previous section suggested that ~2/9 X are contributed by
s= — i, about |.£ by s=—2, etc. So many lattice units are contained in
,$ = _ 3, — 4, that we regard their contribution as being isotropic. That is to say,
49^/81 sources are distributed isotropically. It is easily seen that the average
source density per unit area for a patch from s = — i to that for a patch from
s = — 2 is

| (o.43)-1]/[o-6o4 + ii (o-57)-i] ~ i, (33)

where, for simplicity, we have slightly reduced the fraction of the sky covered
by the s= —2. patches from 0-60 to 0-57.

To test the effect of such a patchiness we took 27 squares arranged in three
rows of 9. The squares were of two categories A and B. Equal probabilities
were attached to each individual square being of type A or of type B. Decisions
were made using random number tables : it turned out that 1 1 squares were
assigned to type A and 16 to type B. The next step was to divide each such square
into 100 sub-squares. A probability ^p was attached to there being a source in
each sub-square belonging to type A, and p was attached to there being a source
in each sub-square belonging to B. The value of p was chosen so that a total
number of sources closely equal to the %C catalogue was obtained, and the
probabilities were again controlled by random number tables. As a final detail,
when a source happened to fall in a sub-square, its position in that sub-square
was also randomized. The result is shown in the second section of Fig. 6, the
first part being a plot of the ^C sources.

Since the ratio 4/3 used in this test represented a greater measure of anisotropy
than was estimated above in (33), it seems unlikely that the anisotropy arising
from generations s = — i , — 2 can bring us into a conflict with observation.
It is of course true that statistical effects would be weakened if the total count X
were increased — the "signal" carried by the probability ratio would stand out
more in relation to the statistical "noise" as X increased, the signal-to-noise
ratio improving essentially as X1'2. According to the recent Cambridge results,
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about 8000 sources would be counted on the whole sky in a survey down to,
P^2x iQ-^w.m-^c/s)-1. Of these, about 4000 would belong to the pair
5 = 0,1 which has still to be considered. The appropriate value of X for the
pair s=-i, -2 would thus be about 4000 in such a survey, as compared with
about 1000 used in Fig. 6. Hence an improvement in "signal-to-noise ratio"
by ~ 2 would be expected in such a survey, if all sources belonged to a single
luminosity class. The mixing of sources of different luminosity classes reduces,
the signal-to-noise ratio, however, first by reducing the value of X appropriate
for each class, and second by increasing the "noise". The "noise" is.
increased because the different luminosity classes give different values of n(P).
The distribution of patches is accordingly different for the different classes,
(the flux level P being specified).

90'

-90

(_3C CATALOGUE)

360°

FIG.

We turn to the pair s= i, o. Write Y for the total number of sources from
the whole series s=i , o, — i, .... Then about 2/9 Y come from s=i, about
14/81 Y from s = o, and 49/81 Y from s=i, —2 , ... (i.e. X^o-6 Y}. Roughly
half of the sources therefore arise in the pair s=i, o.

Since the number of patches from both s=i and s = o together is only of
order 10, it is very reasonable to regard the positions on the sky of the patches,
as being anticorrelated to those of the s = o patches. If the two generations
together are regarded as covering the whole sky then no crucial issue arises. The
two generations cover approximately equal fractions of the sky, while they
contribute numbers of sources in the ratio 9/7.
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ratio mav somewhat underestimate the amsotropy, since a corresponding
• model gives a rather greater amsotropy. The above" y *•"•4 tinn o from the continuous picture. Instead, we can argue, perhaps more

". , \ lattice unit of s=i contributes e4'3 times more sources than
S1T fattice umt of " = o With three of the former and eight of the latter, the
eat t a 1C ^_ I.A-I/I. But even with a ratio as great as 3/2 the fluctuation of
source8 area density would merge with the smaller amsotropy of the generations

' _ 2 A combination of the pairs s=-i, -2; 5=1 ,0 could hardly
yield a' patch ratio significantly worse than 4/3 even if the two pairs were not
anticorrelated. .

The serious question is whether the generations s=i, o really do cover the
sky and it appears to turn very largely on this issue as to whether a detectable
anisotropy can be expected to arise or not. According to the above estimates,
generations s=i,o cover 2/3 of the sky, but this estimate was very definitely a
minimum value. The following argument is of interest in showing how far the
fraction 0-31 for s = o is a minimum.

It will be recalled that the value 0-31 was obtained for an observer at equal
distances from all eight lattice units of generation s = o. A change of the observer
to other positions increases the total solid angle subtended by these units.
A calculation based upon a cubic lattice, of the effect of placing the observer in
other positions, would attach too great an importance to the precise structure of
the cubic lattice however. As stated in Section 4, one must take care not to use
the cubic lattice model in such a way as to obtain results that are peculiar to this
particular lattice, since in actuality the lattice may be expected to have no particular
regularity. We therefore consider the following argument from which all lattice
regularity is removed.

Write v for the number of condensation centres per unit volume in generation
s = o. To obtain eight such centres we require a sphere of radius a where

Suppose a lattice unit at distance a subtends a solid angle Qa, and approximate
by taking the solid angle at distance r (<a) as O0(a/r)2 — once again this can
only underestimate the solid angle. Then, on the average, the total solid angle
subtended by the eight lattice units inside the sphere of radius a is

f

J
dr = \-ncPv&a ~ 2 •

o

which is three times the value given by placing the whole eight units at equal
distances a from the observer.

This argument must not be given too great weight, however, since it considers
no correlation at all in the positioning of the centres of the lattice units, but
it does show how far varying the observer's position, and varying the regularity
of the lattice structure, could increase the total solid angle. To lift our 0-31 of
Table IX to ~ 0-5 we need a much smaller increase than the factor 3 given by this
argument.
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Turning now to s= i, we need to increase the 0-34 of Table IX also to ~o>5.
This could be achieved in two ways: by viewing more than three lattice units
in a partial way—the advantages of this from the point of view of diminishing
the anisotropy have already been mentioned—or by slightly decreasing the
distance of the observer from the centres of each lattice unit. The estimate 0-34
was based on a maximum distance consistent with complete visibility of all the
sources of the three lattice units ofs=i. The solid angle is very sensitive to the
precise distance of the observer, a slight decrease of distance producing a large
increase of solid angle. To increase the fraction of the sky covered by the three
lattice units from 0-34 to ~o>5 it is only necessary to decrease the distance of the
observer from their centres by some 20 per cent.

We may sum up the above discussion as follows: dividing the generations
contributing to the counts in the manner described, the generations s = — 3, - 4,...
are sensibly isotropic. It is unlikely that any anisotropy in the pair s= — i, — 2
can readily be detected. And if the pair 5 = 0, i fill the whole sky, it is also
unlikely that anisotropy in s = o, i can be at all easily detected. If, however,
there is a failure to fill the sky, a fluctuation of the source density over large
areas of the sky might well be expected. The relevant areas are of order i steradian.
In this connection it is of interest that the fluctuation reported by Mills is over
an area of this order. It is possible that Mills' result arises from some systematic
error, but if so the error would illustrate the experimental difficulty of giving a
decisive answer to whether such large-scale fluctuations exist or not.

A P P E N D I X

It might appear at first sight that results of the previous section can
be reproduced by introducing an age-luminosity function L(-r) instead of the
age-probability function K(T). As mentioned earlier, the two cases are not
equivalent. While K(T) affects the integrand in (19) the function L(r) affects
the limits. It is proposed to give an example where we take K(r) = const, and
introduce L(r). We will consider the log N— logP curve on the hypothesis that
L(r)oc exp (3-Hr) on analogy with the form chosen for K(-r).

The count to power level P is given by

(34)

where the area of integration is specified in Fig. 7 by the shaded region. The
upper curve oc is given by

and the lower one ]8 by
x = iln[7V(i +*)*], (36)

where x *s measured in units of H-*.
Let (#2, x2)> (za>Xs) denote the intersections of a and j3; zz>z3. If P is

large enough, xz < o, and we have to integrate from z3 to zz. If P is small, so
that xs > °. we have to integrate from s1/k-z-L to #4, and from #4 to zz, where ZA

is the point where the curve /3 intersects OZ, as shown in Fig. 7. In the absence
of a power-age correlation, the curve )3 would simply be a straight line parallel
to the x-
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• xoress N P as functions of the parameter zz and to obtain their
f different values of *a. From the figure it can be seen that P has a

values tor i curves a, 8 touch one another. This happens
maximum value P0, ̂ me ^^ P^ ^ ̂ ^ ̂  ̂ F ^
when -s2 = ̂ 3 = 0'25- x "
discreteness on the iV-P curve. .

The double integral can be evaluated for various values of 22. Some values
'are given in the following table, with %'/&= 1/15 as before.

0-25
0-5
i-o

0-25

o-ii

04

•086

•123

•l63

N
0

0-26
2-618
6-526

15-203

P
•08 1
•0658
•03125
•0154
•0082

jyps/2

O

4-38

14-46

12-47
11-29

FIG. 7

Here also iVP3'2 increases initially as P decreases. But the increase is very
rapid and is maintained only over a small range in P (a range ~2), while the
decrease is gradual. It therefore does not reproduce the observed results. An
exponential Lcc exp (4#r) would give similar behaviour, the case Loc exp (^Hr)
was adopted because of the resulting simplicity of the integrals involved.

Thus though the amount of radiation contributed by a cluster of age r is
the same when L(T)=/(T), K(r) = const, as when K(r)=f(r), L(r) = const,
the two cases are not equivalent as far as the N—P curve is concerned.

This discussion, however, does not rule out the possibility of a combination
of a power-age correlation with an age-dependent probability.
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