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ABSTRACT

We classify orbits of stars that are bound to central black holes in galactic nuclei.
The stars move under the combined gravitational influences of the black hole and the
central star cluster. Within the sphere of influence of the black hole, the orbital periods
of the stars are much shorter than the periods of precession. We average over the orbital
motion and end up with a simpler problem and an extra integral of motion: the product
of the black hole mass and the semimajor axis of the orbit. Thus the black hole enforces
some degree of reqularity in its neighborhood. Well within the sphere of influence,

(i) planar, as well as three dimensional, axisymmetric configurations-both of which
could be lopsided—are integrable, (ii) fully three dimensional clusters with no spatial
symmetry whatsover must have semi-regular dynamics with two integrals of motion.
Similar considerations apply to stellar orbits when the black hole grows adiabatically.
We introduce a family of planar, non—-axisymmetric potential perturbations, and study
the orbital structure for the harmonic case in some detail. In the centered potentials
there are essentially two main families of orbits: the familiar loops and lenses, which
were discussed in Sridhar and Touma (1997, MNRAS, 287, L1-L4). We study the effect
of lopsidedness, and watch the emergence of a family of “resonant” loops, which we
argue are suitable candidates for the construction of lopsided, eccentric, discs around
black holes, such as in M31 and NGC 4486B.

1. Introduction

Following up on a decade of work with ground-based telescopes (cf. Kormendy 1982, 1987
and Lauer 1983, 1985), observations with the Hubble Space Telescope (HST) have clarified, and
extended our knowledge of the centres of galaxies (cf. Lauer et. al 1995, Gebhardt et al. 1996).
The brightness profiles are generically cuspy, and many correlations have been drawn between cusp
steepness, isophote shapes, luminosities, kinematics, and other nuclear and global properties of
galaxies. Most, if not all, galaxies might have central black holes (BH), massive enough to power
active nuclei when there is an adequate supply of fuel (Rees 1990). About a dozen galaxies have
been shortlisted as candidates for possessing central BHs (c.f. Kormendy and Richstone 1995),
and the case is especially strong for our Galaxy, M31, M32, and NGC 3115. BH detection based
on spectroscopy of stellar light requires careful modeling of the distribution and motions of stars
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in the central regions. Set against this background of progress, our understanding of the dynamics
of nuclear star clusters is quite poor. Gerhard and Binney (1985) argued that cusps and BHs will
destroy box orbits (see de Zeeuw 1985 for a discussion of orbit structure of triaxial, integrable,
potentials with cores), which are then replaced by chaotic orbits. They also observed that the
resulting chaotic orbits are rounder, thus making it difficult to construct non-axisymmetric
equilibria, a conclusion which has received great attention from Merritt (1996) who suggested
that cuspy galaxies with BHs must necessarily be axisymmetric at least near the centre. Sridhar
and Touma (1997) constructed, cuspy, non-axisymmetric, scale-free discs whose potentials are of
Stéckel form in parabolic coordinates. The dynamics in these potentials is fully integrable. A BH
could be added at the centre without affecting the integrability of motion. Discs without a BH
support only bananas. The BH stabilizes a box-like family of orbits, the lenses. These models,
as they questioned the implicit assumption that cusps and BHs imply chaos, perked our interest
in further investigating dynamics very close to the BH. Here, we explore another route to more
regular dynamics in galactic nuclei.

The orbits of stars in galactic nuclei are controlled by the combined gravitational forces of
the central BH, and the self gravity of the cluster. Very close to the BH, the orbits are nearly
Keplerian—stars bound to the BH move on nearly elliptical orbits, whereas very energetic ones
whiz by hyperbolically (we ignore relativistic effects, so our discussion is applicable only to
distances beyond several Schwarzschild radii from the BH). If the velocity dispersion in the cluster
is o, we might say that a BH of mass M has a strong influence on stellar orbits inside a sphere of
radius, 7, ~ GM/c?. For fiducial values, M ~ 108 M, , 0 ~ 100kms™!, we obtain r, ~ 50 pc,
a spatial scale that HST with a resolution of 0.”1 can easily resolve much farther than Virgo.!
Keplerian ellipses do not precess, and we might expect that orbits that are strongly influenced
by the BH might support asymmetric, even lopsided structures. Such appears to be the case for
M31 and NGC4486B, both of which have double nuclei (Lauer et.al. 1993, 1996); these might be
signatures of eccentric nuclear stellar discs (Tremaine 1995). A few other galaxies with central
asymmetric light distributions are discussed in Lauer et.al. (1995). As Lauer et.al. (1996) observe,
“ A thorough understanding of the dynamics of eccentric disks might allow us to estimate the BH
mass directly from the disk shape by relating the scale at which the disc symmetry is broken to
the hole mass.”

In this paper, we develop a perturbative approach toward classification of orbits within
the BH sphere of influence, taking advantage of the super—integrability (i.e. degeneracy) of the
Kepler problem. Borrowing an averaging technique from planetary dynamics, we introduce slow
dynamics of precessional motions in § 2, and discuss integrability of slow dynamics in two, and
three dimensional motions, for both time independent potentials, as well as the case when the

Tt should be noted that o itself is often not independent of distance from the BH, thereby confusing the significance
of r,. Perhaps a better estimate of the sphere of influence of the BH is the radins at which the mass of the cluster

equals the mass of the BH.
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mass of the BH grows adiabatically. We introduce a family of planar potentials that are, in
general, cuspy, non—axisymmetric and lopsided. The harmonic ease is particularly amenable to
simple, analytic treatment, and we devote § 3 to an exploration of orbits in non—axisymmetric,
and lopsided cases; orbit families that might have relevance to double nuclei are briefly discussed.
Centred non harmonic perturbations, with small non-axisymmetry are considered in § 4. § 5 is
devoted to outlining the limits of applicability of the averaging principle, emergence of resonant
families, and the outbreak of chaos. § 6 provides a summary of our results, paying some attention
to the applicability of the averaging technique to M31 and NGC 4486B.

2. Slow dynamics

Let the BH be located at the origin, and consider a cluster of stars orbiting around it. A
typical stellar orbit is determined by the Hamiltonian,

23— . + &(r) (1)

where r and v are the position vector and velocity of the star, and ® is the (time independent)

mean gravitational potential of the cluster. If & were zero, the radial and azimuthal frequencies
of the orbit are equal, and orbits are pure, Keplerian ellipses. Within the BH sphere of influence,
®, by definition, is a small perturbation that makes the Keplerian ellipses precess and deform on
time scales that are slow compared to orbital times. Hence it is useful to imagine that each star
is a slowly precessing elliptical ring, with its mass distributed inversely proportional to its speed
around its orbit—in the planetary context, this idea derives from Gauss (see Hagihara (1971) for
a discussion of Gauss’s idea and its applications). Rauch and Tremaine (1996) introduced it to

explore relaxation effects in star clusters around supermassive BHs. The elliptical ring approach
emerges naturally in the averaging process we discuss below.

When there is a separation of time scales, and one is interested in the slow evolution, it
makes sense to average over high frequency variations: thus, time averages of physical quantities
are equated to their space averages, an idea that has its roots in the works of Laplace, Lagrange
and Gauss. The cleanest way to do this is to express the problem in appropriate action—angle
variables, identify the fast and (the two) slow angles, and integrate over the fast angle. Then the
conjugate (fast) action is predicted to have no secular evolution? In practice, resonances between
fast and slow motions stand in the way of this naive averaging procedure. Such resonances are the
seeds of chaos, which we explore later using surfaces of section.

To apply the averaging principle, it is convenient to cast the Kepler problem in terms of the
Delaunay action—angle variables: we write these as (I, L, L.;w,g,h), where (I,L,L,) are action

2Laplace did this for the solar system, and concluded that the semi-major axes of the Keplerian ellipses of the
planets do not evolve sccularly. It is no surprisc that we get an identical result; we usc it to classify stellar orbits in

galactic nuclei.
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variables, and (w, g, h) are the respective conjugate angle variables.> We list the basic definitions
below, and refer the reader to text books (c.f. Plummer 1960, Goldstein 1985) for the derivation.

I = VGMa, wherea isthe semi-major axis.
w = mean anomaly, which is a measure of time along the orbit;
it is O at pericentre and advances by 27 in one circuit.
L = magnitude of the angular momentum; L < I.
g = angle from the ascending node to the pericentre.
L, = z—component of angular momentum.
h = angle from z-axis to ascending node. (2)

Expressed in the Delaunay variables, the Hamiltonian for the Kepler problem (equation 1 with ®

set equal to zero) assumes the simple form, Hy,, = —(G2M?/21%) . Thus w advances at a uniform
rate, )
duw 0He,  (GM)
Q) = (- = P = 3
(1) (dt )kep oI JER 3)

whereas the other five Delaunay variables remain constant.

Let us assume that we have managed to express @ in terms of the new variables. Then the

H:_%<GTM)2+<I>, (4)

where, with some abuse of notation, we now regard ® as a function of all six Delaunay variables.
For a general perturbation, the only conserved quantity is H. The angles advance at rates given by
dw 0% dg 09 dh 09

o = M+5r G T e @ T e (5)

full Hamiltonian,

When & is small, Q is the fastest frequency in the problem; thus w varies in time much faster
than g and h, and averaging simply means that we can integrate the Hamiltonian of equation (4)
over one circuit of w—this is equivalent to treating a star as an elliptical ring. The averaged
Hamiltonian,

il = Z—:H = f%( —\/1=(L/1)? cosn) H = —% (GTM)2+6, (6)

governs the slow dynamics of precessional motions. Since H is independent of w, we recover
Laplace’s result that I is conserved by the slow dynamics. Furthermore, ® itself is another slow

3it is unfortunate that the notation employed by planetary dynamicists overlaps so heavily with those commonly
used by galactic dynamicists for other physical quantities. Our notation is non standard, but we hope that it minimizes

confusion.
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integral of motion.* Without further ado, we can reach some general conclusions about slow
dynamics in the region r <« r;, . Below we list our conclusions in order of increasing generality:

1. For razor—thin discs, motion is confined to the z = 0 plane. Any ®(z,y) has the two slow
integrals of motion, I and ®. Hence the slow dynamics for two dimensional potentials, however
non-axisymmetric or lop—sided, is integrable, and a straightforward classification of orbits is
possible.

2. For axisymmetric ¢ in three dimensions, L. is an exact integral of motion (since @ is
independent of ). We now have three integrals of motion (L., I and ®), and the slow dynamics
is again fully integrable.

3. In three dimensions, when ® has no symmetry whatsoever, we still have the integrals I and ®.
The slow motion can be chaotic, but it is clear that the chaos is confined —for instance, there can
be no Arnold diffusion for the slow dynamics.

2.1. Adiabatic growth of the BH

Averaging is also applicable to time dependent perturbations, ®(r,t), when the time variations
are slower than the orbital times; as before, [ = VGMa is a quasi—invariant. In some scenarios
of the formation and subsequent growth of the BH, its mass increases adiabatically (Peebles 1972,
Young 1980); conservation of I implies that semi-major axis shrinks in proportion to the growth
of M. When the growth time is also much longer than the precessional timescales, additional
(adiabatic) invariants might arise. These will, in general, be related to the actions corresponding
to precessional degrees of freedom (L, L., g,h). We again consider cases with different spatial
symmetry.

(1) For razor—thin discs, the conserved actions are I and § Ldg, where the integral is performed at
fixed time, over one cycle of motion in the I — g plane.

(2) For three dimensional, axisymmetric cases, in addition to I and ¢ Ldg, we have L, as an
exactly conserved quantity.

(3) For configurations that have no spatial symmetry, I is in general the only conserved quantity,
since resonances or precessional chaos might destroy the other adiabatic invariants.

It is difficult to make further progress without taking into account the self-consistent evolution
of the cluster potential.

“H is, of course, exactly conserved, but this does not give ns any extra conserved quantities after averaging.
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2.2. Slow planar dynamics

For razor—thin discs, orbits are restricted to the z — y plane (I,w) determine the semimajor
axis and position on the orbit and (L,g) the eccentricity and orientation of the ellipse in the
plane. The only difference from the three dimensional case is that we allow L to take both +
values. It proves convenient to set w = n — esinn, where 7 is the eccentric anomaly, and e is the
eccentricity given by e? = [1 — (L/I)?] < 1. If we imagine cartesian coordinates, (z ,y ), centred at
the origin, such that positive z is along the major—axis toward the pericentre, and y is parallel to
the minor-axis, we have = a(cosn — e), and ¥’ = av/1 — e2sinn. The primed coordinates being
rotated by angle g with respect to the fixed coordinates, (z,y), we obtain

B = a{cosg (cosn—\/l—éz)—Zsingsinn}
y = a{sing (cosn—\/1—£2)+1fcosgsinn}, (7)

where £ = L/I is a dimensionless angular momentum which takes values, -1 < £ <1.

Let u be a characteristic oscillation frequency of a test particle in the potential ®(r), when
the BH is absent. We could, for instance, take u to be the orbital frequency of closed orbits
allowed by ®. Since this frequency will depend only on the size of the orbit, we could replace the
size by a, and regard p to be a function only of I. Then the ratio, §(I) = p/Q is a convenient
small parameter for slow dynamics. We now use a dimensionless time, 7 = ut, as an appropriate
measure of the slow dynamics. Defining the dimensionless, averaged Hamiltonian,

Hoan-Z-f 2 (L) B0 i) (L), ®

m 2r \Ip 2m Ip
the equations of motion take the standard form,
. d
J= ¢ OH ._dg OH ©)

=%~ @& o

In fact, much of the qualitative picture of the orbit families can be gleaned by looking at the
contour plot of H in the (g,4) plane (for any choice of the constant I).

2.3. A family of planar model potentials

To develop some analytic understanding of orbital structure, we introduce a family of planar
potential perturbations that allow for both non-axisymmetry and lopsidedness.’ Let us define a

°In the lopsided cases, the potential exerts a force on the BH, so we should imagine that the BH is ‘nailed’ down.
It is possible to improve the situation by including cubic and higher order terms in the potential, but at the cost of
considerably more complexity. We decided to forgo this luxury, since our primary goal in this paper is to pick out

interesting orbits.



quadratic form,

— do)?
¢ = (et + UE (10)
and the family of planar potentials,
sgn (@) g (g2 +12)°", a#0;
O(z,y) = (11)
(®0/2)log (¢* +77) , a=0,

The potentials depend on the five structural parameters, (d,r., b%,¢c%,a), and a magnitude
parameter (®gry®). The potentials are centred at a point that is displaced from the BH by

d = (di,ds). Potential isocontours have a core of radius r., and constant axis ratio, b. The
exponent « is a measure of the potential gradient across the contours; we require 2 > a > -1, a
range that includes homogeneous cores as well as very centrally concentrated mass distributions.
The potentials are lopsided for non zero d, and are cuspy when r, = 0. When both d = 0
and r. = 0, the dynamics itself is scale—free, so we may set a = 1. Lopsided potentials are not
scale—free, even when 7, = 0; this is because the lopsidedness sets a scale (d). The magnitude,
(@75 “) measures the slowness of the dynamics. Specifically, we choose units such that

1= (Boa®/Ir§) = (®0a®//GMar). As discussed above, the small parameter is (/) o al1+2);
since o > —1, averaging is a very good approximation for small a.

3. Planar harmonic perturbations

The slow dynamics of harmonic perturbations, for which a = 2, can be studied exactly for
arbitrary non—axisymmetry, and lopsidedness. The core radius loses dynamical significance in this
case, so in our explorations of harmonic perturbations, we set r, = 0:

@, 1 2 d% day 2 yz
m=a§<d1+b—2—2dlw—2p—+$ +b_2 . (12)

Substituting for # and y, the expressions given in equations (7), gives us the perturbation explicitly
in terms of the Delaunay variables. We then average over w, and obtain the following expression

for the slow Hamiltonian:®
3 €\ »  5e 5 d1 dy .
H:_§ 1-|-§ £ - Z(l—é )cos2g+3\/1—£2 ;cosg+(1+e);smg , (13)

where we have introduced € = (b=2 — 1) as a measure of non-axisymmetry. The parameter space is
3 dimensional, (¢, di/a , da/a ), so that the slow dynamics of even planar, harmonic perturbations
is quite rich. Below we study a few cases.

®A term, [(5/2) + (5¢/4) + (dy/a)* + (1 + e)(dz/a)2], has been dropped in the slow Hamiltonian, because it is

does not contribute to slow dynamics.
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3.1. Centred harmonic perturbation: dy =d» =0

The simplest case is a centred (d; = d» = 0) perturbation, for which we may without loss of
generality, set € > 0. The Hamiltonian is

_ 3 AW
H= 2<1+2>z 4(1 £2) cos2g, (14)

and the equations of motion are,

- O0H 5 o\ .

L = == = =3¢ (l—f )Sln 2g

. OH - € be

g = o = -3 (1+§>£ + 2Ecos 2g, (15)

When e = 0, the full Hamiltonian is axisymmetric and the angular momentum is an exactly
conserved quantity. The orbits are the rosette-like figures given in standard text books on classical

mechanics. The averaged description, of course, coincides with this picture; H = —3¢2 /2, the
isocontours of which are simply lines of constant £ in the (g,£) plane. These loop orbits are now
viewed as Keplerian ellipses that precess at a rate, g = —3£.

When € # 0, the non—axisymmetry gives birth to a new family of orbits, the lenses. Figures 1la
shows contour plots of H for the case ¢ = 0.25, for which the isocontours of the perturbation have
axis ratio b ~ 0.9. The lenses are parented by the short axis orbits, which appear as the stable
fixed points located at (7/2,0) and (37/2,0). Figure 1b shows a lens orbit (for H = —0.13); £
oscillates about zero, whereas g librates about the short axis. When the lens is aligned along the
short axis, it is maximally round, and when the pericentre reaches its maximum deviation from
the short axis, the lens elongates to' a line (“radial orbit”); its angular momentum now switches
sign, and the lens returns to maximal roundness at g = 7/2, but with the opposite sign of £.
Unlike lenses, loops have a definite sign for £, and g circulates through 27 in one period. The
loop in Figure 1c is a deformed rosette that spends somewhat more time near the long axis, as it
circulates around the origin. The unstable fixed points at (0,0) and (7, 0) correspond to the long
axis orbits. Loops are separated from lenses by the separatrix that straddles the unstable fixed
points. The separatrix orbit, as well as the loops and lenses that are close to it spend a lot of time
in the vicinity of the long axis. As ¢ increases, lenses occupy an increasingly larger fraction of
phase space (see Figure 1d).

When g = nr, equations (15) imply that £ = 0 and § = (¢ — 3)¢. Thus, when e =3, g = 0,7
are lines of fixed points in the (g,#) plane. In fact, when e = 3, the region occupied by the
short—axis lenses has expanded to its fullest, squeezing the loops out of existence. This value
of € corresponds to axis ratio of two (for the isocontours of the harmonic perturbation), a case
for which the full Hamiltonian is exactly integrable (see Appendix A for details). For e > 3,
loops are completely absent, and all of phase space is populated by lenses (see Figure 2a). The
long-axis orbits now become stable, and parent families of long—azis lenses, one of which is shown



x ]
(c) (d)
Fig. 1.— Planar, centred, harmonic perturbation: (a) isocontours of H in the (g,£) plane for
€ = 0.25, (b) a lens orbit in real space corresponding to H = —0.13, (c) a loop orbit in real space

corresponding to H = —0.47, (d) isocontours of H in the (g, £) plane for e =1
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in Figure 2b. We can demonstrate this change in stability of the long-axis orbit, by expanding the
H of equation (14) to lowest order about the fixed point (0, 0):
5 2 5e
H=-—- —-3) =+ —g°.
4e+(e 3)2+29 (16)
When e < 3, the coefficients of £2 and g2 are of opposite signs (the long—axis orbit is unstable),
and have the same sign for € > 3 (when the long—axis orbit is stable). We can also see that the
short—axis orbit remains stable by expanding H about (7/2,0). With ¢ = /2 + ég,
5 £2 5
H = Ze— (4 +3) = — ze(bg)*. 17
Je— (e +3) 5 = ¢ (6) (17
The coefficients of both £2 and (6g)? have the same sign, so the short—axis orbit is always stable.

3.2. Lopsided harmonic perturbation: d; #0, d; =0, e =0

New orbits emerge when the centre of the perturbation is displaced from the BH. The simplest
case occurs for € = 0, for which the isocontours of the perturbing potential are circles. In this case
we may, without loss of generality, set do = 0, and let d; = d. The Hamiltonian,

d
H = —gﬁ + 3;\/1—320039. (18)

now has a (cosg) term, which distinguishes between orbits that are aligned with, from those that
are anti—aligned with the lopsidedness of the perturbation. We recall that g is the angle from the
major (z) axis to the pericentre of the instantaneous Keplerian ellipse. Thus orbits with g = 7 are
aligned, whereas g = 0 are anti-aligned with the lopsidedness. The only free parameter in H is
d/a, which may be thought of as a dimensionless measure of lopsidedness. Below we explore the
orbital structure as a function of this parameter.

The panels in Figures 3 show the dependence of the isocontours of H on lopsidedness.
Changes in the topology of isocontours occur when d/a crosses 0.5 (Figure 3a to 3b) to and again
when d/a crosses unity (Figure 3c to 3d). This behavior is best understood by following the
location and stability of the fixed points. The equations of motion are,

L = Clcf = 32\/1—£2 sing

5
g = 88—1;[ - —32—32\/—1—2__?008_(], (19)
and the fixed points are determined by requiring ¢ = g=0. There are four fixed points, located at
g = 0, £=0, (anti-aligned radial orbit);
g = 7w, £=20, (aligned radial orbit);
g = m, L= +%4/1- 4 (aligned loop orbits). (20)

a?’
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(b)

Fig. 2.— Planar, centred, harmonic perturbation: (a) isocontours of H for e = 5.0, (b) A long—axis
lens orbit, for H = —6.0.
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As Figures 3 show, the anti-aligned, radial orbit is a stable fixed point. The stability can be
established by expanding H to lowest order about (0,0):

d d d
PRI T PO P on
a 2 a 2a

The coefficients of £2 and g? have the same sign, so the fixed point is stable.

For d < 0.5a, as in Figure 3a, when one leaves the anti-aligned lenses, one first encounters
rosette like loops. These orbits have a definite sense of circulation, anti-clockwise or clockwise
accordingly as £ is . As the average value of |{| increases, we explore this family of loops until
we go past that rosette which at ¢ = 0 has £ = 1. This is a critical orbit, beyond which we enter
the region occupied by the more interesting family of aligned loops, a family which we explore
further down. At d increases to 0.5a, the separatrix, which bounds anti-aligned lenses away from
rosettes, grows to its maximum allowable half-width of 1, squeezing the rosettes out of existence.
As can be seen in Figure 3b, for which d/a = 0.6, the rosettes have disappeared. What about
the other fixed points? They correspond to orbits that are aligned with the lopsidedness. The
aligned loops have eccentricity, e = d/a; they begin as circular orbits when d = 0, elongate with
increasing lopsidedness, reducing to radial orbits when d = a. For d/a < 0.5 the aligned loops are
separated from the anti-aligned lenses by the rosettes. As d/a increases beyond 0.5, and while
d/a < 1 the family of aligned loops shrinks, and is now separated from the anti-aligned lenses
by lens like orbits surrounding the aligned radial orbit. All through this variation of d from 0 to
d = a, the aligned radial orbit is unstable. At d = a, the two aligned loops (with either sign of £)
merge with the aligned radial orbit, which now remains stable for d > a. Again, this change of
stability of the aligned, radial orbit may be verified by expanding the Hamiltonian about (=,0).
Setting g = 7 + ég, to lowest order,

d d\ 342 3d
= —3- — ) BT €.7) LI
H 3a (1 a) 5 + 2a(g) + (22)

When d < a, the coefficients of £2 and (6g) have opposite signs (fixed point unstable, but have
the same sign for d > a (fixed point stable). Hence there are three kinds of fixed points:

1. The anti-aligned radial orbit is stable for all d/a. This parents a family of anti-aligned lenses
(see Figure 4a).

2. The aligned radial orbits are stable when d > a, and parents a family of aligned lenses (see
Figure 4d).

3. The aligned loop orbits are stable when d < a. These parent a family of lkbrating loops, to be
discussed in some detail below.

There are no orbits that correspond to anti-aligned loops.
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(d)

Fig. 3.— Isocontours of H for planar, lopsided, harmonic perturbation (a) d

(c) d

0.6a,

0.3a, (b) d

1.5a.

0.8a, (d) d
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Fig. 4.— Lens orbits for the planar, lopsided, harmonic perturbation: (a) an anti-aligned lens orbit
for a =1, d = 0.5, (b) an aligned lens orbit for a =1, d = 1.5.
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3.3. Possible applications to lopsided galactic nuclei

- The lenses and loops of (2) and (3) are orbits of different sizes: for given d, the former are
smaller, with a < d, whereas the latter have a > d. However, the apocentres of both orbits
librate about the line joining the BH to the centre of the perturbation. This property makes them
candidate orbits for the construction of lopsided discs around central BHs in galactic nuclei. For
lenses, £ makes equal excursions about zero, whereas loops maintain a definite sign of angular
momentum. Eccentric discs, such as the one at the centre of M31, could well be composed of stars
orbiting on the loop orbits of (3) above.

The aligned loops (which are fixed points of the slow dynamics) have constant angular
momentum; £ is positive (negative) for anti-clockwise (clockwise) motion of the particle on its
Keplerian ellipse. Their eccentricity, e = d/a, which means that the centres of the ellipses
coincides with the centre of the perturbation (the BH is at one of the foci). For a fixed value of
d, aligned loops of varying sizes (i.e. a), form a family of concentric, confocal ellipses. Not only
can stars be placed on such orbits, but being a non-intersecting family, such nested ellipses can
also be the streamlines of gas flows. Figure 5a shows one such representative set of aligned loops.
Stable oscillations about these fixed point orbits allows £ to oscillate, while preserving a definite +
sign. Unlike the circulating loops of the centred perturbation (see Figure 1c), g for one of these
librating loops oscillates about its mean value of 7 (see Figure 5b).

Tremaine (1995) has suggested that the nucleus of M31 is an eccentric disc in which stars
move on nearly Keplerian orbits around a massive BH. In his model, the location of the BH
coincides with the fainter (brightness) peak, P2, and brighter peak, P1, is the apoapsis region of
the Keplerian ellipses. We suggest that the aligned loop orbits (and their progeny, the librating
loops) are the orbits that mostly make up Tremaine’s eccentric disc. If we imagine that the lopsided
harmonic perturbation mocks self—gravity, our toy model suggests that the apsides of loop orbits
can be trapped with favorable orientation. However, we do not expect details to carry over: for
instance, we found that the aligned loop all shared a common centre. Such a property need not
be true in general; indeed, extrapolating from Tremaine’s simple, three-ring model, larger rings at
the centre of M31 might be less displaced from the BH. We conjecture that quite general, three
dimensional, lopsided perturbations will support aligned loops that can be used to build eccentric,
thick discs.

4. Planar perturbations for general «

When o # 2, it is no longer possible to obtain exact expressions for the slow Hamiltonian.
One possibility is to evaluate H numerically, and study the contour plots. Another option is
to look at limiting cases, which is what we do below. In this Section we study centred, nearly
circular perturbations: di = d; =0 and 0 < € < 1 Equation (11), for & # 0, gives us the following
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(b)

Fig. 5.— Loop orbits for the planar, lopsided, harmonic perturbation: (a) a set of aligned—loops
when d = 1. The ten nested ellipses have a = 1.2,(1.2)%,...,(1.2)}0 ~ 6.19, (b) A librating loop
for d = 0.5, a = 1, for which £ fluctuates between 0.4 and 0.97.
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scale—free potentials:

‘(Il(j}_y) = -al_a (“’2 +(1+ G)yz)a/z = aia (r2 + eyz)a/z
= <£)a + e% <£)a_2 (%)2 + 0(e). (23)

We can now substitute in equation (23), the following expressions,
I a(l—vl—ﬁzcosn),
y = a {sindz (cosn -V1- 62> + £cos 1 sin n} : (24)

for » and y, and average over n to obtain the averaged Hamiltonian (see Appendix B for details of
the derivation) correct to first order in e:

H(¢,pae) = (1+———cos2¢)F( 1+a 1_52) e
2 -

+ ﬂEzcos21/)F<;a , 2 1—22) + 0(é?), (25)
4 2 2
where F' is Gauss’ Hypergeometric function. When a = 1 or 2, the Hypergeometric series for
F' terminates, and the Hamiltonian assumes a simple form. We have already discussed the case

a = 2 in some detail.” When a =1,

F(—l, ~1/2,1, 1—[2) = 3—2£2,
F(o, 1/2, 2, 1—[2) = 1, (26)
so that ] ,
HE,$,1,¢) = (§+§) (3-£) - %(1—%) cos2 + O(2) . 27)

Figure 6a shows the isocontours of this Hamiltonian (o = 1) for € = 0.1; as may be seen,
these are similar to those of Figure la. Keeping € small, we can vary o from —1 to 2. Figure 6b
shows the isocontours for @ = —0.9; again the overall structure is unchanged. Hence we conclude
that, for small €, the orbital structure is independent of « in the range (—1,2), with loops and
short—axis lenses broadly similar to those in Figures 1b and 1c.

"For @ = 2, equation (25) reduces to equation (14), which happens to be an exact expression, because terms of

O(€?) are identically zero for this case.
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Fig. 6.— Isocontours of H for e = 0.1 (accurate to first order in €): (a) « =1, (b) @ = ~0.9.
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5. The limits of averaging

The averaged Hamiltonian is an accurate proxy for the full Hamiltonian when the orbital
period is much shorter than the period of precession of periapse. Such is mostly the case for
orbits that evolve in the sphere of influence of the BH. However as one moves outwards, the
influence of the perturbations relative to the BH’s pull increases, the mismatch in frequencies
decreases, thereby invalidating the averaging procedure. In practice, the breakdown occurs at
resonances between orbital and precessional motion and is responsible for the emergence of minor
orbit families such as the ones discussed by Gerhard and Binney (1985) and Miralda-Escude
and Schwarzschild (1989)—hereafter GB and MES, respectively. GB were mostly interested in
energetic orbits, far outside the sphere of influence, and give an incomplete picture of the orbits
that live near the BH, claiming that “essentially all orbits in this regime are loop orbits”. MES
briefly discuss the effect of introducing a BH. In what follows, we collect results pertaining to
dynamics in the combined potential of a BH and planar non-axisymmetric (possibly lopsided)
potentials.

In keeping with history, we study the phase space of the logarithmic potential, with and
without a central BH of mass M. The potential is

vi )0 Y 2
O(z,y) = ?ln((m —d)° + o) + R2), (28)
where vy, is the characteristic velocity of large loops, R, is the core radius, b is a measure of
non-axisymmetry, and d is the lopsidedness. The dynamics being two dimensional, we can explore
the phase space structure on a Poincare section. In addition to the length scales, d and R.., we
have the radius of the sphere of influence of the BH, which is the radius at which the force exerted
by the BH balances the force of the perturbing potential: r; = p3R, with, p = SM

Rcvli ’

5.1. The scale—free logarithmic potential

This case, for which GM = R, = d = 0, was studied in detail by MES. Among other things,
they identified families of resonant centrophobic orbits: banana, fish, pretzel...etc. The resonances
are between the orbital period of the star and the period of precession of its pericentre. The
banana for instance, performs two orbital revolutions in the time it takes its pericentre to precess
once. For completeness, we redo MES’s calculation. The potential is scale free and the motion has
two degrees of freedom, so a single surface of section suffices to lay bare all the dynamics. Since
we are interested in resonances between orbital and precessional motions, we choose to strobe the
dynamics with the orbital period at each apocentre passage, recording the angular momentum, L,
and the argument of the pericentre, g.

The resulting surface of section is shown in Figure 7. The phase space is divided between
orbits with a definite sense of circulation (librating non-aligned loops and rosettes) and those
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Fig. 7— A Poincare section for the scale-free logarithmic potential when b = 0.9. The tori inside
the separatrix are broken up into chains of islands corresponding to resonances. Marked are the
banana (x), the fish (triangle), and the pretzel(square). One should also note the family of resonant,
short axis loops.
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with no definite sense of circulation. The later are split into resonant orbit families. The periodic
orbit that engenders the banana family is caught at two pericentre passages, the fish at four and
the pretzel at six. In this case, the period of precession of orbits is close to the orbital period,
naturally precluding any averaging; the averaged picture would have missed this orbital structure
(see Touma and Tremaine 1997 for a discussion of the averaged Hamiltonian). Following GB, it
has been a common notion to think of box orbits being ‘scattered’ by the central cusp. We prefer
to forget about boxes all together, and see these orbits as a natural outcome of resonant coupling
between frequencies.

5.2. Adding a BH

Next, we stick a BH at the origin and watch the restructing of orbits that takes place. MES
did introduce a BH but did not show any surface of section. They presented samples of high
energy orbits, including some regular ones. With no core, the BH radius of influence is given by,
r, = GM/ v%. We measure distance in units of r,,, and look at sections of increasing energy. The
energy is that of an orbit with zero velocity started on the z-axis, with z = fry,, f = 0.4,2.0,4.0.

Within r;, (Figures 8a), the phase space is occupied by two main families of regular orbits:
short axis lenses and loops. The lenses appear naturally in the integrable cusps with BHs
presented in Sridhar and Touma (1997). The apparent integrability of the motion is consistent
with the validity of averaging at distances where the motion is dominated by the BH. The phase
space of the corresponding averaged Hamiltonian was not described previously in this paper, but
it hardly differs from the averaged dynamics of centered harmonic perturbations discussed above
(this should be obvious from the results of § 4). As one moves out in radius past r, (Figure 8b),
resonances become stronger, and a layer of stochastic motion develops near the separatrix. A
torus has broken up into a chain of islands. The corresponding resonant periodic orbit, the bowtie,
is shown in Figure 8c. Further away from the BH (Figure 8d), the short axis radial orbit becomes
unstable, bananas-are born, together with other resonant orbits families which overlap and lead to
large scale chaos where once the regular lens orbits lived.

5.3. BH + logarithmic potential with core

The potential with a core is similar to the one considered by GB. They were mostly interested
in energetic orbits far outside r; and they find that, for nominal values, b = 0.9, u = 0.02, resonant
orbit families and stochastic orbits dominate the phase space. When commenting on dynamics
inside r,, they just mention that most orbits are loops which, as we now know, is incomplete. We
will follow the evolution from the nearly integrable motion described in § 3 to the breakdown of

integrability.

Within 74, we expect the potential to be well approximated by a harmonic core, and the
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Fig. 8.— Dynamics in the potential of a black hole perturbed by a logarithmic potential with
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() (d)

Fig. 9.— Dynamics in a logarithmic potential with core, b = 0.9, p = 0.1. Shown are sections on
energy surfaces with zero velocity curve y = 0 and (a) = 1.0y, (b)z = 2.07y, (¢) z = 4.0r, and
(d) a sample orbit from the stochastic sea in (c).
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dynamics to be accurately described by the integrable, orbit averaged Hamiltonian. Indeed, as
may be seen in Figure 9a, where we strobe orbits at edge of the sphere of influence, the phase space
is regular with mainly short axis lenses and loops. As we progress outwards to 2rp, lenses and
loops break down into resonant orbit families, which get stronger, overlap and lead to stochastic
orbits. Regular lens orbits surround the stable short axis radial orbit. By 4r,, Figure 9c¢, the short
axis radial orbit has gone unstable, regular lens orbits have disappeared, as the region within
the separatrix is practically engulfed by a single stochastic orbit. A chaotic orbit at that same
energy level is shown in Figure 9d. It explores all pericentre locations with neither a definite sense
of circulation nor a definite sense of rotation. GB described stochasticity in terms of scattering.
Here, it appears with the gradual sacrifice of regular orbits to resonances as we move away from
the BIH.

5.4. Lopsided logarithmic potential

Finally, we look at surfaces of section of a lopsided logarithmic potential, when b = 0.9,
d = 0.1R,, and p = 0.1. The sphere of influence has radius r, = 0.464R.. At z = 0.4r;, (Figure
10a), a ~ 0.08, d/a > 1: loops are absent, and aligned and anti-aligned lenses cover phase space;
the regular orbit structure is consistent with averaging. For = 0.8r;, (Figure 10b), we are still
within 7, so we still expect the dynamics to be integrable. In this case d/a < 1; a family of
aligned loops appears in a addition to the two families of lenses, in agreement with the averaged
dynamics. For £ = 1.0ry,, the dynamics is still quite regular. The aligned lenses have disappeared.
The family of aligned loops is separated from the anti-aligned lenses by the usual loop orbits. By
z = 2r,, many resonant orbit families invade the phase space, and stochastic motion abounds
around the separatrix. The central lens has lost its stability.

In conclusion, within the sphere of influence, the averaged Hamiltonian captures the orbit
structure. The conditions for averaging break down outside the sphere of influence, and with it
the regular orbit families of aligned loops and lenses, and anti-aligned lenses.

6. Discussion

In this paper we have introduced an averaging technique into the study of star clusters
around massive BHs at the centres of galaxies. The dynamics of these clusters is governed by the
combined gravitational potential of the central BH and the cluster itself. Within the sphere of
influence (r4) of the BH, the cluster potential is a small, yet non negligible perturbation. Orbits
that are confined within 7, may be viewed as slowly precessing (and deforming) Keplerian ellipses.
We have shown that these orbits possess a quasi-integral of motion, in addition to the energy
integral; this nearly conserved quantity is I = vVGMa, where M is the mass of the BH, and a is
the semimajor axis of the orbit (when M is constant, the semimajor axis is nearly conserved). The
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quasi-integral arises because the Keplerian orbital frequency is much larger than the frequencies
of precessional motions. Taking advantage of this mismatch in frequencies, we averaged over an
orbital period, to obtain a reduced dynamics of slow, precessional motions, wherein I appears as a
full-fledged integral of motion.

The building of self-consistent stellar models for systems with low spatial symmetry (such
as the central regions of M31 and NGC 44868, which are known to possess double nuclei) surely
requires the existence of more than one integral of motion. We now have in hand two integrals of
motion—the energy and the semimajor axis—that may be used to construct dynamical models
for the centres of galaxies like M31 and NGC 4486B. Let us verify that the conditions required for
the averaging to apply are met in these two cases.

1. M31 probably has a central BH of mass ~ 3 X 10" Mg,. If we assume a central velocity
dispersion ~ 220kms™!, then 7, ~ 3pc (~ 1”). The double nuclei are separated by ~ 0.5
arcsec, and much of the nuclear disc itself appears to be within 7. Furthermore, within 1", the
mass of the disc and the bulge are only 16 %, and 2 % of the mass of the BH respectively (see
Tremaine 1995). Within 7, the gravitational potentials of the disc and the bulge are small, but
non negligible, perturbations to the potential of the BH; indeed, this is a situation that is ripe for
the ap/plication of the averaging technique! In § 3.2 and 3.3, we considered orbits in a toy model of
a lopsided perturbation, and discovered that there are a very interesting class of loop orbits that
are elongated in the same sense as the perturbation. The existence of these aligned loop orbits
is an encouraging sign that Tremaine’s (1995) eccentric disc can be realised as a self-consistent
model.

2. NGC 4486B (a low luminosity E1 companion of M87) also has a double nucleus separated by
0.”15 (Lauer et.al. 1996). There seems to be some evidence for a central BH of mass ~ 6 x 108 M,
(Kormendy et. al. 1997). For an assumed central velocity dispersion ~ 280 kms~!, and an
assumed distance to NGC 4486B of 16 Mpc, we estimate that r;, ~ 0.”48, length scale that is not
only larger than the separation between the nuclear peaks, but also one that is nearly five times
larger than than the best resolution obtainable with the HST; hence the averaging technique may
be expected to be useful here too. Kormendy et. al. (1997) suggest that the double nucleus might
arise from a stellar distribution similar to Tremaine’s (1995) disc. However, as Lauer et.al. (1996)
note, there are differences from the case of M31, and even the evidence for a massive BH is less

certain.

A fundamental result of this paper is that, relativistic cffects apart, the presence of a massive
BH enforces a certain degree of integrability within its sphere of influence; and this happens
because of the extra quasi—integral, I. Even without detailed knowledge of the (perturbing cluster)
potential, we were able to note that slow dynamics in (i) razor—thin discs is fully integrable because
the problem is two dimensional, (ii) any axisymmetric potential is fully integrable (note that
axisymmetry allows for lopsidedness), and (iii) a potential with no spatial symmetry whatsoever
still conserves two integrals, so that any precessional chaos must be highly limited in nature.
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When the potential is time dependent, but with variation occurring over times longer than
the orbital times, averaging is still applicable. We discussed the case of the adiabatic growth of the
BH. Another case of slow time variation comes to mind: this is the ‘resonant relaxation’ of Rauch
and Tremaine (1996), a process that relies on Two body encounters between stars. The time scales
are typically much longer than orbital times, so averaging applies, and the stars in their courses
may be treated as elliptical rings. Over certain time scales (shorter than the classical two body
relaxation times), the semimajor axes of all the stars are approximately constant, whereas torques
between the rings exchange angular momentum. As the authors note, this can lead to a situation
in which some regions of nuclear star clusters are relaxed in angular momentum, but not in energy.

We introduced a family of model potentials for this case, that allowed for a range of cusp
slopes (o), non-axisymmetry and lopsidedness, with a view to classification of orbit families. For
the harmonic case (o = 2), we showed that centered non—axisymmetric perturbations support
two main families of orbits: short axis lenses and loops. Lenses were already identified in Sridhar
and Touma (1997) and should be recognized as an essential feature of regular motion around
BHs. They have zero average angular momentum and fill out lens shaped regions in configuration
space. The loops are the familiar rosettes of slightly perturbed Keplerian motion. We explored
the consequence of lopsidedness and watched the emergence of a family of (resonant) aligned
loops whose elongation is in the same sense as the lopsidedness, a property which makes them
ideal candidates for the construction of eccentric disks and describing double nuclei in the manner
suggested by Tremaine (1995).

When o # 2, the case of small non-axisymmetry (e < 1) is analytically tractable. It is
interesting to note that the qualitative nature of the orbits (lenses and loops) appears to be
insensitive to . This is probably because the force exerted on a star due to the perturbing
potential-—even when it becomes infinitely large at the centre—is overwhelmed by the force due to
the BH. If such is the case for larger non—-axisymmetry, then our explorations of the harmonic case
provide a sketch of the possible orbit families in razor-thin discs around massive BHs. Whether
the qualitative nature of dynamics around BHs is indeed independent of the steepness of the cusp
in density is an unsolved problem, but one that is tractable by methods such as our averaging
technique.

Averaging is of course valid as long as we are away from resonances—in this case between
the orbital period and the period of precession of periapse or the node. We showed, numerically,
that such a condition is satisfied within 7, and breaks down outside. Orbits which take a star far
outside r, may be expected to be chaotic, as explored in the works of Merritt and collaborators.
Central BHs and strong cusps might force the main body on an elliptical galaxy to evolve toward
axisymmetry. However, as we have argued in this paper—and reinforced by the examples of M31
and NGC 4486B—we suggest that the central regions of a galaxy can stubbornly persist with their
striking variety of non-axisymmetric features.
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A. The case e =3

We show that the unaveraged dynamics, in the combined potential of a BH and a centered
harmonic perturbation, is integrable, when e = 3, or b = 0.5. Indeed the combined potential,

o= —— | K+ ay?), (A1)

Va2 + y?
when expressed in parabolic coordinates (see Sridhar and Touma 1997 for details), £ = y++/z2 +y?,
and n =y — v/z? + y?, takes the form

_F(§) | F-(m)
<I>_E_n+77_£, (A2)
where

F(€) = K(6-GM)
F(n) = K(~ln+GM). (A3)

This form is that of a separable, Stickel potential in parabolic coordinates, which supports
integrable motion.

B. Derivation of equation (25)

Let ® denote the potential given in equation (23). Substitute for r and y, the expressions
given in equations (24), and average over 7 in the usual manner. This gives us the averaged
Hamiltonian, H = (®/ul) = Hy + eH; + O(€?) , where

Hy = %}{dn (1—\/1—£2cosn)a—H ,
H = %j{dn (1—\/1—£2cosn)a_1 X
X {sint/z (cosn -1 —EZ) + £ coszﬁ}z . (B1)

Some straightforward algebra allows us to express

H= (1 + %) Aft;0) ~ Bt @) cos2p + O(), (B2)
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in terms of the two functions, A and B:

Ala) = I(dT?ﬁ,§+a,@

2
Blte) = Aha) - 207 VIZB, j+a, 1), (B3)
where

Z(e;A,v)

il

1 =
o }{dn (1- ecosn) ™V /2 in% p

A—v—1/2 T 1 A—v—1/2
_ e -v-1/2) / dn (— + cos n) sin? g
0 e

™

B LF(I/—FI/Z) (21/—2)\4-1 20—2X+3
/7 T(v+1) VR 4

where the last identity involving the Hypergeometric function, F', is obtained by using formulae
3.666, 8.703 and 9.131 (1) of Gradshteyn and Ryzhik (1994). Then

,v+1,¥), (B4)

] = 1+ o o 2
M) = P(-1E2, %0 p),
Blta) = Allo) — L5 F 5 ,T,2,1—£ (B5)

Substituting for A and B in equation (B2) completes the derivation.
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