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On the avoidance of singularities in C-field cosmology

By F. Hovie, F.R.S.
8t Jokn's College, Cambridge

AND J. V. NARLIKAR

King’s College, Cambridge
(Received 4 July 1963—Revised 7 October 1963)

It is well known that a spherically symmetric imploding cold body collapses into a space-
time singularity in general relativity. The singularity does not arise, however, in the modifica-
tion of the theory proposed in C-field cosmology. Although the C-field has been used to
represent creation of matter, the prevention of singularities does not depend on the creation
property of the field, but on its negative energy density. It does not seem that singularities
can be prevented except by a negative energy field. Internal pressures of the ordinary kind
fail to provide support against gravitation provided the mass of the body is sufficiently large.

1. COLLAPSE INTO A SINGULARITY

As was pointed out by Tolman (1934), intrinsic spherical polars give the most con-
venient choice of co-ordinates for studying the implosion of a cold, spherically
symmetric object. This simply means that the r, 0, ¢ co-ordinates are chosen such
that r=r, O0=0p ¢=0c¢y 7900, constants (1)
is a geodesic. The space co-ordinates of any element of the body stay fixed, and the
energy momentum tensor 7% is diag (0, 0,0, p), where p is the proper density. The
set of geodesics obtained from 0 <7y <00, 0 <G, <7, 0 < ¢y < 27 form a con-
gruence, and a time co-ordinate f can be taken as proper time along the congruence,
as is usual in the choice of geodesic co-ordinates in Riemannian geometry. The line
element then takes the form

ds? = dif—erdr2—erdQ?, dQ? = df?+sin?6d¢?, (2)
where A, p are functions of r, .

Co-ordinates can similarly be chosen when a pressure p is present, but elements of
the body do not follow geodesics unless p is uniform, so that in general 7' does not
take the simple form diag(—p, —p, —p,¢). However, the 7 co-ordinate can be
defined within the body such that it remains constant for each material element.
This destroys the geodesic property inside the body, and the line element takes the
more complex form ds? = e di2— et dr2 — er dQ2, (3)

with », A, u all functions of 7, £, this being the most general form of the spherically
symmetric line element. The energy momentum tensor isnow diag (—p, —p, —p, €),
€ being the energy density.
The above statements can be proved by starting with (3) and by considering
Ti.;=0.Thek = 1and k = 4 components give
, 2p' 2é

= - A2 = ———,
g p+e’ M p+e

(4)
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where primes indicate partial differentiation with respect to r, and dots differentia-
tion with respect to {. When p" = 0, v is independent of r, so that a new time co-
ordinate 7, determined by dr/dt = ob,

reduces the g,, function to unity, and the form (2) is reached (but with 7 as the
proper time).
In the case p = 0, the Einstein field equations give

Ji+ it et —Fe iy =0, (%)
2’ + g’ —Ap’ = 0, (6)
AR+ 32) + o7 — e~ N+ 7 Jp/'N') = SmGip, @

Equation (6) integrates immediately to give
et =e/u'?/4(1+f), fa function of r. (8)

To make further progress with the integration of (5), (7), (8) it is necessary to specify
initial conditions. The solution is well known for the case of a body imploding from
rest, and with initially uniform density p,, having been considered by Datt (1938)
and by Oppenheimer & Snyder (1939). In this case, e# is separable inside the body,
and we can write ot — 18(t), S(0) = 1. (%)
Also f = —or? inside the body, where o = §7Gp,. Thus

et = 82/(1—ar?). (10)

Equation (5) gives a second-order differential equation for S(¢), which is easily
integrated to give 82 = a(1—8)/8, (11)

where the constant of integration has been adjusted to give § = 0 at § = 1, the
implosion being taken to start at ¢ = 0. The density remains uniform and is given by

P = pofSE. (12)

This solution for the interior is similar to the simple elliptic model of cosmology.
Writing & = + 1 in the Robertson-Walker line element for a homogeneous isotropic
universe we have

d/,.2
ds? = di2— S2(¢) : _72+7~de2] . (13)
The field equations give
82 = —1487GpS2, pS* = constant. (14)

Writing p, for the density at the maximum, and altering S by a scale factor to give
S = 1 at the maximum, immediately converts (14) to the form of (11). Indeed, the
interior solution for the case of a finite body behaves exactly as the matter in the
vicinity of the observer in the cosmological case.

Tquation (8) holds in the exterior, but with

[=—arjfr=—20M[r, M =tnp,r3, (15)



Avoidance of singulariiies in C-field cosmology 467

where 7, is the radial co-ordinate at the boundary of the object. In the exterior e#is
not separable, but can be written as

et = St} )rd). (16)
The function § is the same as before, in that it is the same function of its argument,
i e 3 a
.. i . NE g
Sty) = 8 (tz i’) , if (1>‘= ",
7z y ty

A simple integration of (11) shows that the interior collapses into a singularity
S — 0, 8 - 00 in a proper time 77/2,Jo.. When § decreases to a value given by

8 =26 M|r, = arg, (17)

an event horizon develops. Integration of (11) shows that this occurs after a proper
bime aH I —sin=t (ard)E 4+ abry (1 —ard)?].

Signals directed outwards cannot cross the event horizon if they are emitted later
than this, although some communication within the event horizon is still possible.
However, all communication within the object (in the sense of communication from
a particle with radial co-ordinate r; to a particle with co-ordinate r,) ceases at
t = 7r/2.ft.

The development of an event horizon emphasizes the advantage of intrinsic
co-ordinates. The more usual Schwarzschild co-ordinates, with the line element
represented in the form

ds? — eNdT2—erdR%— R2dQ2, (18)
fails within the event horizon. However, the form (18) has the advantage that the
functions N, A are known explicitly for large R, viz.

eN = e~ = 1 — constant/R. (19)

The constant in (19) can be fixed from the initial conditions. Thus R = r, at the
surface initially, and

eN=e b =1-20M|R, M = tmpyr}. (20)
Provided a point with co-ordinate R lies both outside the body and outside the
event horizon the line element is given by (18), (20). This is the case even when
p + 0 within the body provided radiation does not escape outwards from the

surface.
The interior solution can also be expressed in Schwarzsehild co-ordinates so long
as S8 > ar?, i.e. so long as the event horizon has not developed. Using (9), (10) the

line element (2) can be written
ds® = d2— 82() [(1 — ar?) 1 dr? + 12 dQ2]. (21)
The following transformation converts r, ¢ to new co-ordinates R, 7" in terms of
which the line element has the form (18)

R=181), T=0 U; ﬁifcﬁﬁs(x;%/dx], (22)

30-2
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in which the function @ is arbitrary, and a, b are arbitrary constants. The resulting

forms are o 1 o — S282(1 — aur?) (23)
1—ar?—r282° D1 —or® —r282)° B
where @, denotes the derivative of @ with respect to its argument.
: 32 i1 oh
Inserting for 8% in e, et = 1/(1—ar?/S), (24)

in which the denominator is zero when § = ar? Kvidently this situation occurs
first at r = 7y, i.6. for § = ar?, which is the event horizon. The above transformation
can be applied formally even for S < ar?. The effect is to switch the time-like and
space-like properties of the 7', B co-ordinates.

It remains to match the internal and external forms of (18) at the surface r = 7.

Immediately we have
1 1 1

A = = ==
Chowndary = | Tor2l8 T 120G M jr, 8 1— 2GR,
By =r8, QM =inGrip,= ori.
The internal and external expressions for e® are therefore matched at R = R,
irrespective of the choice of ®. This is not the case, however, for eN. To match eN a

particular choice must be made for @,
First, we note that

* zdx + tode 7 xde n s ds
1 —oa? SdS/dz ) 1—aa® S(dS/dx)?
= ——g&ln [{1—or?) (1--8)?]+const., (26)

(25)

where (11) has been used. Hence for a fixed value of 7, e.g. r = 7, at the boundary,
@ is a function of 8, or of B. Thus any choice of @ gives a function of S, and hence of
R, at the boundary. And @, is similarly a function of R at the boundary, G(R) say.
We therefore write

oN _ [aR(rb~R) (l—ocr?,)} (27)
boundery = ;7 G(R) (1~ arf]B) | ez,
We require (27) to be equal to 1 —2G M [R,, and this will be the case if
. — 2
G2(R) = al(r,—R) (1 —ars) . (28)

72(1 — 26 M [ R)?
Equation (28) is the condition on @, necessary for the internal solution to fit on to
the usual Schwarzschild exterior solution. The usual exterior solution is not of
course unique, since a time transformation 7 = 7(7") can be applied without changing
the form of (18).

2, THE EFFECT OF INTERNAL PRESSURE

The proper time 77/2,/ot is just the time of collapse of a cold object of uniform
density as calculated in Newtonian dynamics for the case p = 0. Intypical examples
7/24Je is much less than the cosmological time scale. For the massive objects
discussed by Fowler & Hoyle (1963¢) the density in the hydrogen-burning phase is

~ 102, M)} g cm™3, (29)
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For MM, = 108, (29) gives ~ 10~1gem—3, and the use of this value for p, in
o = $mlip,, gives a collapse time of only 104s. Such explicit cases would seem to force
us to ask in a practical way, rather than abstractly, whether space-time singularities
really do develop.

At first sight one might think that a sufficiently large positive pressure might halt
the implosion. First, we note that the pressure enters the equation for ji, but it
enters with the wrong sign—it makes ji still more negative. Next, we can ask what
the structure of the equation for §2 would be if pressure were to halt the collapse.

A form such as 82 = a(1—-8)/8—0(8~°) (o>1), (30)

with the new term becoming dominant as S — 0 seemsnecessary. This gives a second
root for § and the object would oscillate between the two roots. But then it should
be possible to adjust the pressure to give coincident roots, in which case a static
solution would exist. The question would then seem to devolve on whether static
solutions with internal pressure can be found. T'wo possibilities require discussion:

(1) Pressure in cold material due either to a hard-core nucleon potential or to a
packing of energy levels according to the exclusion principle.

(2) Pressure in hot material.

For the first case it is sufficient to consider the well-known Schwarzschild interior
solution. In this solution the energy density ¢ is taken uniform throughout the body.
The radius B, has a minimum value (8/92')%, &’ = $nGe. The pressure at the centre
becomes infinite as B, decreases to this value.

The nucleonic mass M, of the body is defined as the sum of the rest masses of the
constituent particles taken one at a time; i.e.

R
M, = 4 f prz e**dR, p being the rest mass density. (31)
0
R N
This is less than 4 f' eR?exM AR, (32)
Jo
since p < €. For ¢ uniform, (82) can be evaluated and is
2me¢ | 1, , ,
7 l:',\—/o?sln—le \/05 '—'Rb \/(1““053%)]. (33)
The maximum value of (33) is obtained with R, at its minimum, R, = /(8/9"),
namely
2me | . 8 /8
2 lsin=l /o . 4
@) [%m 4/9 9} > M, (34)
Finally, since (34) is proportional to =% and p < ¢, we have
8 8 87,
M, <P [ [3 ) S (35)
oE 9 9 3

Expressed numerically (35) becomes
M, [M, < ~ 10%~%, pingem™3. (36)
The Schwarzschild interior solution has sometimes been criticized on the grounds

that uniform e is not consistent with p — co at the centre of the object, i.e. that it
implies a physically unrealistic equation of state. However, this is just the situation
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contemplated for a hard-core nucleon potential. The hard core is supposed to
develop at a nucleon separation of ~ §x 10~ ¢em, implying a nuclear fluid deusity
in the present problem of ~ 10 gem—3. Inserting this value for p in (36), we see
that the nucleonic mass of the object must be less than ~ 3, for a static state to
exist. Even a hard-core potential will not prevent collapse to a singularity when the
nucleonic mass is large compared with M.

total energy of equilibrium configuration
(relative to dispersed state at infinity)

/
\/

radius, R

Frourse 1. The zero level is the energy of the digpersed state at infinity,
the nucleonic mass 47,,.

Static solutions analogous to the Schwarzschild case can be obtained for any
specified equation of state. An equation of state based on the best data then
available (including the effect of exclusion packing but not of a hard core potential)
was considered by Oppenheimer & Volkoff (1939). In their case the maximum value
of M, for a static model was only ~ 0-7M,. We do not believe that any equation of
state can be found for cold material that will change the maximum permitted mass
from a value of solar order.

Turning now to a thermal pressure, equilibrium at a sufficiently low density is
always possible. However, such an equilibrium state cannot be permanent, since
radiation will escape from the system. This leads to shrinkage and to an increase of p.
As contraction proceeds the effective gravitational mass, or fofal energy as we might

call it, defined by .
MR, = 471[ eR*dR (37)

0
behaves in the way shown schematically in figure 1. For large R, the total energy
is less than the nucleonic mass M, but as B, decreases M (R,) rises above M, and
eventually approaches a vertical asymptote. The fact that M (R,) rises above M, was
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pointed out by Fowler & Hoyle (19635). A more thoroughgoing account of this
important property has recently been given by Iben (1963).

Granted that M (F,) rises above M, it is easy to see that there can be no equili-
brium models to the left of a certain ordinate. The equation of equilibrium is

dp _ _ 4nGREe+p) [ M(F) )
dR —  1—-2GM(R)/R dmR? |’ (
b
where M(R) = 4 ( eR?2dR.
Jo

With M (R,) > M, a fixed number, it is clear that a singularity must develop in the
pressure gradient for sufficiently small B,. The internal pressure required for
equilibrium then diverges, exactly as in the Schwarzschild interior solution. In the
present case, however, a divergence of p implies a divergence of ¢ and therefore of
M(Ry).4

Now M(£,) cannot exceed M, unless nuclear reactions supply the necessary
energy, and even nuclear reactions must fail to do this as the vertical asymptote is
approached. It follows that thermal energy must eventually fail to support an
equilibrium state. We therefore conclude that when the mass appreciably exceeds
M, an object eventually implodes to a space-time singularity. Implosion cannot be
prevented indefinitely by internal heat, nor can a hard-core nucleon potential
prevent implosion. Gravitation is so strong that a sufficiently large aggregate of
matter crushes itself to a singularity against all sources of pressure.

One might argue that an imploding object is most unlikely to possess spherical
symmetry (rotation, magnetic fields, ete.). While this is true it seems unlikely to us
that departures from symmetry can prevent the development of singularities, at
any rate for sufficiently large masses, since it should always be possible to choose
subregions that possess a greater symmetry than the main object. The above con-
siderations can then be taken as applying to such subregions.

3. THE AVOIDANCE OF SINGULARITIES IN C-FIELD COSMOLOGY

The above considerations all apply to the usual form of the relativity theory.
The C-field cosmology differs from normal relativity in that a new field contribution
is added to the energy momentum tensor,

RI— 1R = —8nQ[Tik —f (OCF~YgCOC)], C; = oCfoas,  (39)

where 7" is the normal tensor, and f is a new coupling constant. The C-field satisfies
the source equation . . . )

fOZ;i :jl;ia )= p(dxl/ds)s (4‘0)
when matter is represented by a smooth fluid of proper density p. The properties of
these equationsin the case of a homogeneous isotropic line element have been studied

t In order to obtain models in which M(R,) actually diverges to infinity it is necessary
to admit non-zero pressure at B = R,. If zero pressure at R = E, is demanded the curve of
figure 1 simply stops. No models of smaller radius can be found.
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by Hoyle & Narlikar (1963). It was shown that if (%, & 0 the only solution of the

above equations is: 8% = A(1+coshit), A a constant,

¢ proper time in units of (127G ),
C=t,
p = fcosht/(1-+cosht),

(41)

where § is the expansion factor. The universe approaches a steady state for either
¢ > 1 or —i > 1. The physical requirement that the density p be positive demands
[ positive.

Equations (39), (40) also have solutions in the case 0., = 0. Evidently C' = 0, the
normal theory, is such a solution. In the cosmological case such solutions are not of
much interest, since the C-field has no source.

The question evidently arises as to whether the arguments of preceding sections
require modification it a non-zero C-field exists, as it certainly does if we accept the
cosmology set out in (41).

We can hardly suppose that the source term in the wave equation for C is of
importance in a local problem. That is to say, creation or annihilation of matter is
not of importance at the large densities that arise in local implosions. Locally, it is
sufficient to write i =0, (42)
and to take C = ¢ as the behaviour of ' at infinity. The problem is analogous to the
cosmologically uninteresting case mentioned above; the field satisfies the homo-
geneous wave equation and is non-zero at infinity. Since the cosmological case can
be solved without difficulty, this case gives a valuable hint as to what may happen
in the local problem.

Again consider the line element (13), obtained by writing & = + 1 in the Robert-
son-Walker form. The equation for S2 is modified to

82 = —1+5nGS2p—1fC?) (43)

owing to the presence of the C-field in the energy momentum tensor. With € a
function of £ only (the homogeneous isotropic case) (42) becomes

C+38/8)C =0 (44)
which integrates to give
C = A/83, A being a constant. (45)
Substitution in (43) then gives
82 = — 1+ §mGS3(p— LfA%]SY). (46)

Remembering that p is proportional to §—3, we see that the € term dominates as
S — 0. Moreover, the new term enters with the correct sign to provide a second root
for 8. In fact, if there is any range of S over which §2 is positive (as there must be
for a physically meaningful situation) then (46) must have two roots for §. The
wtroduction of a non-zero C inio a closed elliptic universe causes the universe to oscillate
periodically.
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This result suggests that the introduction of a non-zero € into the implosion
problem might prevent collapse into a singularity, giving an oscillation between
two roots of §. Indeed, if we accept (45) as the solution of Ot ; = 0 within an object,
equations (6) and (8) remain valid. Since T, = 0, elements of the body follow
geodesics as before, and the line element can still be represented by (2). The equation
for ;i is modified, however, to the form

jit+ 32 ret—LeM /2 = AnGfO2. (47)
Again writing etr =18, et = enu24(l—ar?), a = SnGp,,
g 8 « . .
we have 2§+-S_2+§ = 47GfC?. (48)
With ¢ given by (45), (48) can be integrated to give
/ 2
S8z = g— 4—;’ gfgé + constant. (49)

The constant of integration can evidently be adjusted so that § = 0 at .S = 1, the
beginning of the implosion.
Suppose next that the C-field is of only minor importance duving the early stages.
Then to sufficient accuracy
(1-8) 47 GfA?
SO

As 8 decreases the term in §~¢ eventually becomes important, however, and there
is a second root for 8. The object oscillates, exactly as in the cosmological case.
Implicit in this statement is the condition that the coupling constant f be positive.
This is necessary, however, since the density must be positive in the cosmological
solution (41).

The above argument does not constitute proof that the solution must be oseil-
latory because (45) was assumed. What has been shown is that the oscillatory
solution satisfies all the necessary equations—(39) and (40)—for the interior. To
complete the proofitis necessary to demonstrate that the oscillatory solution for the
interior can be matched to an exterior solution in which the boundary conditions at
large 7 are those given in (41). In particular, it is necessary to show that a solution
of (. ; = 0 can be found that satisfies

C=A/8 at r=r,; C=1 atlarger. (51)

v O
8% =

(50)

In considering such an exterior solution € must be taken as a function of both r, £,
Equations (39), (40) are then partial, and consequently difficult to handle. We have
not succeeded in solving this problem. Nevertheless, we have succeeded in dealing
with the asymptotic situation as § — 0.

The exterior solution is needed in the general case to justify (45), rather than some
other solution of (. ; = 0. However, in the asymptotic situation we can show that
(45) becomes the only solution for the interior as the implosion develops. We start
the implosion from a dispersed state, so that ar? < 1, and we suppose that the effect
of the C-field in the field equations is negligible during the early stages, so that

etr = 1S, et = 82(1—ar?) ~ S2 (52)
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as before. In its partial form the wave equation for C is

4 o :
o Tet—3A0"] = — A EALT =

or [e O ] o [e/ C] . (03)

Inserting (52) we t Lo 20" = 1o [83¢] 54)
g e have o P = 27! ‘ 5

The general solution of (54) can be represented as a sum of separable solutions of the
form C(r,t) = X(r) Y (¢), because of the linearity of the equation. In terms of such
a separable solation

1 9 1 0 .
e (12X) = e (S3Y). 5
wx o ") = gy a5t (65)
Iividently
a—i(er’) = BriX, % (S3Y) = BSY, B being a constant. (56)
The solution for X is X(r) = sinh (\/Br)/r, (67

there being no term in cosh /B 7 because of the singularity that would develop as
7> 0.

We now show that ¥ tends to the form 4/S% as § — 0 even if B + 0. This can be
seen from an expansion in series. Write

Y =8° <a0+ ]SE @, Sn) . (58)
1

Retaining only the lowest power of § on each side of the equation (56) for ¥, we have
o[87+28 4 (0 + 2) §o+182] ~ BSo+1, (59)
Now either the C-field slows the implosion or it does not. If it does not, then
S2=a(1-8)/8, 8= —1LafS2
Substituting in {59) ao(o+3) 87 ~ B8+,

The right-hand side becomes negligible as § - 0 so that either o =0 or o = — 3.
The case o = 0 corresponds to a time independent U-field. A static C-field is always
a solution of the wave equation, but a static solution does not satisfy the time
dependent cosmological condition given in (41). The static solution was omitted
above through the tacit assumption of a non-zero constant of integration in (45).
The case o = — 3 gives ¥ oc S—%. Since all separable solutions have this behaviour as
S = 0, C is also proportional to §—%. Hence C is proportional to S—%S. Finally, with
S proportional to S—% we have C'oc 873, as in (45). Hence the special solution repre-
sented by (48) must develop as implosion proceeds, and hence the implosion is
finally halted.

We conclude that in the presence of a C-field with the cosmological boundary
condition (41) there is no collapse into a singularity. Although gravitation is
strong enough to crush matter alone, the C-field ultimately dominates. It does
30 through the effect of the modification of the line element on the wave equation
in curved space. The proportionally € cc S—3 shows that € behaves in the same way
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as p. But the C-field terms affect (39) quadratically, instead of linearly as in the
case of matter. For sufficiently small § the C-field terms therefore become over-
riding. It will be noticed that the contribution of the C-field to the 44-component of
(39) is negative—the energy density is negative. Hence the C-field has a repulsive
‘gravitational’ effect, which explains why implosion can be halted. We believe
implosion into singularities to be inevitable if all physical fields have positive energy
density. To prevent singularities, a negative energy field is required, one that
dominates all positive energy fields as § — 0. In this connexion it is of interest that
in the cosmological case electromagnetic fields only add a term in §-2 to (50), showing
that electromagnetic fields are unable to compete with the C-field as § — 0.

Itis worth noting here that the inclusion of the A-term in Einstein’s field equations
does give rise to a force of repulsion. This force, however, varies as § and fails to
compete with the gravitational force of attraction as § — 6.

4. A STATIC SOLUTION FOR A BODY OF ARBITRARY MASS IN THRE
PRESENCE OF A (-FIELD

In § 2 we argued that if internal pressures could produce an oscillatory solution it
should be possible to adjust the pressure to give a static solution. Similarly, it
should be possible to obtain a static C-field solution. But it is not intuitively clear
that such a field can be matched to the appropriate cosmological boundary condi-
tion at large ». Once again the exterior equations are partial in character. The
problem is less difficult in this case, however, because the matching of interior and
exterior solutions take place at a fixed surface instead of at a moving surface. An
explicit solution for this problem will now be given.

As seen in § 3 the line element inside the body can be written in the form

ds? = di2— 8 dr?/(1 —ar?) +72dQ2]. (60)
The function S satisfies a differential equation
82 = P(8)/8%, P(S) = aS3(1—8)—4nGfAz, (61)
with the density p and € given by
p = (3a/87G) 83, C = AS-3, (62)

o, A being constants. The scale of S can always be adjusted to make 8§ = 1 at the
beginning of the implosion; but for a static solution such a transformation is not
important.

For a static solution with 8 = §, (say) the quartic P(S) hasa double zercat § = &,.
Hence P(S,) = 0, P'(S,) = 0. This gives

8,=1 (63)

¢

dnGf ., 27 . (3 N\ /2Ta\F /
—g*‘—A = "2—5*6 &,  1.e. A= (Ei‘af} (55—6) = AC (Sa/y). (64)

For A < A,, P(8) has two real positive zeros 8,, 8, and 8§ oscillates between S; and
8, For 4 > A, there is no physical solution at all.
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Consider next the external solution. This solution must match the above statie
internal solution at r = r, and at infinity it must approach the cosmological solution.
As shown in § 3 the cosmological solution is the steady-state solution. In the form
originally used by de Sitter the line-element is given by

ds? = (1— H2R?)dT? - dR?/(1 — H2R?%) — R*dQ)2, (65)
where H is the Hubble constant given by
H1 = /(3/4nGf). (66)
The non-zero components of 7% and C, are
T = fR2H?, T4 = T4 = fRH/|(1— R2H?), T4 = f|(1— H2R?), -
C, = —RH[(1-R*H?, C,=1. } )

We now consider the modification produced by the body and take the line-

element to be of the form
ds? = eNdT2—e NdR*— R2d4Q2 (68)

We expect the line element (68) to approach the form given by (65) at large £ and
to behave as the usual exterior Schwarzschild solution near the body where cosmo-
logical effects are unimportant. As the line element (65) is stationary, we first try

for a solution with N independent of 7. This simplifies the problem considerably.
As a generalization of (67) consider the non-zero components of 7% and C; in

the form m p‘;_;g, e el p£7}7 as ;07]29 (69)
C,=¢ C,=1, (70)
where &, 4, {, p are functions of R only. The field equations (39) reduce to
0 = fE+p&y, (71)
eNN’ 1 eV ¢ ¢ 7
T~__R§+Eé = SﬂG[,ogze—N——%f(e“l\‘+§291\)]> (/2)
NN/ 1 , GN__ 2 N _ 1f(a—N_1 #2.N 73
_F_@Tﬁ_m&n?[pne —§f(e™V+L2eN)], (73)
1 eN(N” 2 NN’ —N_ 72N
PN+ N'2) 4~ = —dnGf[e™ — 2], (74)

where N’ stands for dN/dR.
A solution of these equations is obtained with

p=t e=1-Ypr, £~ [(Lepre).

1=es o= [(Gror) [(1-3-om),

provided 38 = 47Gf. But, since 3H? = 4nGf, this requires § = H?, so that eN tends
to the required form at large E.
This solution also satisfies the equation (40) which determines the rate of creation.

(75)
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The constant y is determined only by fitting the boundary conditions on the
surface of the body. We now turn to the question of matching the internal and
external solutions.

Continuity of the coefficients of dQ?2 in the two solutions requires

B=Ry=1w,8, = $r,. (76)
Continuity of the coefficient of dr? at r = r, gives
4y  9H%
_7 2 _x b -
l—ari=1 —fRE = 316 (77)

For continuity of g,, we need

e 4y 9m? , _ 2
¢ = J(l_éﬁ"“ﬁ”’) T=Jl-ar)T. (78)

It is also necessary to make the C-field continuous across the boundary. For the
external solution C is given by

{ {(y|R)+H?R?}dR
— U Y A
C = T+J B =R T+ F(R) (say). (79)
In the internal solution C is given by
A 4,
C= f@;dt S t+ 8, B = constant. (890)
For continuity at r = r, at all times we therefore require
B = F(By); (4,87 J(1—arf) = 1. (81)
Substituting for 4,, S, from (64) and using (66) we get
4 WJooJ(1—ouf) 5
e i = 1. (82)

This relation determines the radius of the body in terms of «. Using (62) this can
be written as a radius-density relation.

NGnGp) (1 —§nGpr3) = H. (33)

The constant y determines the effective gravitational mass of the body as ‘seen’
by an external observer. From (77) we get

Y = {a—TsH?) . (84)
Writing M = 4m3S3p (85)
we get, using (62), v = 26{3M — E5(3G) 7,,} (86)
The gravitational mass is therefore (3 — 2% (H?/G)#}). The nucleonic mass M, as

defined by (31) is given by

B 3M o Vel . ) 260M 26 M 26U
an__z_(A/QGM) [sm N/ 7y _'\/ Ty (1_ "y )] 87
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It is interesting to consider the case where r, ~ 2G 3, but r, € H-1, the cosmo-
logical distance scale. Writing

260 = (1—y)r, (1<), (88)

we get, from (83) and (85), n = 2LH%3. (89)
The nucleonic mass is given by M, ~3nM. (90)
To this approximation M = 2(26)~% (mp)¢, (91)

and the gravitational mass as seen by an external observer is close to M. The
effective gravitational mass of the body is reduced owing to the negative energy
density of the C-field which has a repulsive gravitational effect mentioned earlier.

5. CoNCLUSION

The static solution in the previous section demonstrates that the repulsive
gravitational force of the C-field can be adjusted to balance the usual gravitational
foree inside a body of arbitrary mass. The matching of interior and exterior solutions
in the oscillatory case is much more difficult, though not different in principle. An
explicit solution in the oscillatory case will yield information about the maximum
density attained in the body during its oscillations and will be of relevance to the
massive objects considered by Fowler & Hoyle (1963a,b).

The above considerations also appear to show that a negative energy field like
the C-field is necessary in order to prevent singularities from developing in space-
time.
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