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This paper investigates the behavior of conformal fluctuations of space—time
geometry that ave admissible under the quantized version of Einstein's general
relativity. The approach to quantum gravity is via path integrals. It is shown
that considerable simplification results when only the conformal degrees of
freedom are considered under this scheme, so much so that it is possible to
write down a formal kernel in the most general case where the space—time
contains arbitrary distributions of particles with no other interaction except
gravity. The behavior of this kernel near the classical space-time singularity
then shows that quantum fluctuations inevitably diverge near the singularity.
It is shown further that the root cause of this divergence lies in the fact that the
Green’s function for the conformally invariant scalar wave equation diverges
at the singularity. The Hmitations on the validity of classical general relativity
near the space—time singularity are discussed and it is argued that the notion
of singularity itself needs to be radically modified once the quantum effects
are taken into account.

1. INTRODUCTION

During the 1960s several important theorems were proved within the frame-
work of Einstein’s general theory of relativity to show that within the realm
of conventional physics a singularity is an inevitable feature of the space—time
manifold.™ The big bang singularity of relativistic cosmology and the
singularity terminating the gravitational collapse of a massive object are
special cases of these general results.

The response of physicists to these results has been of varying types. The
diehard relativist with implicit faith in the correctness of the theory has
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learned to live with the singularity and has even attempted to make a virtue
of it. The less committed physicist recognizes the singularity as an indication
of the incompleteness of the theory and has looked for a more comprehensive
framework which does not admit space-time singularities. Some have argued
that conventional physics may break down when matter is very compact, and
somewhat unconventional equations of state may avert the space-time
singularity.®

A point which is frequently mentioned in this context, but not fully
explored, relates to the validity of general relativity as a classical theory.
Taking the view that classical physics is an approximation to quantum
physics, it is natural to ask: what is the correct quantum theory of gravity
to which general relativity is an approximation in the macroscopic world 7
And to follow this question with another: does the space-time singularity
have the same inevitable status in quantum gravity as it does in classical
general relativity ?

The difficulties, both conceptual and operational, of answering the first
question have so far prevented a decisive answer to the second question. A
few preliminary investigations do show, however, that quantum fluctuations
cannot be ignored as one approaches the classical singularity.!®-%

These investigations have used the path integral approach to quantum
gravity. Although this approach has many conceptual and operational diffi-
culties in the most general case, it does simplify for certain simple space—
times. In particular, when we limit ourselves to the so-called conformal
fluctuations, the problem becorues relatively easy to handle.

In this paper we concern ourselves with conformal fluctuations, although
we no longer limit the discussion to simple space-times. In fact we derive a
general result of significance to any space-time subject to Einstein’s field
equations. We show that quantum conformal fluctuations around this classical
space-time geometry diverge at the space-time singularity. The classical
singularity therefore ceases to be a meaningful concept.

The broad outline of this paper is as follows. We first outline some general
properties of conformal fluctuations. We then rederive a result referred to
earlier™ by a new technique. This technique, though illustrated for simple
space-times, can be extended to general space~times. When this is achieved
the main result follows.

2. CONFORMAL TRANSFORMATIONS

Throughout this paper we assume that the space-time geometry is
Riemannian with the signatare (—, —, —, +) for the space-time metric

ds? = g, dx* dx* H
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The coordinates x? are, unless otherwise specified, three of space (i = 1, 2, 3)
and one of time (i = 4). A conformal transformation takes the line element (1)
to another, given by

ds = Q ds 2

where £2 is a C2-function of x%, in the range 0 < £2 < 0. The corresponding
transformation of the metric tensor is given by

G = Lgu (3)

We may look upon (2) and (3) as transformations between two space—
time geometries definable on the same space-time. Under such a transforma-
tion the scalar curvature transforms as

R = (R+610/Q) 0 @
where ] is the wave operator defined with respect to the metric tensor g, :
D'Q = g“cQ;ih (5)

Similar transformation formulas can be written down for other quantities,
such as Ry, Ry » etc. In quantum gravity via the path integrals, however,
(4) has a special role to play (see Section 3).

In geometrical units G = 1, ¢ = 1 the Einstein action is given by

J=Jdg + Js 4+ T, (©)

where

—_ N o b
Jp = 7TJVR\/ g d*x U

is an integral over the 4-volume of the space-time region ¥~ under considera-
tion. The surface term Jy is an integral over the 3-boundary 8¥” of ¥, and
has been discussed in detail by Hawking.® It is designed to eliminate any
terms of the form dg,, ; in the variation

J—J 4 8J, &ix > Gix T % (8)
terms which occur on 7. In the following calculation we ignore such surface

terms. The last part of the action, J,,, comprises matter terms which are
absent in the so-called empty space-time. We return to J,,, shortly.
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Restricting our attention to Ji, we see that under the conformal trans-
formation (3), it is changed to

o 1 N
Jo = 10— L/ (RQ? — 6Q,) v —g dix ©)

where surface terms on 97" are ignored. Here 2, = 8£2/0x’ and indices are
raised and lowered with the help of g% and g, , respectively.
Next, suppose that g;; are obtained as solutions of the Einstein equations

8J =0 (10
Writing
Q=1+¢ (1)

it is easy to see that
5 1 7 I 3
J== | (1 +2¢+ $IR — 641V —gdix +Jn  (12)
167 Jyr

Turning now to J,,, we need to know the form of matter tensor. In
general J,, contains information about fields and particles in interaction with
each other and with gravity. Since our interest here is with conformal
transformations, we would need to know how these particles and fields
behave under conformal transformations. In the present work we limit
ourselves to a system of particles moving arbitrarily and with no other
mutual interaction except gravity. Later it may well be possible to investigate
how crucial this limitation is to the conclusions of this paper: but we will
not consider this issue further.

Now, taking J,, in the form of a system of particles g, b,...,

=Y [y ds, (13)

with masses m, , M, ..., and an energy-momentum tensor 7.7, it is easy to see
that

1

_ o oL e Vg
R—=8aTy, T = $T0. Ju=—g-| ¢TuV—gdx (4
We therefore get
J= [ RvTZgdu+ —‘—f (RE? — 6¢:¢") vV —g dix
167 Ly 67 Jy " ‘
. . 1 2 - ‘:"' 3 ria
= U g |, (RE — 66 Vg dix (15)

In the following section we apply this result to study quantum fluctuations.
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3. QUANTUM GRAVITY VIA PATH INTEGRALS

3.1. The General Scheme

In general relativity the properties of gravity find their expression through
the non-Euclidean character of the space-time geometry. The quantized
version of this theory requires the dynamical variables, i.e., the quantities
describing the space-time geometry, to be treated quantum mechanically.
A direct transition from the classical to the quantum theory is obtainable
through the Feynman path integral method.®” In the case of gravity, the
notion of 3-geometries is particularly useful,*® and is briefly described below.

We assume that the space—time manifold is time-orientable and can be
foliated by spacelike hypersurfaces {2} which can be labeled by time coordi-
nates ¢. Thus along a given X, we assume 7 to be constant. In such a manifold
consider a region ¥~ sandwiched between two hypersurfaces

Zyot=t,, A=12 (16)

We assume the time evolution to proceed from # to £,.

In classical general relativity we can look upon the geometry of the
4-dimensional region of the sandwich as a succession of evolving 3-geometries
on the hypersurfaces {Z} for #, < ¢t < {,. Symbolically we may denote the
3-geometry on a typical 2 by ®%. Thus the solution of the Einstein problem
may be expressed as the sequence of {¥'¥} satisfying the variational condition

8J =0 (17
together with the boundary values
WY = B®g, on F=2X,, A4=1,2 (18)

Assuming that a unique solution to this problem exists, this solution
describes a particular “path” in the space of these 3-geometries, a path which
we may term the “classical” path.

In the quantum version of the theory we have to admit other, non-
classical paths also, along which (17) does not hold. The “propagator”
describes the probability amplitude that the system starts with ®%, on X
and ends with ®%, on 2,. Formally we may express this propagator as

K(®G,, t,; 9%, , 1] = z exp(iJ/h) (19)
T

Here the right-hand side involves a sum over all paths I of the amplitude to go
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from the given 3-geometry on 2 to the given 3-geometry on X, . In the classi-
classical limit of # — 0, only the classical path and the paths in its neighbor-
hood contribute to K and we recover the solution to the Einstein problem.

This prescription is simple to state in the above formal way but difficult
to translate into a workable theory, involving as it does such problems as
defining the paths in a meaningful way and ascribing a measure to the sum
in (19). However, if we confine ourselves to only those nonclassical paths
that correspond to the conformal transforms of the classical Einstein
geometry, then the problem does become simplified and tractable. We
consider this special situation next.

3.2. Conformal Fluctuations

Suppose in the above sandwich problem that the metric tensor g,
represents a solution of Einstein’s field equations for 1, <t < #,. A conformal
transform

Fin = (1 + &P gu (20)

will in general not be a solution of the classical field equations for an
arbitrary-C? ¢(x?), since the equations are not conformally invariant. If we
confine ourselves to such metrics, we can look upon @(x*) = const as
specifying a typical nonclassical path. Accordingly, we reformulate the
problem in Section 3.1 in the following form.

Suppose we are given ¢ = ¢ (x*), p=1,2, 3, on 2, for 4 =1, 2.
What is the probability amplitude that under quantum conformal fluctuations
of the type (20), the space-time geometry is given by ¢ = ¢, at f == 7, and by
¢ = ¢, at t = t, ? This is given by the propagator

Klgs, ty; ¢y, 1] = Z exp(iJ/h) 2D
T

Here J is evaluated for a metric of the form (20) for a typical “path” I" which
corresponds to a function ¢(x?) with

X 1oy = Palx), A =12 (22)
Using (15), we see that

Ko, ts; ¢1, 1]

iJ

E
#

i \ o ,
= exp ( ) %:exp TG Lf (R? — 6¢,¢*) v —g dix (23)
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The circumstance that the integral contains ¢ and ¢, only in the
quadratic form leads to enormous simplification. To see this let ¢(x%) be a
solution of

¢ + R = @4
with the boundary conditions
Blxm, 1) = du(x), A =1,2 (25)
Let
¢=2¢+19 (26)

where n(xf) vanishes on 2 and &, . Then
[ R — 649 v =g aix
- msj FF dZ; + 6 f FF dZ,
+ fV (Ry? — 6m7) v/ —g d*x 27)

Note that the first two terms on the right-hand side of (27) are path indepen-
dent. The third term is path dependent. However, since » vanishes at both
ends, the path integral over % can at most contain 7, and ¢, explicitly. (This
result 1s a generalization of the well-known result for path integrals over
single dynamical variables.)

Since the exp(i/p/#) term in (23) can similarly depend on only #, and #,,
we can write the solution of (23) in a simple and compact form which
involves only ordinary integrals and a function of 7, and 7, :

K¢y, ty; ¢y, 1]

= F(ty , 1) exp g U $& dx, — [X FL d):'] (28)

K is completely determined once the boundary value problem stated in (24)
and (25} is solved.

A result along these lines for conformal fluctuations of flat space-time
was obtained by Narlikar and Padmanabhan,” who showed how a formal
solution in terms of Fourier transforms can be obtained for (28). The problem
there in fact is formally the same as that of quantizing a scalar field in
Minkowski space~time. The method of Fourier transforms, however, cannot
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be applied in the present problem, as the space-time is not flat. Since our
aim is to study the behavior of K near a space-time singularity, we require
a method of writing (28) which will work in highly curved space-times.
Before we proceed to describe this method in the above general context,
we will apply it to a simpler problem solved earlier by another method. This
is the problem of the collapse of a homogeneous ball of dust first considered
by Narlikar.® The merit of resurrecting this problem and solving it in a
different way lies in the fact that the new method pinpoints the feature that is
responsible for the divergence of the quantum conformal fluctuations. The
same feature will show up when we consider the more general case of (28).
In all subsequent work we put ## == 1.

4. THE COLLAPSING DUST BALL

Consider the spherically symmetric collapse of a dust ball under its
own gravity. This is the problem originally discussed by Oppenheimer and
Snyder.®® The line element inside the ball in comoving coordinates is given
by

t 4/3 R
ds? =dt2—(—t») [dr® 4 r2(df® + sin®0 dg?)], r<r, (29)

[}

The time coordinate z tends to zero in the final stages of collapse which culmi-
nates in a space-time singularity. The density at any epoch 7 <C 0 is given by

p = 1/(67t?) (30)
The scalar curvature is given by
R = 8mp = 4/(3t%) 3D
We consider conformal fluctuations of the form
ds == [1 + $(t)] ds {32)

Thus ¢ is only a function of z. To calculate K of the previous section we
therefore have to solve (24), which now reduces to

P12+t =0 (3)

with § = ¢, at t =1, and ¢ = ¢, at 1 = £, Since 17/% and £-2/% are two
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linearly independent solutions of (33), it is not difficult to solve this problem
by finding the function ¢ as the suitable combination of these two solutions,
as was done in Ref. 3.

Nevertheless here we solve the problem by using Green’s functions. We
define the retarded Green’s function by the following properties:

GR(t,t,) =0 for <y
(34)

GR(, 1) + 2 G 1) + g G0, 1) = g B — 1)

The function G2(, #,) is continuous across f == f; , but its time derivative
has a step function behavior. A simple calculation shows that for z =1,

GR(1, 1) = G, t) = 333 H° — (71321 (35)
We also define the advanced Green’s function by
GA(t, 1) =GRy, 1) (36)

By considering the time derivatives of

$(t) GR(1, 1) — H(1) R, 1)

and
(1) GA(t, 1,) — B(t) GA(t, 1)
it is easy to show that

312$(11)9§1 = Gty, ) i1ds + G(ta, 1)1 3_(;%?{1_,&2‘ 1,22 (37

8G(t, )

fzzfg(tz)‘ﬁz = —Gty, 1) iy + Gty , 1) Py (38)

Returning now to (28), we see that since & is a function of ¢ only,
L bt dZ; — L $bt dX; = V[t12¢‘1$(f1) - 322052‘;(’2)] (39

where V is the coordinate volume of the dust ball:

Vo=

ol

T Iy (40)
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Thus we recover the expression obtained in Ref. 3 for the propagator
in the form

Kids, ty; b1, 1] = Flty, 1) exp (A1 $y* + 2412614y + Andp’) (41)

with
k14 0G(t, , t ,
A = 3 Gty ) 2 “2)
v oGty , 1) . :
Ao = — 3Gty 1)+ 2000 g @)
v
Ayy = T Gty , 1) (44)

If the initial state (at #,) of geometry is descreibed by a wave function
(), the final state (at 1,) is given by

Pa(hs) = }‘K[‘/’z J 1y by s () dby (45)

In Ref. 3 it was shown that if ;(¢,) is a compact wave packet centered
on the classical average ¢, = 0, () is also a wave packet centered on
on ¢, = 0 but with a spread which diverges as #, — 0. This result was taken
to imply that the quantum fluctuations around the classical average diverges
at the space~time singularity of the classical solution.

In terms of our present notation we may restate this result as follows.
Suppose

(B = Qad®) 1% exp(—¢y*/4d,") (46)
Then (45) gives
ol ha)l? = (2md )12 exp(— ¢o?/24,%) 47
where
AZ"* = AIZ{Afl - 1,!(16Ai4)]A1“22 (48)

Thus the divergence of 4, is guaranteed by the divergence of A5y

1 27

- 1] — _ -
Ao > 14 1= 37,

ad, [ Gty , 1)) ~ | £y [ 723 — 0 49)

In other words, the divergence of quantum fluctuations appears to come from
the divergence of the Green’s function of (33), as the classical space-time
singularity is approached.
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Although this divergence is explicitly seen in the above example of the
wave packet, we can look at it in general terms.through (45). Note that with
K given by (45), as we approach the space-time singularity, A4,, — 0. This
makes the cross-term (¢,¢,) less and less important, with the result that in
the limit

ol ba) ~ Flty , 1) exp(i Anahs?) [ (1) exp(idys dr?) dy

~ exp(idandy?) (50)

Thus in the limiting situation i, depends on ¢, only through a phase
factor, implying infinite dispersion. So the crucial role is played by the coeffi-
cient of the cross-term, which in this case happens to be the reciprocal of the
Green’s function.

We will now show that these features are found in the general case
outlined in Section 3.

5. CONFORMAL FLUCTUATIONS IN GENERAL

5.1. Green’s Functions

We return to the wave equation (24) together with the boundary condi-
tions (25). Guided by our simple example of Section 4, we construct the
advanced and retarded Green’s functions of the equation

[G(X, B) + dR(X)G(X, B) = [—g(X)]1/? 6,(X, B) &1

Green’s functions of wave equations in curved space-time have been
discussed by others in different contexts. 1 The retarded Green’s function
G*(X, B) has a support only inside and on the future light cone of B, while
the advanced Green’s function has its support on and inside the past light
cone of B. We also have

G*(X, B) = GA(B, X) (52)

By considering the integral

[, $06 -6 v—gdx
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over the sandwich region of Section 3 for the advanced and the retarded
Green’s functions it is easy to show that

Palx") = fz [GR(xo", 1y 5 X4, t1)$(x1u= 1)

& —
A GR(xs", ty 5 X0%, 1)1 ()] V' —g d¥x,* (53)
and

b)) = — |16t 15 x5t 180, 1)

o —
BT GA(xy", 1y 5 X", 1) Palx2*)] vV —g dPx¥ (54

Here we have assumed that the normals to 2y , 2, are only in the time
direction. If this condition is not satisfied, the above expressions become
more involved, without, however, altering the general conclusion to be
established here.

The expressions (53) and (54) are integral equations which determine
qS(x1“, t;) and qS(xg“, t,) in terms of ¢, and ¢,. Once these are known the
propagator (28) is in principle determined. The situation has obvious analogy
to the simpler expressions of Section 4, to (37) and (38). Before we proceed
any further it is necessary to understand what a propagator like (28) in fact
means.

5.2. The Propagator in the Function Space

A relation of the form (45) is easy to interpret when ¢, and ¢, belong to
1, the Buclidean line. However, what does a relation like

Vol a(e)] = [KIBara)s 123 hilre), 65 [$100)] Dulx)  (59)

mean ? The ordinary integration over ¢, in (45) is now replaced by a functional
integration over ¢,{(x;*}. We can understand this transition as a limit from a
discrete to a continuum set of dynamical variables, much as a field is looked
upon as a dynamical variable with infinite degrees of freedom.

Suppose, for example, instead of the single variable ¢ in (45) we had a
discrete set of variables ¢, ¢2,..., $!™ describing the state of a system. Then
the probability amplitude is described by a wave function of the type
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H[pW,..., $]. For such a system the propagator relation (45) is easily
generalized to

Pl df,..r B3]

_ f fK[qS”’ L b, 1y 5 O, B, 1]
b4 3./}1{?5(1), ?S{n)} d?s(l) dséi’n) (56)

In going from (56) to (55) the number of variables is increased from n
to a continuum infinity, so that a discrete label r, r = 1,..., n, is replaced by
a continuum variable x* The functional integration of (55) is similarly the
continuum limit of the n-tuple integral in (56). Such transitions are commonly
used in evaluating path integrals (see Ref. 7).

With these limiting ideas in mind we go back to (53) and (54). The
integrals therein are then limits of sums over quantities labeled by x,% To
state this more explicitly we replace x* by the vector x and suppose x to take a
discrete set of values. Then we can rewrite (53) in the following form, with

g0 = g1 and g(x,%) = g,:

Po(xy) = 3 [G(xs, xl)‘;(xl > 1) — Gy (X 5 X1) ¢y (xy)] V—g (57)

$i(x)) = Z [—G(x,, X1)9g(x2 , I) + G(xs, Xp)a(xa)] \/“‘82 (58)
Xg
Here we have simplified our notation further by writing
GHxy™, 115 X%, 1) = GROx", ty 5 X%, 1) = G(Xy, Xq) (59)

and denoting by subscripts #; and ¢, the time derivatives with respect to #,
and £, , respectively.

Treating (57) and (58) as linear equations, we solve for gb(xl » f) and
¢(x2 » 1;) by using the “inverse” of the matrix G(X, , X,). Denoting the inverse
by G(x, , X,)™%, we assume it to satisfy the following relations:

% Gz, %) 6%, Xy) = Sy, (60)

*1

2 G(xz , X0) NG5, X1') = By (61)

X2

where the right-hand sides are Kronecker deltas, which become delta func-
tions in the continuum limit. The details are discussed in the Appendix.
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Using these properties of the inverse, we get

H(xy, 1) V/?&_ == Z G(Xy , X1) 1 hs(x,)

+ Y Go%y, x)7G, (%, X)) Vg, (62)

.

2 %1

and

$(X2 StV —gy = — Z G(xy , X1)7 1y (xy)

+ 3. Y Glxe , X) G (xe, X0)B(xy) V gy (63)

Xy %%

Therefore
8% {Z :(xy) ‘;(Xz ) Vg — Z Pa(Xs) ‘;(Xg i)V —gs ‘%

= Z Z Au(Xy > X ) (X)) bi(xy)

Xl Xl'

=+ z Z Ags(Xs s Xz’)f}"z(xz)?sz(xgl)

+ 22 AalXa , Xp)$u(X1) $alxe) (64)
where
An(%, . %) = g’%— 2 605 %) Gyfxa , x0) Vi—g, (65)
AosXs %) = — o . G x) Gy x) V(60
Al %) = o Gl X)) ©7)

The similairity between the three relations (42)—(44) of Section 4 and the
above three relations is obvious.
In the continuum limit the above summations are replaced by integra-



Quantum Conformal Fluctuations Near the Classical Space-Time Singularity 487
tions and we may write the formal solution for the propagator in the form:
Klgs, ta; . 1]
= F(t,, tr) exp i (ff Ap(xy 5 %)X i(x1) d*%y %y
+ [ Aalte s %) Ba(Ra) palx) dox, dPx,
+2 [ [ Aulee s %)) bulx) dx, dx,) (68)

Notice that the exponential in the propagator is still quadratic in ¢and
&, , as expected from the quadratic dependence of the action on ¢. It is this
fortunate circumstance that has enabled us o write down the exact solution
for the propagator in the above manner.

6. THE BEHAVIOR OF FLUCTUATIONS NEAR A SPACE-TIME
SINGULARITY

We now consider (55) with X given by (68). The relation tells us how
¥ has changed from ¥,(¢,) to ¥(d,). In general we cannot conclude any-
thing about how this evolution proceeds. There is, however, a special situation
which enables us to draw a definite conclusion. This situation arises when
A%, X,) vanishes.

As seen in the special case of Section 4, when A,(x,, x;) vanishes
there is no “mixing” of ¢; and ¢, . The functional integral over ¢, can be
carried out and it can only give a function of #; and #,. Therefore we get

Voly) ~ flty, tayexpi '”' Ass(Xs , X5')
X PafXe)ha(Xa') 3%, d¥x, (69)

where f'is a function of #; and ¢, . However, ¥,(¢,) contains ¢, only through
an imaginary phase factor. Hence the final state has complete quantum
uncertainty. In other words, the quantum fluctuations diverge provided
A%, , X} vanishes.

This condition is achieved in the curvature singularities of general rela-
tivity, as can be seen from the following argument.

Suppose we have a space-time manifold with a curvature singularity at
t = 14 (say). We can then find a conformal transformation

G == gy, (70)

825/11/5/6-9
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such that in the space with the metric tensor g, there is no singularity. @3
The effect of the conformal transformation is to “stretch” the space-time so
that the divergence in the curvature invariants is removed. To achieve this
the conformal function (2 must diverge at 1 = 1.

Now the wave equation (51) is conformally invariant. Hence if G(X, B)
is the Green’s function for the space-time with the metric tensor g, the
Green’s function for the conformally transformed space-time is given by

_ G(X, B) = G(X, B)/Q(X)B)
ie.,
G(X, B) = X)SAB)G(X, B) (71

Now in general G(X, B) is finite, since the conformally transformed space-

must diverge as £(X) when X approaches the singular epoch. Corresponding-
ly, its inverse must tend to zero.

Thus from (67) we see that as 7, — ¢, the coeflicient 4y, must vanish
for all x, , which proves the result.

In the case of the collapsing dust ball, it is well known that the line
element (29) is conformal to the Minkowski line element. Hence in (70) we
have gy = 7., the Minkowski metric tensor, while £ ~ | ¢ [~/ Thus in
(71), G(X, By ~ |t |7%/% and it diverges as | ¢ | — 0.

7. DISCUSSION

During this work we have tacitly assumed the existence of G(x,, x,)™
and have not entered into the mathematically pedantic discussion of the
conditions (necessary and sufficient) under which such a two-point function
meaningfully exists. From a physical standpoint we may argue that just as the
Green’s function determines the “field” in terms of its given sources, so its
inverse determines the source in terms of the given field. Except in pathologi-
cal situations, we expect there to be a unique relationship between the source
and its retarded field, i.e., between the Green’s function and its inverse.

Since the emphasis of this paper is on the physics of the problem, the
above mathematical aspect has been ignored in this work, just as many
mathematical aspects of path integrals are often slurred over so long as the
resultant physical result is sound (see Ref. 7 for many examples of this
approach). Nevertheless we expect that future work on this mathematical
aspect of the Green’s function will be undertaken and will justify the steps
to the final solution in Section 5. In the Appendix we have given some
discussion of the inverse of the Green’s function in flat space-—time.



Quantum Conformal Fluctuations Near the Classical Space-Time Singularity 489

Granted this leeway, what does our result of Section 6 imply ?
First, it shows that classical general relativity is no longer a reliable
theory to tell us what happens when the quantum condition

< h (72)

is satisfied. This, of course, is hardly surprising, since this relation marks the
difference between the classical and the quantum world. However, for relativi-
ty it has more profound implications. The classical result of the inevitability
of a singularity is shown here to be drowned in the sea of quantum (non-
classical) solutions as the singularity is approached. In other words, we cannot
assert that space—time has a singularity. Rather, we have a picture wherein a
finite region may collapse like the dust ball, until the condition (72) is reached,
after which the space-time geometry makes a transition to a state which
again makes | J | > 7% and restores the validity of the classical theory. Looked
at in this way, the Universe as a whole may not have a unique big-bang
origin at all. Rather, it is made of a large (probably infinite) number of
compact regions which at times go through highly dense phases.

Second, we have limited our discussion to conformal fluctuations pri-
marily because this limitation enables us to derive exact conclusions. Thus,
unlike many other results of quantum gravity, these calculations are not
limited to weak fields. Rather, they are geared to bringing out the effects of
strong fields near the space-time singularity.

Third, while it would be desirable to explore the full range of variations
of geometry, it is already clear from this work that the conformal fluctuations
alone are sufficient to show up the limited validity of classical general relativi-
ty. Had our result turned out to point the other way by showing that the
conformal fluctuations are insignificant, then the full investigations of quan-
tum gravity would have become more imperative. The exploration of other,
nonconformal, degrees of freedom would no doubt show further richness of
quantum gravity. But it is too much to expect that these degrees of freedom
would introduce additional uncertainties that neatly cancel the divergent
conformal uncertainties.

The difference between the classical and the quantum behavior of the
electron in the hydrogen atom led to the important concept of stationary
states. It would be interesting to look for stationary states of space-time
geometry in lieu of the space-time singularity of classical general relativity.

Finally, although we have limited ourselves to matter tensors in the form
of a system of particles, our conclusions clearly remain valid so long as any
matter tensor satisfies the rules (14). It is, however, possible to think of matter
tensors (e.g., for massive scalar fields) which do not satisfy (14). It would be
interesting to investigate whether the presence of such terms makes any
serious difference to the conclusions of this paper.
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APPENDIX

The relations (60) and (61) when written out in full and in the continuum
form are

[ Hooe t 30 0G0, 1y 5 1) s = e —xp) (A D)
z

J[[ HGo 15 300 0G0, 1y 3 1) Bt = 8 — x2) (A2)
Y

where H is the inverse G(X, , X;)~1. These relations allow us to invert integral
relations in the following way:

a(re?) = [ [[ GOt 5 3%, 1)BGR) oy (A3)
Z,

B = [ [[ HO, 135 3005, t)aley?) doxyt (A%)
Z,

Alternatively, if we require that (A3) and (A4) hold, then (Al) implies
(A2) and vice versa. We will now look at these relations more closely in flat
space—time.

Taking x* to be Cartesian coordinates, we can then write, for £, > 1,

G(xo%, 1y X% 1) = Oty — By — | X" — x¢* Dfdr | x4 — x# | (AS)

How can we express its inverse in the above sense ? We can give it a meaning
provided we bear in mind the fact that G is a generalized function and its
operations can be defined only with a suitable test function in the background.

Using Fourier transforms, it is not difficult to establish that, with @ =

[ Quls

Mty — 1, — [ X" — X" D)
4 | X" — Xy* |

= J]J o= M?A%Q:i) expliQu(ry* — x1)] %:7% (A6)

The inverse has a Fourier transform which is simply the reciprocal of the
above Fourier transform:

H(xs", 1y 5 X% 1)

J1T [0 = 10 22950 s — s 5%
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Of course as an ordinary integral (A7) is divergent and hence undefined,
just as (A6) is divergent and undefined. Nevertheless, with suitable test
functions o{x,*) and B(xy¥), (A6) and (A7) can be given a meaning.

Take for instance,

Py} = exp (i) (A8)

Then using (A6), we get, for 1, > 4,

o) = [ o [ AL xptig s — x09]

Q“' d3 xl,u

X exp(ik,x ) =5 T

Performing the x, integration first, we get 8,(Q, — k,). The resulting Q,
integration then gives

gty = P2 1) it ) (A9)
with & == | k, |. To invert the relation, we have

.{ j‘ ,{ H<x2&’ L5 Xy 31}0{3623} dgxau
%

. j _{ 470 sin k(ty — 1)
o sin O(t, — 1) 4ok

X exp{iQu(Xa ~ X%} exp(-+-ik, x, )d*"xn é Q);;
= f f f /g s?;ggz ?; 8,(Q,, + k) exp(—iQ,x") d*Q,
= exp(ik, ")
= B(x1*)

which proves the result,
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