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Vacuum polarization around an Aharonov—Bohm solenoid
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Abstract. The quantisation of a charged scalar field in an externally specified electromagnetic
field, described by the vector potential A;=4,f with f(t,r,0,z)=B6 is discussed. The
electromagnetic field is zero everywhere except at the origin; a singular magnetic field
(Aharonov-Bohm field) exists at the origin. The vacuum polarization around such a magnetic
field is computed and the non-local behaviour is discussed.
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1. Introduction

‘Quantum theory provides us with an interesting example of non-local influence in
the form of Aharonov-Bohm effect (Bohm and Aharonov 1959). In the context of
non-relativistic quantum mechanics, this effect manifests itself as a phase shift in the
wavefunction of a charged particle going around a solenoid containing a magnetic
field. This phenomenon is of special interest because the paths of the electron do not
penetrate the region containing the magnetic field.

One can state the result in a different manner: The charged particle is interacting
with an electromagnetic field which can be represented as a pure gauge (i.e. 4; = ;1)
everywhere in the spacetime, except at one point; at that point the field is singular
in such a manner that the total flux around the origin is finite. Except for this
singularity, one could have transformed away the electromagnetic potential and one
would have expected no physical effect to survive. In other words, we have, in the
case of Aharonov—Bohm effect an example of a situation in which a singular field
confined to a point producing an interesting physical effect. (Of course, it is not
necessary that the field should be singular; a finite impenetrable solenoid will also
lead to a similar effect. The relevant point is that even a singular field will lead to a
finite, physical result.).

In this paper, a relativistic generalization of the above effect in the context of a
charged scalar field interacting with an external electromagnetic field Fy, is studied.
To quantise the scalar field in such a given background, we make some particular
gauge choice and introduce a vector potential A;. One expects the final results to be
independent of the gauge and depend only on F,. In particular, if the field vanishes
identically everywhere — so that 4; = d; f — we do not expect any nontrivial effects to
arise.
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It turns out, however, that certain peculiarities arise in the formulation of the
quantum theory if the gauge function f becomes singular in some finite domain (the
results of this analysis, which has interesting implications for quantisation of fields
in external gravitational fields, is presented elsewhere (see Padmanabhan 1990). It is,
therefore, interesting to see what happens when the gauge function becomes ill-defined
at a single point in space. If we take f(x)= f(t,r,6,z) = BO then the gauge function
is well-defined everywhere except at the origin. This gauge function is precisely the
one corresponding to the Aharonov-Bohm effect. This leads us to investigate the
quantum theory of a charged scalar field in this background.

This study reveals some interesting features. The non-local nature of the Aharonov-
Bohm effect, of course, persists even in the relativistic case in an interesting mannet.
We compute below the (regularized) effective lagrangian L. for a the scalar field in
this background and show that there is non-trivial vacuum polarization around the
solenoid. This is true in spite of the fact that L. is a ‘local’ density (the word ‘local’
is used in the sense that the effective action can indeed be expressed as a spacetime
integral over an effective lagrangian; this, of course, will not be the case in general).
Though it is a local object its calculation requires specific choice of boundary
conditions, which in turn, contains information of global nature.

The main calculation is presented in §2 and the results are summarized in § 3.

2. Vacuum polarization around a thin solenoid

2.1 Gauge invariance and the effective action ,

Let us consider a charged scalar field @ interacting with an externally specified
electromagnetic field F,,, described by some four-potential A;. The quantum effects
in an external electromagnetic field can be conveniently studied using the concept of
effective action o ¢, defined formally as

exp i 4 = €xpi jd“xL€=ff = j@(’b.@@* expid [O, % A4,] (1)

where &/ is the action describing the interaction of ® with A .
o = jd“x@* [(i0 — qA)* —m? +ie]® = jd‘*x@*ﬁ@ (2)

(The real and imaginary parts of L., for example, describe phenomenon related to
vacuum polarization and pair creation due to the electromagnetic field). To calculate
L., we will use the proper time description due to Schwinger (1951). The central
quantity in this description is the Kernel:

K, x;9) = (xexp(isD) x)

= J.@x“(r) exp — if de [ixz —qA, X" —k%m2 - is} ‘ (3)

0

from which the effective lagrangian L. and the propagator G(x', x) can be calculated
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by the relations

Leff = - IJ SS—K(xo X, S) : (4)
- Jo 8
and .
G(x',x)= J dsK(x', x; s). (5)
0

[A notation which is slightly different from the usual one is used. It is more
conventional to define the lagrangian with an (1/4)%? rather than with the (1 /2)x2,
I have normalized the lagrangian in this manner for some algebraic convenience later
on. The L., of course, is unchanged by this normalization while the Green’s function
will get multiplied by a factor (1/2)]. '
Since we expect physical processes (like pair creation) to be invariant under the
gauge transformation, 4, — A4, + 8, f, we expect L to depend only on F,, and not
on the gauge chosen to describe the field. It is interesting to see how this result comes
about. Under the gauge transformation 4, — A4, + 0, f, the term (g4, x") picks up the
additional piece (g%*8, f) and the path integral amplitude is multiplied by the factor

P=expiq J: d'c(x“‘a,,f). | " (6)

It is usual to ‘perform’ the integration in the above expression and obtain

P= expig J:dT%f[x“(r)] = expig[f(x) — /()] )

If this result is valid, then the physics will be gauge invariant. The L only involves
the coincidence limit K(x, x;s) for which — assuming we can take f(x') = f(x) when
x = x' — the factor P is unity. The propagator is only modified by a phase, and it can
be shown that amplitudes for physical processes do not change.

The above discussion can be cast in a different form which is more useful in what

follows. We may say that the path integral amplitude for a given path x'(t), connecting

x and x’ gets multiplied by a factor

x'

F =exp iq[ dix*d4, ' ‘ (8)

x

in the presence of the electromagnetic field. If we change the gauge, F will be further
multiplied by P in (6). As long as we can integrate (6) to obtain (7), each amplitude
will be multiplied by a factor which is independent of the path (and dependent only
on the end points); so the physics will remain unchanged.

I want now discuss situations in which the result (7) cannot be obtained from (6).
The derivation leading to (7) fails in two physically interesting cases.

The first one — which provides interesting analogies with phenomena in curved
spacetime and accelerated frames — corresponds to the situation in which the function
f(x) is singular in some region; this is discussed in (Padmanabhan 1990) and will
not be considered here. '
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The second situation, which is probably more interesting, is the following: Suppose
one of the spatial coordinates we are using is periodic but J(x) does not respect this
periodicity. For example, we may use the x' = (t,r, 6, z) coordinate system and take
f(x')= Bé[clearly, f (0 +2nn) # f(0)]. A path which “winds” around the origin in
xy-plane n-times will now produce an additional factor ‘

F,=expigB(0 — 0 + 2nn). 9)

The original Kernel could have been written as

Kp=o(x,x;5)=" ) K,(x,x5s) (10)
where K, is the Kernel obtained by summing over paths with a given ‘winding number’
n. The Kernel in the presence of a gauge-function S will be

Ka(,x9)= Y K(xx)exp[igBO — @ + 2mn)]. (11)

n=—ow

This will modify the L. as well, since the coincidence limit is also affected:

Ky(x,x;5)=" Y K,(x,x;5)exp(igB2nn). (12)
Notice that the Kernel invariant under the change 6'— 6’ + (2n/qB). Thus 6 now has
a periodicity of (2r/gB). It is clear that the propagator G(x’, x) will also exhibit this
periodicity. ‘

This above example is essentially a calculation of K (and L) for an Aharonov-
Bohm potential. It is clear that, even though A4, appears to be expressible as (0,1)
locally, we do not have a pure-gauge situation. The ill-defined nature of f at origin
leads to a delta-function magnetic field along z-axis (Aharonov-Bohm field). This is
most easily seen by noticing that the flux through a path around the origin

2n
é;A,‘ dxt = J A,d0 = 2B (13)

0

is non-zero. Paths with different winding numbers cannot be continuously deformed

to each other. The gauge function f and A « can be written in the Cartesian coordinates
as

- ) X
/=Btan 1@) Aﬂ=B(O,—x2_};y2,+x2+y2,O>. 19

To investigate the physical effects in this context we can compute L. and G in
this background. This is done in the next section. The interpretation of these quantities
requires some comment in the present context. Usually, one computes L in order
to evaluate the effect of the quantum field (here @) on the background (here, the F,).
The interest, therefore, is in obtaining L. as a functional of the background field:
Legs = Lo [Fy(x)]. (This is usually accomplished by some approximation like
adiabaticity etc.). There is however, an alternative interpretation to L, when treated

s
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as a function of the coordinates: Leg = Lot [Fu(x)]= Lege(x). It can be shown that
Ve = — Legr(x), when suitably regularized, represents the change in the energy density
of virtual particles in the presence of the external field. This is in fact the original
procedure (Heisenberg and Buler 1936) adopted by Euler and Heisenberg to derive
the effective lagrangian for the electromagnetic field. [A text book derivation of this
result is available in Lifshitz and Pitaevskii 1984. 1 have given the derivation of this
result, for the simpler case of self-interacting scalar field, in Appendix 2 for those
readers who just want to see the nature of the argument]. Thus, whenever L. is
real, it gives measure of vacuum polarization due to the external field. This is the
interpretation we will adopt.

The Green’s function G(x,x'), of course, describes all physical processes of the
scalar field @ in the presence of the external field. What is more, the coincidence limit
of the Green’s function G(x, x) — when suitably regularised — will be a measure of the
vacuum fluctuations in |®(x)|> around the event xt. This is the second quantity we
will compute.

2.2 Caleulation of Leg and G

To obtain the effective lagrangian and the Green’s function we have to compute the
path integral ‘

K(x,x";s)= J.@xexpif drL (15)
0
with
L, Lom
L= —Ex,-x' + unx”—~E-+ ie. (16)

where the background field is described by the potential A,=(0,—A)and

y X _1Y
— =BV|t = | = V(BO).
A B( Ty + o y2,0> B ( an x) (BO) (17)

In the Kernel the path-integrations over z(t) and (1) can be easily performed. We
are thus left with the expression

K(x, x";5) = <—2—1n—§>exp[——2—i;((t,— )2 —(z—2')*)— %S—(m2 - ia)i\g (18)
where

4G(x,x';y,y;8) = J@x@yexp\i%j dr(x2+y2)—iqj A-Xdr]. (19)
2 Jo

0

This Kernel is evaluated in Appendix 1. The result can be expressed as

G=Y 9,= Y eip[— iqB(¢ — 2mn)] j ” dnexp [in(¢ — 2nn)]

alln © alln — 0

1 rr’ i, .
— — — 2). 2
x<2nis>1""<is>exp2s(r +r'%) (20)

wheie ¢ =0 — 6 and I,(z) is the modified Bessel function. The propagator can be
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found from our Kernel by the relation
G(x', x")= J dsK(x,x';5) =Y. G,. 1)
0 n

It turns out that this integral is fairly complicated when m 30, but simplifies
considerably in m—0 limit. In fact the result for m %0 can be easily reconstructed
from the m = 0 case by the following trick. Let K, (z, £ x, x'; y, Vs p;s) be the Fourier
transform of the exact Kernel with respect to (z — z’). It is obvious from (18) that p
and m appear in K,, only in the combination (p? + m?). Therefore, K mP) =K, o
(\/P*+m?). So, if we know the Kernel in the m =0 limit we can always construct
the Kernel for m # 0 by quadrature; we first Fourier transform K, o(x, ) in(z, — z)
to obtain K,,_o(-+, ) and then construct K ,,(---, p) by setting p = . /g% + m? and finally
Fourier transforming back in p. This analysis also shows that the results are analytic
in m. The calculations are messy and the final result can be expressed in terms of
integrals over hypergeometric functions. Instead of pursuing this case which is not
physically illuminating, we ‘will confine ourselves to a toy model with m =0, The
integral for G, can be evaluated in closed form in the m —0 limit. We get

= exp[ iqB(¢ — 27m)]f Gnis exp (i/25)12

xj+wdnexp[—z7;(¢ 27m)]1,,”< r,)expi—(r +r'?)

— 0

= exp[— igB(¢ — 2mn)] f  dnexp[~ (g — 2mn)]

N ® ds I r iR2 29y
o @mis? W\ s )P (22

where R2=P + 12 +r2=(z—2)2 —(t —t')* + r? + 12, The integral over s gives, on
substituting 57! = x,

f dxexp [(1/2)R2XJI|,”< ) _ Lexp(=plnl) (23)
r¥  sinhp
where
coshp~§i——1—(r2+r""+(z—z’)2—(t—t’)2) 24
2 2rr ' 24)
- Thus

G, = exp[igB(¢ — 2mn)] j . dnexp [~ in(¢ — 2mn)J exp(— p|7)

1 1 1
X|— |'—
4n* | rr'sinh p

_expligB(¢ —2zn)] 2p
(4n*)rr'sinhp (¢ —27n)? + p%-

(25)
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As a check, consider the B =0 limit. Then the Green’s function is given by

1 2p
" 4n? rr'sinhp (¢ — 27n)? + p?
1 1 1 sinh p
T4’ sinh p (coshp —cos ¢)
1 2rr’
A r—r P+ (=2 =t —t)?
1 1

—. 26
27132 Ix_xf|2_(t__tf)2 ( )
which is the standard massless propagator except for a factor 2, which is due to our
operator being $(00* —m?) rather than (0% —m?).
We are interested in the coincidence limit G(x, x) of the Green’s function which is
measure of the field fluctuations {®*). To isolate the divergences and regularize this

expression we will take this limit in two steps. Let us first consider the sum over all
n for the case ¢ =0; i.e. ' = 6. Then,

_ ¢ exp(2nigBn) 2p
G= ;(dmz)(rr’ sinh p) [Pz +(2mn)? :I

(27)

If we now decompose the quantity ¢B into an integer and fractional part, it is clear
that only the fractional produces a non-trivial effect. So we can ignore the integral
part of the gB and just retain the fractional part. In what follows, I will assume that
this has been done and denote by the same symbol gB the fractional part; 0 < |gB| < 1.
Since the sum extends over both positive and negative n, it is also obvious that only
the cosine part of the exponential contributes. Therefore, the sign of gB does not
matter. Calculating the sum using standard formulas we get

G Z exp (2nigBn) 2p
4n2)(rr sinh p) | p* + (2mn)* |

1 1 2(p/2m)
" 873 ' sinh p ; (p/2m)% + (n)®

cos(2ngBn)

P
{ 1 cosh o (m — 27|gBl)

2 .
87 rr smh p g sinh (p/2)

p
| 1 cosh2(1—2|qB|)

4% rr'sinh P sinh p/2

coshfz’—(l ~2|4B])
=Ggoyp : . _ | (28)

p
ht
cosh>
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The second factor signals non-trivial effects due to B. We now set r = ¥ (=r, some
finite value) and let 2 = (z —2)* — (¢t — ¢')* go to zero. In this limit,

2 l
coshp=1+§5, PR (for [ «r) (29)
giving
!
) cosh-2—;(1—2|qu)
J!T;Ggmlﬂz cosh-—l—
2r
11, 12 s
N ——((1— -1 |
zw[l s—5((1-214B) )],
11 1/1
= Wﬁ‘*‘m(p)(‘llqm)(lqm - 1). (30)

All the divergence is isolated in the first term which is precisely the coincidence limit
in the absence of the field. It seems natural to regularize G(x,x) by subtracting this
term. Then we get

Gueg(r) = —%(;j)(qul)(l ~ |4B) ()

which is finite at all r # 0 and falls as r~? from the location of the field. It should be
remembered that the gB in the above expressions refer to the fractional part of this
quantity. If this fractional part is zero, such a magnetic field does not lead to any
effect. This is a usual feature seen in Aharonov—Bohm effect. In fact, here the effect
is maximum at gB = (1/2), that is when the fractional part is largest.

Let us next consider the effective lagrangian in this background field. The quantity

©d
L= —if —;—K(x,x;s) (32)

0

can be computed from G by the following trick. We first take the limits r -1’ and
t—¢ in K (x, x';s) but retaining I* = (z — z')* as non-zero. Note that K depends only
on [2. From the definitions of G, L and the expression (18), it is clear that

0K i K
i +§—S—. , (33)
Therefore,
_ © iK(x,x;8) .0 @ ..
Lege = ZL N —il_l"l;l alz{2£ dsK(x,x ,s)}
— — lim [2@%}2} E"

_ Thus the coincidence limit of the derivative of the Green’s function gives us the L.
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We have the expression

cosh—g(l — 2qB)'

11 1
G = 47?12 sinh P sinh p/2
c.oshp=1+£5=1+2sinh2§ (35)
Or, equivalently,
sinh? =L (36)

2 2

using this, we can rewrite G(I*) as

cosh2(1 —2¢B) cosh2 4
| G(12)=-—1—--_1-- 2 _ .1 2 . (37)
2n° 7 coshp B coshp
2 2
The derivative has the structure
P p
— h—A4
GG_ ' 1cosh2A+a cos 5 | ! -
o 2?4 P ol? p 2% :
cosh—z— cosh—z—

We are, of course, only interested inthe limit /—0 and p — 0 of this expression. Let

costh
5 =l+a, P +al*+0(°. (39)
h____ .
cosh 2
Then
G 1 1
= —*:2—7-?22(1 +a, 1?4+ a,l*) —I—————znzl2 (a; +2a,12 + O(*))
11 a1 1 o a, +a2
2wt 222 272 T 222 g2
11 a
= 5RO | 0

Computing a, from the Taylor expansion, we get

G 11, 1 1

P T3 E o At — 1047 49 e

The first term is exactly what one would have obtained in the absence of the field.
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Therefore, it seems reasonable to regularize L = —2(8G/dI?) by subtracting the
first term. This gives

1 1

(Leff)reg = —-7:67 3841‘4 [A4 - 10A2 + 9]

| |qB
= i 421~ B2~ 1aB)

1 |qB 1
B ) (1~ 1081 ) “)

3. Conclusions

The specific functional forms which we have derived above may not be of much
significance because they will be very much model dependent. But the really interesting
feature is the following. The Aharonov—Bohm field produces a non-trivial vacuum
polarization around it. This polarization exists in regions where the field is absent.

The reason for this effect, of course, is topological. The presence of the singular
magnetic field at the origin forces one to divide the paths into inequivalent classes
labelled by a winding number; the phases contributed by the paths depend on this
winding number.

Lastly, it is interesting to observe that fluxes which satisfy the condition gB =n
where n is some integer, lead to no effects at all. Such a result is well-known in the
non-relativistic versions of the Aharonov—Bohm effect; our analysis shows that it
carries over to the relativistic situation as well.

Appendix 1

The Kernel needed in the text is identical to the non-relativistic propagator for a
charged particle in the Aharonov—Bohm field. This has been calculated previously
by several authors in different contexts (Edwards and Gulyaev 1964, 1967). The
procedure is as follows:

Consider the path integral for a Newtonian particle in a given vector potential:

t v
K(x,x';t) = J@x(t)expij dt[%mﬁ2+qA-i]. (Al.1)
0
We take A to be
y X 4y
A=B —_— = 1_ —
( x2+y2’+x2+y2’0) BV<tan x) V(6B). (A1.2)

This corresponds to the Aharonov-Bohm field along z-axis with the flux:

) 2n
#k@:f.@%:hﬁ (A1.3)

0

;1;
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To calculate the path integral, we evaluate it for paths with winding number n and
sum over them with suitable phase. The path integral for paths with winding number
n is given by '

R
K,(x,x; T)= | 2x6(0 — 0 — 2nn)expid

o

[ Txp — yx .
= @xél:fo 1y dt—2nn}cxpzA

LY

f+ T xy __yx
= di —27inl) | 9 | dt| L4+ A—=—22 ).
| exp (— 2zin )f xexpzf0 ( + X2ty »
(Al.4)
The new, unconstrained, lagrangian is
1 .2 Xy — yx
= B+ )= 2~
L 5 mx +(q +/1)x2+y2
1 , ,
=§m(f2+r292+z'2)+v0 (AL.5)

where v =(gB + A): It is clear that the integral over z(t) separates out and poses no

problems. Let us evaluate the xy-part of the Kernel. The hamiltonian for the motion

in the xy-plane has the form
1 ) |

H=5(p—qAu)”. ' (ALS6) .

Therefore, the path integral can be expressed as

K,x%,x5 T)= % Yp(x)yp(x')exp(—iET) (ALT7)

allE

where /(x) are the eigenfunctions of H with eigenvalue E:

1
Hig =5 (= 1V — gAY = EY. (AL8)

In polar coordinates, this equation becomes

1 1o/ o | O 2 ‘
%[‘?5(’5)* (“ﬁ@*f) ]‘ﬁf’% (419)

Taking the wavefunction as f (r)exp(—ik) [k=0, + 1, -], we get for the radial part
the equation: :
1d ( df ) (k+v)?

PP Cm —Tf+a2f=0; a* =2mE. (A1.10)
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This equation is solved by
f=Jesslar) (A1.11)

where J,(z) is the Bessel function properly normalized wavefunctions can be taken
to be

Yg(r,6)= \/.J,,H(ar)exp( ik0). (A1.12)

We substitute these functions into (A1.7) and evaluate the ‘sum’ (which is now an
integral) over all E

°° 1
K,(x,x'; T)= J dEexp(— iET)-ZE-JHv(ar)JH‘,(ar’)exp [—ik(6—6)]
0

_ [=d@®) A
_L - exp (— ia?s) 4an+v(ar)

X Jpoplar)exp[—ik(0 —0')]; S=-;’;-;. (A1.13j

Using the identity

” . , 1 rr+r? rr’
[ ot s, anson =55 Yoo - )l 35
(A1.14)

we obtain the result

K, (xx; T) = z%n;exp[ ik(® — 0] (j"})

allk

r2+r? 1’
xexp(— AT ~2m)I|k+v|<2TT2m)

= ( >6XP [—ik(6—6)]

allk

im , mrr’ |
X exP<+ﬁ(T2+"2)>Ilk+v|(_ﬁ~'>', (A1.15)

Putting this expression into (A1.4) we get

+ o0 1
K,(x,x;T)= a;k J_m diexp (- 2mind)- i T)exp[ ik(6 —6')]

im , mrr
X exp(zT( +r 2))1’|k+v| <——l—:-r—>

teo o dy
= alZl;k Jw @it exp [ — 2min(v — gB)lexp[—ik(6 — )]
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im , mrr’
X eXp (—2-,1—,(r2 +7 2))1"‘”'(_HT)

+ co .
=D J d’? exp (2ngBin)exp [ — 2min(n — k) — ik(8 — 6')]
allk

- (@4miT)
X exp( (r? +r'2)> m[(’fir?r), (A1.16)
We now use the result
Y. exp[—ik(0 — @ —2nn)] =2x Y. 6(0— 6 —2nn — 2nk) (A1.17)
allk allk
to get
, ) : + o0 dn
K,(x,x'; T) = exp [igB(6 — €' — 2nn)] m
X exp l: —in(6—0 —2nx) + -;-n%(rz + r’z):llm,(%r—)

" (A1.18)

where we have first used the delta function to replace 2nn by (9 — 6 + 27k) and then
renamed k as n. The full Kernel is given by

K(x',x; T)= }’ (Kernel for winding number n) = ¥’ K, C(A1.19)
alln alln '

This is the expression used in the text.
As a check consider the limit of B = 0. Then,

+ d .
K, 0,6, T)= Y (27;7,) [—111(9 0') + Tl +r’2)}

alln J - o
iT

oo dp ) Woodimo,
—J_m (zniT)epr:wm(B—B)Jrﬁ(r +r'?)

X 21y 8(2my — 2mj) 1

x exp (+ 11127m)1|,”< i )

Inl

all j
1 , 2 mrr’
= a”j(zm_T)exp[ ij(@—60) + (r +r )—J Ui (7)
(A1.20)
using the identity
> I () exp (ijx) = exp (@ cos x) (A1.21)
all j

we get

i . o,
K(r,r;0,0'; T)= —z—n—ifexp{%(rz + r’z)]exp[ — lm;r cos (6 — 9’)}
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(Eﬁlﬁ’) exp lzn%(rz +r% =2’ cos (6 - 6))

i
_(2 lT) pzT’r P2 (A1.22)

which is correct Feynman propagator in two-dimensions.

Appendix 2

~ Consider a scalar field ® governed by the action
A[D] = —Jdedt [®'D, — V(D)] (A2.1)

where V(®) is a potential describing the self interaction of the scalar field and D is
the dimension of space we are working in. [For usual field theory D =3]. Let us
suppose that we are interested in studying the effect of quantum fluctuations around
some classical solution ® = ®,. This solution will be taken to be either constant or
adiabatically varying so that we can ignore its derivatives. To obtain the effective
action, we will expand ® around @, as

D=0, + ¢ | (A2.2)

and retain terms up to quadratic order in ¢. The Lagrangian then becomes

Lyotar = Lo(®c) + (¢¢ —m?¢?)= Lo(®,) + L - (A23)

where
m?2= V"(®,). (A2.4)

It is convenient, at this stage to switch over to the Euclidean sector. The effect of
quantum fluctuations ¢ which we are interested in are contained in the Kernel

K =exp — I dxg Lo = j D exp — f dx¢ Dep = (det D)~ 112 (A2.5)

where D is the Euclidean space operator

1([] —m?) , (A2.6)

. D=-—
2

in Wthh O denotes the (D + 1) dimensional D’lambertian. [contamlng D-space and
1 Euclidean time]. We will now write this determinant as

det D =exp[Trin D] ’ (A2.7)

so that the Kernel becomes

_ 1 | 1 |
(detD)™ 12 = exp —ETrlnD = exp —Efde {x|InD|x) = exp — fdx,@ L.
’ (A2.8)

.

o
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In arriving at the last expression, we have used some basis vectors |x > to evaluate
the trace. We will now use the integral representation for the logarithm,

1nF=J %ﬁexp(—Fs) (A2.9)
o
to get
1 1[*ds
L= —?:<x|lnDlx> = —'Z'J; ‘;(x‘exp —sD|x)
1 [*ds
- _EJ‘O ?K(x: X5 S)' (A2.10)

Where the quantity

K(x,y;8)=<x|exp(—sD)ly) (A2.11)

is just the Euclidean path integfal Kernel for a quantum mechanical particle with the
hamiltonian D. ‘
In this particular case, the hamiltonian is
h—D-—l( D—i—mz)—v L4 +V? +.—1—m2 (A2.12)
) © 2\de? 2 -

We can evaluate this Kernel easily. The lagrangian corresponding to this hamiltonian

is :
1=+ (%Y 4
— o 2\\ds

which represents a free particle in (D + 1) dimensional space with a constant

background potential (m?/2). [Note that m? is treated as a constant in the adiabatic
limit]. Therefore

dx

ds 2

2> 1 )
—=m - (A2.19)

1 (D+1)/2 1
K(x,x;5) = (ﬂ;) exp —Emzs. (A2.14)

We thus get the expression for the effective lagrangian to be

I [=ds/ 1 \@+n 1 |
i O I C L _—
0

This is the conventional expression. We will now show that the same result can be
obtained from the calculation of energy density of virtual particles.

The ground state energy in the present context is that of a scalar field theory with
mass m.

1 [ d%k :
= k? + m?)t/? A2.16
We begin our manipulations by calculating

0E, 1 (dPk 1
om> 4 ) (2m)P (k2 + m?)'?
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1(d%% 2 (=
=—|———=| diexp[—12(k?+m?)]
4J e Jzlo
1(d% [ ds ' 1
g (2ﬂ)Dfo (2ns)”"exp[_is(k2+mz)} R

We will now use a little trick to eliminate the s~ /% factor. We introduce a variable
p and rewrite this factor as another integral

1 *todp 1,
_ _loe) A2.18
@9 J-wznexp( 2” ) N
Then we get
9E, 1([dPk [* [(*=dp 1 |
S L ——s(k? + p? . A2.19
g 2[@“?[0 dsj_w.?‘nexp 25( + p* +m”) ( )

We can now combine the k and p integrations into a (D + 1)-dimensional integration
over the vector q = (k, p). Then

OE 1 f‘dD+1q © 1 »
8m2‘ =3 | e j; cisexp[——i(q2 +m"')s:]
1 * o 1 ) dD+1q 1 5
=), dsexp(—ism )J‘Wﬁexp —55
1[= ds 1
=Z . Wexp(—zmzs). (A220)

Integrating this expression with respect to m?, we get

1= ds 1
Eo= ‘zf We’“’(‘ 5"’“) = L (A2

4]

which is the required resuit.

We have omitted an integration constant which is independent of m?. As it stands
(A2.21) is also divergent at s =0; however, in this form the divergences are easy to
isolate and handle by renormalization [In Lorentzian space, Ly = — E,; but the
L. in Euclidean sector differ by a sign from that in Lorentzian space, so that
Lege=Eol.

References

Bohm D and Aharonov Y 1959 Phys. Rev. 115 485 [There is considerable literature on this subject, a
sample of which is cited here: (a) Experimental verification of this effect is reported in Werner F G
and Brill D R 1960 Phys. Rev. Lett. 4 344 and the experimental situation is reviewed in Woodilla J
eral 1971 Am. J. Phys. 39 111. (b) Some of the early discussion of the theoretical interpretation can
be found in Peshkin M et al 1961 Ann. Phys. 12 426; DeWitt B 1962 Phys. Rev. 125 2189; Aharonov Y
and Bohm D 1962 Phys. Rev. 125 2192; Feinberg E L 1963 Sov. Phys. (Usp.) 5 753; Franz W 1965 Z.
Phys. 184 85; a partial review can be found in Ehrilson H 1970 Am. J. Phys. 38 162. (c) Extension of

!

@

[t}



Vacuum polarization around an AB solenoid 269

AB effect to other singular fields, like Yang-Mills and gravity was first attempted in these papers:
Wisnivesky D and Aharonov Y 1967 Ann. Phys. 45 479; Cohen M S 1967 J. "Appl. Phys. 38 4966;
Dowker J S 1967 Nuovo Cimento B52 129; Papini G 1967 Nuovo Cimento B52 136; Greenberger D
1968 Ann. Phys. 47 116; Krauss K 1968 Ann. Phys. 50 102. (d) The interpretation of AB effect was a
source of much controversy; detailed references as well as a careful analysis of the singular limit can
be found in Ruijsennars S N M 1983 Ann. Phys. 146 1. Also see the articles by Aharonov Y and
Anandan J 1986 in Quantum concepts in space and time (eds) R Penrose and C J Isham (Oxford:
Clarendon). (e) For a more recent and interesting resurrection of AB-effect see Aharonov Y and Casher A
1984 Phys. Rev. Lett. 53 319; Goldhaber A S 1989 Phys. Rev. Lett. 62 482; Hagen C R 1990 Phys. Rev.
Lett. 64 503, 2347.

Edwards S F 1967 Proc. Phys. Soc. 91 513

Edwards S F and Gulyaev Y V 1964 Proc. R. Soc. (London) 279 229

Heisenberg W and Euler H 1936 Z. Phys. 98 714

Lifshitz E M and Pitaevskii L P 1984 Quantum electrodynamics (New York: Pergamon Press)

Padmanabhan T 1990 TIFR-TAP-9-90, preprint

Schwinger J 1951 Phys. Rev. 82 664






