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On the gravitational influence of direct particle fields

By F. Hovig, F.R.S.
St John’s College, Cambridge

AND J. V. NARLIKAR

King’s College, Cambridge
(Recetved 11 March 1964—Read 11 June 1964)

The problem of the contribution of direct particle interaction of the Fokker type to the
gravitational equations is solved. It is shown that the usual procedure for obtaining the
gravitational equations, of making small variations of geometry, g,,+ 8y, replacing g,; in
finite regions, with dg,;, = 0 on their boundaries, and of requiring that the action be stationary
for such variations, can be carried through with the aid of Green functions. This procedure,
due to Hilbert, serves to define the energy tensor T';; associated with each of the fields. That
for the O-field turns out exactly the same as we have used in the macroscopic form of the
theory. That for the electromagnetic field turns out to have some new features. These are
terms containing the vector potential and its derivative when world-lines are broken, although
these terms vanish when there is charge conservation. The terms in the field ¥, are identical
with the usual tensor if the field is calculated from retarded potentials. In former work no
decision has been made on the form the tensor should take when the potentials are ¢ (retarded
+advanced). Wheeler & Feynman showed that alternative choices are possible and that a
decision cannot be made from electromagnetic considerations alone. Our analysis leads to
a unique result, the Frenkel tensor.

INTRODUCTION

The total action, including the electromagnetic field and the C-field as direct particle
fields is given by

1 i . .
J= ImfR J(—g)diz— Ema da— a2<zb:4ﬂea ey f f G, 1, daia dbis

where we imagine the particles ordered in a numerical sequence so as to give meaning
to @ < b in the double sums (cf. Hoyle & Narlikar 1964). Variation of the metric
tensor, g,;, + 89, replacing g,,, in a four-dimensional volume V with dg,;, = 0 on the
boundary, leads to a certain variation of J. The first two terms in the action
contribute

dats da®4

R — Lg% R+ 887G Y m, | (—7) 2 6% 45— = FL, 5%, da|0gu(—g) d%
. 2 de da
(2)

T 167G

in first order.

If only these two terms were involved, and if we require J to be stationary for all
finite V subject to dg,;, = 0 on the boundary of V, we obtain Einstein’s equations
for the gravitational field of a set of massive particles m,, m,, ..., namely,

datada®4 _, _
RO~ YR = 816 Sm, [ (~0) 408, o5 o 94, 0E, da 3)

(the velocity of light is taken as unity throughout).
[ 184 ]
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The contributions of the electromagnetic field and of the C-field to the gravita-
tional equations must evidently come from the third and fourth termsin (1). In the
usual field theory formulation of the action, these contributions take the form

~ 870 [ - (AP — P~ (00~ 1g06) | (4)

to be added to the right-hand side of (3). The question arises as to whether the direct
particle interaction theory, with action given by (1), leads to the same, or similar,
terms. At first sight the situation appears unpromising. Instead of (1), the action
in the usual field theory takes the form

1 1 .
1677GJR*/( —g)diz— %majd“— Tg;,ff’}mF’m«/( —g)dia— %eafAidm

_if fo,ow<——g>d4x+§ foidai, 5)

where A4, is the electromagnetic 4-potential. When the geometry is varied, 4,, C are
kept constant in (5), and (4) arises from the third and fifth terms—the fourth and
sixth give no contribution. Yet, rewriting (1) in the form

J= -1—6}7@[3\/( —g)— %mafda—% s 3 APda 5[ 3 opa, o)
we find that we are working with an action containing terms analogous to the fourth
and sixth of (5)1 but with no terms analogous to the third and fifth.

There is a difference of principle between the two cases, however. In the usual
field theory the fields are taken to possess independent degrees of freedom and it is
permissible to vary g,; while keeping A4, C constant. Indeed it is necessary to make
an independent variation of A4,, keeping ¢, and C constant, in order to obtain
Maxwell’s equations., The situation is entirely otherwise when the fields arise directly
from the particles in accordance with our definitions. Then both Maxwell’s equations
and the source equation for the C-field are satisfied identically. We are not per-
mitted to make independent variations of either A, or C. Nor are we permitted to
vary ¢, keeping A, C constant. A variation of g, involves corresponding variations
of A4,,C which could be calculated explicitly if necessary. We cannot therefore
conclude that the third and fourth terms of (6) give zero contributions, as the
corresponding terms in (5) do in the field theory case.

Yet this leaves us a long way from actually determining the contributions of these
terms. When this problem was first faced it seemed rather unlikely that variations
of the third and fourth terms of (1) would lead to results resembling (4). We were
encouraged to proceed with the investigation by the opinion that success would give
a valuable pointer against fields with independent degrees of freedom. If classical
theory were the only consideration we would indeed then regard the issue as decisive.
The action (6) is simpler than (5), which is a hopelessly inelegant combination of

+ The extra factor L appears in the last two terms of (6) because each interaction is shared
by two particles. As was shown in the earlier paper (1964), this makes no difference to the
equation of motion of a typical particle.
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unrelated terms. It is true that (5) can be simplified by removing the C-field terms,
but the price of such an omission is that the resulting gravitational theory permits
the existence of singularities. In a future paper we shall attempt to develop the
point of view that even (6) is implausibly inelegant.

The mathematical problem of determining the variation of the double integrals
in (1) is different from the problems usually posed in the caleulus of variations. One
can deal with the f R .\/(—g)d% term, or the single-line integrals, simply by con-
sidering the variation of the 1ntegral at a point. But to deal with the double integrals
one must consider the whole of space, since the Green functions are affected, not
simply by the variations 6g,, at a point, but by the variations everywhere. We
proceed now to consider this awkward situation.

THE ENERGY MOMENTUM TENSOR OF THE C-FIELD

We consider, first, the variation of the fourth term in the action formula (1),
because it is less difficult to deal with the scalar Green function than with the vector
function. The scalar function satisfies the equation

b (X, A
i [«/(—g)g’X"’X e ’)] =~ 0%, 0 (7)

Let G(X, A) > G+ 0G as a result of gt - gi* + dg, The variation of (7) can be
written in the form

aoz [=argmn 28] = - [-grwn Z2]. 0
Evidently 8G satisfies an equation with the same differential operator as G itself, but
with a distributed source—i.e. a source which is non-zero at points X other than 4—
instead of the delta function singularity at 4. The solution for G can be written
down as follows

SG(X, A) = f Gla,y) dty, (9)

in which the Green function G(X, Y) for a general point % in V has been introduced.
By integrating by parts, and using G(X, 4) = G(4, X) we can write

o [3(\/(“9)9 v)

0G(Y, A)]
v oy oyt
SG(X,A) = — f i} S(—9) g (X, Y),;, (A, Y),;, d%. (10)

Now take A to lie on the world-line a, and take B on world-line 4 in place of X.
Differentiations at 4, B can be moved inside the integral and we obtain

GUA,B) ia1g] = = [ O~ 0)g) BAL V), s, OB, T, gyt (11

Hence the variation of the fourth term of (1) is given by

13[22 f f audbw]
a<b

=—f1 f y d4y [a2<2b f f (=) g*0) T(A, ¥ ), 1,1, G(B, ¥,y 1 da’4 dbia]
o KV POENE PO I | (12)
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in which the definition = C@(X) = f‘lf(_}(X ,A); 5, dai4 (13)

introduced in the previous paper (1964), has been used.
The energy-momentum tensor 7% of the C-field is defined by equating the
%

variation of the fourth term of (1) to

-3, Tga () at. (14)

The factor —} here is the same as the factor by which the variation of — Zm f da

must be multiplied in order to obtain the usual dynamical energy- momentum
tensor. Using (12) we obtain
T@k — __f E 2 C(a)z Ok + O(a)ko(b)z — g@kO(a) lO(b)) (15)
a<b
after inserting  3(J/(—g)g7%) = —~(g7g** — 39%g") J(— ) Og.
To pass to the smooth fluid approximation, write € = ZO(“) for the total C-field.
Then (15) differs from _F(CICk — Lgi*CeC), (16)

only in the respect that (16) contains terms of the type C@i C@k C@i0@ gk The
number of such terms increases linearly with the number of particles, whereas the
number of terms of the type C@iC®k (@! OB gk increases as the square of the
number of particles. The smooth fluid approximation consists in neglecting the
former in comparison with the latter, so that (16} approximates to the more accurate
result given by (15). The form (16) agrees with the usual field theory result set out
in (4).

It is interesting that it is possible to attain our objective solely by symbol mani-
pulation. An explicit caleulation of the variation of the Green function is not
required.

THE ELECTROMAGNETIC ENERGY MOMENTUM TENSOR

Itis to be expected that the calculation of the variation of the third term of (1) will
follow lines similar to the preceding section. This turns out to be the case, but the
details are considerably more complicated.

Define _ o
XX 4 or'x  owkx
The electromagnetic field F% . generated by particle b can be written as
ngkx = dme J\ zxkxz,i A, (18)

The wave equation for the vector Green function can also be expressed in terms of
these new quantities:

\/( _g)[gixlxngkX GZx@A mykx—{'Rime GmxiA]
ka [ X g3 X (=) Tyt 0] HA (= ) G TGO sy

= 6X A)gZX’L'A' (19)

13 Vol. 282. A.
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The equality of the first and third lines of (19) is, of course, just the wave equation
for the vector Green funection. A modest degree of manipulation is required to
establish equality with the second line.

For convenience of writing we shall drop the suffix X. The variation

) i = Jur+ 09
requires

0| P =) Fo)| = 52 0 V(=008 Foai )+ 5 G (= 0) Fo]
A=) T = [0 (=) 12 G )
(67— 0)) g (T )

=08 5 8 () e W0 )]

(=00 5| T e B =0 ) G}

L0 1 @ ~
— il — km |
Hence the variation of (19) can be written in the form

%[gi’g’”k«/hgw%nﬂh/ 9)9”;93,[ \/(1 Bt W(=9)g* mm)]

———[39” N =) Py — 3(J(—9)9”)%(G’%A;k)

1

. 0 1 0 s
=yt 2N = ) -2 (S~ ) T,
N(=9)9% =5 [6 ( N g)) i W(=9)G M)]
2 0 1
[ g il km
The differential operator acting on 6@, ;, in (20) is the same as that which acts on
Gy 5,0 (19). Asin the scalar case the source on the right-hand side of (20) is non-

zero at points X other than the source point 4 of the §-function in (19), and just as
this could be dealt with by using the original scalar Green function so we can deal
with the present situation by using the vector Green function. Using B instead of X
and letting Y be a variable pointin V, the volume in which we are making the change
of geometry, we have

8GiBiA f gu;zay [8(9 gmk\/ mliA] d4?/
B (V=000 (G A%y
L VAV
f Cpal(=0)! 6?/[ («/(—9)) A G“)] “
(7 — _a, ..__l—_i _ kmy (3 .
+ G V(=00" o | 7 O =08 G| a8, 21

in which the subscript Y has been omitted from suffixes at Y.
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To simplify (21) we make use of 8g,;, = 0 on the boundary of V, transforming the
first and third integrals once by the divergence theorem and the last integral twice.
We get

— 1 )
iaip = 0G0, = —§fV 8(gH g™ J(— V) P s Finiy A

f 3 —g) g% { “‘”3 Z(G 545 )+ é’éiAa_Zl(ékiB;k)}d‘ly

+ f SJ(— ) G,y 1 Gy Ay, (22)
14

We turn now to our objective, to calculate the variation of the fourth term of (1).
Thus

—8Y T 4me, ebfféiﬁ i a4 dbis

a<b

1 .
-5 5[ agtem -9y PRy
_ley f B((—g) g% [AD(ADE, ).+ AD(AOK, ). 1ddy

4 g <

1
535 [ s gnan a0k, dy

==z f T%5g(~g) Ay, (23)
where the last line defines the electromagnetio energy-momentum tensor 7%, After
inserting the expanded forms of 8(g%y™* J( —g)), 8(g?/(—9)), 8(/(—9)), we have

4 T = T3 [1gkF@lnf®) _ @il ok _ FOi Fak]
em a<b
F IS [ A@mABL 4 AOmA@L, 4 A@ AOm, 1]
a<b
95 B[4S A0, 4+ AV A, 1] (24)
a<b

The second and third terms are zero if the gauge condition A@?,; = 0 is satisfied.
It has already been seen that this condition must be satisfied unless world-line a is
broken. Even in this case the second and third terms in (24) vanish if world-lines
are broken in pairs so as to conserve charge.

The first term in (24) agrees with the usual macroscopic tensor when we again
approximate by neglecting terms of the type F@#F@k, Faimp@, ok Tf we write
Fy, = S F9, to this approximation the first term of (24) is just

a

%ng lmEm — F4F kl: (25)
as in the uvsual theory.

13-2
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Wheeler & Feynman (1g49), in their treatment of the Fokker action in flat space-
time, discuss two distinet expressions for 7%, the Frenkel tensor and the canonical
tensor. They remark: e

‘From the standpoint of pure electrodynamics it is not possible to choose between
the two tensors. The difference is of course significant for the general theory of
relativity, where energy has associated with it a gravitational mass. So far we
have not attempted to discriminate between the two possibilities by way of this
higher standard.’

The first term of (24) is the Frenkel tensor. We believe therefore that it is the
Frenkel and not the canonical tensor that is consistent with the general theory of
relativity as derived from an action principle of the form (1).
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