J. Astrophys. Astr. (1997) 18, 87-90

Inverse Compton Scattering — Revisited

T. Padmanabhan inter University Centre for Astronomy and Astrophysics, Post bag 4,
Ganeshkhind, Pune 411 007, India; email: paddy@iucaa.ernet.in

Received 1996 October 28; accepted 1996 November 30

Abstract. The inverse Compton scattering of high energy electrons by
photons is discussed and a simple derivation of the total power radiated is
presented. The derivation is completely classical and exhibits clearly why
similar formulas are applicable in the case of inverse compton scattering
and synchroton radiation.
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An important radiative process, used in several astrophysical contexts to generate
high energy photons, is the inverse compton scattering. In this process, relativistic
electrons transfer part of their Kinetic energy to low energy photons thereby creating
high energy photons. Conventional text book derivation (Rybicki & Lightman 1979)
of this process uses the photon picture, kinematics of electron-photon scattering and a
judicious choice of Lorentz transformations to arrive at the final result: the net energy
transferred per second from electron to photons is

P=g£=iUTC’YZ(
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where or = (8n/3) (e?/mc?)? is the Thompson scattering cross section, Ugg is the
energy density of the radiation field, v is the speed of the electron and
y= (1 _ VZ/CZ)—]./Z

The conventional derivation raises some interesting questions regarding the
nature of this process. To begin with, the final answer has no R dependence,
suggesting that the result has nothing to do with the quantum nature of the radiation.
In other words, there must exist a purely classical derivation of the total power
radiated in inverse compton process. The second interesting feature regarding (1)
is the striking similarity between this formula and the one describing the power
radiated by an isotropic distribution of electrons in a synchroton process. Several
textbooks have emphasized the fact that the net power radiated by relativistic
electrons, moving in a constant magnetic field B, can be obtained by replacing U,qq
by Uz = (B%8x). In the case of synchroton emission, it is virtually impossible to
provide an interpretation in terms of photons and the derivation is completely
classical.

The above two observations suggest that there must exist an alternative derivation
of (1) based on simple classical considerations. In this note, we shall provide such a
derivation. _

Consider an electron moving with a four velocity u' through a region containing
electromagnetic radiation. Let the stress tensor corresponding to the radiation be
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Ta. The electron, accelerated by the electromagnetic field of the radiation, will
radiate energy and - consequently — will feel a drag (four) force g'. If we can
find ¢' then the rate of emission of energy can be determined from the component
¢°. It turns out that ¢ can be determined quite easily from the following
considerations.

In the rest frame of the electron, the spatial components of the drag force can be
expressed as o;T"; where T¥; is the momentum flux of the radiation in the rest frame
of the electron with p = 1, 2, 3 (Landau & Lifshitz 1979). The spatial components of
the four vector f = o‘TTkluk will have this form in the rest frame of the electron. We
can, of course, add to f' any vector of the form sAu' without altering this conclusion,
since the spatial components of the latter vector will vanish in the rest frame. Thus,
we expect ¢' to have the form g' = o7 (Tqu* + Au’) where A is yet to be determined.
We can fix A by using the requirement that, for any four force, g'u, = 0; this gives
A = -T,uP’. Hence we find that the drag four force acting on an electron,
moving through a region containing electromagnetic radiation stress tensor T,, must
have the form

D= op[Tiu* ~ u (Tpuu?)). o)

As far as the author knows, this result has not been stated explicitly in the literature.
A direct derivation of the above formula from the expression for radiation reaction is
given in the appendix. This result remains valid whenever F* does not change rapidly
in the region at which the particle is moving. If that is not the case, one can still
derive an expression for g' but it will involve derivatives of F*.

We shall now use the above formula to obtain the rate of energy emission in the
inverse Compton process and some related cases. In the case of an electron moving
through a radiation bath, we have Ty, =U.,qg dia(l, 1/3,1/3,1/3) and u' = (y ,y V).
Hence

Tl = U,ad’yz(l +v2/3); ,‘jub = Uray(1,—v/3). (3)
From these results, we immediately find that g'— (yf-v,yf) with
f=-% orUpaV?v; —fv= %arUradfyzzﬁ. (4)

Since the rate of energy emission by inverse Compton scattering is —f-v we
immediately obtain the result (1). The simplicity of the above derivation, compared to
the conventional analysis, is noteworthy.

In the case of a charged particle moving in a magnetic field (taken to be along
the z-axis) we can perform a similar analysis. In this case we have
Te= U dia(1, -1, -1, 1). Simple calculation gives

g = 7T — ul®(Tpu®u®)] = oryUs[l — ¥*(1 +v* — 20%)]
= —opyUp[2y* v sin’al, ©)

where v, = v cos a with a being the pitch angle. This is the standard formula for
energy emitted in synchroton radiation by a single charge. For a system of charged
particles emitting synchroton radiation it is usual to assume (v = v¥3 or -
equivalently — (sina) = 2/3. In this case, we find that g° = — (4/3)y(Uz o1 vV9).
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The rate of emission of energy in the synchroton process is therefore
2.2
P= %UTUB'}/ v°. (6)

The correspondence between this result and (1) arises due to two facts. (i) The
structure of T, for a constant magnetic field and (ii) the assumption of isotropic
distribution of velocities for the electrons allowing (v3= (v* /3).

Finally, the equation (2) can also be used to estimate the radiative force on a
charged fluid embedded in a slightly anisotropic radiation field. If the charged
particles in the fluid are moving with non relativistic velocities, then equation (2)
approximates to

v s
gt~ O'TT{; + O‘T—'C—Tg - UT'C—TOO~ )

We take the slightly perturbed radiation field to have an energy momentum tensor of
the form

. 1 1 1
TgZUraddla<1,-§,*§,'—§>+5Tg, (8)
where STE has a non zero flux J* =8T¥, .In this case we easily find that g" is given by
4

The first term represents the “push” exerted by the radiation flux and the second term
is the drag arising from the inverse Compton effect.

APPENDIX

Consider a particle with charge q and mass m moving in an electromagnetic field F*
which is constant in space and time. The radiation reaction force acting on the
particle is given by

;2 ,(ddt , dd*
8 =34 <_E§-uuk_&s_)' (10)
When F* is a constant we have
Substituting these expressions in (10) and rearranging the terms we get
i_2(q : ka jo i i j
g=3 (’—n-> [(F*Fy)udud — FEFd ). (12)

Using the definition of T,, we can write F'Fy as

F'Fy = F'Fy = —(4m)T% + L 6L(F . F™). (13)
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Now we can express g' in terms of T,, alone. Note that
(FRE Y ud ' ~ Fkiij»ti = l,taujui[——47rT]fz + %6;’172]
,  ciw2
— o [~4nT! + L6F?]
= —4m(TYuu)ud’ + 4nTy;, (14)

since the term involving F? = F.F® cancels out. Therefore,

. 87 qz . .
gd= 3 (;) [T9u; — (T“buaub)u']
= (%T) [T — (T ugup )i, (15)

with o7 = (87/3) (q%/mc®)%. This relation expresses the radiation reaction in terms of
the energy density of electromagnetic field.

When F* is not a constant, one picks up an additional term on the right hand side
of the form

; _ 2q3 6Fik
Bexes = 3 it M-

This additional term is ignorable when F* is constant or when it is due to
electromagnetic radiation with (F*) = 0.

(16)

References

Landau, L. D., Lifshitz, E. M. 1979, Classical Theory of Fields (New York: Pergamon), page
219; equation 78.8.
Rybicki, G. B., Lightman, A. P.1979, Radiative Processes in Astrophysics (New York: Wiley).



