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It was shown by 't Hooft that a black hole event honizon provides a natural cutoff length for semiclassical wave modes Here
1t 1s shown that this result 1s true 1n any spacetime with a honizon

In a recent paper [1] ’t Hooft has explored the pos-

sibility of studying the physics of the back hole by
erecting a “brick wall” outside the event horizon. The
thermodynamics of the black hole then dictates the
proper distance of the “brick wall” to the event hori-
zon to be

1=90my V2L, €))

where L, is the Planck length. We show in this note
that this result is completely general and is only de-
pendent on the behaviour of metric components near
the horizon in an otherwise arbitrary spacetime.

Consider a spacetime which, in a suitable coordi-
nate system, has the line element

ds2 = —A(r) de2 + dr2A (1) +r2(d6 % +sin%0 dp?), (2)
or

ds?= ~A(x) dr2 + x4 (x) + dy2 + dz2, ®)
The choices

A =(1-2Mfr), Ap()=(1-H¥H (45

in (2) represent patches of Schwarzschild and de Sit-
ter spacetimes, while the choice

ANi(x) = (1 + 2gx) ©

in (3) would represent a uniformly accelerating frame.

In what follows, we shall work with metric (2); all the
results can be extended to (3) in a simple manner. We
assume that for a particular r = rg > 0 (“horizon”)
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A(rg)=0, (d4/dr),,=R=0, )
so that, nearr = ry,
A@)=R(r—rg)+ O((r—ro)?) . ®)

Consider a spinless particle of mass m in this space-
time. The action A for this particle satisfies the Hamil-
ton—Jacobi equation

g*0, A0, A+ m*=0, ©)
which can be separated by

A=-Et+J6+B(r), (10)
where

(dB/dr)2 = [1/AX(N][E2 - A(DT?r? + m?)]

=k2(E,J;r) . (11)

The number of wave modes with energy less than E
can be obtained by the semiclassical formula

L
N=i71r—f drf(21+l)dlk(E,l(l+1);r)

roth

=m1lg@®) . (12)

Expression (12) will reduce to eq. (3.7) of ref. [1] for
the choice (4). In general, the following points must be
noted about (12): (i) Following ’t Hooft, we have as-
sumed vanishing boundary conditions for the scalar
field
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¢(x) ~ exp(i#) (13)

atr=rg+ h and at » = L. (ii) The sign ambiguity in
(12) corresponding to (x4/k*) can be resolved by not-
ing that N > 0. (iii) The I-integral is over the range at
which k2 1s positive.

The rest of the analysis proceeds as in ref. [1]. Per-
forming the l-integration, we get

g(E) =N

L
=% [ PE2OIE - ma)¥?. (4

roth

Using (7), it is easy to see that the integral in (14) di-
verges in the limit of # - 0 as A~ L. (The integral may
also diverge for large L as L3, but this is the Casimir
contribution from the vacuum and can be neglected;
see the comments following eq. (3.12) in ref. [11]. We
get the leading contribution, as # — 0, to be

g(E) ~ B3R/ +O()) + O(h) ... (15)

The contribution to the thermodynamic free energy at
a temperature (3_1 due to these wave modes is

_—1 3
F‘Tof dE g(E)/ [exp(BE) — 1]

= /3m)(ro/R)(1/k) [ E> dEle
0

= (—2m3/45)(1/k) B~*(r/R)? . (16)
The total energy U and entropy S are given by
U=3(8F)/ag = (2m3/15)(1/h8Y) (ro/R)? a7n

S = (U ~ F) = (87%/45)(1/np3)(ro/R)? . (18)

We shall next compute the invariant radial distance be-
tween r =rgand r = rg + i for small 1. We have

roth
1= [ A
70 (19)
roth
~/IRIYY [ drl(r - r2 ~2(n/IRDY2,

ro
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(Eq. (3.19) of ref. [1], which 1s a special case of (19)
above, has a misprint; 24/2MA should be 2+/2Mh. Al-
so note that eq. (3.19) of ref. {1], as well as (19)
above, are approximate and valid only in the limit of
h—0)

The area a of the surface 7 = rq for the metric (2) is
just 41rr(2). We equate the entropy in (18) to %a getting

h=(8n%/45)(1/8>(1/RY) . (20)

It can be shown, by a simple semiclassical analysis that
the horizon temperature 6_1 is related to R by

g~1=|R|/4r. 21

(For a detailed discussion of this result see ref. [2];
one simple way to arrive at (21) is to note that the
regularity at r = rq in the analytically extended eucli-
dean spacetime requires periodicity with a period
4n/|R|.) Using (21) in (20) we get

(#/|R 1) =(360m)~ 1, (22)

so that the invariant distance to the “brick wall” is
[see (19)]

1=2(360m)~ Y2 =(90m)~1/2, (23)

which is exactly the same as 't Hooft’s result (see eq.
(3.19) of ref. [1] for Z = A = 1). In other words every
metric of the form in (2) with a horizon at r = rp, pro-
vides its own invariant cutoff at a proper distance /.
The result depends only on the following assumption:
The entropy associated with the horizon is one-fourth
the horizon area. [We emphasize that (21) is not an
assumption and can be derived from standard analysis.]

While the horizon in (2) is a compact surface, that
of the accelerated frame in (3) is not. While the tem-
perature in (21) can be attributed to this metric in the
accelerated frame, it is doubtful whether an entropy
can also be assigned. Formally equating the entropy
in (18) to (nrg), of course, will reproduce (23). The
physical significance of this exercise, however, is not
clear.

The generality of the above result, added to the
fact that only the local behaviour of A (r) near 7 = rg
enters the discussion suggests that the result may be
purely kinematic in origin. We shall now present such
an interpretation:

Note that the free energy for the massless, spin-
zero gas in flat spacetime has the form
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oo 1
F=21 [ aE o) lexp(@) 11, e O g [UrraEAT o
0

with =% f A (2] E3 dr, (26)

g(E) = (V/6m) E3 =if41rr2E3 dr. (25) which is the same as (14), for m = 0!. Thus all the non-
om trivial features arise purely from using a cutoff on the

[See e.g. ref. [3]; p. 186, eq. (63.10) and note that volume element and redshift factor in (26).

spin-zero particles have half the spin degrees of free-
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