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Abstract 

We investigate the nature of singularities arising in Husain solution. We 

analyze both spherical and non-spherical gravitational collapse in Husain 

spacetime. An interesting feature that emerges is that gravitational collapse 

of spherical cosmological Husain solution lead to the formation of naked 

singularities, while non-spherical cosmological collapse proceeds to form a 

black hole. Further strength of naked singularities arising in these 

spacetimes has been analyzed. It is found that these naked singularities are 

strong in Tipler’s sense.  
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1. Introduction 

It is now well established fact that general relativity admits solution with singularities, 

and such solutions can be produced by the gravitational collapse of non-singular 

initial data. Various models of gravitational collapse have been studied over the last 

few years. These models include collapse of dust [1] radiation [2], perfect fluid [3] 

etc. All these models have shown the existence of a black hole or a naked singularity. 

Penrose has proposed a conjecture called cosmic censorship conjecture [4], which 

states that singularities arising from physically reasonable initial data are not visible to 

any observer. However this conjecture has not been proven yet. Rather counter 

examples to this conjecture have been found. Vaidya solution [5] is one of the most 

important solution among these. Papapetrou [6] first showed that this solution can 

yield a naked singularity, since then this solution is being used to analyze the scenario 

of gravitational collapse in general relativity. 

The focus of our investigation is the singularity that may possibly form during the 

collapse, at the center. According to the singularity theorem by Hawking and Penrose, 

the collapsing massive body which develops a singularity, need not necessarily lead to 

a black hole. The other possibility may be of a naked singularity. Naked singularities 

could be formed when the center of the collapsing star gets trapped before its 

boundary has entered the Schwarzschild radius [c.f. 7]. 

Anzhong Wang [8] has generalized the Vaidya solution which include most of the 

known solutions to the Einstein equation such as anti-de Sitter-Charged Vaidya 

solution, Husain solution. Husain solution of null fluid with P = k ρ have been lately 

used as the formation of black hole with short hair [9]. Our aim in this paper is to 

discuss the nature of the singularities forming in Husain solution. We show that under 

certain conditions on mass function, strong curvature naked singularities exist in 

spherically symmetric Husain solution. Even though in the non-spherical cases, there 

are many examples of naked singularities, it would be interesting to see whether non-

spherical Husain solution also admits a naked singularity. 

The paper is organized as follows. In sec 2, we define the Husain solution in spherical 

symmetric spacetime and discuss about the nature of singularities arising in this 

spacetime. In Sec.3 we analyze the structure of singularities arising in non-spherical 
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collapse (toroidal, cylindrical or planar symmetry). This is followed by concluding 

section 4.  

2. Husain solution in spherically symmetric spacetime   

Let us consider the spherically symmetric spacetime [8]. 
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where v is a advanced Eddington time coordinate, r is the radial coordinate with         

0 < r < ∞, and m(v, r) is the mass function giving gravitational mass inside the sphere 

of radial coordinate r.  

Non-vanishing components of the Einstein tensor are: 
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Einstein field equations are  

 µνµν κTG = ,         (3) 

where Gµν is Einstein tensor, κ is a gravitational constant and Tµν is energy 

momentum tensor given by 

 )()( mn TTT µνµνµν += ,        (4) 

where 
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Using equations (3), (4), (5) we can write the expressions for σ, ρ and P as   
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Here ρ, P are energy density and pressure, while σ is the energy density of the Vaidya 

null radiation. 

We have considered null vectors lµ, ηµ such that  
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Energy conditions for such type of fluids are given by [8, 10] 

I)  The weak and strong energy conditions:  

σ > 0, ρ  ≥ 0, P ≥ 0, (σ ≠ 0).       (8)  

II) The dominant energy condition:  

σ > 0, ρ ≥ P ≥ 0, (σ ≠ 0).       (9) 

With the proper choice of the mass function m(v, r), above conditions can be satisfied. 

By imposing the condition P = kρ, Husain considered the mass function m(v, r) as 

[11]  

12)12(
)()(),( −−

−= krk
vgvfrvm , k ≠ ½  

            = f(v) + g(v) ln r,  k = ½ ,     (10) 

where f(v) and g(v) are arbitrary functions restricted by the energy conditions. 

It can be observed that for k =½, energy conditions are not always satisfied for all r 

[11], hence in the present work, we consider the first case only. 

Using above mass function, we can find that 
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)(nTµν  and )(mTµν    from equation (4) are related to the EMT of Vaidya null fluid and to 

the electromagnetic tensor respectively. 

Following [8, 9] we can write )(mTµν  as  
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where 
k+

=
1

2α , and µνF can be considered as electromagnetic field, given by 
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which satisfies the Maxwell field equations, 

F[µν, λ] = 0, Fµν, λ  gνλ = Jµ.       (15) 

It is clear from equations (11) and (12) that to satisfy weak and strong energy 

conditions, we must have g(v) ≥ 0, and to ensure dominant energy condition we would 

expect ),( rvm&  > 0. (This is discussed in detail in Ref. [8, 11].) 

Substituting m(v, r) from equation (10) into equation (1), we can write Husain metric 

as 
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It can be observed that above metric is asymptotically flat for k > ½ and cosmological 

for k < ½ [11]. 

Analysis of the structure of the singularity  is initiated by a study of transverse radial 

null geodesic equation  
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In general, above equation does not yield analytic solution. However if f ∝  v and    

g(v) ∝  r2k, this equation becomes homogeneous and can be solved in terms of 

elementary functions [12]. In the next section we shall discuss the nature of 

singularities arising in both the types of solutions (i.e. in asymptotically flat as well as 

in cosmological). 
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2.1. Asymptotically flat solution 

First we consider asymptotically flat solution (k > ½). In metric (13) if we choose       

k = 1, then it becomes charged Vaidya solution, this case we have already discussed in 

[13]. Here we consider the solution for ½ < k < 1. Let us take 
3
2=k . 

In order to simplify the calculations we choose 2f = λ v and g(v) = µ v 4/3 where λ, µ 

are positive constants. With this choice of the functions, metric (16) becomes  
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It can be observed that the metric (18) is self-similar admitting a homothetic killing 

vector aξ  given by 
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which satisfies 

 ababbaab ggL 2;; =+= ξξξ ,       (20) 

where L denotes the Lie-derivative. 

The equation for outgoing radial null geodesics can be found by putting ds2 = 0 in 

equation (18) as  
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It can be observed that the above differential equation has singularity at r = 0, v = 0.  

To discuss the nature of this singularity, we analyze the outgoing radial null geodesics 

terminating at the singularity in the past. 

We follow the technique described in Ref. [14]. 

Let 
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Hence equation (21) can be written as 
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i.e. 

  026 0
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In order for the singularity at v = 0, r = 0 to be naked, radial null geodesics should be 

able to propagate outward, starting from the singularity. The variable X can be 

interpreted as the tangent to the outgoing geodesics, hence if equation (24) has atleast 

one positive and real root, then the singularity could be naked. If the equation (24) has 

no real and positive root, then the collapse ends in to a black hole. 

If we substitute X0 = y3, then equation (24) becomes 

   026 367 =−+− yyy λµ        (25) 

It can be checked from the Theory of equations that above equation has atleast three 

positive roots.  

In particular, for λ = 0.1 and µ = 0.001, one of the positive roots to the equation (25) 

is y = 2.066909. Using this value in  X0 = y3, we get  X0 = 8.830069, which ensures 

that the singularity is naked. 

In Tipler’s sense [15], singularity is said to be strong curvature singularity if 

collapsing volume elements crushed to zero at the singularity. 

According to Clarke and Krolak criteria [16], singularity is strong if   

 0lim 2

0
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→
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where Ka is tangent to the geodesic, Rab is the Ricci tensor and k is an affine 

parameter.  

In this case we find that 
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Thus along radial null geodesics strong curvature condition is satisfied if  

λ – 8 µ X0 
1/3 > 0. 
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Substituting λ = 0.1, µ = 0.001 and X0 = 8.830069 in equation (27) we find that          

λ – 8µ X0 
1/3 > 0, which implies naked singularity arising in this case is of strong 

curvature type. 

2. 2. Cosmological solution 

Next we consider the collapse in cosmological solution (k < ½). We take k = ¼ and 

choose 2 f(v) = λv and g(v) = µv½. With these choices, the metric in equation (16) 

becomes    
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Equation of outgoing radial null geodesics, then can be written as  
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With the substitution X0 = y2, above equation becomes 

 λ y 4 + 4µ y 3 – y 2 + 2 = 0.       (32) 

One of the positive roots of the above equation for λ = 0.1 and µ = 0.001 is                   

y = 2.3053675, from which we obtain X0 = 5.3147193. 

Thus this solution also gives a naked singularity. Again the value of ψ, defined in 

equation (26) is found to be 
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which shows that the singularity is strong. 
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3. Husain solution in toroidal, cylindrical and planar spacetime  

In this section, we generalize the non-spherical collapse in Ref. [17] to Husain 

solution. Following the work given in Ref. [8, 17, 18] , it can be seen that Einstein 

field equation (3) has also the solution 

 )(2),( 2222222 φθα ddrdvdrdv
r
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where we have taken q m(v, r) as 
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v is the Eddigton advanced coordinate and 
3
Λ−=α . 

σ  in this case is given by 

 2r
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κ
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Coordinates θ, φ describe the two dimensional zero-curvature space generated by the 

two dimensional commutative Lie group G2 of isometries [17]. Referring [17, 18],  we 

write the topology of two dimensional space: 

Topology of toroidal model is SxS, cylindrically symmetric model has topology RxS; 

while planar symmetrical model has RxR. Ranges for θ and φ in these models are 

i) Toroidal:     0 ≤ θ  ≤ 2 π,     0 ≤ φ  ≤ 2 π. 

ii) Cylindrical:  - ∞ < θ  < ∞,      0 < φ  < 2 π. 

iii) Planer:  - ∞ < θ  < ∞,   - ∞ < φ  < ∞. 

Depending upon the topology of the two dimensional space parameter q has different 

values. For torous model, m(v, r) is mass and q = 2/π. For the cylindrical case, m(v, r) 

is mass per unit length and q = 4/α and for planar symmetrical model, m(v, r) is mass 

per unit area and q = 2/α2. The values of parameter q are taken from Arnowitt-Deser-

Misner (ADM) masses of the corresponding static black holes [c.f. 17]. It is clear 
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from equation (35) that the spacetime (34) is asymptotically anti-de-Sitter for k > ½ 

and it is cosmological for k < ½. We shall consider these cases one by one. 

3.1. Asymptotically anti-de-Sitter solution 

Let us take k = 2/3, and choose q f(v) = λv, q g(v) =µ v4/3. Spacetime (34) then 

becomes 
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From above metric, the equation for outgoing radial null geodesics can be written as  
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It can be easily checked that above differential equation has singularity at v = 0, r = 0. 
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i.e. 
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With the substitution X0
1/3 = y, above equation becomes  

 023 67 =−− yy λµ .        (41) 

As there is a one sign change in the above algebric equation, it is clear by theory of 

equations that this equation must have atleast one positive and real root. Hence 

singularity arising in this case is naked. Again it can be checked by finding ψ defined 

in equation (26) that this singularity is strong curvature type. 

3.2. Non-spherical cosmological solution 

Choosing k = ¼, q f(v) = λ v, and q g(v) = µ v½ in equation (35), we write the metric 

(34) as  



 11

 )(22 2222
2/1

2/1
222 φθµλα ddrdvdrdv

r
v

r
vrds +++








−−−= .  (42) 

The equation for outgoing radial null geodesic then can be written as  
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As all the coefficients in equation (45) are positive, it can be argued by theory of 

equations that equation (45) cannot have positive real roots. In other words outgoing 

radial null geodesics having definite tangent at the singularity in the past are absent in 

this case, hence singularity is not naked. Thus collapse proceeds to form toroidal, 

cylindrical or planar black holes.  

4. Conclusion 

Cosmic censorship conjecture has become a challenging and most significant open 

problem in a general relativity. Despite of several attempts made by many researchers, 

this problem remains unproven till date. Keeping this fact in a mind we have studied 

Husain Solution analytically in detailed and found that this solution does admit naked 

singularities. Further it is found that these singularities are strong in Tipler sense. 

Generalizing the non-spherical collapse in Ref.[17] to Husain Solution, we have 

shown that spherical cosmological Husain Solution leads to a naked singularity while 

non-spherical cosmological collapse proceeds to form a toroidal, cylindrical or planar 

black hole. In other words, spherically symmetric cosmological Husain solution 

contradicts the cosmic censorship conjecture, while non-spherical cosmological 

Husain solution respects the C.C.C.   



 12

Acknowledgement: One of the authors (KDP) would like to thank IUCAA, Pune 

(India) for kind hospitality under Associateship program, where part of this work was 

done.  

 

 

References 

[1] D. M. Eardley and L. Smarr, Phys. Rev. D19, 2239 (1979). 
D. Christodolou, Commun. Math. Phys, 93, 171 (1984). 
R.P.A.C. Newman, Class. Quuantum Grav. 3, 527 (1986). 
P. S. Joshi and I. H. Dwivedi, Phys. Rev. D47, 5357 (1993). 
H. Iguchi, K. Nakao and T. Harada, Phys. Rev. D72 62 (1998). 
K. D. Patil, Phys. Rev. D67, 024017 (2003). 
K. D. Patil, S. H. Ghate, and R. V. Saraykar,  Pramana, J. Phys.,  56, 503 (2001). 

[2] W. A. Hiscok, L. G. Williams and D. M. Eardley, Phys. Rev. D26, 751 (1982). 
Y. Kuroda, Prog. Theor. Phys. 72, 63 (1984). 
K. Rajagopal an K. Lake, Phys. Rev. D35, 1531 (1987). 
I. H. Dwivedi and P. S. Joshi, Class. Quantum Grav. 6 1599 (1989). 
P. S. Joshi and I. H. Dwivedi, Gen. Rel. Grav. 24 129 (1992). 
K. D. Patil, Pramana, J. Physics, Vol. 60 No. 3 (2003). 

[3] A. Ori and T. Piran, Phys. Rev. D42, 1068 (1990). 
P. S. Joshi and I. H. Dwivedi, Comm. Math. Phys. 146, 333 (1992). 
T. Harada, Phys. Rev. D58, 104015 (1998). 

[4] R. Penrose, Riv, Nuovo Cimento 1, 252 (1969). 

[5] P. C. Vaidya, Proc. Indian Acad. Sc. A33, 264 (1951). 

[6] A. Papapetrou, in A Random Walk in Relativity and Cosmology, eds. N. Dadhich, 
J.K.Rao, J.V.Narlikar and C.V.Vishveshwara (Wiley, New York, 1985) p.p. 184-
191. 

[7] T. P. Singh/gr-qc/9606016. 

[8] Anzhong Wang, Gen, Relativ.Grav. 31, 1 (1999). 

[9] J.D.Brown and V. Husain, Int.J.Mod. Phys. D6, 563 (1997). 

[10] S.W.Hawking and G.F.R.Ellis, The Large Scale Structure of Spacetime, 
Cambridge university Press, Cambridge, (1973). 

[11] V. Husain, Phys. Rev. D53, R1759 (1996).  

[12] K. Lake and T. Zannias, Phys. Rev., D43, No.6, 1798 (1991).  



 13

[13] K.D.Patil, R.V.Saraykar, and S. H. Ghate, pramana, J. Phys., Vol. 52, 553 
(1999) 

[14] P. S. Joshi, Global Aspects in Gravitation and cosmology (Clarendon, Oxford) 
(1993). 

[15] F. J. Tipler, Phys. Lett. A64  8  (1977). 

[16] C. J. S. Clarke and A. Krolak, J. Geo. Phy. 2 127 (1986). 

[17] J. P. S. Lemos, Phys. Rev. D59, 044020 (1999) 

[18] J. P. S. Lemos, Phys. Rev.  D57, No.8, 4600 (1998). 
 

 

 
 


