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Abstract

In this paper new implementation from nonlinear sigma models are presented for cos-
mological inflationary scenarios. It is shown that the scalar field models with any form
of a potential of self-interaction can be derived from the appropriate nonlinear sigma
model. The complete set of new exact solutions for the two- component sigma model
in the spatially flat Friedmann-Robertson-Walker and de Sitter universes is obtained.
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1. Introduction

The theory of self-gravitating nonlinear scalar field (or fields) is used in modern
cosmological inflation scenarios as an effective tool to avoid some cosmological puzzling
questions (see, for instance, the review articles [1] and references quoted therein). The
arena of inflation scenarios is the Friedmann-Robertson-Walker (FRW) and de Sitter
universes [1,2] or a space-time possessing the symmetry [2,3].The scalar field is described
by the standard lagrangian density containing the potential of self-interaction V(¢).
The various forms of the potential are exploited in the cosmological inflation models
but as a rule V(¢) takes the form of a polynomial or an exponent function from the
field ¢. The self-gravitating scalar field with non-minimal interaction to gravity is used
in the extended inflation models together with the scalar-tensor theory of gravity [4].
The last-mentioned theories can be reduced to the general relativity ones with a scalar
field. The recent models such as hyper- and eternal extended inflation [5,6], double-
field inflation [7-9] include two scalar fields with the potential of self-interaction. The
self-interacting N- scalar fields theory coupled to gravity is also used in the "chaotic”
inflationary models [11]. Recently N-fields model with an exponential potential coupled
to anisotropic gravitation fields was investigated in ref.[3].

In this paper it will be shown that the self-gravitating nonlinear sigma models [10]
are also a suitable tool for the inflation scenarios. It is proved that the above mentioned
theories of self-interacting scalar fields (SSFs) can be derived from the appropriate
nonlinear sigma models (NSMs). The two-component NSM, associated with SSF theory,
in the FRW and de Sitter open, flat and closed universes is analysed.The new complete
set of the exact solutions for a spatially flat universe is obtained.

In section 2 we show the way of construction of an appropriate NSM corresponding
to the SSF theory and we present the self-gravitating NSMs as a generalization for the
theory of a single scalar field, double-field model and for the SSF theory with non-
minimal coupling to gravity (extended inflation models).

In section 3 we make a general analysis of the system of equations for the two-
component NSM in the FRW and de Sitter open, flat and closed universes. We find that
for all type spaces under consideration the dynamics of the chiral fields do not affect
the gravitational "true”, in this case, background.

Sections 4 and 5 contain the exact solutions for spatially flat FRW and de Sitter
universes respectively. These solutions are written doun in a form sutable for further

2



physical analysis. Finally, in section 6 we discuss our approach based on the above
mentioned exact solutions for cosmological inflation scenarios.

2. The chiral model for the self-interacting scalar field

Let us consider the formalism of the nonlinear sigma model (or chiral model) based
on the action

(87 o
5N5M=/ dmfﬂ\/ﬁ{ghABsofsﬁfglk}, (1)
M 2

where ¢z = (z',...,2™) are the local coordinates of base space-time, Riemannian
manifold (M, gi); » = (p',...,9") is the multiplet of scalar flelds which lies in
a target or chiral space, Riemannian manifold (A, hap); « is a coupling constant;
g = |det(gir)l; @x = @k = Orp. Where repeated indices occur the summation conven-
tion is assumed. By varying the action (1) with respect to 4 we obtain the equations
of motion

1 ik ik .
—0i(y/39*hape?) — {hcpTBpef i g™} = 0. (2)

V9

Here the I‘_ﬁ’ g are the Christoffel symbols of the chiral manifold (N, hap). Now
let us turn our attention to the self-interacting scalar field models which are described
by the action

Ssse = [ dne/Glgéiee™ +V(6)) (3

/

Here V(¢) can be regarded as a sum of a self-interacting potential and a massive

term

V(p) = em?@* + Vi(9). (4)

By introducing the sign € = +1 we have taken into consideration higgs scalar flelds.
The standard procedures of variation of the action (3) lead to the scalar field equation
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It is important to note that a nonlinear additional term (the expressions marked

by {...} in (2) and (5)) has been introduced in a different way for the models under
consideration. In the equations of motion for NSM (2)the nonlinear additional term

" A%
o \ag o) ~{ 5y =0 (5)

arises from the variational procedure in a natural way. Unfortunately in the scalar field
equation (5) the nonlinear additional term has an arbitrary character and is selected
in a phenomenological way. However it was proved earlier [12] that SSF theory can be
derived from an appropriate NSM. To get the model (3) let us choose the metric tensor
for the two- component NSM (1) in the next form

hap = diag{1, V(8)}, »' = o, 9* =x (6)

and introduce the constraint

ix'=¢ (7

on the auxiliary scalar field y. Substituting (6) and (7) into (2), it is easy to obtain the
equation (5). The constraint (7) clearly may be viewed as a new type of NSM with the
restriction on gradients of chiral fields. But in our case it is sufficient to have in mind
the relation (7) as a bridge to the SSF theory. In this way it is not difficult to obtain
an appropriate NSM for other types of inflation models. For example the double-field
models [7,9] with the lagrangian density

PR S
LD—F . \/g {3@1¢ + 3'¢'kwk + Vtot(qbaw)}i (8)

may be presented by a three-component NSM with the metric

hag = diag{ 1, 1.Vi(6.1)}, o' =, * =v. ¢* = x (9)

and the constraint (7). For the SSF theory with non-minimal coupling to gravity, the
associate NSM looks like

Sy = / d™e/g{(Rhape*»®} + Snsm + Sc. (10)
M
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where ( is a coupling constant and

Se = /\4 AN 2—11} (11)

is the standard action for a gravitational field, R is the scalar curvature and  is Ein-
stein’s constant. The model (10) leads to the conclusion that for extended inflation
type models we must take into consideration the direct interaction between the poten-
tial V(¢) and gravity [12]

S, = /M ™z JG{C[6" + V($)xPIR)} + Sssr + Sc. (12)

3. The self-gravitating two-component chiral model in the inflation arena

To demonstrate the possibilities of self-gravitating NSM for inflation scenarios let
us consider the two-component chiral model (1),(6) associated with the SSF theory in
the standard inflation arena

ds%, = (dz*)? — e“(”4){(d:1:1)2 + A2(zH[(dz?)? + sin? 2% (dz*)?]}. (13)

Here z! = r, 22 = §,2° = ¢,2* =t as in ordinary notation (1] and
sin? 2!
2 =1 (@) (14)

d 2
sinh?® 2!

for a closed, flat and open universe, respectively. For the sake of completness we also
shall use the cosmological constant A in Einstein’s equations. Thus the theory under
consideration is

R « 0
Sy = / d'":c\/E{ ==+ Shasefels + A}, (15)
M 2k 2

where hap is defined by (6) and gix is defined by (13). Einstein’s equations for the
model (15) with the energy momentum tensor
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Tix = a{hapeiof - §gik90f¢FhABgﬂ} (16)

can be reduced to the next form

Rir = IiahAB(pfleE — Agik. (17)

Thus equations (17) and (2) give us the complete system of differential equations
(for chiral and gravitational fields) wich determines the so-called self-gravitating non-
linear sigma model [10]. Substituting (6) and (13) into (2) and (17), and then doing
some simplification we get the system of equations

l 3

e*[5ass + 0i] = ma2P()[E] + xi] + Ae® ~ 2k, (18.1)
(67 + x3]A%sin® 2? = [ + 3)4% = [& + x5, (18.2)

3 L ooy _ 5 2 2
Slas + 5a5] = —ka2P(E)[65 + xa] + A, (18.3)
&bk + xixk =0, (2 # k), (18.4)

1 : dP
—0i(v/397 ¢x) — = xix" =0, 18.5
7 (Vag™ ) — X (18.5)
1 :

—8i(/72P(8)9%* xx) =0, 18.6
7 V92P(8) (18.6)
where k = +1,0, —1 for closed, flat and open universes, respectively. Here we have used

the representation for the metric (6) in the next form

dS% = dg? + 2P(¢)dx? = 2P(E)[d€? + dy?], (19)

where



The analysis of the equations (18.2),(18.4) and their differential consequences give
us the next

STATEMENT: The necessery and sufficient conditions to satisfy the equations
(18.2) and (18.4) are

b =6=6=0, xi=x2=x3=0. (20)

It should be noted here that the relation (20) is a special one for NSM, not for the
SSF theory for which the analogue of equation (18.1) takes the form independent from
£, and xi. Introducing the new fields

®(t) = ¢, X(1) =xt, p(t)=ae, (z4a=1) (21)

and using (20) we can reduce the complexity of the remaining equations and (18) take
the form

%pf + ;—ip‘z = A —2ke™", (22.1)
3 i 2 2 -
3[”“ + 3“-] = —ka[®® +2PX°] 4 A, (22.2)
dP
%u@ + &, — d—¢.x2 =0} (22.3)
g pX + X - dnP) sy = . (22.4)

It is clear from the equations (22) that the dynamics of the chiral fields governed
by (22.2-22.4) do not affect the gravitational field which can be defined from equation
(22.1). The last equation can be reduced to the first order ordinary differential equation
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d .
—Zj+2p2—Az +2k=0, (p=zt,z=e“/2), (22.%)

Zpd

which will be solved for the case k = 0 in the next two sections. When k # 0 (closed
and open universes) even the simplest case of the FRW space-time (A = 0) leads to the
solutions for (22.*) in terms of elliptic functions and needs detailed physical analysis.
Thus the equation (22.*) gives us the solutions for the FRW and de Sitter open, flat and
closed universes which can be considered as a ”true” background for phase transitions
and other phenomenon in GUTs effectively described by the scalar field potential of
self-interaction. In such a way our model gives a good opportunity for the inflation
producers. Namely, there exist the exact solutions (see sections 4 and 5) for the gravi-
tational field, while the chiral fields are respectively free: the potential-like term is not
fixed.

4. Exact solutions for the Friedmann-Robertson-Walker universe

In the case of the FRW universe we must take into account A = 0 in equations
(22). Then from (22.1) we immediately obtain

:
a= éln(t +10) +Inag, e = ao(t +t9)*/%, ag = const. (23)

The solution (23) is the exact solution for the gravitational field (13) for any type
of "potential” 2P(4). The remaining equations can be reduced to

T+ LRI - 57 =0, (24.1)

tZ,+ Fi(¢)¥Z =0, (24.2)

where

d(ln P)

ti=t+to, U=t 7= X1, f* =23ra)™", Fi(g) = —

The formal solution of (24) is given by
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U = ﬂtanh(%ﬁ[l), .Il = /Fl(d))t—ldt; (261)

Z = e_'Blz, .IQ = fFl(é) tanh(%ﬂh)dt. (262)

This formal solution is equivalent to equation (24) and presents an integro- dif-
ferential relation between the chiral fields, their derivatives and a potential 2P(¢). It
should be noted here that for every type of solutions, including the general one (26),
the only non-vanishing component of energy momentum tensor is

1

B 3kt2’ (27)

-~ — T4
G—T4

From (27) it is clear that there exists a physical singularity for the solutions pre-

sented in this section as t — 0.
4.1 Solution A.

Let us suppose that ® = &(¢) and X = X(¢),then the equations (24) can be
reduced to

a1 il

\P% + §F1(¢)[‘I" - 3*] =0, (28.1)
] |

w[% +Fi(¢)Z) = 0. (28.2)

The system of equations (28) may be solved exactly. The result is

2 1
Z

il C = . cg = const, 29a
3P (o) wPle) (29a)

In terms of @ and \ the solution is defined from the relations

Int = / i
J V= 2qPe"
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= / (P(4)] . (200)

The simple solution

¢ = ¢o = const, P = Py = const

X = xo + B(2Py)™/* Int (29¢)
corresponds to the case ¥ = 0 in equations (28). The chiral metric (19) is degenerate
for this solution which is similar to the "pure” scalar field solution (30).

4.2 Solution B

Let X = 0 or x;x* = 0, that is x is an isotropic fleld. Then we have the standard
solution for "pure” scalar field for any type of potential-like term 2P(¢)

é = ¢o + Blnt, x = xo = const (30)

The solution (30) confirms that the model under consideration is the direct gen-
eralization for a massless scalar field one. The non-vanishing component of the energy
momentum tensor is also determined by (27).

4.3 Solution C
Let X = 1. This case corresponding to SSF theory (3) is described by relations

N B — fi(t)
6=2h1(t)+ Bl |55 | + 4o
fi(t) = “32 - 2c1tl, ¢, = const, (31)
C1

4.4 Solution D
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Let us consider the case of the exponential potential

2P($) = me*?, m = const, A = const. (32)

The function Fj(¢) is eliminated from (28) by the assumption (32). The resulting
solution for the case may be reduced to

¢ =—Blnt+ 227 (1 + c2t™P), ¢y = const,

x = 28m™1 / tB/IAB=I[] o ¢y t*P =3 gt (33)

It is clear that for some relations between A and S (for example A\3 = n € Z) the
last integral in (33) leads to the analytical form.

5. Exact solutions for de Sitter universe

Solving the equation (22.1) with A # 0 we can obtain the exact solution for the
gravitational field (13) in the form

e® = cs[cosh(£/2)]2/%, € = 2v/3At, c3 = const. (34)

The remaining equations can be written as the first order differential equation

system
1
uQe + F 8A + kaQ? =0,
1 .
Y F Y =0, 35
u E+ 2\/§X 1(¢)Q | ( a)
where

u = 2cosh(£/2), @ = ®u, ¥ = Xu. (350)
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The formal integration of equations (35) give us

0=y (1 2}, k= [ROE

1

2d¢
= ——NL}, L=|F —. 36
exp{ Wi a}y 14 / 1(¢) » (36)
The non-vanishing component of the energy momentum tensor is
A
e=Tt = —— . 37
. x cosh?(£/2) (87)
In this way we have got non-singular solutions as ¢ — 0 with the energy density
€= —% at t = 0. Let us now take into account some special cases leading to analytical
solutions.

5.1 Solution A
Let Q = Q(¢) and Y = Y(¢). The equations (35) can be reduced to

Qﬁcll%- + %F1(¢)[8A + ka@Q?] = 0,

dY
QIS + ReY] =0 (38)
By integrating the equations (38) we can find the next solutions:

Q=0,

Y = [2V 3APycq)™? a,rctan(efﬂ) + Xo, (39a)

P(¢)= Py = const, ¢ = ¢o = const, ¢y = _ﬁ%;
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Q#0,

2 8A

Q2 5 —[W + K._Ol-], (39b)

= |P(¢)es| 1, = const.

The last solution in terms of ¢ and x is defined from the relations

ﬂ:arca ¢/2
4\/§X/Q(¢) tan(e®/?),

X = -z\/ﬁ/ 1P(¢)cs|-1%. (39¢)

5.2 Solution B
Let X = 0, then we can find

1 2
¢ = 7! /—S—K—a- arctan(eé/?) + ¢o,

X = Xo = const. (40)

5.3 Solution C

Considering the case of the exponential potential (30) one can obtain the next
solution

¢ = do — )\—lncos \/”ha /3),

A
v=3 arctan(e®/?), ¢s = const, (41)

-

13



x=co [{eostovBmar)} S

The energy momentum tensor for all the solutions presented here is defined by

(36).
6. Discussion

In this paper it was shown that nonlinear sigma models can be regarded as a
generalization or an alternative for self-interacting scalar field theories when cosmo-
logical inflation scenarios are considered. To demonstrate this we have studied the
two-component NSM inspired by the SSF theory in the standard inflation arena. We
have obtained a complete set of exact solutions for a spatially flat FRW and de Sitter
universes which lead us to the next geometrical scenario. The chiral fields ¢ and x
lying in the chiral (intrinsic) space (19) are the source of the gravitational fields (13,23)
or (13,34). The changing of the scalar potential V(¢), predicted by particle physics
[1], imply the changing of the potential-like term 2P(4) and therefore the deformation
of the geometry of the intrinsic space. This deformation is proved to occur without
any changing of a gravitational fields corresponding to the inflation arena ("true” back-
ground). While for the self-interacting scalar field are known [1,2] any changing of V(é)
leads to a changing of a gravitational field. Thus, in our case, the phase transition and
restoration of symmetry predicted by GUTs may be considered in the true background.
Namely the solution of section 4 (23) gives us the model with the power law expansion
e = qot2/3 and with a physical singularity as ¢ — 0. In the case of de Sitter universe
(section 5) we have got a nonsingular universe (34) with the exponential expansion

e® = cs[cosh(£/2))*/3, € = 2v/3A¢

and the Minkowskian space-time at the beginning of the universe (¢ = 0). The energy
density at the beginning of the universe was ¢ = —\/«.
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The detailed physical analysis of the obtained solutions and investigations for open
and closed universe will be presented in the next paper.
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