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Nontrivial classical backgrounds with vanishing quantum corrections
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Vacuum polarization and particle production effects in classical electromagnetic and gravitational back-
grounds can be studied by the effective Lagrangian method. Background field configurations for which the
effective Lagrangian is zero are special in the sense that the lowest order quantum corrections vanish for such
configurations. We propose here the conjecture that there will be neither particle production nor vacuum
polarization in classical field configurations for which all the scalar invariants are zero. We verify this conjec-
ture, by explicitly evaluating the effective Lagrangian, famtrivial electromagnetic and gravitational back-
grounds with vanishing scalar invariants. The implications of this result are discussed.
[S0556-2821(97)02810-5]
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I. INTRODUCTION and other features—should be related to the actual values of
some of these scalars. Consider, for example, the simple case

The effective Lagrangian approach is probably the mosof a quantized complex scalar field interacting with an elec-
unambiguous approach available at present to study the evtromagnetic background that is constant both in space and
lution of quantum fields in classical backgrounds-4]. In  time. Schwinger, in his classic papl], had evaluated the
this approach, an effective Lagrangian is obtained for theeffective Lagrangian for such a background by integrating
classical background field by integrating out the degrees obut the degrees of freedom corresponding to the quantum
freedom corresponding to the quantum field. The effectivdield. (Schwinger had in fact considered the quantum field to
Lagrangian thus obtained, in general, has a real and ape a spinor field, but his result also holds good for the com-
imaginary part. The real part is interpreted as the “vacuum-plex scalar field we consider in this papdre showed that
to-vacuum” transition amplitude, i.e., the amplitude for the the resulting expression for the effective Lagrangian depends
quantum field to remain in the initial vacuum state at lateonly on the two gauge-invariant quantiti¢s-F*"F ,, and
times (vacuum polarization), and the existence of a nonzergF= e’”’“PFWF)\p. Further, the effective Lagrangian had an
imaginary part is attributed to the instability of the vacuumimaginary part only ifG<0, thereby implying that constant
(particle production). magnetic fields cannot produce particles while constant elec-

Several nonperturbative features of the theory can be urtric fields can. Schwinger’s result, of course, had been ob-
derstood if the effective Lagrangian can be evaluaearctly  tained only for constanf ,,’s and it is not easy to evaluate
for an arbitrary background field configuration. But the the effective Lagrangian for a more general c@s={14]for
evaluation of the effective Lagrangian for an arbitrary clas-an attempt in this direction Also, for an arbitrary electro-
sical background proves to be an uphill task. Therefore, thermagnetic background, there is mopriori reason as to why
has been numerous attempts in the literafrel3 to evalu-  the effective Lagrangian cannot depend on invariant quanti-
ate the effective Lagrangian explicitly for given electro-  ties involving the derivatives of ,,’s, for instance, say,
magnetic or gravitational background. HFHYINF .

Symmetry considerations suggest that it should be pos- The situation is still worse in the case of gravitational
sible to express the effective Lagrangian, at least formally, irbackgrounds. The gravitational analogue of Schwinger's
terms of invariant scalars describing the classical backgrounelectromagnetic example would be the case of a constant
(gauge-invariant quantities involving the field tensoy, and  gravitational field, i.e., a spacetime whaBg,, ,'s are con-
its derivatives in the case of electromagnetism andstants. It would certainly be a worthwhile effort to evaluate
coordinate-invariant scalars involving the Riemann curvaturehe effective Lagrangian for such a background. Though con-
tensorR,,,,, and its derivatives in the case of grayitfhe  siderable amount work has been done in this direction in the
existence of an imaginary part to the effective Lagrangian—literature (see, for instance, Ref$15-1§), we are yet to

have a covariant criterion for particle production by constant
gravitational fields (analogous to the criterionGg<<0

*Electronic address: Isk@iucaa.ernet.in Schwinger had obtained for the constant electromagnetic
TElectronic address: mukund@niharika.phy.iith.ernet.in background). Also, since the gravitational interaction is not
*Electronic address: paddy@iucaa.ernet.in renormalizable, it is not easy at all to regularize the effective
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Lagrangian(see, e.g., Secs. 6.11 and 6.12 of R2}.in this  assumed to be a quantum field so tdatis an operator-

context). valued distribution. In such a situation, we can obtain an
In this paper, we investigate a related but more restricte@ffective Lagrangian for the classical electromagnetic back-

guestion: Can one find nontrivial background field configu-ground by integrating out the degrees of freedom corre-

rations for which thdregularizedeffective Lagrangian van- sponding to the quantum field as follows:

ishes identically? That is, we are interested in finding classi-

cal field configurations in which neither vacuum polarization . 4 L

nor particle production takes place. Such configurations certX 'f d*xLe(A)

tainly enjoy some special status because these are the ones

for which lowest order semiclassical corrections vanishwhere we have sei=c=1 for convenience. The effective

What kind of classical field configurations will have this fea- Lagrangian can then be expressed 8g= Lemt Leorr

ture? whereL,, is the Lagrangian density for the free electromag-
The effective Lagrangian for theonstantelectromagnetic  netic field, viz., the third term under the integral in actidn,

background reduces to zero when the gauge-invariant quaand L, is given by

tities F and G are set to zero. Apart from this case, at least

one more nontrivial electromagnetic field configuration is al- i | d4xr u

ready known in the literature for which the effective La- exgy | XLoor A¥)

grangian proves to be zero. Schwinger, in his pioneering

papeir{1], also calculates the effective Lagrangian for a plane :J D(DJ D(D*exp(iJ d*x{(3,®+igA D)

electromagnetic wave backgrour{br which the gauge- ” "

invariant quantitiesF andg are zeroyand shows that it van-

ishes identically. These results suggest the following conjec- X (M P* —iqArD* ) — m2q>cb*})_ 4

ture. The effective Lagrangian will be zero if all the scalar

invariants describing the background vanish identically. Integrating the action for the scalar field in the above equa-

th|§ paper, we present examples of'nontrl\l/lal' electromqgﬁon by parts and dropping the resulting surface terms, we
netic and gravitational backgrounds with vanishing scalar in- btain that[19]

Equ>fpd>*exp(i8[A“,<D]). 3)

. . .0
variants to support our conjecture. We evaluate the effective

Lagrangian explicitly using Schwinger’s proper time formal-
ism for the case of a quantized complex scalar field and showx;{ i J d4xﬁcorr(A”))
that it identically vanishes in these backgrounds.

This paper is organized as follows. In Sec. Il we present

an example from electromagnetism and in Sec. Ill we present = f D‘I’f D(I)*exp{ =i f d*xd* f)q)) =(detD) *,
an example from gravity. We explicitly evaluate the effective

Lagrangian and show that it vanishes identically in these (5)
backgrounds. Finally, in Sec. IV, we discuss the wider im- ~
plications of our analysis. where the operatdD is given by
A ) B ,
Il. EFFECTIVE LAGRANGIAN D=D,D#+m" andD,=d,+iqA,. (6)

FOR THE ELECTROMAGNETIC EXAMPLE . .
© CTROMAG c The determinant in Eq5) can be expressed as

A. Preliminaries

The system we shall consider in this section consists of a exp{ if d4XCcorr) =(detD) '=ex —Tr(InD)]
complex scalar fieldb interacting with an electromagnetic

field represented by the vector potentfet. It is described R
by the action =exr<—J d*x(t,x|InD|t,x) |, (7)
S[A“,CIJ]:f d*xL(A*,®) and in arriving at the last expression, following Schwinger

[1], we have chosen a complete and orthonormal set of basis

4 ) Lk A vectors|t,x) to evaluate the trace of the operatobIrFrom
= | d%{(9,P+igA,P)(*D* —igA D) the above equation it is easy to identify that
2 1 v A
MmO P* —zFHF L 1) Leon=1{t,x|/IND[t,X). (8)

whereq andm are the charge and the mass associateq with #sing the following integral representation for the operator
single quantum of the complex scalar field, the asterisk de- -

notes complex conjugation, and InD,

A >ds A
Fuv=0A,= A, ) InDE—j S exd-i(D-ies] 9)
0
The electromagnetic field is assumed to behave classically;

henceA,, is just ac number while the complex scalar field is (wheree—07"), the expression fof,,,, can be written as
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B. Evaluation of the effective Lagrangian

=ds = 5 .
— A~ i(mc—ie)s
Leor 'JO S € K(t.xslt.x.0), (10) Now, consider a time-independent electromagnetic back-

ground described by the vector potential

A*=(o(x,y),0,00(x.y)), (14)

where ¢(x,y) is an arbitrary function of the coordinates

That is, K(t,x,s|t,x,0) is the kernel for a quantum- andy. The resulting electric fiel&E and the magnetic field

mechanical particle in the coincidence lintiih four dimen- B are then given by

sions)described by the time evolution operatdr The vari- ib. I ib. I

able s that was introduced in Eq9) when the operator E=—| Zx+ _g,) B=(—A——§/), (15)
- . . : ax" oy ay~ X

InD was expressed in an integral form acts as the time pa-

rameter_ for the quantum-m_echanlcal system. . wherex andy are the unit vectors along the positixeand
The integral representation for the operatdd we have y axes, repectively. According to Maxwell's equations, in
used above is divergent in the lower limit of the integral, the absence of time dependence, the charge and the current

l.e., nears=0. This divergence should be regularized gensities,viz., p andj , that give rise to the above field
by subtracting from it another divergent integral, Viz., configuration are

the integral representation of an operatorﬁdn where 5 5
If)oz(a“(?#+ m?), the operator corresponding to that of a p=V~E=—((9 ¢ 9 d’)

where

K(t,x,s/t,x,0)=(t,x|e Mst,x) andA=D,D* (11)

free quantum field. That is, to avoid the divergence, the in- P dy*
tegral representation forhshould actually be considered as 2b P\
R R »ds . j:VXBZ— W-F &—y2>2, (16)
IND—InDy=— fo ?{exp—i (D—ie)s

wherez is the unit vector along the positiveaxis. There-
—exp—i(DO—ie)s}. (12) fore, if the functionsp andj are chosen such that they are
finite and continuous everywhere and also vanish as
Or, equivalently, the quantitﬂgorr, which corresponds to the (x?+y?)—x, then the corresponding electric and magnetic
case of a free quantum field, can be subtracted g to  fields given by Eq(15) will be confined to a finite extent in
obtain finite results. The quantum-mechanical kernekhex-y plane.
K(t,x,s|t,x,0) corresponding to the operatdy, is the kernel It is obvious from Eq.(15) that G=2(B?*~E?*=0 and
for a free particle in four dimensions, i.e. F=—8(E-B)=0 for this background field configuration.
K(t,x,s|t,x,0)=(1/167%is?). Substituting this quantity in (As an aside, note that this is an example of a field configu-

the expression foL,, above, we obtain that ration other than that of a wave, for whiéf— B2 as well as
E-B are zero.)lt is therefore a good candidate to test our
£0 :_( 1 ) wd_s —i(m?=ie)s. (13) conjecture. The operatd%l that corresponds to the vector
cor 16m%) Jo S° potential(14) is given by
This is the expression which has to be subtracted from H=02—V2+2iq¢(d,+d,). (17)

Leon 10 yield a finite result(lt turns out that such a simple

regularization scheme works for the cases we consider in thishe kernel for the quantum-mechanical particle described by
paper. In general, it may be necessary to use more complthe Hamiltonian operator above can then be formally written
cated regularization schemes.) as

K(t,x,|t,x,00=(t,x|exp—i{[ 3°— V2+ 2iq ¢(d;+ d,) IS}|t,X). (18)

Using the translational invariance of the Hamiltonian oper&talong the time coordinateand the spatial coordinate we
can express the above kernel as

» do (= dp,
K(t,x,s|t,x,0)= b e x,y|lexp—i{[ — 95— 5+ 2a(w—p,) d1s}|x,y).
— 2T ) — 27T x 7y

Changing variables of integration in the expression abovg,te(p,— w)/2 andp,=(p,+ w)/2, we find that

1 ® @ .
K(t,x.SIt,x,0)=<ﬁ) f_wdpuf_mdpve‘4'pupvs<x,yle><p—i[(—05—&5—4qpu¢)s]lx,y>- (19)

Performing the integrations ovexr, and thep,, in that order, we obtain that
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1\~ : 2 2
Ktxs[tx0=|—| [ dp,o(4p,s)(x,y|exp=il(—dy—d;—4apu¢)s]|x.y)

_ 1 H 2 2 _ 1
=| a5 (xylexp=il(=d=dp)slxy) =| 15-—zz2|- (20)

(In arriving at the above result we have carried out fhe The effective Lagrangian can then be expressed as
and thep, integrals first and then evaluated the matrix ele-Le¢f= Lgravt Leor, Where Ly~ (R/167), the Lagrangian
ment. We show in Appendix A that such an interchange ofdensity for the gravitational background. Integrating the ac-
operations is valid by testing it in a specific exampBub-  tion for the scalar field in the above equation by parts and
stituting this expression foK(t,x,s|t,x,0) in Eq.(10) we  dropping the resulting surface terms, we find tifat, can
find that the resulting,,, is the same as that of a free field. then be expressed §20]
So, on regularizationf,,, identically reduces to zero. This
result then implies that in the time-independent electromag- . 4
netic backgroSnd we have considered Eere neither any pgr- ex;<|f d X‘/__gﬁco”(g/”))
ticle production nor any vacuum polarization takes place.

As mentioned in the Introduction, the effective Lagrang- _ i 4, [— A
ian Schwinger had obtained for the constant electromagnetic _J’ Dd)exp( IJ’ d X\/_g(CI)DCD))
background identically vanishes when the gauge-invariant

quantitiesG and F are set to zerd1]. Our result above = (detD) ?=exg — 3Tr(InD)]

agrees with Schwinger’s result since a constant electromag- 1

netic background would just correspond to choosing the :exp(__f d4x~/—g(t,x|lnf)|t,x>>, (23)
function ¢(x,y) above to be linear in the coordinates 2

and/ory. Having said that, we would like to stress here the .

following fact. In evaluating the effective Lagrangian above Where the operatdD is given by

we have not made any assumptions at all on the form of the

function ¢(x,y). Hence, our result above holds good &y A 1 ,

time-independent electromagnetic background with vanish- D= \/—‘9u(9” V=gd,)+m?, (24)
ing G and F. Thus, in a way, our result here is more generic 9

than Schwinger's result. and, as was done in the last section, we have introduced a

complete set of orthonormal vectofsx), to evaluate the

ll. EFFECTIVE LAGRANGIAN trace. From Eq.(23) it is easy to identify thatl.,,
FOR THE EXAMPLE FROM GRAVITY =(i/2)(t,x|InD|t,x). Using Eq.(9), Lo above can then be
A. Preliminaries written as
The system we shall consider in this section consists of a i (=ds .,
massive, real scalar fiel# coupled minimally to gravity. It Leor= — Ef —e I(MiasK (t x, 9|t,x,0), (25)
is described by the action oS
where
8[gluvr(1)]:f d4x\1_g£(g,uv1q)) .
K(t,x,s|t,x,00=(t,x|e”""9|t,x) (26)
R 1
= A=l — + = “P v A
J dx g[ 167 * Zg’”& ©r® and the operatoH is now given by
- Em2<1>2] (21) N 1
2 ' H=——4,(9""V—0d,). (27)

V=49
wherem is the mass of a single quantum of the scalar field o )
and g,,, is the metric tensor describing the gravitational To obtain finite results, the quantity that has to be subtracted

background and we have sBt=1 for convenience. As was 10M Lcor IS then given by
done for the electromagnetic background in the last section,
an effective Lagrangian can be defined for the gravitational L«gorr: _<

1 ) =ds
background as

_ 72 —im?-ie)s
3212 ), 3¢ ’ (28)

, 4 B . which corresponds to setting,,= 7, in the operator
EXL{IJ' d XV_gﬁeﬁ(gw)>:f DOexpis[P.g,.,])- above.[ £, given by Eq.(13) is twice the£?,,, above be-

corr
(22)  cause the complex scalar field we had considered in the last
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section has twice the number of degrees of freedom as a refdr this metric vanish identically23].) The nonzero compo-
scalar field we are considering here.] nents of the Ricci tensor for the above metric are
pendent scalar invariants constructed out of the Riemann

9%t A o°f 30
211 ax2 (9—y2 ) (30)
curvature tensonl]..To verify our conjecture, we ShQUId and the Ricci scalaR is zero. Since the Ricci scal& is
evaluatel,,,, defined in Eq(25) for a background for which v P
zero, the Einstein tensor is given B/”=R*” and the Ein-
all these invariants vanish. And, of course, we need a backs, .\, " oo educe (BAY=84TH. A pressureless
ground which is sufficiently simple for allowing the evalua- d ™ b

B. Evaluation of the effective Lagrangian

A gravitational background can be described by 14 inde- R%=R*= RSO_

fion of £ in a closed form steady flow of null dust with energy densijiy= R traveling
One chgh examole is ivén by the spacetime described KJ°N9 thez direction satisfies the above Einstein’s equations
the line element P 9 y P nd therefore gives rise to the metri€29). Since
det@,,)=—1, the operatoH corresponding to this metric
is given by

ds?=(1+f(x,y))dt>—2f(x,y)dtdz
—[1-f(x,y)]dZ2—dx*—dy?, (29) A= 02— 02— 02— 92— £( 32+ 92+ 20,9,). (31)

where f(x,y) is an arbitrary function of the coordinatas Using the translational invariance along thend z direc-

andy. (This metric is a special case of the metric that ap-tions the kernel for the time evolution operator above can be
pears in[22]. It can be shown that all 14 algebraic invariantswritten as

Kexslixo - | 27Tf B (. ylexpi ([ 72+ (ISl xy). (32)

Changing the variables of integration pg= (p,— w)/2 andp,=(p,+ w)/2, we obtain that

1
K(t,x,s]t,x,0)= (g) dpuf dp,e”PuPeS(x,y|exp—i[(—d5— a7+ 4p{h)s]x.y)
1 * ; 2 2 2
=| =] | _dpus(apss)(x.ylexp=il(—d;—a+apif)s]ix.y)
— 1 : 2 2 _ 1 33
=| 7| 0 Ylexp=il(=d=a)slixy) =| 15—z 2/ (33)
|
Substituting the above result in E@5) we find that ground field is expected to induce vacuum instability and

produce particles if and only if the effective Lagrangian has
an imaginary part. If the effective Lagrangian vanishes for a
1 ods . 5 particular background field, then no vacuum polarization or
Leonr=— (W) o ?e i(m? s, (34) particle production takes place in such a field configuration.
In principle, this is an observable phenomenon since
physical effects occur if the effective Lagrangian happens to
which on subtracting the quantitg®,,, given by Eq.(28)  be nonzero. For example, consider a constant electric field
reduces to zero. This result again implies that in the gravitaconfined in space, say, the electric field between a pair of
tional background we have considered here neither any pacapacitor plates. In such a case, the imaginary part of the
ticle production nor any vacuum polarization takes place. effective Lagrangian will be nonzero and particle production
will take place. These particles that have been produced will
IV. DISCUSSION get attracted towards the capacitor plates, thereby reducing
the strength of the electric field between the plates. To main-
The effective Lagrangian provides a simple way of esti-tain the original configuration intact, an external agency has
mating the amount of vacuum polarization and particle proto correct for this effect. We can therefore conclude that the
duction in a classical background. For example, the backabove configuration—viz., that of a constant electric field in



6152 L. SRIRAMKUMAR, R. MUKUND, AND T. PADMANABHAN 55

a confined region—is not immune to quantum back reactiortion, an example of a time-dependent background for which
effects. Such physically observable effects do occur even ithe effective Lagrangian proves to be zero is for that of a
the effective Lagrangian does not have an imaginary part. Alane electromagnetic way#]. (In Appendix B we rederive
typical example would be Casimir effect in flat spacetime. ItSchwinger’s result using our techniqu&or the electromag-
can be shown that for such a case the effective Lagrangian Retic wave too it can be easily shown that apart from the
nonzero and real; the real part, which depends on the sepgauge-invariant quantitiesj and ¥, quantities such as
ration between the plates, can be related to the Casimir erq?-)\F“V(?AFW and e""””(?,,F)\pa”FW also vanish identically.
ergy. The resulting observable physical effect is the attraclt is, in fact, quite likely that all possible gauge-invariant
tion between the Casimir plates. Left to themselves, theuantities vanish for the electromagnetic wave background,
Casimir plates will move towards each other because of #&ereby confirming our conjecture.
force which is a quantum back reaction effect arising from Ideally, one would have liked to evaluate the effective
the nonzero real part of the effective Lagrangian. Oncd-agrangian for an arbitrary classical field configuration, vary
again, to maintain the original configuration—viz., the origi- the resulting effective Lagrangian with respect to the classi-
nal separation between the plates—an external agency hasaal fields, and obtain the equations of motion for the classical
correct for the quantum back reaction effect. background, thereby even taking into account the back reac-
In contrast to the above examples, backgrounds with vartion of the quantum field on the classical background. Since
ishing effective Lagrangian are “self-consistent” in the evaluating the effective Lagrangian for an arbitrary classical
sense that no back reaction of the quantum field on the clagackground proves to be an impossible task, our approach to
sical background occurs in these configurations. This is &his entire problem has been a more practical one. The con-
feature of certain backgrounds which, at least as far as thiecture we have put forward in this paper is but the first step
authors know, does not seem to have been noted in the lit this approach. There exist deeper reasons in proposing this
erature before. This aspect seems to be worthy of furthegonjecture(with the danger of sounding obviguand at-
study. tempting to establish its validity with some specific ex-
It should be possible to express the determinant of th@mples. These motivations are as follows. The effective La-
operatorD (and hence the quantitg,,) appearing in Eqs. 9drangian may indeed prove to be zero for classical
(5) and(23), at least formally, in terms of the invariant quan- backgrounds for which all the scalar invariants are zero, but
tities describing the background. In particular, one wouldth® converse need not be true. That is, the effective Lagrang-
expect the effective Lagrangian to contain only those termén May prove to be zero even though some of the scalar
that are simple algebraic functions of the scalar invariantdnvariants describing the background are nonzero. Back-
(otherwise renormalization would not be possibléso, the ~ 9rounds with vanishing effective Lagrangians but nonvanish-
effective Lagrangian would prove to be zero if all the invari- N9 Scalar invariants can help us identify the terms that wil
ants describing the background vanish identically. Motivated®PPear in the effective Lagrangian for the most general case.
by this fact, we put forward the conjecture that the regular-C1assifying such backgrounds will certainly prove to be a
ized Lqr; Will prove to be zero for background field configu- Worthwhile exercise when evaluating the effective Lagrang-
rations for which all scalar invariants are zero. In otherian for an arbitrary background is proving to be an impos-
words, our conjecture implies that integrating out the degree8iPle task.
of freedom corresponding to the quantum field does not in-
troduce any gquantum corrections to the Lagrangian describ- ACKNOWLEDGMENTS
ing classical backgrounds with vanishing scalar invariants.
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amples. For the electromagnetic background we have consid-
ered in Sec. Il we had pointed out that the gauge-invarian
guantitiesG and F are zero and it can be easily shown that
quantities such ag,F*"o*F ,, and €*’*"3,F, ,d"F ,, also
vanish identically. It is likely that all the gauge-invariant
guantities that can be constructed out of the vector potential

(14) vanish identically. For the gravitational example consid- APPENDIX A
ered in Sec. lll, as mentioned before, it can be shown that all
14 algebraic invariants that can be constructed out of th
Riemann tensor for the metri@9) vanish identically[23].
Therefore, the vanishing of,,, for these backgrounds is
consistent with—and supports—our conjecture.

We would like to point out here the following fact. The
classical backgrounds we have presented in Secs. Il and |
are quite nontrivial though all the scalar invariants may vanihe operatoH is given by
ish. They are not just flat space presented in an arbitrary

In this appendix we illustrate the validity of carrying out
fhe p, and thep, integrals first and then evaluating the ma-
trix element in Eq(20) by testing it in a simple example.
Consider the case whef(x,y) =x. This corresponds to a
constant electromagnetic background with the electric and

Wagnetic fields given b¥= —Xx andB= —9. For this case,

gauge or a coordinate system. The fact that a particle in these H= 05— V2+ 2igx(d;+ dy). (A1)
backgrounds will experience nontrivial forces acting on it
ascertains this fact. The translational invariance of the above operator along the

The examples that we had presented in Secs. Il and lll arg y , andz directions can then be exploited to express the
time-independent examples. As mentioned in the Introducgquantum-mechanical kernel for the above operator as
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= d d d
Kixslx= [ 577 5[ S i o tenpill i+ 2ao-pxisio. (#2)

Carrying out thep, intergration and changing variables pg=(p,— w)/2 andp,=(p,+ w)/2, we obtain that

1
K(t,x,s|t,x,0)= W)f dpvf dp,e 4PuPoS(x|exp—i[ (— d2—4qp.x)s]|x). (A3)

The matrix element in the above equation corresponds to that of a quantum-mechanical particle subjected to a constant force
along thex axis. The matrix element above is then given(bge[24])

1
(x|exp—i[(—dZ—4qp,x)s]|x)= (mrz)exp 4I(QDUXS+3q pis ) (Ad)

Substituting this expression in the kerrfél3), we obtain that

1 o s
K(t,x,slt,x,0)=(m) J_mdpvj_mdpuexp—m[§q2p583+ PuS(ax+p,)]

1 172 1
“[orallags] [ ameed oo s o

which is the result quoted in the text.

APPENDIX B

In this appendix we rederive Schwinger’s result for the electromagnetic wave background using our technique. The plane
electromagnetic wave can be described by the vector potential

A,=(0,1,0,0f(t-2), (B1)
wheref(t—2) is an arbitrary function oft(—z). The operatoﬂ corresponding to this vector potential is then given by
H=d{— 05— 95— a5+ 2iqf o, +g?f?, (B2)
and in terms of the null coordinates= (t—z) andv = (t+2z) the above operator reduces to
H=44,9,— 05— 5+ 2iqf (u) d,+ g>2(u). (B3)
The corresponding quantum-mechanical kernel can then be formally expressed as
K(u,x,y,0,5]u,x,y,v,00=(u,X,y,v|exp—=i[(4d,d, — d5— 5+ 2iq f o+ g*f?)s]|u,xy,v). (B4)

Exploiting the translational invariance of the operatbelong thex, y, and thev coordinates we can write the above kernel
as

d d d,,
K(u,x,Y,v,8]u,x,y,v,0)= f pr pyf Do -i00f+0f12(ulexp—i[ (— 4ip,dy—2apf+2f)s]lu),  (B5)

where the factor 2 is the Jacobian of the transformation between the conjugate momgnaand (,,p,) corresponding
to the coordinatest(z) and (u,v), respectively.

The matrix element in the above equation corresponds to the quantum-mechanical kernel for a time evolution operator
given by

Hy=—4ip,d,—2qpf(u) +g*%(u). (B6)

The normalized solutiogc(u) to the time-independent Schiimger equation for the operatbr; corresponding to an energy
eigenvalueE is then given by

1/2
ein/%vexp—i[h(u)/4pv], E7

Ye(u)= ( 8ap
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where

h<u>=—f dul2qp (u)— G2F2(u) .
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(B8)

The matrix element can now be evaluated with the help of the Feynman-Kac fofaf]las

<u|e—i|:|1$|u/>: chdelpE(u)wE(u/)e—iES:(

8mp,

=exp—i{[h(u)—h(u")]/4p }s(u—u’'—4p,s),

exp—i{[h(u)— h(u’)]/4pU}Jiod Eexp[E(u—u’)/4p,le 'ES

and in the coincidence limii=u’, the matrix element reduces to a Dirddunction i.e.,

(ulexp—iHs|u)=8(4p,s).

Substituting this result in EqB5), we obtain that

2

K(u,x,y,v,slu,x,y,v,0)= (W

[zl

When the above kernel is substituted in Efj0) we find that the resultingC.,,, is the same as that of

regularization reduces identically to zero.

(B9)
(B10)
= dpx ;2 Jm dp,
P -ipZs [ 2P
)J’wZWe 0 27T o(4p,S)
©dp,[ 1 B 1
27 \2s) 2P = | Tea7s2 ) (B11)
O which on
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