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sravitational Field of the Quantized
Electromagnetic Plane Wave
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The quantum and classical descriptions of an electro-magnetic field are connec-
ted by the correspondence principle. We consider the electromagntic field as a
source for gravity and compare the metrics due fo a classical and quantized
eleciromagnetic field. The quantization of the source demands the quantization
of gravity. We also show that (i) the conformal degree of the freedom is nor an
unphysical mode, and (i) quantum gravitational effects can exist even when the
light cones do not fiuctnate.

. L. CLASSICAL AND QUANTUM SOURCES

The source for gravity is the energy momentum tensor of matter fields.
Classical gravity is described by Einstein’s equations

Rr‘k_%gikRZSEGT% : . (1)

The equations of motion for the source is contained in (1) because of the
divergence-free nature of the left-hand side, implying

Ty=0 (2)

Because of (2), we are not allowed to prescribe-the equations of motion for
the source in an independent manner. A consistent solution to (1) will
dutomatically determine the evolution of the source via 2}

Unfortunately for the general relativist, matter ficlds obey quantum
mechanical laws and not classical ones. Since three decades of work on

L —_—_— . .
iAStIprhysics Group, TIFR, Homi Bhabha Road, Bombay 400 005, India.
‘ ' 927

OO -FT0 /RTINS TRAS NOD 7 1927 Plenirm Dirhlichine armanndiam



928 (Gravitationz] Field of the Quantized Electromagnetic Plane Wave 29

“Fquation (6) differs from (5) in three aspects: First, we have set T’k:’ to
"ﬁefo; there is no source other than th_e parpcular quantgm field. Secon ,t v:z
‘evaluate the expectation value of T‘k(q_“) in some specified quant(l;m 5 aa
| > which need not (and, in gener-al, will not} be a vacuum sf:al’u:.t : m; m Z
say that if the quantum field is in the state ]glr)_2 then the metric taz:,,ison
-i;arﬁcular form g;. Last, we have added a subscnpt_ R to the e::cpzclL o
value in (6) to remind ourselves that thes<? exp-ectatlo‘n values nee 0(6)
regularized. Equation (7) has ;0 be ‘treatteld just like (4); needless to say,
o to be solved self-consistently. 5 .
-?nd El:llzeh:‘;zv: problem has been analyzed previously in the htc?ratlure int
'--:the context of |¢r> being a vacuum state ([1], chap. 6).‘Classmal y,} we
- expect the vacuum state to lead to a _ﬂat_ space-?me. Quar;;n:
“mechanically, the existence of ropological contribution to T¥, allows nonfla
T em t 6 . o
‘ Smm;gn:hi;) Iga;er, we are concerned with the opp_osite lu'n_it, ‘_chat o;" ie
| -semiclassical transition between (1) and (6). Naive apphc:,atmnf 01 te
. correspondence principle would lead us to expect the solutlondoﬁ (1) g
- arise as a “suitable” limit of the solution to (6). We atte.mpt to define lan
; :analyze this limit in a very specific context, _the metric d_ue to a plane
o electromagnetic wave traveling along the z axis. The clagsm_al solut_lon 12
~ reviewed briefly in Section 2, and the guantum tl.leorc?tlcal extension i
< discussed in Section 3. The conclusions are summarized in the last section.

These approximations usually proceed in the following manner.

The source, in the tight-hand side of ( 1), is separated into two parts:
classical part with T and quantum part with 73", In the lowest-
approximation, one replaces (1) and (2) by

orde

Rik o %51‘}(}2 o SnG(Tfk)claSSiCal . (3
and - :

[779],=0 (4

Equations (3) and (4) define the subject of “quantum fields in curved
space-time.” {For an overview, see [1]) A classical source (T produces
a classical background &a via (3). In this zeroth order of approximation
all effects of (77,)% on &y are neglected, making (3) a ¢ number equation;
On the other hand, {4) is to be treated as an operaior equation. In terms
of the basic field variables, (4) would becoms the usua] field equation i
the curved space-time. A suitable Hilbert space, Fock basis, etc., are con-
structed based on (4). Since the background g,, is not static {in general);
there is inequivalence between the in- and out-states of the theory. Most of
the work in this subject assumes the quantum field to be in a vacuum staié
asympiotically. :

Once in a while, the next stage in the approximation {the “bac
reaction”) is attempted. This consists of replacing (3) by

R~ 1850 Ry Sm (T el ; ¢ agun ‘ ;2. CLASSICAL SOLUTION
£~ 30, R 8rG{(T9,) + <Cin|(17) 16,in} } { .

. . . i i ent of the form
Of course, one has to solve (5) and quantize the fields in (4) in a sel Consider a linc elem
consistent manner. it is only natural that much less progress has bee

ds? = LHa{d%> + d5?) — did d (8)
made with (4) and (5) than with (3} and (4).

_in which #, 7 are the null coordinates .
; u=f—z v=f+12 ()
produced by a classical electromagnetic field and that produced by th
“corresponding” quantized clectromagnetic figld? (As it stands, th

question is meaningless because the term “corresponding” has not bee

made precise; but we take care of this ambiguity later.) An answer to this
question is based on the equations

- The only nonvanishing component of R corresponding to (8) is ([2]

962 2 &I o
N R__: —_——— ( )
itid L dﬂl

' It 18 easy to verify that (8) can represent the metric due to a plans elefc—

. tromagnetic wave traveling along the Z axis. Suppose the vector potential

S ALx) describing such a wave is chosen to be

A.=A(i) A4,=0 for i#x (11)

Ry =300 R=8nGu| T [y > - (6
and ' : ) .
Tig =) - M
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The field 7, and the CNETEY momentum tensor Ty due to (11} have

following nonvanishing components

1 /dA\?
{ Tﬁ_m:z (Ezi)

Mazxwell’s equations

e (T

determining Z in terms of A(i).

One of the simplest choices that can be made for Ay is th

monochrematic wave

Al = 4, sin ofif —z)= 4, sin(ewiz)

For this choice {(15) has the following particular solution

Liu)= G124, cos(wiz)
It should be noted that (17) is

physical quantities OVEr many wave lengths, Then, deno
by an overbar

(dA/diR) = A20° co52 oot — 142w?

¥ this averaged value is used in (15) we get

dZ
L%-F%GASGJz:U

which is solved in the parametric form by

L) =L exp{ —Gaie’n?)

i(n)=1L, f: exp {‘ % GA%QJ"‘Tz} dr

: Pad.manabhq

a very special solution and in no way
fepresents the most general metric corresponding to ( ‘

16). For ¢xample;
consider the short wave length limit (o — @} in which o
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here is no way to reproduce L of (20) by averaging over (1?’). Smc&t {Iig
'a nonlinear equation, its solutions cannot be decomposed into a simp
t of basis solutions.

( 12 For future convenience we transform the 'metric in (8) into a confos-
: ally flat form via the coordinate transformation
i Y, y=7, z=1 (22)
U= —S— x=Xx, y=J, z=3Z
! ”fJL%m’

terms of (x, y, v, 1) (8) becomes

ds* = L¥u)[dx* + dy* — du dv] (23)

and (10) transforms to

(13 Ruw= (E) R = —2L o (Lz ch
:Similaﬂy {11)}-(13) transform to
| A= A Ja(u)] = A (u) = A(u) (25)
7 dA
o= @wa=(—J 26)
(16 w5 77
_. 2
Bi\2 L1 1 (d_A)
o= (5) Taa=L 4nL? L*\ du
T AL’ \ du

. Einstein’s equations (R,, =8xnT,,) are, of course, the same as (15 } transfor-
med to the v coordinate

p4(1adr +£(2‘:‘;)2=0 (28)
d\LZdu)” 1*\ du

The solutions given in (16) and (20) can also be. tr?ssf?rmed dtl(;l ;th: \: ﬂicl?;
i ic plane wave in the i coor

dinate. However, a monochroma_'tlc plane ; ! ot

have any simple physical interpretation in terms of ». An observer using

coordinate will assume a menofrequency wave to be

A(u)= A, sin wu (29)

(19

Note that the phase is wy and not i Thus (28) becomes

d /1 dL 1 2,2 2 =0 (30)
LR et — GAzw* cos® wu=
L du(f} du)+2 o

(20

(21)



. 3- METRIC FOR THE QUANTIZED SOURCE

- that any flat space-time solutions of Maxwell’s equations remain valid in:
any conformally flat space-time like (33} as well Thus even in the
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Unfortunately (30) cannot be solved in closed form, except in the hi
frequency limit. In this limit, using (18) we replace (30) by

d{1dLN 1 :
g (_ )+§GA5“2=9 3

ere a corresponds to the annihilation operator for the particular_ mode
fid “h.c.” denotes the hermitian conjugate. | Note the L~2(u) factor in (363
hich arises because the 3-vector A is defined via the “cout_rave_mant index

(x; L*n) = L=*4%(x; 11).”] The usual procedure for quantization of a field
-curved space-time can be now carried out, rather trivially, because we
¢ working with a conformally invariant theory in conformally flat space-
me

du\L* du
which has the particular solution

.The states of the eleciromagnetic field can now be labeled by the set of
ccupation numbers {7;}. More general states can be constructed by
iperposition of these basis states. '
+ Our next task is to choose a suitable state [y > such that the ansatz in
3} can be a solution to (6). Since, classically, (33) corresponds to a plane
ave propagating along the z axis, it is reasonab_le to expect ‘ilfl> Fo
f)‘reseht such a plane wave in the clssical imit. This can be achieved in
o different ways:

L{u)=144G"4,0u

{The solution has the correct limiting behavior for @ = 0.) We now procee
to study the quantized analogues of these solutions.

We assume that as long as the quantum state of the eiectrbmagneti

field i) is chosen suitably, the metric can be chosen to have the sam
form as before

(i) We can choose ) to be a state with = photons in the mode
{0,0,k.) and zero photons at all other modes. In the limit of large n,
is would represent a classical plane wave.

(i} We can, instead, choose ¥ to be a coherent state with the

PlA W >=A) for i=x
=0 7 for i#x

(37)

evaluate the regularized expectation value <7, > in this particular stats
[¥>. (iv} Determine L(u) via (6).

In order to carry out the first step, we note that Maxwell's equations
(in four dimensions) are invariant under the following {“conformal”) trans:
formations

The classical limit of such a state is clearly a plane wave. L
‘i In either case, honest evaluation (usvally called “naive” evaluation) of
the expectation value of T 2 10 the metric L,

w = YT o) o2 1> (38)

will diverge. There are many “prescriptions” which alloyv one t_o choose a
finite part of (38) and throw away the rest. We use t?:le s1mp1esjc Ide-a, based
on the following requirement: when no topological comtributions are
present, 7, must vanish in the vacuum state. We therefore replace 1, by

= YT 2y 0y — <O (Ta) 1,10
= W (oo I > (39)

ere [0 "represents the vacvum state in the backg_round qf (33). [This
vacuum state is well-defined (via a, |0 = 0) since (pair) creation of cpnfor—
ally invariant particles does not occur in conformally flat space-times. ]

2l

A, 4, Fop— Fy grk_’ngik (34)
Ai_)Q—zAz' Fik___)gféFik gik_)Q—Zgik (35)

Thus if (4;, £,) is a solution to Maxwell’s equations, then so is (4, 2%,
By choosing g, to be the flat metric we immediately reach the conclusio

packground (33) one can decompose an electromagnetic field into plane
wave modes, e.g., taking the gauge 4'= (0, A)

k1 ay .
= Hk-x—eyr) C. 36
Alx, 1) .f (2z)* L (u) [(2601()1”2 ¢ he ] . (

ete and elsewhere 5 =1, is the flat space metric.
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The evaluation of (39) can again be accomplished by using conform that
Invariance. Note that
1 () = O (47)
VT )iz > = UH(T,), 10> T Ca 8w L)
where the first term on the right-hand side corresponds to the classic: ¢ field equation (45) becomes
transformation law for Ty, while C,, Tepresenits the quantum confozm: d/1dL\ 1 —0 (48)
anomaly. Usually one is interested in the effects of quantum fields in th L y (}:z' E) o G =
vacuum state and, hence, C, makes an important contribution. In )
case, however, C,, cancels out when the subtraction on the right-hand sid We see that (48) has the same structure as (31) if we identify
of (39) is performed. {Note that ¢, is independent of I >). Thus, we ¢ : (49)
take Ag=njw

1 .
() 22 B (2a), h'ch 1s the usual relation between the amplitude, frequency, and the mode

umber of a harmonic oscillator. The solution in {32) can be borrowed for

. present case. . -
' pThus we sce that the line element due to an electromagnetic field in a

onochromatic state |1y » can be represented by

as in the classical case.

The above prescriptions allow one to use the classical solutions of t
Previous section in the quantum domain as well! For example, it is we
known that the expectation value in the coherent state of quadra
polynomials of the field variables have the same form ag the correspondi

ds® = [ 1+ ${Gbw) 2 ul?[dx® + dy® — du dv] (50}
classical expressions. Thus, in a coherent state with

his is an exact result and is valid for all # and w. [In contrast, (32) was
alid only in the high frequency limit.] We now analyze some consequen-
s of this result.

NEED TO QUANTIZE GRAVITY?
o that It is possible to have a framework in which gravity remains classu;ai
d the other fields are quantized? Such a framework Would necessa:;nly
demand an equation like (6} to be valid exac_tly._ln gelllerai3 a fom}ahsm

sed on (6) would entail the following complications: (i) It is conceivable
that the choice of states |¢ ) is limited if both {6) and (7) have to be
satisfied. Tn other words, one may have to resirict oneself to a subspacf*e of
the full Hilbert space in a rather unnatural 'fashion.. (i) In general, a time-
pendent gravitational field will act as a 'cIa:ssmai source and create
articles,” ie., the states in the Fock basis, parametrized by the
Ccupation numbers {n,}, will not be stationary- stat;s. {In the present
Per, we bypassed this problem using conformal 1nv§1na_ncg.) o

These two difficulties suggests that a theory in which g:rawt).( 13
assical will appear to be quite unnatural and arFiﬁciai. A more scnﬁus
ficulty forcing us to abandon the concept of classical gravity arises when
& consider the following situations.

Semiclassical equations
Ry—4g. R= 8nG<coh| T, jcoh e

are identical to the classical equation (28). Any solution to (28) can b
Interpreted as a solution to (45}, which incorporates the “back reaction.”™

Let us next consider the » particle photon state in which all the
photons are taken to be in the mode k= (0, 0, k.). In flat space-time t
only nonvanishing expectation value is

1/ n no - ‘
(rm)n 4z (2wk) 'uku (873) , (
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The probability for 1\ > to be n, photon state is cos? 0 and the probability
for |y to be n, photon state is sin® 6. Thus # in (56) does repzesent the
elgssical mean value for n, and #,.

- Such'a description, however, cannot be exact because it would involve
discontinuous changes in the metric when the wave function “collapses.”
Suppose that a detector, capable of measuring the occupation number of
the kth mode interacts with the photon field. Such a detection (taking place
at an event {f,x), say) will change [y > to |n,) (with a probability of
52 8) or to |n,)> (with a probability of sin® 8). The metric, in the future
. ~domain of the event (1, x), will have the form of (55) with n replaced by n;
- (with probability cos®>#) or by n, (with probability sin® 8). Whichever
L -':éyent oceurs, the metric has to change discontinuously across the hyper-
surface of collapse. Our desire to keep gravity classical has led to such
artificialities.

- t is more natural to assume that the gravitational field is also quan-
.! ftized. In such a case, a possible description will proceed somewhat like this:
" The quantum state [ > now describes the quantum state of the metric and
" the photon field, and is again parametrized by an integer 7 . One possibility
“would be to have basis states [n) with

atom is prepared in the excited state |
dinate System. An observer at a large distance makes measurements on the
space—tm'lej metric in order to determine the state of the atom. As jong as
the a_tom. is In |E ), the metric would closely approximate a Schwarzsciild
metric with the energy of the atom in state |£> acting as the source. Onge
the decay occurs, the meiric would be {approximately) that of a singl ;
photon state. (For the sake of argument, we may assume that the ener
dlﬁerem.:e between the excited and ground states is far higher than tgy
energy in the ground state. So, after the decay, the energy carried by the
photon dominates.) Such an intuitive expectation will not be realized if v
use (| Tyl > to be the source. It can be shown that if gravity is treate
as classical the metric continuously proceeds from that of the point par‘tliﬁ'le
to_t_hat of a single photon. (This is a slight adaptation of an argumeh'
originally due to Unruh [3]). )
The above analysis has a counterpart in the case of the pure ele

{romagnetic field itself. Suppose that the state of ic fiel ?

o p state of the electromagnetic field (| L)) =1+ (Gnw)*u] (57)
- ’ d
W5 =cosfin,>+sindln, o
. | I, > (51 (nl Tylny o=k Jefoo) | (58)
ere I

+  Then if the state is |y >, the conformal factor will have a value L,{u) with a
Uy =<nlnd>= (nylnyd=1 (52 . probability amplitude cos 8 and L,(u) with a probability amplitude sin 6.
and : The measurement of either the photon occupation number or the conformal

. factor will collapse > 1o an eigenstate of the number operator.

J:% The description in the above paragraph attempis to guess at the
" .possible quantized version of the gravity. Such guesswork, which ignores
-:the dynamics of the system, is quite likely misleading. Neverthless, the
v-attempt does illustrate the following points:

{niln,y=0 (53).

{The stat_e labeled |n> has n photons in a particalar mode k and zero:
Ez;??ns n E’cher modes; we suppress the index k.) The expectation valug
/> has the form {i} A quantum description of gravity appears to be more natural
“than classical description. In the past, there have been attempts to justify
‘7 the quantization of gravity based on measurement processes [4], [5], [6],
: ‘and [37. Of these, the works of DeWitt and Eppeley et al. concentrate on
- ~the quantum limitations of the derecting sysiem . In contrast, our analysis is
~based on the quantum nature of the source and is independent of the detec-
~.tor physics. (This point of view is more along the lines of Page and Geilker
~-and Unruh.) We have analyzed a fully general relativistic solution due to a
Quantized source, while the previously mentioned authors worked in a

.. ‘Newtonian approximation.

<Yl Tz-;chbi‘ =cos® 0¢n,] Tylny ) +sin® 0¢n,| Ty F”2> (54;

as long as |n) - n,l #£2. We take n, »n,. F i 18 sitni
! 5 . 1 21, Following an analysis similar to
that in (46)-(50) we get the conformal part of the metric to be :

L u)= [1 + L{Gne) 2w
with '

n=n, cos? 8 +n,sin> 0 - (56)
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(i) It is seen that the quantum pature of the source demands t
quantization of the conformal degree of freedom of the metric, In o
analysis, this is entirely due to the fact that the electromagnetic fisld 18 coj
formally invariant. Byz it does show that the conformal degree of Sreedomy
a physical degree of freedom. This should have been obvious from the f4
that there exist nontrivia] Space-time

-j'g-Bianclﬁ Type V Perfect Fluid Models with
Source-Free Electromagnetic Fields

(ii) Asa consequence of the above feature we see that the quantum
dynamics of the source {i our spécial case) leaves the light cone structur
unaltered. Clearly, nontrivial Quantum
without {uctuations in the light cone. ( F The Einstein—Maxwell Field equations charactetizing a nontilted Bianchi type _V
CCs are concerned, this situation will change; s i o perfect fluid model with source-free t_elecrromagn_etic field are solved exacttly usl
the conclusion drawn here.) the nonlocally rotationally symmetne case. H is found that these Equaf o
admit one and only one exact solution, expressible, however, in terms of two
arbitrary functions.
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- L. INTRODUCTION

o o for T el disussions. - =The relevance of the study of Bianchi type V cosmological models ljlaS
' .i'_a'lready been discussed in one of our earlier papers [1] where we stud;eq?
the perfect fluid models in some detail. As a _natural sequel to f_hat stu });3
“here we incorporate an electromagnetic field into the perfect i_hnd Bianchi
~1ype V models and solve the coupled field eguations e;_&ac;tly. In hteraturf;{
iwe find the study of such models to be scarce and limited. Ftar,?las an
Cohen [27 first made attempts to solve the c_oupled field eguations fo;
8 Bianchi type V nontilted models with the equation of state p= p, WheIre g
s the density and p is the pressure of the fluid. Lorenz‘ i3] later 50 VE
- these equations with the same equation of state_but for a tiited model in the
‘ i metric case. 1
‘lpcaHIEJ; rt%&iﬂ;;;elg wsary;nhave exactly solved the_: EinsteinfManCcll cguplia
field equations for nontilted diagonal Biam_:hl iype V space-times m_t €
: 'DOD}oca}ly roiationally symmetric case. Tt —IS.fOU.%}d that these equations
2dmit one and only one exact solution cxpressible in terms of two arbitrary
" Tanctions.
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