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STATIONARY STATES IN A QUANTUM GRAVITY MODEL
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A modeltheoryfor quantizedgravity is discussedwhereonly selecteddegreesof freedomarequantized.The conceptof
stationarystatesis introduced. Itis shownthatthePlancklength arisesas alowerbound to thespace—timelength scalein a
naturalway.

1. Various approachesarebeing tried to quantize The evolution predictsthat the collapse proceedsonly
gravity,nonewith much success(see ref. [1] for a re- up to thePlanckradius [6].
view). Consideringthe complexitiesof the problem The purpose of the present noteis to introducethe
certainsimplifiedmodelsmay beof value.Onesuch conceptof stationarystates in thismodelso asto un-
approachis to quantizea few selected degreesof free- derstandthis processbetter.An analogywith the hy-
dom(freezingthe rest)usingFeynmanpathintegrals. drogen atom may be helpful.aassically,if a proton
Thismethodwasusedsuccessfullyin the pastwith and electroninteractvia the Coulombpotential,they
the conformaldegreeof freedom(seerefs. [2—71)and collapsetowards each other. In quantummechanics,
leadsto theresult that (atleast for awide classof however, theuncertaintyprinciple prevents thiscol-
metrics [7]) near aclassicalsingularity,transitionsto lapse.What ismore, therearisesa stablestationary
nonsingularspace—timescan occur. stateasthegroundstateof thesystem[8]. In the fol-

In orderto studythe features of themodelmore lowing,we shall showthatsimilar resultshold in our
quantitatively,the concept of anaveragemetric can model.
be introduced[5,61.In a way this incorporates the
effects ofconformalfluctuations.It turnsout that,if 2. In orderto do this, consider the Friedmannmet-
one startswith the Friedmann metric of the form nc,written in the form

ds2= —Q2(t)dt2+Q2(t)[dr2/(I —kr2) ds2= —dt2

+ r2(d02 + sin2O dço2)] ‘ 0) +a2(t)[cI~2+ sin2~(dO2+ sin2Odo)] , (4)

then theeffectof conformalfluctuationsis to modify andtreata(t) as aquantumvariable.In the standardQ (t) to the form .

path-mtegralformalism we askthe question‘what is
Q~ff’(t)= Q2(t) theprobabilityamplitude for thevariablea tohave a

A 2 2t 2 valuea
1 at timet1 and a2 at timet2?” The answeris

x (i ÷(—~)[—j(l —i-) + ~2(l —~)]}, (2) givenby thepathintegral

wheret1, A and ~ areconstants and k(a2,t2 a~,t1) fc7~a(t) exp S[a(t)], (5)

Q(t) t
2~ ast -+ 0. (3) whereit can beshownthat (usingthe methodsof refs.

SinceQ(t) goesast2 near thesingularity,this givesa [2] or [4] to omit secondderivatives)
finite value forQ~ff{0).The geometryis nonsingular.
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S~fdt(l_~2)a. (6)

ti

The evaluationof(S)will leadto theinformation
about the evolution of the systemasreportedin refs. I
haveto write down the “Schrodingerequation”corre- I
[5,6]. Here, sincewe wantthe stationarystate,we ~(q)

spondingto the kernelineq. (5). .This can be doneby I

treatinga(t)asthe quantumvariable in the action
givenby eq. (6). But this action containsa at~z2term q

0

which will createambiguity of factorordering.(As is —q-
well knownthereis no unique quantumtheoryfor

Fig.1.sucha classicalsystem.)Weresolvethis ambiguityby
achangeof variables.Introduceavariableq by the
equation(A is a constantintroducedfor dimensional Forq <q0 the curvehasnegativecurvaturewhile for
reasons,andwill be set equalto unity) q >q0 it haspositivecurvature.We canrewrite the

equation:
a=Aq

2/3. (7)
d2~i

0/dq
2+e

0[1 —(q/q0)
2/3]i/

0 =0. (13)
The action reducesto the form

We now comparethis equationwith the waveequa-
t2 tion of a harmonicoscillatorwritten in the form

S—f [~m4z
2_v(q)]dt, (8)

d2Ø/dq2+e
0[1—(q/q0)

2]~=0. (14)

where In fIg. 2 we plot —d2~i
0/dq

2and—d2~/dq2against
q. Thecurve for ~ (dotted)lies below thecurve for

m = 2A3/3G, v(q)= (3A/4G)q2/3 . (9) ~, forq <q
0. Soif bothare normalized infig. 3 to

Now the “Schradingerequation”canbe written as have thesame valueat q = 0, ~(q)will be belowi~d0(q)
asfar asq <q0. Beyondthis point~(q) hasa stronger

—(h
2/2m)d2~i/dq2+ V(q)~Ji E~. (10) exponential curvature thanqi

0(q) sothatit wiU drop
Onecan write thisas to zero faster than ~i0(q).However,IJ/0(q)hasbeen

+ (e — a
2q2I3)~,Ji= 0, adjustedto be zero onlyat q = o~,so ~(q)will hit the(11) q-axisat a finite point.

e= (2m/Fl~)E, .a= A2/Gh. Thismeansthat~(q) cannotdescribethe lowest-
energystateof a harmonic oscillator. In other words,

Onecanderivethesameequationfrom thestandard
effective actionmethod.Seeref. [9] where a very
similar caseis discussed.Theboundaryconditionsare

= +oo)=0. We areinterestedin the ground-state
propertiesof this system, which canbe foundby the ‘.~-

followinganalysis. ~ ~
Sinceeq.(11) is symmetric under q-÷—q, the q~ \ ~

uniquenessof the eigensolutionstells usthat theyare
eitherodd oreven.The ground state ~‘

0(q)will never

I -be zero (not counting q= ±oo,of course) and willhaved~i0/dq= 0 at q= 0 by symmetry.As shown in fig. 1~Ji0(q)has a point of inflexion atq0 where

e0a
2q~/3. (12) Fig.2.
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This meansa2> Gil/c3 (puttingin thec factor),
therebyestablishinga lower bound on the meansquare
valueof thescalefactor for themetric. Theaverage
valueof thescalefactorin the loweststationarystate

~(q) is of the orderof thePlancklength.
3. Two pointsare worthnoting about this result.

First,this resulthelpsusto understandthe behaviour
_________ of conformal fluctuations in the Friedmannuniverse

from a differentpointof view. Since the lowest sta-
tionarystatehasthescalefactorof the orderof the

Fig. ~. Plancklength, it is understandable that thecollapsing

systemsettlesdown to thatstate (cf.analogywith the
e

0exceedsthelowest-energyeigenvalueof the har- hydrogen atom presented before). Secondly, one
monic oscillatorwith potential function should noticethatdistancesbelow thePlanck length

V(q) = (e0/q~)q
2. (15) havenooperationalsignificance.Any procedureto

probeintosuchsmalldistanceswould require very
If the zero-levelsolution is~i

0(q)= eMq
2,thendirect largeenergydensities;contributionof this energyden-

comparisongives sity to curvaturecannotbe neglected. In this wayalso

= 2p, e
0/q~= 4p

2 . (16) the Planeklength comesin asa lower limit to thelengthscale.
Hencethe conditione

0 > ~ gives
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