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Large scale dynamos produce small scale current helicity \maste product that quenches the large scale
dynamo process (alpha effect). This quenching can be oapagt (i.e. intensify with magnetic Reynolds
number) unless one has fluxes of small scale magnetic (certinelicity out of the system. We derive the
form of helicity fluxes in turbulent dynamos, taking alsaoilsiccount the nonlinear effects of Lorentz forces due
to fluctuating fields. We confirm the form of an earlier derivedgnetic helicity flux term, and also show that it
is not renormalized by the small scale magnetic field, jlst furbulent diffusion. Additional nonlinear fluxes
are identified, which are driven by the anisotropic and gmisetric parts of the magnetic correlations. These
could provide further ways for turbulent dynamos to tramspat small scale magnetic helicity, so as to avoid
catastrophic quenching.

PACS numbers: PACS Numbers : 52.30.Cv, 47.65.+a, 95.3@885.Eg, 96.60.Hv

Large scale magnetic fields in astrophysical bodies aref the backreaction due to the Lorentz forces associatdd wit
thought to be generated by dynamo action involving helicathe generated large and small scale fields. Treatments of the
turbulence and rotational shear [1, 2]. A particularly impo back-reaction have typically used the quasi-linear apprax
tant driver of the mean field dynamo (MFD) is theeffect,  tion or closure schemes to derive corrections to the meéah-fie
which in the kinematic regime is proportional to the kinetic dynamo coefficients (cfL[4] 5] and [3] for a review). It is the
helicity of the turbulence. A question of considerable deba found that thev effect gets “renormalized” by the addition of
is how thea effect gets modified due to the backreaction ofa term proportional to the current helicity; b, of the small
the generated mean and fluctuating fields? It is especiallgcale fields; that isn = ax + ayr, Whereay = (7/3p0)7 - b
important to understand whetharsuffers catastrophic (i.e. [5]. (Herepq is the density of the fluid angl the small scale
R,,-dependent) quenching, sinék,, the magnetic Reynolds current density.) At the same time there is no modification to
number, is expected to be typically very large in astropdalsi 7, at lowest orderi[4].
systems. Recent progress has come from realizing the impor- :
ta)llnce of magneticrz) h(glicity conservation in constrgininig trEJ In order to constraifu,
nonlinear saturation{3| 4].

Recall that in the MFD theory, one splits the magnetic field
B into a mean magnetic fiel@ and a small scale fieltl =
B — B, and derives the mean-field dynamo equation [1]

in simulations in a periodic box

or in systems that involve no boundaries, it has proved uisefu
to take recourse to the evolution equation for the smallescal
magnetic helicityh = (a - b), wherea is the vector potential
and() denotes volume averaging. We have in such situations,
dh/dt = —2(€ - B) — 2n(j - b). In the stationary limit, this

9B o predicts(€ - B) = —n(j - b), which tends to zero ag — 0,

— =Vx({UxB+&-nJ). (1)  foranyreasonable spectrum of current helicity. This le¢ads
catastrophic quenching of the turbulent emf paralleBtoOf
Here€ = w x b is the turbulent electromotive force (emf), course while evolving to this stationary state,_soﬁw_ill be

J = V x B/u the mean current density, the vacuum 9enerated. Butits value, at the end of the kinematic regime,
permeability (assumed unity throughout the rest of the pape Still turns out to be small, if the scale separation is laije [

n the microscopic resistivity and the velocity = U + « It has been suggested that su_ch quenching can be avoidgd if
has also been split into me&hand small scale turbuleat=  the system has open boundaries and is mhomo.geneous, since
U-TU velocities. Finding an expression for the correldian ~ ©ne could then have a flux of small scale helicity out of the
terms of the mean fields is a standard closure problem which i&ySteém which helps maintain a non-zel® - B) [, 1§, 19].

at the heart of mean field theory. In the two-scale apprddch [2t i therefore important to calculate such fluxes in a genera
one assumes th&tcan be expanded in powers of the gradientsianner, taking into account also the effect of Lorentz fsrce

of the mean magnetic field. For isotropic helical turbulence This is the aim of the present work.

this gives€ ~ aB — n,J, where in the kinematic limity = Indeed, Vishniac and Chdl[7] derived an interesting flux
ak = —i7Ww-w, proportional to the kinetic helicityl{ =  of helicity, which arises even for nonhelical but anisotcop
V x u) andn, = %TF is the turbulent magnetic diffusivity turbulence. We derive a generalized form of the Vishniac-
proportional to the specific kinetic energy of the turbukenc Cho flux (henceforth VC flux) in the evolution equation for
with 7 being the velocity correlation time. 4 - btoinclude also nonlinear effects of the Lorentz force and
The kinematic theory has to be modified to take accounhelicity in the fluid turbulence. As we see, the VC flux can
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also be thought of as a generalized anisotropic turbulént di to ».) A tedious but straightforward calculation gives [3]
fusion. Further, due to nonlinear effects, other helicityfl 5
(r:]:)enttr:l:butlons arise genert_’;\ted by th_e anisotropic andyantis 5 Jj-b =ej / [2Xlk kj(k - B) — xuV;(ik - B)
part of the magnetic correlations.

One immediate problem with previous approaches was that —ik; B - Vi, + Qiijpkvpﬁl} &3k + T (4)
in open systems with boundariésis not gauge invariant and
one has to consider instead the gauge-invariant relatig® mawe have written out explicitly only that part of the helicity
netic helicity, sayh, defined by subtracting the helicity of eyolution driven by the coupling of the turbulent emf to the
a reference vacuum field_[10]. The flux of relative helicity mean magnetic field. This is because we are particularly-inte
is cumbersome to work with for arbitrarily shaped bound-ested in turbulent helicity fluxes driven by an inhomogerseou
aries. Also the concept of a density of relative helicity® n g andB. TheT,, term represents the triple correlations of the
meaningful, sincér, is defined only as a volume integral. small scalex andb fields and the microscopic diffusion terms
In order to avoid these problems it is advantageous to conthat one gets on using EJ (3). The handling of the triple cor-
sider instead the current helicify- b and its flux. The cur-  relations needs a closure approximation. But we will nothee
rent helicity density and its flux are directly gauge invatia  to explicitly evaluate these terms to identify the helidltyes
locally well defined, and are in fact the observationally mea e are interested in; i.e. those which couflandB, and so
sured quantities in say the solar context. Furthermorgit®s  continue to write this term a&-.
which directly enters the expression for the nonlineaffect In order to calculate the current helicity evolution, using
[4,15]. Also for isotropic small scale fields the spectraobdim g @), we have to calculate alsg,. This has been done
scale current(’;) and magnetic helicitiesH{,) are related by in detail by [3,[12]. (One adopts a closure approximation
H;. = Cy,/k*. For these reasons we consider here directly theyhereby triple correlationd],, which arise now in the evolu-
current helicity evolution and use the current helicity fas@  tjon equation fody,,, /9t, are assumed to provide relaxation
‘proxy’ for the magnetic helicity flux. of the turbulent emf ory,, and one take§ix = —xu/7,
Current helicity evolutionConsider the evolution of the small \yherer is the relaxation time (cf. alsb [iL3])). We concentrate
scale current helicityj - b = e€i;,b;0;bx, which is explic-  pelow on nonrotating but helical turbulence. For such turbu

ity gauge invariant. We assume that the correlation tensofence we have fronl [3. 12kx = 71;x, wherely, is given by;
of fluctuating quantities« and b) vary slowly on the sys- see Eq. (10.30) irl[3].

tem scale, say?. Consider the equal time, ensemble average

of the productf(z;)g(x2). The common dependence 6f I, = —ik - B(vy, — mu) + 3B - V (v, + mug)

andg ont is assumed and will not explicitly be stated. Let . . . O P

" ) . B 1 Ik mik
f(k1) and g(k2) be the Fourier transforms of and g, re- +Bi,smsk — Bi,svis — 3km Bm,s <—8k + on >

spectively. We can express this correlationfés;)g(z2) = .
fq)(fvgak7R) eik.T d?’/{,WIth _2 Vs

?Bsﬂpmpk. (5)

®(f, 9.k, R) = /f(k +1iK)j(—k + 1K) K RPK. We use this in what follows. _ .
@) B Li usAdenczjtjthe four tf[e_rmls L:rrﬁer(;he ![nttehgral in Eg. (4)fby
' , 1, A2, Ag and Ay, respectively. I, due to the presence o
Here we halve defined the dl_ffer(_anee_: 1 — @2 and th_e eijk, only the antisymmetric parts of the tenseyg andm;;
meanR = 3(x, + ), keeping in mind that all two-point g rive “and these are denoteddgy andmy}, respectively.
correla’nor;s will vary rapidly withr but slowly with R [11].  Aj5q note that the last term above vanishes because it iegolv
Alsok = 5(ki — ko) andK =k, + k. Inwhatfollowswe o producte . kk; = 0. All the other terms of Eq[J4) al-
require the correlation tensottz‘;y»gk, R) = (i, ok k, R), ready have oné& derivative, and so one only needs to retain
of thew field, mi; (k, R) = ®(b;, b;, k, R) of theb field and  the term iny,; = 71, which does not contaif® derivatives.
the cross correlation . (k, R) = ®(u;, by, k, R) between |n 4, one can then use the fact tit- B = 0 to write it as a
these two fields, in Fourier space. The turbulent emf is givenotal divergence. We now turn to specific cases.
by £i(R) = eiji. [ x;x(k, R) k. Isotropic, helical, nonrotating turbulencé.et us first recon-
In_order to compute the current helicity evolution of sider the simple case of isotropic, helical, nonrotatiny] a
dj(x) - b(x)/0t, we use the induction equation fdr in  weakly inhomogeneous turbulence. For such turbulence, the

Fourier space, form of the velocity and magnetic correlation tensors iggiv
. by [11,112]. In evaluating thé-integrals, only terms which
oby (k) _ Ekpqeqzmikp/ﬁz(k _ k:’)ﬁm(k:’) 43% ?nvolve integration over an even number_l@fs_urvive. Also,
ot in terms which already involve on&; derivative, one needs
+@k(k) — nle;k(k)- (3) to keep only the homogeneous termsvip and myy. Fur-

ther in the presence ef;;, all terms symmetric in any pair of
Here,G = V X (u x b — u x b) is the nonlinear term. (We the indices vanish. Taking account of these consideratibns
also neglect the velocity shear dudlfocompared to that due turns out that only the homogeneous part of the velocity and



magnetic correlation tensors given [ni[11) 12] survive. Thegives
homogeneous part of these correlations is
Al = Teljk{ — QIFPES/]{Z k /{ (vlk mﬁg) dgl{

kik; €ikik
vy = |0y - 52| B R - S5 R R)., @

+2§P/kjkp(§l,smsk - Ek,svls) d3k

and a similar expression fen;; with functions sayM (k, R) +B,Bm.; /kmkp(v{} +mi}) &%k
and N (k, R) replacingE and F, respectively. Herdrk?E
and4rnk?M are the kinetic and magnetic energy spectra, re- - B / A A } 3

. ; ' Vs |BpBs | kik d°k. (10
spectively, andirk2F and4rk2N are the corresponding he- + P sk Vi, + i) (10)

licity spectra. They obey the relations? = 2 [ Ed3k,
u-Vxu = 2[Fd, b2 = 2[Md®, andj-b =
2 [ Nd®k. With these simplifications we have, after carry-
ing out the angular integrals over the unit vectbrs= ki /k,

All the other termsA,, A3 and A4, cannot be further simpli-
fied. They are explicitly given by

Ay = —71e1jkBpBs,j [ ksk (Ulk mﬁc)dgk’ (11)

Ay = %PQ/kQ(F ~N) &k + %E-j/kQ(M—i—E) d*k.
(7
In the case of isotropic turbulence, the second and third
terms, A, and A3, are zero because, to leading orderiin
derivatives, the integrands determinirig and A3 have an Ay = 2Teljk§p§l,s/kjkp(vsk — mg) d3k. (13)
odd number (3) of;'s. The fourth term is given by

Az = —V, {qukﬁpﬁs / Ejky (v — mﬁc)} &k, (12)

Adding all the contributions4; + As + A3 + A4, we get

A :27-§T/k2E—Md3k. 8 )
T [ ] ®) 53 b= 26JW{B B, /1k Kk (v — mA) d3k
Adding all the contributionsd; + As + A3 + A4, we get for +29B,B,. / kil Uzs &k — B, B, »/ksk mﬁc 43k
the isotropic, helical, weakly inhomogeneous turbulence, P I P b
0 v, < /k k mlk) a k] +Te (14)
59 b= 4B /k2 N)dPk+3J- BT/kQEd3k+TC.

9) Herev), = %(ws + vg) is the symmetric part of the velocity
We see that there is a nonlinear correction due to the smatiorrelation function.
scale helical part of the magnetic correlation to the tetm Let us discuss the various effects contained in EQ. (14) for
E But the nonlinear correction to the tersa J - B has  current helicity evolution. The first term in Eq_{14) repre-

canceled out, just as there is no such correction to turbuler$€nts the anisotropic version of helicity generation duiaéo
diffusion [4]. full nonlinear« effect. In fact, for isotropic turbulence it ex-

he actly will match the first term in Eq[19). The second term in
Eq. (I2) gives the effects on helicity evolution due to a gene
alized anisotropic turbulent diffusion. This is the termigéh
contains the VC flux. To see this, rewrite this term as

As pointed out above, in the isotropic case the magnetic he
licity spectrum isH;, = C}/k>. So the first two terms of the
current helicity evolution equation EQ(9) can be intetpde
as representing the effects of exactly the source te?d - B

which is obtained for the magnetic helicity evolution. Afso 97 b o S .

this isotropic, but weakly inhomogeneous case, one seés tha o |~ 47eji Bp By, s / kjkpop, d°k

there is no flux which explicitly depends on the mean mag- v

netic field. = =V - FV +47Byeri; By | kjkpvp, k. (15)

Anisotropic turbulencelet us now consider anisotropic tur-
bulence. In the first ternal; in Eq. {4), one cannot now as-
sume the isotropic form for the velocity and magnetic carrel
tions. But again, due to the presence;gf, only the antisym-
metric parts of the tensotsg;, andmy;, survive. Also the last
term in Eq. [b) does not contribute i because it involves
the produck,;,kik; = 0. One can further simplify the term
involving k derivatives by integrating it by parts. Straightfor- Obviously, only components @, Symmetric inp andk en-
ward algebra, and a judicious combination of the terms theters in the flux}‘ The second term in EJ{IL5) is the effect

Here the first term is the VC fluﬁf = ¢spk Bp By, Where
¢spk 1S @ new turbulent transport tensor with

Gspk = —4ATE ik /kjkpvlss A3k = — 41w Vpus. (16)
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on helicity due to ‘anisotropic turbulent diffusion’. (Weve R, -dependent quenching. It remains to calculate these fluxes
not included the large scale derivativeipf to the leading or-  in specific circumstances and also verify their presenceé-in d
der.) Strictly speakingF" is a current helicity flux, but if rect numerical simulations of turbulent dynamos.
we define the spectrum of the magnetic helicity flux by divid- KS thanks NORDITA for hospitality during the course of
ing the spectrum of the current helicity flux bykd factor,  this work.
Eq. [I8) for F" leads exactly to the magnetic helicity flux
given in Egs. (18) and (20) of Vishniac and Chb [7].

This split into helicity flux and anisotropic diffusion may
seem arbitrary; some support for its usefulness comes from
the fact that, for isotropic turbulenc&" vanishes, while the
second term exactly matches with the corresponding helicit
generation due to turbulent diffusion, i.e. tde- B term in
Eq. (3). Of course, we could have just retained the non-split
expression in EqL{15), which can then be looked at as anteffec
of anisotropic turbulent diffusion on helicity evolutioAlso,
interestingly, there is no nonlinear correction to the VG flu
from the small scale magnetic field in the form of, say, a term
prOport_'onal tOmlSS; Just a_s prgvpusly, there was no nonlinear Conducting Fluids Cambridge University Press, Cambridge
correction to turbulent diffusion in lowest order! (1978).

Finally, Eq. [T#) also contains terms (the last two) involv- [3] A. Brandenburg and K. Subramanian, Phys. Rept. (subjitt
ing only the antisymmetric parts of the magnetic correfaio e-print astro-ph/0405052.
These terms vanish for isotropic turbulence, but contebut [4] A. V. Gruzinov and P. H. Diamond, Phys. Rev. Le#2, 1651
to helicity evolution for nonisotropic turbulence. Thetlas %222;1 K|5 kf‘VSingse'z; E(:%% ;Luégggmfzz()%%? (1991); K. Subra-
term gives a purely magnetic contrlbu_tlon to the_ helicitxflu [5] A. Pouduet,)lu. Frisch, and . Leorat, J. Fluid Medtt, 321
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Note that such magnetic correlations, even if initially §ma g £, Blackman and A. Brandenburg, Astrophys. 579, 359
may spontaneously develop due to the kinematiffect or (2002); K. Subramanian, Bull. Astr. Soc. Indg0, 715 (2002).
anisotropic turbulent diffusion and may again provide a he- [7] E. T. Vishniac and J. Cho, Astrophys.5B0, 752 (2001).
licity flux. More work is needed to understand this last flux [8] E. G. Blackman and G. F. Field, Phys. Plasn&2407 (2001).
term better([14, 15]. Preliminary simulations of helicafqu-  [9] N. I. Kleeorin, D. Moss, I. Rogachevskii, D. Sokoloff, &en.
lence with shear and open boundaries suggest that the sign gf . ASoPhys.361, L5 (2000).;387, 453 (2002)400, 9 (2003).
the VC flux agrees with that of the small scale current hglicit [%] M. Berger and G. B. Field, J. Fluid Mecla7, 133 (1984).;

- . J. M. Finn and T. M. Antonsen, Comments Plasma Phys. Con-

flux, but that its magnitude may only account for about 25%  qjled Fusiono, 111 (1985).
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