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Abstract:
The main purposeof this article is to report theprogressof the pathintegralapproachto quantumcosmology. Since quantumcosmology is an

interdisciplinary field involving inputs from quantum theory, general relativity and cosmology, webegin with a brief survey of classical
geometrodynamicsand classical cosmology as well as an outline of the problemsfaced by any quantum theory of gravity. It is against this
backgroundthat theauthors’approach describedin sections3—5 is to be viewed andassessed.TheFeynmanpath integralformalismto theextent
necessaryfor following this approachis describedfirst in section2.

In section3 it is shown that thelimited goal of quantizingonly theconformalpart of thespace-timemetriccan bereachedwith thehelp of path
integral techniques.A caseis madeas to why this limited approachis still of relevanceto quantum cosmology.Explicit examplesareworkedOut to

show how meaningfulconclusionscan be drawn about quantum uncertaintyat theclassical singularity, the likelihood of singularity-freeand
horizon-freemodels in quantumcosmologyandthe limits on thevalidity of classicalrelativity close to thebig bang.

In section 4 the existenceof stationarystatesof theuniverseis discussed.It is shown how thequantizationof theconformaldegreeof freedom
leadsto stationary statesfor the quantum analoguesof the classicalmodels. The resultsaregeneralizedand discussedin the framework of the
superspacemetric.

The difficult problem of theback reactionof quantum conformalfluctuationson thespace-timemetric is tackledin a semiclassicalfashion in
section5. In this approachtheconformalpart of themetric is treatedclassically while theconformal fluctuationsarereplacedby their expectation
values.The resulting field equationsaresolvedin a few simple casesand physicallyinterpreted.This preliminarywork holdspromisefor a more
completetheoryof thefuture. In theend asolution to theflatnessproblemof classical cosmologyis suggestedwithin theframework of conformal
fluctuations.

1. From classicalgravity to quantum cosmology

1.1. Introduction

Cosmologydeals withthe study of the largescalestructureof the universe.Quantumtheory,on the
otherhandconcernsitself with microscopic physicalsystems.The subject ‘QuantumCosmology’ may
thereforeappearas the mismatchof two non-overlappingdisciplines. Thepurposeof this article is to
correct this erroneousfirst impressionand todemonstratethat quantumcosmology opensup a new
branchof cosmologyto which quantumtheory makeshighly relevantcontributions.

Sincecosmologyis studiedwithin the frameworkof gravity theories, quantumcosmologynecessarily
forms a branchof quantumgravity. At thisstagethe practicalphysicistsmay askthe pertinentquestion,
whethergravity needs to be quantized.Unlike electrodynamicswherethereare a host of phenomena
which cannot beexplainedwithoutrecourseto quantumideas,thereis to dateno experimentalresultor
astronomical observationthat forcesus to quantizegravity.

Neverthelessthereareconceptual reasonswhy gravitymustbe quantized.Of the four so called basic
interactions in physics all except gravity are expressedin the quantumframework. The present
unificationprogramme holds out hope for thegrand unificationof thesethreeinteractions.If eventually
gravity is also to form part of the “supergrandunified” theory it is essentialto know how to describe
that interaction in the quantumframework.

Cosmologyitself providesanotherreason.The geometricpart of the action in general relativityis
given by (cf. section1.2 for details)

Sg 1~GJ R V—g d4x (1.1)

where V is the space-timeregion underconsideration.The scalarcurvatureR of the space-timehas
dimensions(length)2.Taking R — L2 for a characteristiclength L, and the4-volume of V as L4, we
estimateSg as
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c3L2

Sg~l
6G. (1.2)

For quantumeffectsto be importantSg ~ h. While this conditionis not satisfiedby a largemargin in the
present stateof the universe,it musthave been relevantin the remote pastwhenthe universewas close
to its big bangorigin. Ignoring the numericalfactor l6ir, theabovequantumcondition tells us that at
thoseepochsthe characteristiclinear size of the universewould have beensmallerthan

L~ (Gh/c
3)112— 1.6x i0~cm. (1.3)

L~is the so called ‘Planck length’for gravity.
Experiencewith electrodynamicswarns us not to trust the classical theory once the quantum

condition S ~ h is reachedfor the action S. Likewise we arewarnedhere tolook at cosmologywithin a
suitablequantumframework if we want to study the behaviourof the universewhenits characteristic
size wassosmall (~L~).

In this article we outline such a framework and try to answer some relevant questionsof cos-
mological significance.Before proceedingfurther we summarize somestandardnotions of classical
gravity andcosmologywhich we have to drawupon in order todescribequantumcosmology.

1.2. Classicalgravity

We shall assumethat theequationsof classicalgravity are givenby general relativity[1] andwritten
as

R,, —

2g~kR= —KT~k, K = 8irG/c
4. (1.4)

HereR~kis the Ricci tensor,R the scalarcurvature,g~themetric tensor andT~kthe energymomentum
tensor.In our notation the latin indices i, k etc. will takevalues0, 1, 2, 3. Theindex 0 usuallyimplies a
timelike componentwhile the spaceindices1, 2, 3 are denotedby Greekindices ~, i.’ etc. The signature
of the metric is taken as (+, —‘ —, —).

Since in thisarticle we shall beconcernedmainly with formal aspectswe will put c = 1, G = 1, unless
otherwisestated.

The field equations(1.4) are derivedfrom the variation of an action S in a specificed 4-volumeV for
the variationsg~

5,—~ g5 + ag,,.. The action asoriginally specifiedby Hilbert [2] is

S = J R V—g d
4x + Sm, g = detI~g~~I~ (1.5)

where theenergymomentumtensorTik is relatedto thevariation of Sm by

~ _~j-Tth ~g
15V—gd~x. (1.6)



IV. Narlikar and T Padmanabhan,Quantum cosmologyvia path integrals 155

The geometricpart Sg representedby the first term in S suffersfrom onedifficulty. It containsup to
secondderivativesof g1~.This requires thevariationsof metric first derivatives~ og1klax alongwith
~~gik to vanish on 9V. To obviate this constraintGibbonsand Hawking [3] suggestedthe addition of a
surfaceterm toS given by

SGH=~—J (X+~)(-h)”
2d3x (1.7)

where ~ is the secondfundamentalform for 37/ and {h} the inducedmetric on it. The form of .S~is
properlyunderstoodonly in asymptoticallyflat space-times.

The Einstein field equations are nonlinear andof secondorder in ~ Their general solutionin
analyticform is not possible.Even theformulation of an initial value problem requiresconsiderable
discussionsincethe equations are constrainedby Bianchi identities

(R” — ~g~kR).~ 0 . (1.8)

We refer the readerto standarddiscussionsby Wheeler and hiscolleagues[4, 5] who refer to the
subjectas geometrodynamics.

A formulationwhichwe will usein later sectionsis that of the thin sandwichin which V is the region
betweentwo spacelike hypersurfacesZ, and .~. We canchoosethe coordinatesystemin suchaway that

ds2= dt2 + g~ dx’~’dx~ (1.9)

and£, �~ are givenrespectivelyby t = t~,t = tf (ti, t~constants).The field equationsmaybe lookedupon
as determining the sequenceof 3-geometries(3w) on the spacelikehypersurfacesof constant t for
ti < t < tf.

Isenberg and Wheeler [6]have pointedout that no constraint equationsare violatedif the initial data
arespecifiednot in the form of ~ but in a slightly different form. Theirprescriptionis to specify only
the conformal part of ~ and the traceof the extrinsic curvature. The latter makes up for the
unspecifiedscalefactor of the former.Such a specificationguaranteesthe existenceand uniquenessof
solutions.

The action describingthe abovegeometrodynamicscan be expressedin the form

Sg = J f (—3g)112{3R — (Tr K)2+ Tr ~} d3x dt (1.10)

where3g is the determinantof the spatial metricand 3R the scalarcurvatureof 3(9• ~ is the extrinsic
curvaturetensorand Tr stands fortrace.

It is interesting(and useful for our laterwork) to view the progressivechangeof ~ with time as a
dynamicalproblem in ‘superspace’.Following De Witt’s work [7] we denoteby dL2 the line elementin
an abstractsuperspacewhosepoints are the3-geometries~ Explicitly we write thesuperspacemetric
in the form
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dL2 = JJG~aff(X,x’) dg~(x)dg~(x’)d3x d3x’. (1.11)

Somemanipulationwith indices then tells us that theaction S~can be expressedin the form

so = ~ J (~)2 dt + JJ(—3g)t12(3R)d3x dt (1.12)

providedwe define

G~a~(X,x’) = 8(x, x’) G
5~,43(x), (1.13)

= ~(—

3gY’2 {g~g~ + g~ffg~a— 2g~gaff}. (1.14)

Thetime coordinatet actsas a parameterin superspace.The evolutionof ~ from ~, to I~traces a
path in superspace.The pathsfollowed by the solutionsof (space-space)parts of Einstein’sequations
havea specialstatusin this space:it can be shownthat they aregeodesicsin superspace.This resultcan
be expressedin the following way.

Write a single index A for the pair (pu) so thatg,.~,.arewritten g,~. Choosea new time coordinateA
definedby

dA/dt = (—3g)t12(3R)- (1.15)

Thenin termsof A the variational equations~iSg = 0 reduceto thegeodesicequations

d2gA A dg’5 dg’~
dA2 + BC dA dA — (1.16)

where theChristoffel symbolsF~~-are definedin the usualway.
Theseequationscan alsobe expressedas Hamiltonian equationswith asuitably definedHamiltonian

H for the action Sg. The constraintson the field equationscomefrom the (time-time) and(time-space)
parts of the original Einstein equations. The former appears hereas the relationH = 0 while the latter
are difficult to incorporatein general.However, theycan be eliminatedin some symmetricspace-times
which are usually of interest in cosmology. Space-time symmetriesalso help to reduce the dimen-
sionalityof the superspace.We will encountersuch ‘minisuperspaces’in our laterwork.

1.3. Classicalcosmology

The symmetriesof cosmologicalmodel referredto in section 1.2 were assumedby theoreticians
partly on observational grounds (viz, the present largescale structure of the universe shows a
remarkabledegree of homogeneityand isotropy) and partly as a meansto simplifying Einstein’s
equationsto the extent that theycan be solved exactly. The maximallysymmetric space-times[8]
describingthe expandinguniversearegiven by the Robertson—Walkerline element [9,101:
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ds2= dt2 — Q2(t)[ dr + r2 (d92 + sin2 0 dm2)]. (1.17)

Here0(t) is the expansionfactor andk the curvatureparametertaking oneof threepossiblevalues —1,
0 or +1. It was Friedmann[11] who first obtainedsolutionsof Einstein’s equationsfor the aboveline
element.

The ten Einsteinequations reducein this caseto just two:

3~+k =8irT~, (1.18)

(1.19)

In ‘standardmodels’ discussedby Friedmann,the energytensorT~was takenasfor dust.Later work
by Gamowand hiscolleagues[12, 13, 14] showedthat the “early”universewas radiation dominatedso
that theform of T~in earlyepochs shouldbe asfor radiation. Fordetailsof suchmodelswhichwe shall
refer toas Friedmann—Robertson—Walkermodels(FRW modelsin brief) and forsolutionsof (1.18) and
(1.19) see standard textson cosmology [15, 16]. In addition we will also consider solutionsof these
equationsfor T’~given by a masslessscalarfield.

Themaximally symmetricFRWmodelsassumethe universeto be bothhomogeneousandisotropic.
If we drop thelatter requirement butretain the former weget a wider class of modelsin which the
groupsof motion arethreeparameterLie groupsacting transitivelyon spacelike hypersurfaces[17,18].
Using the languageof differential forms we may write the line elementof such space-timesin the
manifestlyhomogeneousform

ds
2 = dt2+ gaffWW~ (1.20)

whereg~dependon t only and w’~are aset of threeone-forms.(For detailsof (1.20) seeref. [19].)The
various possiblegroups have beenclassified and lead todifferent types of homogeneousmodelsfirst
classifiedby (and hence named after)Bianchi [17].

For our laterwork we will use thefollowing representationof gao:

g~= ~ [e2~°]aff (1.21)

where

/3 = e~~k3e°’’e°’~~/3 e°”~eOldle~”~ (1.22)

Pd = diag. (/3k, — il3i + N3f3
2, — ~/3~—

{~0 1 01 10 0 0
k3=J—1 0 01, k1=J 0 0 1

[ 0 0 0] L 0 —1 0 (1.23)

0, u/s and/3~,/32, /33 are functionsof t, characterizingthe model.
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For detailedpropertiesof thesemodels see ref. [19].The dynamicsof such models is completely
determinedby the geometricaction

SgjJLdt (1.24)

where

L= _e3A [6A2_~(/3~+/3~)]+e3AR* . (1.24)

The form of R* dependson the structurepropertiesof the Liegroup.For simpler types(calledtypeA)

R* = ~e_2Af(13i, 132) (1.25)

while for moregeneraltypes (type B)

= c
1 e_

2 c2ff1—c3ff2 (1.26)

The function f(/3~,/32) or the constantsc
1, c2, c3 dependon the Bianchi typechosenfor the model and

their explicit form or valuesdo not concernus here.
It is interestingto note the formsof the minisuperspacefor thesesymmetricmodels.For the FRW

modelsthe minisuperspaceis one-dimensionalbeing given by just onefunction 0(t). For thediagonal
Bianchimodel givenby u/s = 0, 0 = 0, /3~� 0, 132� 0, A� 0 the minisuperspacehas3 dimensionswith the
line elementgiven by

dL
2 = —24 dA2+ 6(df3~+d/3~). (1.27)

This form was first given by Misner [20]. (Since Misner’s conventionfor the superspacemetric differs
from that of DeWitt usedherewe haveexpressed(1.27)accordingto thelatter’s convention.)

1.4. Problemsof classicalcosmology

We now briefly outline threehighly pertinent featuresof classicalcosmology, namely space-time
singularity, particle horizons andflatness.

The FRW models all havean instant in the past when thefunction 0(t) was zero. Except for the
trivial casek = —1, Q ~c ~,all suchmodelshavespace-timesingularityat thatepoch.Labellingthe epoch
of singularity by t = 0, we find that all curvatureinvariantsdivergeat t = 0 andworld linesof particles
or light rayscannot becontinuedto the pastof t = 0. It has nowbecomeclear that this appearanceof
singularity is not a consequenceof the assumptionof maximalsymmetrybut is a generalfeatureof all
cosmologicalsolutionsof Einstein’s gravitationalequations(cf. ref. [21] and thereferencestherein).In
the early 1970s Belinskii, Khalatnikov and Lifshitz [22, 23] studied the behaviourof the general
cosmological solutionof Einstein’s equationsnearthe singularepoch t = 0. We will refer to thismodel
(BKL model inbrief) in section3.6.

The otherfeatureof FRW modelsis the existenceof a particlehorizon.Closeto theepoch t = 0 the
particle horizon is of very small extent. All physical interactions between thedistant parts of the
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universeat any epochare limited by the extentof the particlehorizon at thatepoch. If the presently
observed largescalehomogeneityof the universeis due to the propertiesof the earlyuniverse,it is hard
to see how such anadjustment touniformity come about between partsof the universelying outside
one another’sparticle horizons.This problem was highlighted by the discovery of the microwave
background and theobservationof its largescaleisotropy (cf. refs. [15, 16] for a detaileddiscussion).
Since the standardinterpretationof microwavebackgroundis that it is a relic of the earlyuniversethe
aboveobservationis difficult to explain away.Misner [24]had attempted aresolutionof thisdifficulty in
classicalcosmologyby proposingthe mixmasteruniversewhich has arandomlychanginghorizonfree
direction. However, as shown by Chitre [25] thismodel is not able to ‘churn’ the universe rapidly
enoughto generatelarge-scalehomogeneity.Thus the horizon problemremains unsolvedin classical
cosmology.

A third problemwith the standardFRW modelshas been pointedout recently, first by Dicke and
Peebles [26] and laterby Guth [27].Dependingon the curvature(negativeor positive) of the spatial
sectionst = constant, the FRW modelsare characterisedas open (k = —1) or closed (k = + 1) models.
Dynamically the meandensityp of matter in the universe determines whether themodel is open or
closed.The borderline casek= 0 (which hasflat spatialsections)has the meandensitygiven by

3H2
Pc~~H (1.28)

This is called the closure density.For open modelswe haveP/Pc < 1 while for closedmodelsP/Pc> 1.
For any open orclosedmodel the ratioP/Pc changeswith epoch.If the ratiowas determinedveryearly
in the universe (at say, t — 10 s accordingto some grandunified theories)then it must have been
extremelyfinely tunednearunity in order thatit lies in the (currently estimated)rangeof 0.05 to 5 at
the presentepoch.Various‘inflationary’ scenarioshave beenproposed[28]to explain this ‘coincidence’
within the classicalcosmology.

Can quantumcosmologyaddressitself to theseproblems?

1.5. Approachesto quantumcosmology

There is so far no unique answerto the question“How should gravity be quantized?”Although
thereare several differentapproaches theyall recognizethat thebasic problems to be tackledby a
quantumtheory of gravity are thefollowing.

(i) Duality.Themain featurewhich setsEinstein’s theory of gravity apartfrom otherfield theoriesis
the dualrole ascribedto geometry.The metric tensorge,. or the Ricci tensorRk not only describesthe
propertiesof space-timein which the variousphysicalinteractionsaregoing on, they alsodescribethe
phenomenonof gravity. At the classicallevel this dualrole makesthe understandingof gravitational
radiationvastly more difficult than thatof, say,the electromagneticradiation: thereis no obviousand
simple way to disentanglethe wavepropagation phenomenonfrom purely geometricalpropertiesof the
backgroundspace-time.Likewise thereis no clear-cutway of isolating a quantumgravity effect from
changesin space-timegeometryin which that effect takes place. By contrast,in ordinaryquantumfield
theory the backgroundspace-timeis left undisturbed.

(ii) Nonlinearity. Einstein’s equationsare nonlinearandhave the unique property that thefield
equationscontain the equationsof motion of the sources.Furtherthereis ‘back-reaction’in which any
changein the energymomentumtensorof the physical systems actsback to changethe space-time
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geometry. Thusa linearizedtheory of gravity such asthe onediscussedby Feynman [29]cannotgive the
full pictureof the realsituation.

Whatconstitutesquantumgravity? Quantizationof the right-handside of Einstein’sequationsin a
given space-timehasyieldedinterestingeffectssuch as the Hawking radiation [30].Howevereven here
the role of back reaction has not beenfully understood.In any caseit is incorrect to regard such
investigationsas those of quantum gravity. In our opinion quantum gravity must tackle the two
problems mentionedabove.

Amongstthe many approachesto quantumgravity properwe may mentionthe manifestly covariant
approachof B.S.DeWitt [7,31, 32], the use of pathintegral in Euclideanspaceadvocatedby Gibbons
and Hawking [33, 34], the canonicalquantizationmethodof Arnowitt, Deser andMisner [35, 36, 37]
and thetwistor formalism of Penrose [38,39]. Although thesemethodshaveemphasizedthe formal
problems of quantization and led tomany interestingabstract conceptsthey cannot claim to have
delivereda completeand workabletheory of quantumgravity. In any case they have notshedany light
on the threeproblemsof classicalcosmologyoutlined in section1.4.

It is againstthis background that our pathintegral approachis to beviewed. It is lessambitiousand
less sophisticated(and probably lessrigorous!) than theapproachesreferred toabove.Yet it has the
merit of giving direct answersto simply posedquestions.

2. The path integral formalism

Beforewe apply the pathintegral method to the problemof quantumgravity we review it briefly,
statingthe results whichwill be useful to usin sections3—5. Our presentation herewill be application
orientedratherthan formal, being modelled afterFeynman’spioneeringpaperin 1948 [40]. To this
extentwe will not pauseto givea rigorousjustification of all themathematicalstepsinvolved in arriving
at thefinal conclusion.The purist will have to be contentwith the intuitive eleganceof the approach
andwith the successachievedby it.

In this sectionwe will apply the path integralmethodto thefamiliar problemsof quantummechanics
and quantumfield theory. In sections3—5 we will find that many of these problemsreappearin a
different garbin quantumcosmologyandthosecan be handledstraightaway onthe basisof the results
derived here.

2.1. Thepropagatoras the sum overpaths

A simpleexamplewill illustrate the differencebetweenclassicalmechanicsand quantummechanics.
Consider a particleof massm moving freely. Let thepositionvectorr = (x, y, z) denote thelocationof
the particle attime t. In Newtonianmechanics,the equationof motion of the particleis given by the
secondlaw of motion:

mr=0. (2.1)

Given that the particlewas at r1 at an initial instantt, and atr~at thefinal instant t1, the aboveequation

givesus its trajectory atall timest in t, < t < tf by the formula

r(t) = r~+ (f—--~)(rt — r~)- (2.2)
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Quantummechanicstells us thatsuch a deterministicsolutionto theproblemis not possible.At best
onecan talk of a probability amplitudefor the partice to be found atr5 at t = t~given that it was at r~at
t = t1. This probability amplitudeis given by

[ m ~3/2 im(rr— r.)
2K(r~,t

1 r1, t,] = L2~ih(t1— ti)] exp 2h(t~— t~) (2.3)

This two-point function, knownas the particle propagator,is obtainedas the Green’s functionof the
inhomogeneousSchrödingerequation

ih ih 63(r~—r1) 6(t~—t1) (2.4)

where 6(x)is the Dirac deltafunction.
Now at first sight the connectionbetween(2.3) and (2.4) and theirclassicalcounterparts(2.2) and

(2.1) isnot obviousandintuitively it is difficult to see the latteras thelimiting formsof the formerwhen
h —~0. This connectionappearsnaturally if we resort to theactionfunctionaland theformalismof path
integrals.

We first note that Newton’s law of motion (2.1) follows naturally from the principle of stationary
action

(2.5)

for a suitably definedaction S. For thefree particle wehave

5=J~mPdt. (2.6)

The prescription (2.5) appliedto (2.6) singlesout the ‘classicalpath’ denotedby (2.2). It was Feynman
[401whofirst gavethe analogousquantumprescriptionthat leads to(2.3).In thisprescription(seefig. 1)

Fig. 1. Theclassicalpathfor the freeparticleis P. In Feynman’sapproachall pathsF like thoseshown abovecontributeto theprobability amplitude
for theparticleto go from (r, t1) to (re, ti).
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the particledoesnot necessarilymovefrom (r1, t1) to (r5, t~)alongF, but may chooseany arbitrary path
F for which t increasesmonotonicallyfrom t, to t1. Feynmanassigneda probability amplitude

P(F) = exp[i S(F)/h] (2.7)

for this path 1’ to be chosenby the particle. The particlepropagatoris then simply the sum (over all
pathsF) of the pathfunctionalsP(F). In the continuum distributionof paths thissum becomesa path
integral, so that in our example,

K[r~, t5 r1, t1] = J exp[i S(F)/h] ~F. (2.8)

This pathintegralcan be evaluatedfrom first principles(seerefs. [40,41]) and theanswershownto
be equal to(2.3). In section2.3we will showhow the answercanbe obtainedwithout directly havingto
evaluate apathintegral.

To see the connectionwith classical mechanics,let h —*0 in (2.8). The exponenttends to (±ix~),

However, the integrandis a pointon the unit circle 4 = 1 in the complexplaneandexceptin a special
situation theintegral, being the sum of randomly distributedpoints on the unit circle, vanishes.The
specialsituation arisesfor a group of neighbouringpaths forwhich S doesnot change.All such paths
contributecoherentlyto the netprobability amplitudewith theresult that in thelimit the particlemoves
only alongsuch paths. Theseare of course the pathsnearF.

The aboveargumentis easily extended to moregeneralsystemsin mechanicswhich aredescribable
by the Lagrangianmethod.With the usualtransitionfrom denumerable to nondenumerabledegreesof
freedom wecan formulate a path integral theory forfields [41].We also seehow the fact that (h � 0)
resultsin a non-uniquenessof pathsand hencein quantumuncertainty.

2.2. Therelationship to the Schrädingerequation

The propagatorK definedin (2.8) has the transitive propertyexpressedby the relation

K[r1, tf; r~,t1] = J K[r5, t~r, t] K[r, t; r~,t1] d
3r, (2.9)

for any t satisfying t
1 ~ t ~ tf. The proof follows from the definition in a straightforwardmanner, andits

generalizationto moregeneralLagrangiansystemsis equallystraightforward [41].
If the stateof the particle attime t, is describableby awave-functionu/r1(r~, t1), then its final stateis

given by the wavefunction

u/i1(r5, tf) = J K[r1, t1 r~,t~]u/i1(r~,t~)d
3r

1. (2.10)

This relation,which follows from (2.8) and(2.9) tells us how thewave-functionspropagatethrough time.
In this contextK is often referred toas the kernel.

A comparisonof (2.10) and(2.4) suggeststhat thetwo are equivalent.In fact by applying (2.10)over
infinitesimaltime interval i~—t,,it is possibleto derive theSchrodingerequation for afree particlein the
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familiar form

~ (2.11)

Again, for a Lagrangiansystemwith a Hamiltonian H, (2.11)can be generalizedto

Hu/i = ih ôufr/3t, (2.12)

whereH is expressedin operatorform.
Two pointsshould be made herein view of our laterapplicationsof the pathintegral techniquesto

quantumgravity.
The first point concernsthe fact that for a real actionS, thepathintegrandin (2.8) is oscillatory and

so the integralmay notconvergeand hencewill be unreliableas a physicalconcept.However, in spite
of this formal shortcoming the path integralapproachhas yielded meaningful resultsin quantum
mechanics.We will therefore attach physical meanings to similar path integralswhich we shall
encounterin quantumcosmology,withoutworrying about theaboveformal objection.

The secondpoint is of a morespecificnature.In the operatorformulation of quantummechanicsthe
eigenvalueof the operator(i/l 3/at) is identified with energyof the system.For mechanicalsystemsand
for ususalfields, the energyis expectedto bepositive.In quantumcosmologywe will encountersituations
wherethe operatorih 3/at hasnegativeeigenvalues.This circumstanceneednot causeusany concern
sincetherethe pathintegrandsrelate togeometricalparametersof space-timemanifold ratherthan to
mechanicalsystems.We will return to this pointin section4.

2.3. Quadratic integrandsin the action

We briefly quote a resultwhich will beuseful in our laterwork. For proofof the resultseeref. [41].
Supposethe action S is expressiblein the following form

s= JF[q~4~t]dt (2.13)

whereF is given by

F = ~ {a,~4.+ brs(q4s + q
54~)+crsq,qs}+ ~ (g,qr +f4s) (2.14)

whereq1, q2 are the n Lagrangiancoordinates anda, b, c, g, f, areknown functionsof time.
The classical principle of least action ~S= 0, determinesin the abovecase aclassicalpathF along

which

qr(t) = 4r(t), t~r(ti)= q~, ~r(tf) = q~ (2.15)

whereq,, andq,~are the specifiedinitial andfinal valuesof q~-.Let S denote the value of S computed for
4,., i.e.,



164 J. V. Narlikar and I Padmanabhan,Quantumcosmologyvia path integrals

~J F[4r,4r, t]dt. (2.16)

Then it can be shownthat the quantummechanicalpropagatorfor the systemis given by

K[qrf, t~q,.
1, t1] = 4(t~,t~)exp(iS/h). (2.17)

The function 4 dependsonly on i~and i~and can usually be determinedby using the transitivity
propertyof K. A formal way of determining4 is through the van-VleckdeterminantLI, definedin this
caseby

LI = det~ ~ . (2.18)
3qri 3q~

We thenhave [42]

= (2~r)_~e
2LI 1/2 (2.19)

The importanceof this result is that it enablesus to compute pathintegralsexplicitly. In our later
work we will encounter a numberof situationswhere the path integralscanbe transformedso that they
can be evaluatedby the abovemethod.

Let usillustrate this conceptby a simple example.Consider aLagrangianin the form,

1
1=~f

2(q)q2. (2.20)

This doesnot fall under theclassof Lagrangianswe have comeacross.However notice that the
coordinateq that appearsin theLagrangianis a generalized coordinate.Insteadof q, we can choosethe
coordinate0, given by,

Q=JdQ=Jf(q)dq (2.21)

in termsof which the Lagrangianreadsas,

~ (2.22)

The path integralcan now be evaluatedtrivially. Both ~ and~‘2 represent thesamephysicalsystem(a
free particle)in Cartesian andcurvilinearcoordinatesrespectively.If the quantizationwas attempted
with ~, we would haveencounteredfactor ordering problemswith the Hamiltonian. Forexample,the
Hamiltonian

H1=
2J~q) (2.23)
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can becomeeither,

h2 ~2

H1=~
2f(q)~ (2.24)

or

Hi~) (2.25)

dependingon the orderingof factorsin (2.23). No such ambiguitiesarisein (2.22). Becauseof this we
shall alwaysassumethat— whereverpossible— the Lagrangianmustbebrought to quadraticform before
quantizationis performed.

2.4. Diffusionof a wavepacket

The notion of a wavepacket hasplayed a useful role in understandinghow the laws of quantum
mechanicsoperatein practice. Classically,we can alwaysspecify the position and momentumof a
particle exactly. Quantummechanicson the other hand limits the accuracy with which thesetwo
quantities can be specificed, by imposing the uncertaintyprinciple. In the wavepacketwe have
somethingof a compromisebetween the twonotions.The wavepacketis given by awavefunctionmost
of whosesupportis concentratedin a small regionof space,which could be identified as the region of
locationof the particle.Thusthe averagevaluesof thepositionvector(r) and themomentumvector(p)
for a wavepacket correspond to thepositionandmomentumof a classicalparticle. Thereare, however,
dispersionsabout (r) and (p), denotedby L~rand L~pwhich remind us that weare dealing with a
quantumsystem,becausezXx zip. ~ h, z~y~ ~‘ h and~z ~ ~ h.

The Gaussian wavepackethas the property that theuncertaintyproductis minimum. For example,
for the one-dimensionalGaussian wavepacket

u/i(x) = [2ir(~x)2] -1/4 exp[— (x(x))2 + ~ (2.26)

the uncertainty product ~xLip is the least and equal to(h/2) (seeref. [43]).
Supposea free particle moving in onedimensioninitially has theabovewavefunction.How will this

wavefunctionchangewith time?This questioncan be answeredby using (2.10)in onedimension.The
wavefunctionstill retainsits wavepacketform at t = t~,but its positional uncertaintyis found to have
increasedto

h
2~— \2 1/2(Lix)f = [(Lix)2 + 42(Li)2] . (2.27)

This spreadin the wavepacketis often referredto as ‘diffusion’ andit showsthat as time proceeds
the uncertaintyin locating the particlein the neighbourhoodof its average positionincreases.The
average positionis still that given by classicalmechanics:
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(X)
5 = (x)~+ ~ (tf - ti). (2.28)

However,the mean valueof a distribution has asignificanceonly as long as the spreadis finite. In
this example,the spreadin (2.27) is finite at all finite times, and henceno difficulty arises.In our later
work, we shall comeacross Lagrangiansof the type,

= ~mf(t) ~2 (2.29)

Sincethisis quadratic,we can evaluate thepathintegralexactlyand obtain aclosedform for the kernel.
It can be easily shownthat this kernelleadsto the spreadin the form,

if

2 1/2
(Lix)f = [(LiX)2 +42 (Lix)

2 (J f(t) dt)] - (2.30)

It is possiblethat the integralin (2.24) divergesat somefinite time t~,making (Lix)
5 infinite. Undersuch

a circumstancethe mean valuehas no operational significance. In quantumcosmology, classical
relativistic modelswill serve as example of the ‘average’ behaviourwhile the quantumeffect will be
seenthrough the behaviourof diffusionof the wavepacket. Wheneverthis spreaddiverges,the ‘average
classicalvalue’ losesits significance.

2.5. Quantumstationarystates

We discussed briefly(in section2.2) the connectionbetween theSchrodingerequation,

ih~_~~_V2u/,+Vu/i (2.31)
at 2m

and the path integralkernel,

K(qf i~q~t~)= J ~q(t) exp ~S[q(t)]. (2.32)

While the approachesare formally equivalent,the natureof the problem oftendictatesthe choicefor
use.We will now discussthis interrelationshipin somewhatmoredetail.

Consider theeq. (2.31) for an arbitrary potential V(q, t). The solution u/s(q, t) contains all the
information about thesystem.But in order to solve equation(2.31) uniquely we require theinitial
condition u/’(q1, ti). Thus the wavefunction u/i(q, t) contains all the information about the dynamics
(dictatedby the potentialV(q, t)) aswell as the initial condition. On the otherhand,the kernel in (2.32)
canbe evaluated, once the potentialV(q, t) is given. Thusthe kernelcontainstheinformationabout the
dynamicsalone.

More often, we will be interestedin studying the structureand dynamicsof the theory without
committing ourselvesto any specific initial condition. In situationsin quantumcosmology,the initial
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conditioninvolves the quantum stateof the universewhich is largelyunknown.The kernelprovidesthe
right tool in thosesituations.

However, the numberof casesfor which the kernelcan be exactly evaluatedis very small. It is
comparativelyeasyto attackthe Schrodinger equation.Thismotivatesone toseewhether thedynamics
of the situationcan be separatedfrom the initial conditions,in the Schrodingerequationapproach.Such
a possibility exists— via the concept of quantumstationarystates— whenever the potentialV(q, t) is
independentof time.

When V(q, t) = V(q), the Schrodingerequationadmits solutionsof the form,

u/s(q, t) = ~ t~sE(q) (2.33)

where~~(q) satisfiesthe equation,

V(q)çbE=EçbE. (2.34)

The ‘stationary states’ /~(q) contain all the dynamical information about thesystemand thus one
shouldbeable to constructthe kernelin termsof 4~(q). This can indeedbe done,through theformula,

K(qftf; q~t~)= ~ /~(qf)~E(qj)exp{—iE(t~—t1)/h} (2.35)

which can be provedin astraightforward manner, thesumbeingover the completeset of stateslabelled
by the parameterE. Thus, whenever the path integral cannot beevaluatedthe stationarystatesprovide
an equivalentalternative method.

The stationary statesare physically interesting from anotherpoint of view as well. When the
potential is independentof time, we know that thedynamics— and thephysicalobservables— mustbe
independentof time. Any time dependencein an arbitrary state,u/i(q, i’)1

2, must be a complication that
arisesfrom the initial conditions.This way, the stationarystates~~(q) are the “natural” states for the
system,and portray the truedynamics.

Nothing that was saidabovedependson the physical meaningattributed to thevariable q. In our
discussionsin quantumcosmology q will describea degreeof freedomof space-timegeometry.The
conceptof quantumstationarystatesexists for the quantumgeometryas well. However, thereis one
difference(which was commentedupon earlier): the variable E has thephysical meaningof energyin
the caseof ordinary quantummechanics.Becauseof this oneexpectsE to be positive for a free system
etc. When q is interpretedas an arbitrary dynamicaldegreeof freedomE doesnot haveany simple
meaning.Thus one cannotattachany specialsignificanceto its sign.

3. Quantum conformal fluctuations

3.1. Quantumgeometrodynamics

We now outline the applicationsof the path integral formalism developed in section 2, to the
problemsof quantumcosmology. We begin with recapitulation of geometrodynamics describedin
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section1.2. That classicaldescription,asoriginally given by Wheelertalkedof time developmentof the
3-geometry(3~ on asequenceof spacelike hypersurfaces{.~}. Supposewehavetwohypersurlaces£, and.~
whichwecall theinitial andfinal hypersurfacesrespectively,on which the3-geometriesarespecifiedto be
(
3~~and(3)~~~Canwe determine the4-geometryof thespacetimeregion 7/sandwichedbetween1, and~

In a naiveway we may supposethe answerto thisquestionto bein theaffirmative, given the classical
variationalprinciple for gravity

~S=0. (3.1)

The Einstein equationswhich follow from (3.1) determine thedynamical evolutionof 3-geometries
between ~, and ~ in much the same way that Hamilton’s principle together with the end-point
conditionsdetermines the trajectoryof a Lagrangian mechanicalsystem.

If this simple analogyholds we can extendit to the quantumdomainby introducingthe propagator
of 3-geometries

K[~3~
5, ~ ~ 1] = ~ exp(iS/h) (3.2)

where the right-handside denotes aformal sum over all ‘paths’ which represent asuccessionof
3-geometries{(3~} startingwith (

3~~on .~, and endingwith (3~~on £~.Of these paths the(supposedly)
uniquesolutionof Einstein’sequationswith the aboveboundaryconditionsrepresents theclassicalpath
F. The quantumgeometrodynamicsis thereforecontainedin the propagatorK.

Apart from the practicaldifficulties of evaluatingthe pathintegral impliedin the sum (3.2) thereare
certainconceptualproblemswhich areserious enoughto bediscussedright at theoutset.

The first problemarisesfrom the oscillating natureof the typical exponentialterm exp(iS/h).What
meaningcan wegive to asumover suchtermsor to anintegralwhich manifestlydoesnot converge?To
circumvent this difficulty Gibbonsand Hawking [33] havechosenthe so-calledEuclideanspace-time
manifold. (This was referredto earlier in section 1.5.) Formally this procedure has theadvantageof
changingexp(iS/h) to a dampedexponentialexp(—S!h), and theresulting path integral may be well
defined.In the Gibbons—Hawkingprogramme theactualcomputationsare donein this Euclidean(and
thereforeunrealistic)space-time,with the hopethat the resultscan be continuedfrom the imaginary r
back to the realtime coordinate t. While this approachhas led to interestingconcepts like the
space-timefoam and gravitational instantons,it hasyet to yield a concretedown-to-earthsolution of
any problemin quantumgravity.

In our approachwe will keep to the realspace-timewith all its problems of summingover
nonconvergentterms.Thisdifficulty is alsopresentin Feynman’soriginal approach.It was mentionedin
section2 andtoleratedon the groundsthat in spiteof it, meaningful resultscan be obtainedin quantum
mechanics.We give the samejustification here, for ourpath integralsin quantumcosmologywill turn
out to beremarkablysimilar to thoseof quantummechanicsand quantumfield theory.

The seconddifficulty is posedby the lack of properspecificationof boundaryconditionson £ and.~

and thelack of uniquenessof the classicalgeometrodynamicsexpressedwith the 3-geometries.The
classicaldifficulty was mentionedin section 1.2 whereit was pointed out that theinitial andfinal data
are betterspecifiedthrough the prescriptionof Isenberg and Wheeler [6,44].

In the Isenberg—Wheelerprescription thedatato be specifiedon or are the conformalpart of
the 3-geometriesand the traceof the extrinsic curvatureK~.Such a prescriptionis unambiguousand
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leadsto a uniquesolutionof the problem.This notion of conformally related3-geometriescan be seen
in the wider context of conformallyrelated4-geometrieswhich wewill highlight in this article.

Finally, it was noted in section 1.2 that the classical Hilbert action for gravity contains second
derivativesof themetric tensor.This fact posesa problemfor the pathintegralapproach. Normally,in a
Lagrangian containing dynamical variables with only the first time derivatives, the paths can be
identified by their end-points.In the variationalprinciple,for example,the end-pointsof a path are kept
fixed. If the Lagrangianalsohassecondtime derivativesthen notonly theend-pointsbut theend-slopes
of the pathsalso must be kept fixed. In computing the pathintegral therefore,simply specifyingthe
end-pointswould not give the propagatorK; we would also need tospecify the end-slopes.This
requirementmakesthe problemof computingpathintegralsmuchmorecomplex.

These difficulties are eliminatedby the addition of the surfaceterm (1.7) of Hawking and Gibbons
[33].Sincethe variations~ from the surfaceterm cancelthe variationsarisingfrom the Hilbert term,
the problem effectively involves fixing the surfacevalues of g~

1.only. In what follows we will tacitly
assumethat such a surfacecancellationdoestakeplace.

3.2. Conformalfluctuations

Eventhough the aboveconceptualproblemsaresortedout, thecomputationof the propagatorK in
(3.2) for the most generalsituation,remainsan impossiblydifficult task. By settingour sightsat aless
ambitiousgoal wecan,however,makesomeprogress.The remainderof this sectionwill be devoted to
a reportof this technique and the results producedby it.

Supposethat for agiven action (1.5) the space-timemetric

= g~kdx
1 dx” (3.3)

represents theclassical solution for a sandwich type region described in section 3.1. The time
developmentof gik between.~, and£~denotes theclassicalpathF (seefig. 2).

Consider now aconformaltransformof (3.3):

ds2 = f~2d.~2= Q2 g~ dx~dx’~ (3.4)

where (2 is an arbitrary function of spaceand time. Since Einstein’s equationsare notconformally
invariant; exceptfor the trivial caseof (2= constant,(3.4) describesa nonclassicalpath F between.~

and ~. Of course nonclassicalpathscan be generatedin otherways also,but the abovemethodis the
only one that preserves thelight cone structureof the original classicalsolution. A changeof this
structurewould lead to adifferent causalrelationship andtherebyintroducenew physicalaspectsinto
the problem. Thus by restricting ourselvesto (3.4) we are ensuring that the causal structure of
space-timehas notchanged.

Specified geometry

— t t tF: Time development according to Einstein

I I I
zi

Specified geometry

Fig. 2. In thesandwichproblem1’ representstheclassicalevolution of geometry froma specifiedvalueon 2~to a specifiedvalue on
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We may look upon the aboverestrictionas onein which of all possibledegreesof freedomavailable,
only the conformaldegreeof freedomis quantized.This degreeof freedomemerges naturallyfrom the
work of Isenberg and Wheelerdiscussedearlier.We may recall that the datarequiredto bespecifiedon

or ~ includesthe conformalpart of (3~, i.e., the specificationof 3-geometrywithin an arbitrary
conformalfactor.

Since (2= constantcan alwaysbe reduced to12= 1 by a suitablechoice of units we will assume
henceforththat (2= 1 represents theclassicalpathF. Any nonconstant(2 between ~ and.~denotes a
nonclassicalpathand wewill call

(3.5)

the conformal fluctuationaround theclassicalpath. When 4 is treatedas a quantumvariable, we will
refer toit as the quantumconformalfluctuation (QCF).

Underthe transformation

= (1 + ~)2 ~k (3.6)

the scalarcurvaturetransformsas

R— R + 6L14’(1+ ~)2 (1+ ~)3 (.)

whereR and the wave operatorE are computedfor the metric tensor~ We will now expressthe
action S given by (1.5) in termsof gtk and t~.Sincewe will be dealingwith formal theoreticalconcepts
only we putc = 1, h = 1, G = 1. A simplecalculationgives

= a— J [(1+ ~)2 i~- 6~’]V~d4x + Sm. (3.8)

In arriving at (3.8), we have used Green’s theorem to transform theLk/ term to the4~y/~term.The
surfaceintegral over37/ which arisesfrom thisoperationis cancelledby the changein the surfaceterm
(1.7) (introducedby GibbonsandHawking)under theconformaltransformation.

What can we say about the matter termSm? If T~denotes theenergy tensor for matter, the
variational principle gives asin (1.6)

~sm~JT~g~~\/_g~d4x (3.9)

for any small variation ~g1kin ~ For small4, we get~g~k=
24g~and

~Sm -f ~ g~kV-g~ d~x. (3.10)

However,sincethe barred quantitiessatisfyEinstein’s equations, we have
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(3.11)

so that the linear term in q5 disappearsfrom (3.8).
More can be said about finite transformationsif the specific forms of Sm are known. For thethree

forms discussedin section1.3 we have thefollowing results.
(a) Systemofmassiveparticles:Supposewe have acollection of particlesa,b,.. . with restmassesma,

mb,..., so that Sm is given by

Sm~fmatha. (3.12)

In such a case

dSa= (1 + ~) d~a (3.13)

and hence(3.10)holdsexactly.
(b) Radiation: Since photonsare of zero restmasswe do not have(3.13) holding for them. In fact

electromagnetictheorybeingconfonnally invariant, we have in this case

SmSm. (3.14)

(c) Scalarfield: The Lagrangianfor the masslessscalarfield u/i hasthe form

~,= ~a
1uIJakuIJgV—g. (3.15)

Under theconformal transformationgik goes to Q_

2gtk and \/‘_g to f2~V—g giving, for the matter

action

~ (3.16)

In all threecases abovethe total actionS is quadraticin 4, and4. It is thiscircumstancethat makes
the explicit evaluationof the path integralpossible.Before proceedingwith the general casewe
illustrate the techniquewith a simple example[45,46].

3.3. Friedmanncosmology

Consider thehomogeneousisotropic cosmologiesdiscussedin section1.3 at theclassical level.Let
the classicalline element bewritten as

d~2= dt2 — ~2(t) [~~2 + r2 (do2+ sin2 0 d~2)]. (3.17)

Conformal fluctuationsaround thisclassicalsolution will be given by (3.6). Note, however,that if we
restrictourselvesto theclassof fluctuationswhich preserve thehomogeneityandisotropy of (3.17) then
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~ can only dependon t. Defining anew time coordinateT by

di-=(1+4)dt, (3.18)

we can expressthe new line element in amanifestly Robertson—Walkerform.

We will take for Sm the form (3.12) so that S as given by (3.8) becomes

S = S+~-_J(J~2_ 6~)V-~d~x. (3.19)

For 7/ we choosea coordinate spherer ~ r~,and atime interval (t
1, t1). Since we are interestedin the

approachtowardsthe classicalsingularity we will reverse thetime direction_sothat as shownin fig. 3,
0 < t~< t1. Let V be the coordinatevolume of the spatial regionr ~ rb. As R and çb dependon t only,
we get

S= ~J(~2i~2)~3dt (3.20)

We cannow formulate our quantumcosmologicalproblemin the following way. We specifythe state
of the universe by a wavefunctionu/i = u/i(4, t). If we were consideringclassical cosmologyonly, we
would be certain that/ = 0 at all time, so that

u/i(cb, t)1
2 = 6(q5). (3.21)

Here 6(x)is the Dirac deltafunction. ln quantumcosmologywe cannot be certain thatç5 will always
be 0. The ‘best’ we can do in specifying the stateof the universeat theinitial epoch t, is to expressu/s as
a wavepacket.We accordinglywrite

u/i~(ç5,t) = (2mI~”~exp(—ç52I4LI~). (3.22)

The uncertainty in the averagevalue ç5 = 0 is thereforegiven by LIi. In the limit LI—*0, u/il2 tends to

K ~

__ I __

t.

t~o

Fig. 3. Thetime evolutionis reversedfor thecosmologicalproblemsincewe are interestedin how K behavesas tf —~0.
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The time developmentof u/i from u/’~ to u/it is given by the propagatorK[ç5~,t~ç51, t~1:

çbf(ç5f, t~)= f K[q5~, t5 ç51, t~]~~(ç51,t~)dqS1 (3.23)

where

K[qIç, tf; ç5~,t~= J exp(iS[qS]) ~ç5

= expj~. f exp{_~J (~2- ~ç52) ~ dt}~~. (3.24)

Our problem is to computeK andthenstudy the behaviourof u/si as t5—* 0.
To evaluateK, note that the pathintegral in (3.24) is of the formdiscussedin section 2. Using the

result (2.17) we write theformal solutionas

K[ç5~,t1 ç5~,t1] = F(tf, tt)exp{_~J(~2_~~2) ~3dt} (3.25)

where ç5(t) is the solution of the equation

(Q
3q5)+ ~Rq5 0 (3.26)

with the boundaryconditions

qS(t~) = ç5
1, qS(t1) = qSf. (3.27)

For small values of 0 the curvature termmay be neglected.Sincefor k = 0, R is given by

R = 6(0/0 + ~2/~2) (3.28)

it is easyto write theexplicit solutionof our problemas

~(t) = 9~~)I ~ ç5f . I~~=q.~_j/ i4-~—. (329)
~ Q(t) J 0(u) 0(t) J Q(u)J / ~ 0(u)

Define thefollowing quantities:

~1s~(t1), ~~~(t1), Hlss*P=~)~ Hf511~). (3.30)
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We will assume(cf. following section)that T is finite as tf —*0. We cannow write

K[ç55, tf; ç5~,t~]= F(t~, ti). exp[~4{(1 + T05H~)~ + (1 TQ1H~)Q~ç5~- 2~1Q5~1~~}](3.31)

with

3V 1/2
F(t~, t~)= [8~2~ (QiQf)] . (3.32)

This completesthe first part of our solution.To studythe behaviourof u/st as t~—*0 we use(3.31) and
(3.22) in (3.23).The resulting integralis straightforward toevaluatebut messyin detail. Apart from an
imaginaryphasefactor u/it has awavepacketform similar to (3.22) with LI, replacedby

= ~?1[1 + -~-~~-LI~~ (1 + T~~H~)2]. (3.33)

Consider whathappensas t1—*O. We havealreadyseenin section1.3 that Q~—*Oas t5—*0. Hence LI5
divergesas t5—*0 as

LI1 (Q5)
1. (3.34)

In the limit of the classical singularity, the quantumconformal fluctuationsdiverge.Therefore the
classicalsolutionwhich is the ‘average’of our wavepacketis no longerreliable (seefig. 4).

This result was first obtainedby Narlikar [45] for dust cosmologies(p = 0), whereit was seenthat
LIf ~ t2~3.From(3.34)it is clear that theresult is valid evenfor p� 0. In the limit of radiation (p = 1/3e)
where(3.14)holdsit can be shownseparately[47] that LI

5 divergesas (Q5)~.

t”tf~O

0

Fig. 4. The spreadof thewavepacket(for ~i) as t~-~O.
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3.4. Singularityand theparticle horizon

Before proceeding to moregeneral solutionsof relativistic cosmologyit is instructiveto dealwith two
specific questionswhich can be answeredin the context of homogeneousand isotropicuniverses.The
two questions arerespectivelyas follows:

1. Do QCFpreventthe existenceof a space-timesingularity?
2. Do QCF eliminate the appearanceof a particlehorizon?
We have seenin section 1.4 that theclassicalFriedmannmodelshave aspace-timesingularity aswell

as aparticular horizon.In section3.3 wesaw that the QCFdivergeat theclassicalsingularepoch which
renders theclassical solution unreliable. Nevertheless,if we took the full rangeof quantum‘paths’
availablefor 12 = 1 + ç5, canwe associateany probabilityfor a ‘yes’ or ‘no’ answerto eitherof the above
two questions?Recent work [48]showsthat wecan.

The wavepacketsolution discussedin section 3.3 suggeststhe answer.Let_us consider the first
question first. For aspace-timesingularity of the line element(3.17) we need Q—*0 as t_~*0.*For a
conformaltransformof (3.17) we need

Q=(1+qS)Q—*0 (3.35)

as t—*0.
At t = t

5, ç55 = (Q~—Q~)/Q~and hence from(3.34)

(Q~— Of) —*0 as tf—*0, (3.36)

sincewe know from the classicalsolution that O~—*0.Thus as we approachthe singularepoch(t~—*0)
the wavepacket spreads but thesingular solutionsare bunchedcloserandcloser to theclassicalvalue

= 0 with the result that theprobability of a singularorigin becomesvanishingly small (seefig. 5).
The second questionturns out to be related to thefirst. First we notethat light conesbeinginvariant

in aconformaltransformation, theconformaltransformof (3.17)will continue to have a particlehorizon
unless, the singular hypersurfacet = 0 of the classical solution is transformedunder (3.18) to a
nonsingularhypersurface at afinite value of r, say T = 0. For, in that case thenull conescan be
continuedinto the pastof the r = 0 hypersurface,and theregion of communicationextended(seefig. 6)

- ~~ + ~

Fig. 5. The shaded regionwith X = 4i~/Afrepresentstheprobability of singularmodels. As t~—~0, X—~0 and hencethe probability of a singular
origin tendsto zero.

* Thereis oneexception,theflat space-time givenby Q~ t, k = —1.
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Fig. 6. By a conformaltransformation,theEinsteinde Sitter model with finite particlehorizon is changedto thesingularity.freeandhorizon-free
Minkowski space-timeasshownabove.

to arbitrarily large distance.A simple example of this procedureis found in the conformal trans-
formation of (3.17)for k = 0 with 12 = (Q)-1 which leads us to thehorizon-freeMinkowski space-time.

For this tohappenwe therefore need

r=J(1+~)dt, t
0=constant

to befinite as t—* 0, for all ç5 suchthat (1 + ç5) 0 is finite at t = 0 (condition for nonsingularityat t = 0,
cf. (3.35) above!). If (1 + çb) ~ —* a > 0, wherea is a constant, we require

r~ I~b>0 as t0 (3.37)Jo
to

whereb is aconstant.It wasshownin ref. [48]that (3.37)is satisfiedfor all solutionsof (1.18) and(1.19)
for which the pressureis non-negative(T~~ 0). This is alsothe condition assumedin the last section,
that T definedby (3.30) is finite.

We therefore arrive at theconclusionthat in the regime of quantumconformal fluctuationsof
homogeneousandisotropicuniversesthe probability that the universeoriginatedwith a singularity and
that sufficiently earlyon it had a particlehorizon, is vanishinglysmall.
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3.5. Universeswith arbitrary distributionsof massiveparticles

The divergenceof QCF at theclassicalsingularepochin the homogeneousandisotropicuniverseis a
result whichcan be generalisedin many directions.It was shownby Narlikar [49]that the QCFdiverge
at thesingularepochof the classicalBianchiType I model.This work alsodescribesdivergenceof the
quantumfluctuationsof the nonconformaldegreesof freedom embodiedin the shearof the Bianchi
type I model. However, if we restrictourselvesto QCF, andassumethat thegravitationaldynamicsof
the universe is determinedby arbitrary distributionsof massiveparticles, then we can prove a much
moregeneralresult.This resultwas obtainedby Narlikar [50] andis summarizedbelow.

For the systemof massiveparticles (3.12) describesthe classical action and under aconformal
transformation(3.10) holdsexactly, so that wearrive at (3.19). In section3.3 we specializedto thecase

= ç5(t). In the present workwe drop thisrequirement,sincewe areno longer restricting ourselvesto
homogeneousand isotropic models.

Although we do not have homogeneityand isotropy, we can still foliate the space-timewith
spacelike hypersurfaceswhich arelabelledby t = constant.Thus£, and~ arelabelledby t = t, andt =

respectively.We then have

K[qSç, t
5 ç5~,t1] = exp~. ~ exp ~— J (Rq5

2— 6q5~qY)V—~d4x. (3.38)

Now considera generalizationof the result statedin (2.17) which is extendedfrom curvillinearpaths
x(t) to functional historiesq5(x~)in the following way.

Write

= qS(x’)+ ij(x’) (3.39)

where

ç5(x°’,t
1)= ç51, ~(x°’, t~)=0,

— (3.40)
ç5(x~,t5)= ç5~, ~(x~’,t5)=0,

and ç5(x~)satisfiesthe waveequation

(3.41)

Then

I (Rq5
2- 6qS

1qY)\/—g d
4x = 6J c~c~d~- 6J bçbk d~k+ f (]~2 - 6~~)V-~d~x. (3.42)

The first two terms on the right-hand side above are path-independent while the last term is
independentof end-pointvalues.Therefore thesumover pathsin (3.38) is expressiblein the form
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K[ç55, t5 ç51, t1] = F(t5, t1) exp 3t ~ (J — J) ç5ç5~d1~k}, (3.43)

whereF dependsonly on end-points.
Thus the computation of K reducesto solving the wave equation (3.41) with given boundary

conditionson .~, and .X~.The solution of the waveequation can be expressedwith the helpof the
retarded andadvancedGreen’s functions.Thus the retardedGreen’s functionG’~(X,B) satisfies the
waveequation

LIGR(X, B)+~R(X)GR(X,B) = [—g(X)]
112 6

4(X,B) (3.44)

where thewaveoperatoris with respectto the coordinatesof X. The two-point function GR(X, B) has
supportinsideandon the futurelight coneof B. The advancedGreen’s functionGA(X, B) satisfiesthe
samewaveequation(3.44) but hassupport inside andon the pastlight coneof B. We also have the
symmetrycondition

G’~(X, B) = GA(B, X). (3.45)

Using theseGreen’s functions we can write down the solution for qS(x’) for the sandwichregion
enclosedby ~,and.~. In particularwe get

ç55(x~)=J [G’~(x~,t5 xff, t1) ~(x~’, t~)- ~(xr, t1) ~ GR(x~~,t~xr, t1)] \/_g d
3xr. (3.46)

A similar relation gives ç5
1(x~’)in terms of a surface integralover~,involving the advancedGreen’s

function.
We may look upon,these relationsas linear functionalintegral equationsrelating ç5~(xfl,ç5~(x~)to

the time derivatives ç5 at X, and 1~.These equationscan be formally inverted so that ç5, and ç55 are
exprçssedliflearly in termsof ç5~and ç55. For detailsof this operationseeref. [50].When we substitute
for ç5, andç55 into (3.43) we get

K[q55, t5 ç51, t~]= F(t5, t1) exp ~ f APQ(X~P,t~,x~”,~ d
3x/~.(3.47)

(P=i,f) (0= it)

The coefficientsA
1, and ~ arerelatedto the advancedandretardedGreen’sfunctionsin a somewhat

implicit form. The crosscoefficient,however,has asimple interpretation:

Aj~
1 = A~= GR(f, i). (3.48)

It will be seenthat (3.47) is a formal generalizationof (3.31), for the purely time dependentfunction ~.

It is, however,the crosscoefficient that carriesthe ‘memory’ of the initial state to thefinal state.For,
supposewe denote the initial stateby a wavefunctional~P(ç5

1)andthe final stateby the wavefunctional
~I’(ç55).Then thefunctionalintegral
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= JK[q5~, t~ ç5~, t~] ~Pt(çbt)~ç5i (3.49)

tells us how to compute thefinal statefrom the given initial state.However, the integral overç5~
becomestrivial if A15 = 0, andwe get

F(t5, t1) exp~-~- ff A~5ç5f(x~’)ç55(x~)d
3x~d3x~. (3.50)

Thus the final stateis characterizedby an imaginary phasefactor irrespectiveof what the initial state
was. It is this situation that occurredin section3.3 whereit was identified with the divergenceof
quantumfluctuationsat theclassicalsingularity.

We now show that the same situationprevails in the presentgeneral situation, because at the
classicalsingularity the Green’sfunction diverges. Weend thissectionby a demonstrationof thisresult.

Givena singularspace-timemanifoldAt of general relativitywith metric ~ wecanconstructanother
manifold At which is nonsingular andwhosemetric g~is a conformaltransformof ~jk, say,

= Q2~ (3.51)

Explicit demonstrationof such transformationshas beengiven by Kembhavi [511.The conformal
function ~Qthendivergesat thesingularepoch t~. —

The Green’sfunction in At is relatedto theGreen’s functionin At by the following simple relation:

12(A) (2(B) G(A, B) = G(A, B). (3.52)

Now sinceAt is nonsingularat t = t~,G stays well behaved if eitherof the points A,B lies on the
hypersurfacet= t~. However,12(A) or 12(B) divergesas A or B approaches thesingularhypersurfaceat
t = t~.Hence G(A,B) divergesat t = t~ andA~

5tendsto zeroas (21 at thesingular epoch.This is why
the QCFdivergeat theclassicalsingularity.

3.6. Further generalizations

If insteadof material particlesof nonzero restmass theprincipal contentof the universewere pure
radiation,thenbecauseof (3.14) and becauseT= 0 for radiation, theexpressionin (3.38)is simplified to
the extent thatR = 0. The subsequent argument carriesthrough as far as the remarksfollowing (3.50).
The demonstration that G(A,B) divergesat the classicalsingularity cannot,however,be given in the
form describedat the endof section3.5 because theoperator~ is not conformallyinvariant(as ~ + R/6

was)when appliedon a scalarfunction.
Padmanabhan and Narlikar[52] have,however,pointedout that theabovecasecan be dealtwith

under a more generalframeworkwhich considersQCF around theclassicalcosmologicalsingularity in
its ‘most generalform’. We recall herethe classicwork of Belinskii, Khalatnikovand Lifshitz [22,23]
(abbreviatedhenceforthto BKL), mentioned insection1.3. BKL have argued thatnearthe singularity
the explicit form of Smdoesnot makeanysignificant differenceto the mode inwhich the singularity is
approached.(We are assumingas in section3.5 that the time axis is turned backwardsand that the
singularhypersurfaceis at t = 0.)

If we take theBKL model thensimple algebrashowsthat closeto t = 0, the Green’s functiontakes



180 .1. V. Narlikar and T. Padmanabhan.Quantumcosmologyviapath integrals

the form

G(x~,t5 xff, t1) 63(xr-x~’)In (3.53)

wheref is somewell-behavedfunction.
Taking the limit t~—*0 we thereforesee that G diverges.Becausethe infinite dimensionalmatrix in

(3.53) is diagonal wecan arguethat A1~—*0 and hence the QCFdivergeat thesingularity.This general
result includes variousspecific approachesto singularity with different forms for Sm. In particular it
includesthe resultof Padmanabhan [53] that the QCFdivergearound theclassicalFriedmannsolution
containingmasslessscalarfield.

Finally we mention anothergeneralizationof the resulton singularities describedin section 3.4.
Using thetechniquesof section 3.5,Narlikar [54]hasshownthat amongstthe entire rangeof conformal
transformsof the classicalsolutionsof Einstein’s equationsfor non-interactingmassiveparticles, the
models with singularity occurwith vanishing likelihood. Thus the conditions of homogeneity and
isotropy of the Friedmannmodels are not necessaryfor establishingthe unlikelihood of space-time
singularity.

3.7. Concludingremarks

The explicit resultsof sections3.3—3.6 are sufficient to establishour confidencein the pathintegral
techniqueas appliedto quantumcosmology. The factthat QCFdivergeat theepoch whenthe classical
relativistic modelshavesingularity, tells us that quantumcosmology has anontrivial contribution to
make to thesubjectof strong gravitationalfields. In particular the classicalconclusionthat singularity
and horizons are inevitable, has to bemodified to the quantumcosmologicalresult that it is highly
unlikely that theuniverseoriginatedin a singularity or had particlehorizon sufficiently early on. We
may compare this contrastof conclusionswith the contrast between theconclusions drawnby classical
and quantumelectrodynamicsfor the fateof the orbitingelectronin the H-atom.

To complete the above comparisonwe will next study the possibleexistenceof stationarystatesin
quantumcosmology.

4. Quantum stationary geometries

4.1. The needfor a new approach

The discussionin the previoussectionhasclearly pointedout thelimited validity of classicalrelativity
at thesingular epoch. Startingwith awavefunctionfor the conformal factor, whichis strongly peaked at
the classicalvalue, we were led back to acompletelyuncertain state at thesingularity. The general
proof for this resultshowsthatquestions regardingsingularity just cannot bediscussed withinclassical
relativity.

Thus, to proceed further,we have to introduce aformalismfor quantumgravity. We havealready
discussed,in a previoussection,how thevarious approachesto gravity lead todivergentviews regarding
the questionof singularity. The existenceof a singularity implies the endof predictive power for
physics.In this sense,it is reasonable toassumethat any worthwhile modelfor quantumgravity must
resolvethe difficulty of singularities.
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Whatguidelinesdo we have to proceed towardssuchamodel?To beginwith, it is clear that technical
sophisticationalone is unlikely to bearfruit. It is alreadyapparentthat virtually everyknown method
has beenused in the field of quantumgravity without any significant success.We take this to be
indicative of the need fornew physicalinput.

A studyof conventionalmethodsof quantumgravity alsosuggestsa probableline of attack.All the
previous methodsof attack treatedgravity either completely as a field or completelyas space-time
geometry.The truth might lie in-between;classicalgravity plays the dualrole of field and space-time
geometry. It soundsplausible that the field aspectof gravity should be quantizedwhile the geometrical
aspectsremainas C-numbers.This would be thebasicphilosophythat wewill follow.

To proceedfurther we should make quantitativewhat is meantby the ‘geometrical’ and ‘field’
aspectsof gravity. Our discussionin the previoussectionshasshownhow well the conformaldegreeof
freedom lends itself to quantum treatment. Also thegeometrical and causal propertiesof the
space-time,decidedby the light cone structure,remain invariantunder quantumfluctuations.In other
words,by writing a metric tensorg1~as,

glk(x) = 12
2(x)g

1k(x) (4.1)

one haseffecteda neatseparationof geometricalandfield aspectsof the space-timemetric.
The separationin (4.1) is generally covariant.Under coordinatetransformations,the form (4.1) is

retainedas long as 12 transformsas a scalarandg~1. transformsas a tensor.
Having decidedon thesepreliminaries,one shouldproduce aconsistentsystemof interpretationfor

our approach.To beginwith, notice thatsince12(x) is going to be a q-number,g~,. in (4.1) (asit stands)
is a quantumvariable. In order togive the standard interpretation to theline element, we have touse
the expectation value for(4.1) in a suitableform andwrite,

(g1~) = (122(x))g1~. (4.2)

This section and the next(section 5) will concentrateon studyingthe expectation value((22) and
determiningg1~.

4.2. Quantumstationarygeometries

The classicaldescriptionof geometryuseswell-defined functions; for example,the FRWuniverses
aredescribedby the function0(t) whichhas asingularity at t = 0. We want to replace thisdescription
by a set of suitably chosenquantumstates.The analogyof hydrogenatom mentioned beforehelpsone
in arriving at thechoice.

Classically, the electronin the hydrogenatom is describedby a trajectoryq(t) that spirals downto
the nucleus (r = 0) in a short time. Quantummechanicsprevents this catastropheby an appeal to
uncertainty principle: completelocalization at r = 0 involves infinitely largefluctuationsin momentum.
A compromisemustbe reachedbetweenthe classicalpull of the potential andthequantumfluctuations
that arisefrom the uncertainty principle.These‘compromisestates’ are the standardstationarystatesof
the hydrogenatom. Therearisesalower bound to the electron orbitin the form of the Bohrradius.

This suggeststhat oneshouldlook for correspondingquantumstationarygeometries(QSGs)for the
conformalfactor. The expectation value in equation(4.2) can be takento be in thesestationarystates,
leadingto the line elements forvarious QSGs. The choice of stationarystatesis also ‘natural’ in the
sensethat we are notmaking any assumptionsabout theinitial conditionsfor the quantumuniverse.
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Onemight wonder, at thisstage,about the backgroundmetric ~k’ So far, thischoicewas dictatedby
classicalsolutions.We shall formulate, in the nextsection,the completeequationsof quantumgravity.
Till then, the formof g~will betakento beexternally prescribed.

We shall nowproceedto discussspecific examplesfor the stationarygeometries.

4.3. OSGsin flat space

The simplest examplefor QSG occursin the flat spaceitself [55]. Consider the situation where the
backgroundmetric is takento be Lorentzian,so that

glk = 122 ~ = 122 “~ik (4.3)

The action for the conformalfactor has theform,

S=—~--~J12~121d4x. (4.4)

Making aFourier transform(with G= 1),

1 k.x d
3k

12(x, t)= j qk(t)e ~ (4.5)

we can write this actionas

If

S = —J dt f {lqkI2 — ~~)k~qk~} 3, (4.6)

which correspondsto a set of independentharmonicoscillators,except for theoverall minus sign. This
minus sign can be incorporatedinto the ‘energy’ of the stationarystatesand thus doesnot affect the
probability amplitude.Of specialinterestis the ground stateanalogousto thevacuumstatein quantum
field theory. The‘vacuumfunctional’ for gravity can be written as

~P[12(x)]= N exp[_-~-~~fJ (V~12)~~~12)d3x d3y} (4.7)

which gives the probability amplitudefor detectinga conformal factor 11(x) in the flat space.Quite
clearly largedeviationsfrcn theflat spacecan occurat Plancklengthscales,and theselead to the often
talked about‘space-timefoam’ structureof the universe.

4.4. QSGsin a maximallysymmetricuniverse

Since our main motivation for quantumgravity arisesfrom cosmology,we shall now turn todiscuss
the stationary geometriesfor a Robertson—Walkermodel.We shall write themetric (with c~1) as
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d~2= c2 dt2— ~2(t) { 1 —r2/a2 + r2(d02+ sin2 0 dç52)}. (4.8)

In section3, while consideringthe QCFs,we studied theclassof metricsof the form

ds2 = 122(t)d~2 (4.9)

and determined the Kernel for12(t). Following this analogyone would haveliked to considerthe
stationary statesfor 12(t). However the Hamiltonian for [2(t) will contain 0(t) as an externally
prescribedfunction andhenceit will be a time-dependent; thusno stationarystatescan exist. When the
stationarystates are notavailable,we can still evaluate theexpectationvalue

(gu.) = ((22) g
1~ (4.10)

in any suitably chosenevolvingstate. Forexample,if the stateis chosento be aGaussianwavepacket
[see(3.22)] in (12 — 1), then (4.10)is equivalent toreplacing0

2(t)by,

Q2(t)= ((1 + ç5)2) ~2(t) = [1 + LI2(t)] ~2(t) . (4.11)

As thesingularity is approached,we know that ~2(t) goes to zero.However,it was shownin (3.34)that
LI(t) goesas Q1(t) as t—*0. Thus,

Q2(t)—* LI2(t) ~2(t) = constant (4.12)

nearthe singularity. In otherwords, our model with the metric replacedby its quantumexpectation
value remains nonsingular[56].

Thoughthe aboveresult is interesting,it is modeldependent.If one considersconformal fluctuations
in cosmologieswhich are notisotropic— for examplein a Kasnermodel— thenLI (t) goesas (in 0) near
o -= 0. In thesecases0(t), the final metric,still remainssingular[57, 58].

Becauseof the abovereason,we will arive at theconceptof stationarystates for the FRWuniverse
via a different route.We will write the metric in (4.8) as,

d~2= ~2(t) [c2 dt2
1 —r

2/a2— r2 (do2+ sin2 0 dç52)]. (4.13)

(The coordinatet usedhere is different from thatused in (4.8).) When conformalfluctuations are
consideredwewould take intoaccountall metricsof the form,

ds2= 122(t) ~2(t) [c2 dt2 — 1 _d,Za2— r2 (do2 + sin2 0 dç52)]. (4.14)

It is clear that 120 can be treatedas a single quantumvariable. Supposewe considerthe class of
geometries,

ds2= (12(t) ds~ (4.15)



184 J. V. Narlikar and I Padmanabhan,Quantumcosmologyvia path integrals

with the backgroundmetric,

ds~= [c2 dt2 — 1 _~Ia2— r2 (do2+ sin2 0 dç52)], (4.16)

it is clear that all space-timesof (4.14) have been incorporatedin (4.16). However, this metric ds~is
static and thusonecan introducestationarystates for theconformal factor.The action, governingthe
conformal fluctuationsin this staticbackgroundis,

12

= 1~G J (j~Q2 — 61~2)dt (4.17)

= - ~M J (~2- w2q2)dt (4.18)

wherewe haveusedthe combinations,

q= a12; M=~(ac2IG); w= c/a; V= JV_gdsx. (4.19)

(V is the volume of the closed universe.)The action correspondsto a negative energy harmonic
oscillatorwith massM and frequencyw.

The total actionis obtainedby addingthe matter termof the actionto S~in (4.18). We shall assume
that matter termsare conformally invariant and hence independentof q. This is true of the radiation
dominated earlyuniverse. Thusthe stationary state structureis completelydecided by (4.18). The
‘Schrodingerequation’,

ih = I~TIu/i = ~-4— ~Mw2q2u/s (4.20)

can be separatedby the substitution,

ç~(q,t) = exp~t} . ç5~(q), (4.21)

leadingto,

_~~+~Mw2q2ç5 = eqS. (4.22)

The solutionsareexpressiblein termsof the Hermitepolynomialsas,

q5~(q)= (2~n!)(~)iI4Hn(~)exp(~q2). (4.23)
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The metric in the nth stationarystate for quantumgeometrywill readas,

ds~= ([22) [c2 dt21 —r
2/a2- r2 (do2 + sin2 0 dqS2)]

= (~)(~)(n + ~)[d~2— d~2— sin2x (do2+ sin2 0 dqS2)] (4.24)

where we haveput r = a sinx and ~ = wt. We see that (122) has a lower boundof the orderof the
Plancklength [59,60]. Also notice that length intervalsare separatedby distancesof the orderof the
Planck length.Sucheffects canbe seen onlyat aboutiO’~GeV.

The action in (4.18)leadsto the standardharmonic oscillatorequation in theclassicallimit, with the
solution,

q(t)= qo sinwt = qo sin ~. (4.25)

This is the rightform of the solutionfor a radiation universe.Of course,sincewe aretreating thesource
as externally specified, we will not be able to derive— at this state—any relation between the
geometricalvariablesandthe mattervariables.

The fully quantizedmetric in (4.24)merely gives information about the quantumdynamics.In order
to extract information about theactualuniverse,we haveto specifythe quantum stateof the universeat
sometime t, and evaluate the expectation valueof (q2) in that state.

Whatcould be the bestpossiblechoicefor the stateof the universe,in order toproducethe classical
limit in (4.25)? Onechoice is to chooseit to be astationarystate withlarge n, so that theprofile of

I~(q)l2will reproducethe classical evolution of the universe. However,as long as the state is a
stationary state, (q2) will be independentof time and hence oursemiclassicalmetric will not be
time-dependent.

This motivatesone tochoosethe state to be a coherent state [43,60] with amplitudeq
0. These states

are thenondispersiveGaussianwave packets for theharmonicoscillatorwith a probability distribution,

Ju/i(q, t)1
2 = N exp{_~r(q — qo sin wt)2}, (4.26)

so that theclassicalsolution arisesas the expectationvalue,

(q)= q
0 sin wt. (4.27)

However,the metric contains(q
2) and thuspicks up quantumcorrections:

(q2) = qo2 sin2 üt + Lap. (4.28)

Quite clearly the universenever contractsbelow thePlancklengthL~in its evolution.Thissemiclassical
approximationin (4.28)connectsup the quantumuniverseof equation(4.24)with the classicallimit of
equation (4.25). In this sense,quantum stationary geometries‘explain’ the conclusionsreached in
section3 basedon conformalfluctuations.Classicalevolutionmust give way to adescriptionin termsof
quantumstationary geometriesnearthe singularity.
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4.5. OSGs in othercosmologicalmodels

There aretwo main reasons for concentratingon the Robertson—Walker cosmoiogies:(i) our physical
universeis very well describedby an isotropic, homogeneousuniverse, (ii) the conformal degreeof
freedomis the only degreeof freedomin the Robertson—Walkermodel. All the same,one can discuss
the structureof conformal fluctuationsin other cosmologiesas well. In particular, one can consider
meaningfullythe extensionof conformal fluctuationsto the homogeneousBianchi cosmologies.

Whenwe try to develop theQSGsfor the homogeneousmodels,however,we face the samekind of
problemas facedin the last section:The metric contains time-dependentfunctionsand thusstationary
states cannotexist. In the caseof Robertson—Walkermodels wegot around thisdifficulty because the
dynamicaldegreeof freedomwas conformal(see eqs.(4.13,14, 15)). For an arbitraryBianchimodel this
cannot bedone.The conceptof stationarystates has to begeneralizedtaking otherdegreesof freedom
into account.

In this sectionwe shall examinesuch anextensionof the theory.Considerthe metric for a diagonal
Bianchi model(see eqs.(1.21—23)),

ds2= dt2+ g~,.dxr~dx” (4.29)

with,

—g~~(t)= e2t)[e_2t)] (4.30)

f3 = dia[f3
1, — 2~1+ 2V3132, — ~f3i— f

13f3
2]. (4.31)

Thus the geometryis describedby 3 functionsof time A(t), f31(t), /32(t). The actioncan be expressedin

termsof these functions(cf. eq. (1.24)) as,

= ____ - + ~)] + e
3AR*} dt. (4.32)

We write down the Hamiltonian for thesemodels,once theform of R* is given. Let us begin with
Bianchi classB models forwhich R* is given by (1.26). After somealgebra,the Hamiltonian can bc
written as [61,62]

~2 r ~2 ~ ~2 ~2
2/3 -~c2uI 433~

— 4q2 Lau~ ou~j 4 0q2 c
1 q e

where
q = (~)1/2exp(~A) (4.34)

ui ~)1/2 [2(1 - 3h)] ~ + V~~2) (4.35)

r ~ il/2
31/2 -J= (~) L21 — 3h)i ( —3h f3s — 132) (4.36)

c1, c2 = constants.
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The solutionto the eigenvalueequation,

I-I/s= Eu/i (4.37)

can be, in general,quite complicated.However, we are interestedin the behaviournearq = 0, where
the conformalpartbecomessingular. Near this point, the equation(for anyfinite E) readsas,

— (~+.~-~)qS(u~,u2,q)+ q2.~_~= 0. (4.38)

Putting

qS(u1, u2, q) = eh1±~~2)f(q) (4.39)

we obtain, for f(q) the following equation,

q
2 d2f/dq2= — (p2+ k2)f = —~a2f,say. (4.40)

When a� 0, this has thesolution,

f~(q)= q112 [Aa q(h/2W’~ + Ba q(_1/2)V’i~3] (4.41)

whereAa andBa are constants.It is easyto seethat fa(q) goesto zeroasq goesto zero(irrespectiveof

whethera~ 1). When a = 0, the solution is just

f(q)=Aq+B, (4.42)

which may have nonzero value atq = 0. However, a = 0 implies that the stateis completely in-
dependentof u

1 and u2 or rather th and /32. From themetric it is clear that (/3k, /32) represent the
deviationsfrom isotropywhile q represents theconformal part.The above resultthereforeshowsthat
stateswith an anisotropygive zeroprobabilityat q = 0. In somesense this may beinterpretedby saying
that conformal fluctuationspredominateover otherdegreesof freedomnearthe singularity.A similar,
lengthy analysiswill prove that the results arevalid for classA space-timesas well.

4.6. Theuseofsuperspacemetric

The conceptof quantumstationarygeometries,andin fact, the pathintegral approachitself can be
presented inan elegantmannerusing the concept of superspace.We shall describethe connection
briefly [61].

We showedin section1.2 that Einstein’sequationscan be derivedfrom an action functionaldefined
in the superspace,in the form

S~= Jdt f V—g R d
3x + f dt f G~ gA gB d3x. (4.43)

The classical solution— giving the 3-metric g~.at every hypersurfacelabelledby t — is obtainedfrom
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~S()= 0. As usual,we can formulate a quantumtheory by the Feynman postulate,

K[g~, t
5 g~, t1] = f ~gA(t) exp~ [So(g4] (4.44)

wherethe action S0 is the action evaluatedin the superspace.We canproceedwith So(gA) in exactlythe
sameway asfor the action in the caseof standard quantummechanics.

In particular,following the ideasdescribedin section 1.3 we find the superspaceaction for Bianchi
cosmologiesto be

S~= J [R - 6A
2+~(/3~+/~)]e~dt, (4.45)

which agreeswith the form we haveusedin our discussion.The wavefunctionu/’(q, u
1, u2) in (4.37)may

be consideredmore formally as a wavefunctionfor the 3 geometry /(3~) definedin superspace.The
stationarystate represents aconfigurationwhoseprobability densityremains the same atall hypersur-
faces.

At the simple level in which we are working formal techniques basedon superspacemay be
redundant.However,moretechnicalquestionssuch as stability, topologicalstructureetc. canprobably
bebettertackledthrough a superspace approach.

4.7. Conclusion

The concept of QSGsprovided the necessaryalternativedescriptionfor space-timenearclassical
singularity. However, the formalism has, at this stage,onemajor drawback:it does not replace the
classicaltheory completelybecause the backgroundmetric ~ik is still put in by hand.It is necessarythat
a completetheory determines both(a) the quantumevolutionof 11(t) and (b) the classicaldynamicsof

g1~. We shalladdressourselvesto this task in the nextsection.

5. A model for quantumgravity

We haveoutlined in section4 an approachto quantumgravity in which the conformalpart is treated
quantummechanicallyand the backgroundmetric classically. The model is not completeas it stands,
becauseof the fact that we havenot determinedthe ‘backgroundmetric’ in a self-consistentmanner,
taking the back reactionsof the conformal fluctuationsinto account.We shall make thisextension[63,
55] now.

Let usagain beginwith the Einstein action (see(1.5, 1.7), with c = 1)

~ (5.1)

written out for ametric tensorin the form,

gik = (2(x) gfk(x)
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as,

Sg = 16
1G J (R122— 612~[2~)\/_g d4x. (5.2)

Adding the matter partof the action, weget, for the totalactionof the system,

S = Sg+ Sm = l6irG J f22R \/—g d4x + ~ f ~NEV~j d4x+ J ~mV~ d4x. (5.3)

Here~m stands for the matter partof the Lagrangianand~NE standsfor

~NE = — ~12i[2’ (5.4)

which has theform of the Lagrangianfor a negativeenergyscalarfield.
In the previoussectionswe haveusedthis action as afunctional of 11(x) and havetreated11(x) as a

quantumvariable. This led to theconceptof quantum states— especially,the stationarystates— for the
variable 12(x), describedby the wavefunctions~P[12,t]. In doing thesecalculations,we haveassumeda
particularform for gik (which is usuallytakento be thesolution of classicalEinstein’sequations).Now,
however,we want to write down a set of C-number equations for thege,. taking into account the
quantumconformalfluctuations.

This can be donein the following natural fashion: Varying ~ in (5.3) will certainlyyield a set of
equations forgik; but thesewill not be C-numberequationsbecause12(x) is a quantumvariable.
Therefore,we shall replaceS in (5.3) by an ‘effective action’ in which 122 ~NE etc. will be taken tobe
the expectationvaluesin the quantum state.Thus we have,

Seff= (S) = 161G J(11~)R \/—g d4x + ~ f (~~)\/~g d4x + (Sm). (5.5)

Here the expectationvalues arecalculatedin the quantum stateof the conformalfactor. In the matter
partof the action,we havewritten Sm in order to takeinto accountany dependenceof Sm on 12. If one
believesthat matter actionmust be conformally invariant, thenSmwill be independentof 12 and(Sm)
maybe replacedby just Sm.

Varying g1k in eq. (5.5) we are ledto the following set of equations,

([22) (R~k—
2gfkR) + 6tlk = —8lrGT1k + [g11J11— VIVk] ([22) (5.6)

where

__Jfl \+! /fl ()a\tik — \~LiQkf 2gik\L~auL / (5.7)

and T1k is the energymomentumtensorfor matter. We haveassumedthat the matterLagrangianis
conformallyinvariant (otherwiseT1. will be replacedby (11”) Tik with a suitablen).

We seethat tik has the formof the energy-momentumtensor for anegativeenergyscalarfield. This
term arisesfrom the variation of gik in ~°NE’ The only peculiarity is the last term in the right-handside



190 IV. Narlikar and I Padmanabhan,Quantumcosmologyvia path integrals

of (5.6). This comesabout in thefollowing manner: considerthe variation of gik in the term

= 16i~GJ ((22) R V—g d4x. (5.8)

We have,

6S~= 16~GJ ([22) a(Rikg1kV~~) d4x

= 16~GJ(122)(RIk — ~glkR)~ ~ik d4x + 16~GJ ((22) gik ~R1k \/_g d4x. (5.9)

The term with ~iRIkcan bewritten as

J ([22) gik V-g ~Rfkd4x= J (Q~)ok(~/-g Wk)d4x, (5.10)

where

= glk ~f~t
11— g” ~F’11. (5.11)

Provided (112)= a constant,this expressioncan be convertedinto a totaldivergenceandignored.Now

((22) can (in general)be a function of x’ and hence this procedureis not possible.It is this contribution,

that appearsin the secondterm in the right-handside of equation(5.6).

Thus the full formulation of quantumgravity requires us tosolve a coupled setof equations;
equation(5.6) for the metric g11, and thefunctional integral (or Schrodingerequation) for the quantum
state.We shall now attempt thesolution for various specialcases.

5.1. Static solutionsto quantumgravity equations

It is clear from the previoussectionthat theequationsof quantumgravity aremuchmoreintricate in
structurethanthe classicalEinstein’sequations.Since general solutionsare totally out of question,we
shall try to concentrateon situationspertinent tocosmology[63, 55].

We shall beginby demonstrating theselfconsistencyof our discussionin section4. In section4.4 we
assumeda metric of the form (we shall use standard unitsc� 1 in this section)

ds
2 = (122) [c2 dt2 _~ —r2/a2 — r2 (dO2+ sin2 0 dqS2)] (5.12)

andtreated[2to be a quantumvariable.In order to beselfconsistentit is essentialthat wecan show the
backgroundmetric in (5.12) to be asolutionto ourcoupledequations. Let usbeginby consideringthe
actionfor 12(t),

S= -~MJ (~2 w2q2)dt (5.13)
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with

q = a12; M = ~.ir(ac2/G); w = cIa. (5.14)

We haveassumed,as in section4 that thesourceconsistsof radiationand thusSm is independentof q.

The Schrödingerequationfor the action in(5.13)is just the harmonicoscillatorequation,

—ih ! _~~+~Mw2q2~. (5.15)

We now look for a selfconsistentsolution with the universe in one of the stationarystates,with
([22) = constant.If the harmonic oscillatoris in the nth state,

(122) = Mwa2(n + ~). (5.16)

Also,

(f~2) = = c2~fa2(n + ~). (5.17)

Oneshouldnow satisfythe Einstein’sequations(with quantumcorrections,(5.6)) with thesestationary
statevalues.Since([22) is constant, theequationreads,

(122) (R1k — ~k R) = —8ITGT’k — 6tlk. (5.18)

Now for our model,

— 11 _1 3. 1

~ k — E~r, 3~~3, 3

tk = ~(f~2) (—1, 1, 1, 1) (5.20)

= 2Ma2c2(n + ~)(—1,1, 1, 1). (5.21)

For themaximally symmetric space-time,thereareonly two independentequationsin (5.18)whichmay
be convenientlytakento be the‘trace equation’and ‘(g) equation’. The trace equation reads,

((22) R = —6t1
1 = —6 (f~2) (5.22)

Using the fact that,R = 6/a
2, we get,

((~2)= w2 ([22) (5.23)

which is identically satisfiedin the stationarystates.Thus we only have



192 J. V Narlikar and T. Padmanabhan,Quantumcosmologyvia path integrals

to worry about the~) component equation,which becomes

(122) ( ~ I) — 3 (f~2)+ 8irGe = 0, (5.24)

i.e.,

9c4 (122) 9c4 / h \ 1 / 1\

C = l6irG a2 = l6irG ~ \~n+ (5.25)
3 /hc\/ 1\=~—~--~~)~

1~n+~j. (5.26)

In otherwords,our solution is selfconsistent providedtheenergy densityof mattersatisfiesthe quantum
conditionin (5.26). This is the bonusthat arisesfrom the considerationof the backreaction.

Notice that thisis a purely quantumcondition on the mattersource, arisingfrom quantumgravity.
One is remindedof the propertyof Einstein’sequationsthat theyalsodetermine theclassicaldynamics
of the source.Quantumgravity, it seems, can putnontrivial requirementson the quantum natureof the
source.

The abovesolutionthusvindicatesthe choiceof the backgroundmetricmadein section4. However,
this solution is static while the observeduniverseis not. We shall now turn to theRobertson—Walker
solutionswith nontrivial time dependence.

5.2. Evolutionarymodelsfor the universe

In order to introducenontrivial time dependence,we can either make the backgroundmetric
time-dependent,or choosea time-dependent quantum state for theconformal factor [64].Becauseof
the naturalsignificanceof thestationarystates,wewill continue toconsider(122) to beconstant,and put
the time dependenceinto gik.

The mostgeneralmaximally symmetricspace-timewill have themetric (k = 0, ±1)

ds
2= (122) [c2 dt2 — Q2(t) kr2/a2+ r2(d02+ sin2 0 dqS2)}]. (5.27)

We shall beginby consideringthe quantumdynamicsof 12 governedby the action,

S= — ~M J 03(t) [~2 - w2(t) q2] dt (5.28)

where,

q = a12; M = ~.rrf3(ac2/G); v= c/a, (5.29)

w2(t)+~J~(~2+kp2) (5.30)
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We haveintroduceda parameter/3, which is the ratiobetweenthevolume of the regionof the universe
underconsiderationto the volume of the universefor r ~ a. Our resultsare notsensitivelydependent
on the actual valueof /3. The Schrodingerequation for thisaction readsas,

th at = — 2MQ3(t) + ~Mw2(t) 03(t)q2u/’. (5.31)

It looks as though stationary state solutions cannotexist for this equation becauseof the time
dependence.In general,this is true. However thereis oneparticularchoice of 0(t) for which we do
havesolutionsof the form,

u/i(q, t) =- [expif(t)] . qS(q). (5.32)

We shall exploit thisfact. Let ussuppose,for a moment, that0(t) satisfiesthe equation,

06(t) w2(t) = a~, (5.33)

i.e.

06(t) f~+O2+k~2}= a~ (5.34)

with some(positive)constanta2. Theneq. (5.31) becomes,

—ih 03(t)~rr—~ )+~Ma2q2~ (5.35)

whichhas thesolution,

~(q, t) = exp{~I 0~(t)}‘qS~(q), (5.36)

where qS~(q)is the nth eigenfunctionof a harmonic oscillatorwith frequencya and mass M The
expectationvalue for q2 and [22 are

(q2)~= ~—(n + (122) = Maa2(n + ~). (5.37)

The expectation value(42) can be computedby noticing that thegeneralized momentumfor q is

p= aL/&j=MQ3(t)4 (5.38)

so that,

(42) = ~ Q6(t)~ = ~Q6(t) J {**(_h2 ~)~}dq = (~)Q6(t) (n + ~). (5.39)
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We now have toshow that Einstein’s equationsare satisfiedwith theseconditions.Since((22) is, again,
constant the equationsread

([22) (Rik 26 kR)+ 6t’k = _8lrGTik. (5.40)

We shall assumethe sourceto beconformallyinvariant,leadingto an energymomentumtensor,

~ri — I\I1 1 1 1
1 k — C~,t)(~1, 3~~ 3

The trace equationin (5.40) againreads,

((~2) = w2(t) ([22) (5.42)

Since from eqs. (5.39) and(5.37),

(f~2)/((22) = a2/Q6(t), (5.43)

wesee that eq. (5.42) is identically satisfiedbecauseof the fact thatw2(t) 06(t)= a2.
Thus we only have tosatisfythe (~)component equation,

+ kv2 — 8irGa2 ~ — ~ 5 44
_____- (q2) c2 e() (q2)~ (.

Let usseewhat this equationimplies for e(t). First, notice that(5.34)can be integratedonce, to give,

O2102 —kv2/02—a2/06+p2/04, (5.45)

wherep2 is an integration constant.This can be substituted into(5.44) to give,

8irGa2 O2+kp2~4~Ja2p2la2 3~2

(q2) c2 e(t) - (q2) - ~ Q6 Q4J Q6 Q4(t)~ (.

Thus the matter energydensityevolvesas,

— 3p2c2 (h\ 1 / + — 9 /~~_\1 / + 5 47~ ~ 8i~Ga2~Ma) 04(t) ~ 2[ 16ir2/3 \a3a) Q4(t) ~ 2 ‘

This completesour solution formally. We have (5.33) for 0(t), (5.36) specifying the quantumstate
u/i(q, t) and (5.47)giving the e(t). The solutionsare parametrizedby the variablesa2 andp2. Physically
p2— appearingin (5.47)—sets thescaleof e(t) while a denotes thedeviationfrom theclassical limit.
This can be easilyseenby noting that (5.45)goesover to

(O2+ kv2)/Q2= p2/04 (5.48)

whena goesto zero. (5.48)is the classicalequationin the Robertson—Walkerspace-time.We shall now
discussthe solutionsfor 0(t) undervariousconditions.
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5.3. Thequantumuniverses

The space-timemetric, whenthe universeis in the nth quantum state,is given by

ds~= (112),, [c2 dt2—Q2(t){~- ~~~/2+ r2 (d02+ sin2 0 dqS2)}]. (5.49)

It is moreconvenientto write thisin the form,

ds~= ([22),, 02(r) [c2 dr2— 1— kr2/a2— r2 (do2+ sin2 0 dqS2)] (5.50)

where 0(r) satisfiesthe equation(see(5.45))

(dQ)2= p2— a2/02_ kv2Q2. (5.51)

We shall begin with the case wherethere is no matter (p2= 0). The expansionof the universe is

completelysustainedby the vacuum.From (5.51) it follows that, when p2 = 0, k must be (—1), giving,

(dQ/dr)2 ~2Q2—a2/Q2 (5.52)

which has thesolution,

02(r) = (a/~)[1+ 2 sinh2 vr]. (5.53)

In the geometric coordinates, themetric readsas,

ds~= L2,,(v/a)Q2(r) [d~2— d~2— f2(~’)(do2+ sin2 0 dqS2)] (5.54)

(wheref(.y) = sinx~x or sinhx andL2,, = (Gh/c3)(3/2ir/3)(n+ ~))and in the caseof 0(T) in (5.53),we
have,

ds~,= L~(1+ 2 sinh2~j) [d~2—d~2—sinh2~(d02+ sin2 0 dp2)]. (5.55)

We seethat the model is nonsingular.In fact, as we go alongwe will find that all the solutionsto our

equations arenonsingular.At large ~, the above metricgoesinto,

ds,, 2L~sinh2~ [d~2— d~2— sinh2x (do2+ sin2 0dqS2)] (5.56)

which is the form for aclassical,open, radiationfilled model with energydensity,

9 fhc\ 1 / 1\

C = 81T2/3 I~~)Q4() ~ + ~). (5.57)

In the terminologypopularizedby Wheeler wecan call this ‘matter without matter’. This is a purely
quantumgravitationalsolution.
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Now we consider modelswith matter density.The simplestis the onewith k 0, for which (5.51)
reads

(dQ/dr)2= p2 — a2/Q2. (5.58)

This has thesolution

= a21p2+ p2r2. (5.59)

The metric is given by

ds2= L~(a2/p2+ p2T2) [d~2— d~2— x2 (do2+ sin2 0 dqS2)]. (5.60)

We find that themodel is nonsingularandgoesto theminimumradiusL2,,(a/p) in a phaseof contraction
andre-expansion.The solutionsfor k = ±1are morecomplicatedand aregiven by,

Q2(~)_..[f_
4+] cosh2~1—~-~ (k = —1) (5.61)

Q2(~)P [~-~_] cos217 (k = +1). (5.62)

Theseexpansionfactorsgo over tocorrespondingclassicalexpressionsas a—*0. However thereis one
curiosity about thek = +1 model. This model can exist only if thereis ‘sufficient matter’ in the sense
that,

p
2>2ai.’. (5.63)

Classicallya goes to zero andthus this inequality is trivially satisfied.The physicalinterpretationof this
result is that theuniversecan be closedonly when thepositive energy densitypredominatesover the
negativeenergyof conformalfluctuations.

When p2 = 2av (5.62) gives a constantQ(~).One recalls that (5.45) was obtained from the
fundamentalequation(5.34) by multiplying both sides by 0. This procedureis invalid when 0 is
constant.For all p2 ~ 2aii we can only havek = —1 model.

In all the above casesthe matterdensitybegins at a constant value andevolves as 11Q4(t). The
constanta cannot be determinedby the theory without extrainput. This parametergoes into deciding
the quantum stateof the universewhich oneexpectsto be related to‘the measurementof the quantum
space-time’.Since wedo not have anyideaabout thephysicalmeaningof sucha terminologywe cannot
sayanythingfurtherat thisstage.

More complicatedsolutionsto our equationscan exist, manyof which will have(122) not a constant.
This would make themathematicalstructureof the equations intractable,and only adetailednumerical
analysiswill lead todefinite information. Howeversuchsolutions containsomeinterestingpossibilities.
It is possiblethat thereexists solutionsfor which e(t) starts at zerovalue, increasesto somepoint and
then dies down as 1/S4(t). Sucha model allows for the ‘creation of the universe’. In a less esoteric
mannerwe can start with a (p = 0) matterlessuniverseand produceparticlesby the expansionof the
universe,making a transitioninto the universewith matter.Theseareconsiderationsfor the future.
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We alsomention in passingthat thedifficulty of particle horizons,discussedat length in section3 is
resolvedin the abovemodels.It can be demonstratedby explicit calculationthat theabovemodelsare
horizon-free.For detailswe refer thereaderto ref. [47].

5.4. Theflatnessproblem in quantumcosmology

We mentionedin section1.4 that classicalcosmologyfacesthreedifficulties viz, thoseof singularity,
horizonandflatness. Theintroductionof quantumideasseemsto eliminate thefirst two difficulties. This
sectionis intended togive a brief idea of how the thirddifficulty mayalsobe tackledwithin the present
framework.

Quantumconformal fluctuationsallow transitions betweenconformallyrelatedspace-times.It canbe
verified directly (by computing the Weyl tensor) that all the Robertson—Walkerspace-timesare
conformallyflat and hencecan be representedby a metricof the form,

ds2= 122(x, t) [dt2 — dx2— dy2— dz2]. (5.64)

In the caseof a k = 0 universe,the conformalfactor will dependonly on time; i.e. 12(x, t) = 12(t). For
k = ±1we havedifferent forms of 12(x, t). Thus any one of the threetypes of FRW universes(with
k = 0, ±1)could haveoriginatedfrom the flat Lorentzspace-time[with 11 = 12~,constant]via conformal
fluctuations. (In fact, it canbe shownthat theflat spaceis unstableto conformal fluctuations[65].)It is
possible to calculatethe transitionprobability between theflat Lorentz space-timeand the general
space-timedescribedby eq. (5.64). This probability is given by (seefor details,ref. [66])

= NexpT—--~--If ~ (5.65)
~ 8irj ri—r

21 j

It is clear that theprobability is maximumfor 11(x, t) 11(t), i.e. for the spatially flat (k = 0) universe.
In otherwordsif the universeoriginatedvia a quantumconformal fluctuation,it is most likely to beflat
spatially, thusprovidinga simpleexplanationto thespatial flatnessof the observeduniverse.

6. Concludingremarks

Generalrelativity andquantumtheory are both remarkableachievementsof the presentcentury.
Although both theories have had profoundinfluenceon the thinking of modernphysicists,they differ
considerablyin theway theywere created andin theway theyevolved.Generalrelativity was presented
as a completeand finished productby Einstein in 1915. Many new ideas and subtletieswhich were
originally not thought of were subsequently discoveredin this theory.The theory did not arise in
response to experimental or observationalconundrums;it did so out of conceptual problems.The
observationaltests verifying its conclusionscame later. By contrast the quantumtheory arosein
responseto experimentalchallenges.It did not attain a‘perfect’ form right away; ratherit evolvedto a
workingtheory throughstageswith inputsfrom severaltheoreticians. Even todayit is far from being in
a final form.

Whatshouldbe the modeof developmentof quantumgravity, the off-spring of a marriagebetween
generalrelativity andquantumtheory?
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DeWitt [67] hasemphasizedthe formal aspect“we shall here adoptan uncompromisinglyformal
stance,as being the most likely to survive future developments,given the known tendency for pure
formalismto acquireandmaintaina consistencyandlogic of its own”. This attitudeis morein sympathy
with the modeof developmentof general relativityratherthanthat of quantum theory. Had quantum
theoristswaitedto produce aformally well-establishedframework theywould evennow bewaiting on
the sidelineswith nothing concrete tooffer.

We feel that the pragmaticapproachof the quantumtheorist is needed in the present stateof
quantumgravity. The difficulties discussedin section1.5 will not go awayin a single stroke.Just as the
early approachesof Planck, Bohr, Schrodinger,Heisenberg and Diracrepresentincreasinglymore
sophisticatedstepsin formulatingthe quantum theory,so do we have tobeginwith a somewhatsimple
crude approachand build up towards an increasingly comprehensivetheory. As with the initial
developmentsof quantumtheory, we have toface criticisms implied by adjectives‘ad hoc’, ‘highly
limited’, ‘simple minded’ etc. with our approachto quantumgravity.

The work describedfrom section 3 onwards is motivatedby this pragmaticviewpoint. We do not
suggestthat the ideaspresented here areformally the last word on quantumcosmology.Rather the
reverse!Theseare ideason which abettertheory of quantumcosmologymay bebuilt in future. Formal
objections on the grounds of oscillating path integrals, lack of a precise measure,limitation of
quantizable degreesof freedometc. will have toawait abettertheory for a possibleresolution.

Evenin ordinary quantummechanics considerablediscussionis still going on about the foundations
of the theory.The role of the observer,the collapseof the wavefunction,the many-universe concept,
the part playedby consciousnessarestill not clarified.Thesequestionsassumeeven greaterdifficulty in
quantumcosmology.For example, whatdo we meanby quantumuncertainty for a global property?
Where is the observerin all this? To what extent do measurements‘disturb’ the universe?Such
questionswill continue toform the subjectsof discussionon the foundationsof quantumcosmology.

On thecredit side, the present methodyields many interesting and concrete resultsin quantum
cosmology. By limiting ourselvesto conformal degreesof freedom we are able to formulate a
quantizationprocedurewhich highlights the differencesbetween quantum andclassicalcosmologies.
For example,the propertiesof singularityandhorizon of Friedmanncosmologyareshownto behighly
unlikely in the models obtainable in quantumcosmology. Thequantum uncertaintyin the form of
conformal fluctuationsdivergesnearthe classical space-timesingularity. This has been demonstrated
undervery generalconditionsin section3.

We started thisarticle with the analogyof the H-atom. In sections4 and5 we have demonstrated
that theanalogyholds in quantitativeterms in the sensethat in contrast to thesingular solutionsof
classicaltheory nonsingularstationarystatesexist in quantum theory. The demonstration that quantum
stationarystateswith characteristiclinear size L~exist for the universereinforcesour view of section3
that classicalcosmologyis not reliable for characteristicsizes~

In section 5 we havegiven a simple working model for quantumgravity in which the conformal
degreeof freedomis treatedquantummechanicallyand the restof the metric is treatedclassically.A
system of quasiclassicalfield equations is obtained with the operatorfor the conformal variable
replacedby its expectationvalue. A selfconsistentsolutionof the coupled equationsis explicitly given, a
solutionwhich is singularity-freeandhorizon-free.We haveendedwith a briefdescriptionof how our
approachmay helpresolvethe flatnessproblemof classical cosmology.

Reasonscan be given (cf. section3) for singling out theconformaldegreeof freedom for quantum
treatment. Thatscaletransformationplays a specialrole in physicshas been notedfrom time to time
and in different contexts.Ours is one morein that list. To what extentnonconformaldegreesof
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freedomin space-time geometryare important to theoverall problemof quantumgravity remains to be
understood at present.

In short, thisis a statusreporton a continuing seriesof investigationsin quantumcosmology,with a
few explicit demonstrationsof the working of a specific techniquein quantumgravity. Modest though
its aimsare, we hope that this techniquewill aid in our understandingof this complexsubject.

References

[1] A. Einstein, Preuss.Akad. Wiss. Berlin, Sitzber. (1915)778 and 844.
[2]D. Hubert, Konigi. Gesell. d. wiss. Gottingen (1915) P. 395.
[3] G.W. Gibbons and S.W. Hawking, Phys. Rev.DiS (1977)2738.
[4] C.W. Misner, K.S. Thorneand J.A.Wheeler, Gravitation (Freeman& Co., San Francisco,1973) Chap. 15.

[5] J.A. Wheeler, in: BattelleRecontreseds.C.M. DeWitt and J.A.Wheeler (Benjamin,New York, 1968).
[6] J. lsenbergand J.A. Wheeler,in: Relativity, Quantaand Cosmology, eds.M. Pantaleoand F. de Finis (JohnsonReprint Corporation,New

York, 1979) p. 267.
[7] B.S. DeWitt, Phys. Rev. 160 (1967) 1113.
[8] L.P. Eisenhart, Riemannian Geometry(Princeton University Press, Princeton,N.J.,1926).
[9] H.P. Robertson,Ap. J. 82 (1935) 248;83 (1935) 187.

[101A.G. Walker,Proc. Lond. Math.soc.42 (1936)90.
[111A. Friedmann,Z. Phys. 10 (1922) 377.
[12]G. Gamow,Phys. Rev.70 (1946) 572.
[131R.A. Aipher and R.C.Herman,Nature162 (1948) 774.

[14] R.A. Aipher, HA. BetheandG. Gamow, Phys.Rev. 73 (1948) 80.
[15] S. Weinberg, GravitationandCosmology (Wiley,1972).
[16] J.V. Narlikar, Introduction to Cosmology(JonesandBartlettPublishers,Inc., 1983).
[17]L. Bianchi, Mem-di.Mat.Soc. Ital. Sci. 11(1897)267.
[18] M.A.H. MacCallum, in: GeneralRelativity—An EinsteinCentenarySurvey, eds.SW. Hawking andW. Israel(Cambridge,1979).
[19]M.P. RyanL.C. Shepley,HomogeneousRelativistic Cosmologies(Princeton University Press,Princeton,New Jersey,1975).
[20]C.W. Misner, in: Magic without magic,ed. J. Klauder(Freeman,San Francisco,1972).
[21]SW. Hawking and G.F.R. Ellis, The large scalestructureof theuniverse (Cambridge,1973).
[22] V.A. Belinskii, I.M. KhalatnikovandE.M. Liftshitz, Adv. Phys.19 (1972) 525.
[23]V.A. Belinskii, I.M. Khalatnikov andE.M. Liftshitz, Soy. Phys.JETP35 (1972) 838.
[24] C.w. Misner,Phys. Rev.Lett. 22 (1969)1071.
[25] D.M. Chitre,Ph.D. Dissertation,University of Maryland (1972).
[26] R.H. Dickeand P.J.E.Peebles,in: GeneralRelativity: An EinsteinCentenarySurvey, eds.S.W. Hawking andW. Israel (Cambridge,1979).
[27] A.H. Guth, Phys.Rev.D23 (1981) 347.
[28] J.D.Barrow andM.S. Turner,Nature298 (1982) 801.
[29]R.P. Feynman, ActaPhys.Polon.24 (1963) 697.
[30] S.W. Hawking, Comm.Math.Phys.43 (1975) 199.
[31] B.5. DeWitt, Phys.Rev. 162 (1967)1195.
[32] B.S. DeWitt, Phys.Rev.162 (1967)1239.
[33] G.W. Gibbonsand SW. Hawking, Phys.Rev.D15 (1977)2752.
[34] S.W. Hawking, in: GeneralRelativity— An Einstein CentenarySurvey, eds.SW. Hawking andW. Israel (Cambridge,1979).
[35] R.Arnowitt, S. Deserand C.W. Misner,Phys.Rev.121 (1961)1556.
[36] R.Arnowitt, S. DeserandC.W. Misner, in: Gravitation— An introductionto currentresearch,ed. L. Witten (JohnWiley, New York, 1962).
[37] R.Amowitt, 5. Deserand C.W. Misner, Phys.Rev.122 (1961) 997.
[38] R.Penrose,in: QuantumGravity — An Oxford Symposium,eds. C.J. Isham, R. PenroseandD.W. Sciama(Oxford UniversityPress,1975).
[39] G. Sparling,in: QuantumGravity—An Oxford Symposium,eds. C.J.Isham,R. PenroseandD.W. Sciama(Oxford UniversityPress,1975).
[40]R.P.Feynman,Rev.Mod. Phys.20 (1948) 367.
[41] R.P.FeynmanandAR. Hibbs, QuantumMechanicsand PathIntegrals(McGraw-Hill, New York, 1965).
[42] C. DeWitt, Ann. Phys.97 (1976) 367.
[43] L. Schiff, QuantumMechanics(McGraw-Hill, New York, 1968).
[44]J. Isenberg,Ph.D. Dissertation.
[45] J.V.Narlikar, Mon. Not. Roy. A. Soc. 183 (1979) 159.
[46] J.V.Narlikar, Nature269 (1977)129.



200 J. V Narlikar and T. Padmanabhan,Quantum cosmologyvia path integrals

[47] T. Padmanabhan,Ph.D. Dissertation(1982).
[48]J.V. Narlikar, Phys.Lett. 96A (1983)107.
[49] J.V. Narlikar, Gen.Rel. Gray. 10 (1979)883.
[50] J.V. Narlikar,Found. Phys. 11(1981)473.
[51] AK. Kembhavi, Mon.Not. Roy. A. Soc. 185 (1978) 807.

[52]T. PadmanabhanandJ.V. Narlikar, Nature295 (1982)677.
[53] T.Padmanabhan,Phys.Rev. D26 (1982) 2162.
[54]J.V. Narlikar. Found. Phys. (1983) to appear.
[55]T. Padmanabhan,Quantumconformal fluctuationsand thestationarystates,tnt. J. Theor. Phys. (1983)to appear.

[56]A. Maheshwari,Phys.Lett. 73A (1979)295.
[57]T. Padmanabhan,Gen.Rel. Gray. 13 (1981) 451.
[58]T. Padmanabhan,T.I.F.R. Preprint(1981).
[59]T. Padmanabhanand J.V. Narlikar, Phys.Lett. 84A (1981) 361.
[60]T. Padmanabhan,Phys.Lett. 87A (1982) 226.
[61]T. Padmanabhan,Gen.Ret. Gray. 14 (1982) 549.
[62] T. Padmanabhan,Quantumconformal fluctuationsandavoidanceof singularities,submittedto Jour.Class.Quan.Gray. (1984).
[63] T. Padmanabhan,Quantumcosmology andstationarystates—Essayselectedfor ‘HonorableMention’ in GravityEssayContest(1982).
[64] T. Padmanabhan, Universebefore Plancktime, Phys.Rev.D28 (1983) 756.
[65]T. Padmanabhan,Phys. Lett. 93A (1983) 116.
[66]J.V. Narlikar and T. Padmanabhan,The problemsof singularity, particle horizonand flatnessin quantum cosmology, Ann. Phys. (1983)

to appear.
[67] B.S. DeWitt, in: Generalrelativity — An EinsteinCentenarySurvey, eds.SW. Hawking andW. Israel(Cambridge,1979).


