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This paper is a sequel to an earlier paper that described nonrelativistic quantum 
electrodynamics in terms of the time symmetric theory of direct interparticle action. 
The restriction to a nonrelativistic treatment is removed in the present paper. The path 
integral approach to quantum mechanics is extended to include relativistic particles 
with spin as a preliminary to achieving this end. 

The response of the Universe can be obtained in two ways, by an extension of the 
method of the previous paper or by using a general condition analogous to the general 
condition, &articles [F,,, - Fad”] = 0. of Wheeler and Feynman. The second method 
is used in the present paper since it avoids the need to calculate the detailed properties 
of the absorber. Therules of quantum electrodynamics in the form stated by Feynman are 
derived, thereby showing that all the practical results of the usual theory of quantum 
electrodynamics can also be obtained from the direct particle theory. 

Radiation corrections are discussed. The direct particle theory throws some light on 
the processes of renormalization. The point of view that both mass and charge should 
be finite before as well as after renormalization is partially developed. 

1. INTRODUCTION 

The purpose of this paper is to show that electromagnetic interaction can be 
fully described by the theory of direct interparticle action-that an independent 
quantized field with photons is unnecessary. In an earlier paper [l, referred to 
hereafter as I] we discussed the same problem within the framework of a non- 
relativistic theory. We found that the path integral approach to quantum mechanics 
was more convenient than the usual SchrBdinger approach. In the present paper we 
wish to widen the scope of the discussion to relativistic spin 4 particles, i.e., particles 
described by the Dirac equation, so as to include the full range of phenomena 
studied in quantum electrodynamics. As in the nonrelativistic case the discussion is 
divided into two parts: (i) the motion of the Dirac particles and (ii) the nature of the 
electromagnetic response of the Universe to the behavior of a local system. Of these 
only the second part is specifically connected with the direct particle theory. 

44 
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In I the response was obtained by looking at the detailed processes occurring in 
the future absorber, when the local system makes a quantum transition. This 
method was the quantum analogue of the derivations 1 and II of Wheeler and 
Feynman [2] in the classical absorber theory of radiation. Although this method 
has the advantage that it stresses the important part played by the absorber in the 
whole calculation, it leaves the impression that the result is dependent on particular 
properties of the absorber. To correct this impression. Wheeler and Feynman gave 
another derivation (cf. 1V in [2]) which leads to a general condition to be satisfied 
by the absorber in order to give the correct response. In the present paper we shall 
obtain the quantum analogue of this general condition in a relativistic form. 

The first part of the discussion-the motion of Dirac particles-presents 
difhculties, however. Following I, it would seem that a path integral method will 
be more useful in the second part of the discussion than the straightforward use of 
the Dirac equation. Here we meet our main difficulty, since the nonrelativistic path 
integral formulation is not easiIy generalized to relativistic particles with spin. 

In the nonrelativistic case the action for a free particle is given by 

S = r”” +ri3 dt, t, 3-> t, , (1) 

where a(t) is a typical path r starting at point I : (a, , t,) and ending at point 
2 : (az , tz), and 111 is the mass of the particle. In the path integral approach, the 
amplitude for the particle to go from 1 to 2 along I’is given by 

P(r) = (const.) exp(iS), (2) 

and the quantum mechanical propagator from 1 to 2 is given by summing P(r) 
for all r. 

K(2; 1) = C P(r) = 1 exp(i.S)B3a. 
r 

(3) 

Here and throughout the paper we take tl = 1, c == 1. 
Provided the sum over r is a path integral with a suitably defined measure, 

K(2; 1) can be shown to satisfy the inhomogeneous Schrodinger equation 
r .  

[  

-5 + & P,j K(2; 1) = l&(2, 1). 
at, 

Explicitly, K(2; 1) is given by 

(4) 
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Instead of using (2) we can also define P(T) as a chain of propagators along lT 
Divide Tinto a large number of small segments, [ali), t(“)], i = 0, l,..., N, denoting 
the points of division, and [a(O), tl”)], [ atN), P)] corresponding to 1, 2 respectively. 
P(r) is given by 

p(r) = fi /qlK[a"', t'i'; a'i-l', t'i-"I, 

i=l 

where the Ai are constants. 
Consider now the Dirac particle of mass m. If we try to describe its behavior 

by a similar method, starting with the relativistically invariant action 

S = - / m da, (7) 

where da is the element of proper time along the world line of a, we run immediately 
into trouble since the classical action (7) does not contain spin. A path integral like 
(3), using (7) for S, will not therefore reproduce the properties associated with the 
Dirac particle. We may follow instead the alternative approach suggested by (6). 
We look for a solution Ko(2; 1) of the inhomogeneous Dirac equation 

(r0, + jm) K&; 1) = S&h I), (8) 

with the boundary condition 

K,(2; I) = 0, t, < t, . (9) 

Such a solution exists and is given by 

K0(2; 1) = & CQ2 - ~f4[%iil) - i& Jl(mq,,) e(q,8,)], (10) 

for t2 > f, , and by (9) for tz < t, , where 

cl221 = (4 - h)’ - (a2 - al)‘, (11) 

e(x) is the heaviside function, and Jl is the Bessel function of order unity. We now 
define P(r) by 

p(r) = fi A,lKo[a(i), t(i); a(i-l), tti-111, 

i=l 
02) 

where the Ai are constants. Since for small qsl the delta function 6(q&) dominates in 
(lo), we may approximate a continuous path r by a zigzag path made up of null 
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segments. We shall return to this point later. With suitable constants Ai (which 
depend on the measure for the path integral) we can write 

I&(2; 1) = c P(r) = j P(r)@r. (13) 
r 

The above approach is that used by Feynman [3] in his discussion of the quantum 
theory of electromagnetic action. Here in this introduction we summarize Feyn- 
man’s treatment and results. In the following section we give an alternative method 
of arriving at the same results. The difference is that Feynman’s work makes use of 
second quantization of the particles (cf. [4, Appendix]), whereas the following 
section uses only the concepts of the path integral method. 

Consider an electron of charge e in an external potential Bi . This field is due to 
other particles and is unquantized-it is a direct particle field. The amplitude (12) 
is modified to 

P’(T) = Y(r) exp [ --ie j, Bi hi], (14) 

and (13) is changed to 

KoB(2; 1) = j fJyJL23r. (15) 

Ay expanding the exponential in (14) and performing the path integrals for each 
term we get a perturbation expansion for KOB(2; 1): 

KoB(2; 1) = K,(2; 1) + (-ie) j K,(2; 3) B(3) K,(3; 1) &j73 

-I- (-ie)' j j l&(2; 3) $(3) Kh(3, 4) &4) &(4; 1) n73 &, 

+ . . . . (16) 

The integrations with respect to A-, , A-, ,... are over the four-dimensional region 
between the planes t = t, , t = t, . If 2’ is any point in the interior of this region 
and K,,B(2’; 1) is defined by replacing point 2 by 2’ in (16), then it is easily verified 
that &“(2’; 1) satisfies the inhomogeneous Dirac equation 

[F2' + ieb(2') + im] KoB(2'; 1) = 6,(2', 1). (17) 

With the definition 

J?,KOB(2; 1) = lim [19?,KOB(2’; l)], (18) 
2’4 
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K,,B(2; 1) also satisfies the inhomogeneous Dirac equation 

[F2 + ieb(2) + im] KoB(2; 1) = 6,(2, I). (19) 

So far the discussion has run parallel to the nonrelativistic case, but now we 
encounter a new situation. &(2; 1) can be written in terms of a complete set of 
suitably normalized stationary states II, with energies E, of the free particle 
Dirac equation, 

1 

c &L(2) fiTI( t2 > fl, 

K,(2; 1) = E, G-2 
0 > t, < t, . 

The set {E,) contains negative as well as positive energies. The negative energy states 
do not affect the propagation of wavefunctions made up entirely of positive energy 
states. However, such a restriction cannot be maintained if we are dealing with a 
charged particle in an external potential Bi . As seen in (16) positive energy states 
can be scattered into negative energy ones by Bi . 

To avoid a cascading into negative energy states we need the hole theory and the 
sea of negative energy states all filled according to the Pauli principle. The problem 
is therefore that of many electrons, each described by a I& . In the path integral 
formulation we now have to deal with a multiple expression 

together with the restrictions imposed by the hole theory-in particular the 
antisymmetric restriction on the wavefunction. 

The greatly increased complexity of this many-particle problem can be amelior- 
ated by Feynman’s use of the propagator K+(2; 1), defined by 

which also satisfies the inhomogeneous Dirac equation (8). We can similarly build 
up a propagator K+B(2; 1) in the presence of Bi by using the perturbation expansion 
(16) but with K, replacing K. . This new propagator satisfies 

(Wz + ie&2) + irn) K,B(2; 1) = 6,(2, l), (23) 

provided the derivatives of K+B(2; 1) are defined in the same way as those 
of K&2; 1). 
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The result proved by Feynman [4, Appendix] is that we can ignore the hole 
theory in an amplitude calculation provided K+72; 1) is used instead of I&72; l), 
and provided the amplitude is multiplied by C, , the amplitude for vacuum to 
remain a vacuum. C, is given by 

where 

C, = exp(-L), 

L = c L(‘1). 
7122 

(24) 

(25) 

L(“) is the amplitude for the occurrence of a closed loop in which B, acts II times. 
Thus 

L(n) - (-ie)” j . . . j 
11 TW+(n; 1) B(l) K+(l; 2) &2> 

. . - K+(n - 1; n) $(n)] dr, dam . . . drn . 

L(lL) for n odd vanishes by Furry’s theorem [5]. 

(26) 

In the treatment outlined above the path integral method is used only in arriving 
at the hole theory, not directly in arriving at the propagator K+ or the perturbation 
expansion in terms of K+ . The difference between the hole theory and the theory 
using K+ can be seen as follows. In the hole theory all paths go forward in time and 
lead to the propagator K, . In the hole theory we cannot talk of scattering of a 
single electron by Bi ; we must also take into account pair creation and annihilation 
arising from the negative energy sea. In the Feynman positron theory, on the other 
hand, we can talk of scattering a single electron, provided we allow the electron to 
be scattered backwards in time and provided we introduce C, in the manner 
described above. 

At the outset we stated that the discussion would be divided into two parts: 
(i) the motion of Dirac particles and (ii) the nature of the electromagnetic response 
of the Universe to the behavior of a local system. Of these two parts our essential 
concern is with (ii). The treatment of(i) outlined above is sufficient to enable us to 
deal with (ii). It turns out, however, that (ii) is more readily treated when (i) is 
formulated in such a way that the perturbation expansion in K+ is obtained directly 
from a path integral. This will be done in Section 2 and the discussion of (ii) will be 
postponed to Section 3. 

To conclude this introduction we note that the theory so far developed refers to 
particles acted on by an external potential-it does not yet include interactions 
between pairs of particles directly. Anticipating the results of Section 3, the 
interaction between particles a, b with charges e, , eb is given by the action. 

R[a, b] = --e&b jJ‘ 8+(q$) dai db, , (27) 
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where o’L?, c/hi are four-dimensional coordinate elements along the paths a(t), 
b(t), and S+(x) is defined by 

q$ is the square of the invariant distance between typical points A, B on the paths 
a(t), b(t) of a, b respectively. To consider the interaction of N particles a, b,... we 
must work with the multiple path integral 

1 ..* 1 ... j **. P(r, ,..., r, ,..., r, ,...) exp )& c c R[a, b]/ 
a b 

:< prl . . . g,“T, . . . 93j7, . . . . (29) 

Again (29) can be handled within the framework of the hole theory and the K,, 
propagator. Can we use the more elegant method of the K+ propagator also in 
this case ? 

This question has been answered in the affirmative by Feynman [3, section 71. 
Ry considering the electromagnetic quantized field as an independent entity and 
by eliminating the quantized field oscillators altogether, Feynman arrived at the 
same expression (27) as we shall obtain in Section 3 for the response of the Universe 
to the unquantized direct particle field. He then showed that a perturbation expan- 
sion in terms of K+ is still possible, and gave the following rule: 

“Suppose that we have a process to order k in eZ (i.e., having k virtual photons) 
and order n in the external potential B, . Then the matrix element for the process 
with one more virtual photon and two less potentials is that obtained from 
the previous matrix by choosing from the n potentials a pair, say B,(l) acting at 1 
and B,(2) acting at 2, replacing them by ie38$5+(sa13), adding the results for each 
way of choosing the pair, and dividing by k + 1, the present number of photons.“l 

We can apply this rule together with an induction argument starting with k = 0, 
this being the case of external potentials only. Since we already know that a pertur- 
bation expansion with the K+ propagator can be used in the latter case the required 
result follows for any k 3 0. 

2. A PATH INTEGRAL METHOD LEADING 70 THE PERTURBATION EXPANSION IN 
TERMS OF THE K+ PROPAGATOR 

We begin with the free particle case. Define two propagators Ko* by 

Ko+(2; 1) = 6’(t, - tl) 1 u,(2) G,(l), 

K,-(2; 1) = -O(t, - rZ; c n,(2) E,(l). (30) 
n 

1 We are using q for the invariant distance instead of S. 
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Both satisfy the inhomogeneous Dirac equation 

(F:, i- i/n) &+(2; 1) = 6,(2, I), (31) 

and both are confined within the light cone at point 1, &+(2; 1) being nonzero 
only for points 2 inside or on the forward half of this cone, and Z&-(2; 1) being 
similarly confined to the backward half of the cone. Evidently &+ is the same as 
the K0 of the preceding section. Here, however, we have a time symmetric situation 
and our f notation refers to going forwards or going backwards in time. 

Corresponding to these propagators we distinguish two types of path, .F& going 
forwards in time from point I to 2 (f2 > tJ and a path r,; going backward from 
1 to 2 (tz < r,). Both are monotonic with respect to time. 

To define amplitude along r& divide f2 - t, into a large number of small 
subintervals at intermediate points Xi , i = 0, I,..., N. Let i = 0 correspond to 
point 1 and i = N to point 2. Define P(&$) as 

fi A;lKo+(i; i - I), 
i=l 

for N large. We shall discuss whether or not N should tend to infinity in a later 
section. The amplitude P(&) for a r- path is similarly defined with a chain of 
K,-(i; i - 1) propagators. Clearly the paths r& and r,; must be timelike 
throughout. 

The measure for the sum over paths is so defined that 

~~*(2; 1) = c qr,:) = [ p(rg) 9r; . 

Suppose we study a free particle in the four-dimensional slab t, < t < t, . At 
t = t, paths coming from the past represent an amplitude from some previous 
history of the particle. We denote this amplitude by #+ . Similarly at t = t, paths 
coming from the future give an amplitude which we denote by #- . Thus the ampli- 
tude at a point 3 within the slab is given by paths r& starting at points 1 on t = tl 
and weighted by $+(l), together with paths I’& starting at points 2 on t = t2 and 
weighted by #-(2). That is to say, the amplitude $(3) is given by 

#(3) = j &+(3; 1) rdJ+u> d3x, - j K-(3; 2) y4+-(2) d3x2 . (34) 

If $+ is made up of positive energy solutions u, at t = t, then 4, for t > tl is 
always made up of the same positive energy solutions. Similarly if #- is made up 
of negative energy solutions at t  q = t2 then $- for t < t2 is always made up of 
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negative energy solutions. We impose this property as a boundary condition. 
Then (34) is equivalent to 

$43) = j K+(3; 1) Y4#+U) d3x1 - j K+(3; 2) Ydfu2) d3x, * (35) 

Suppose now that we are given an external potential Bi nonzero in t, < t < tz 
but zero outside this range. This does not interfere with the boundary condition 
just discussed. We now admit that within the slab t, < t d t, interaction with Bi 
can turn the time direction of a path. Thus paths within the slab can be zigzag with 
as many reversals as we like, whereas paths outside the slab are monotonic with 
respect to t. 

The amplitude for a rA path is defined by 

PB(I’&) = P(rA) exp [ --ie J, Bi dd], (36) 

and that for a rl; path (point 1 on t = t, , point 2 on t = tJ by 

PB(I’J = P(&) exp [ --ie 1, Bi dd] . (37) 

Paths within the slab need not be monotonic with respect to t, however. Suppose 
we have a path from 1 to 2 with 2n reversals. Denoting intermediate points by i, 
sections between successive reversals are monotonic, and the amplitude is given by 

where the $-sign holds for forward going sections and the -sign for the backward 
going sections. 

Clearly it is also possible to have paths starting at t1 and ending at t, . In this case 
we get a z,- at t = t, even though there may be no #- at t = t2 . This does not 
happen when Bi = 0. Similarly we could have a #+ # 0 at t, originating solely 
from I/- at t, , through reversals by Bi . 

We now wish to calculate the following problem. Given #+ on t = t, and #- = 0 
on t = t, , what are #+ on t = t, and #- on t = t, ? 

Consider the evaluation of #+(tJ. Formally we have 

#+Bc4 = j j pB(r,,) Y4#+(1) ~3rdf3X1 , 

which includes paths with reversals. To evaluate (39) consider the paths according 
to the number of reversals, beginning with paths r& without reversals. 
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Divide the time range t1 < t < t2 into a large number of small intervals. 
Consider one such interval (t, t $- E). Let the path r,: intersect the time sections 
at t and t + E at spatial points x, y respectively. Since r; is timelike, 1 y - x 1 < E. 
Expand the exponential factor in (36) in a power series. The unity term gives the 
usual free particle contribution. The linear term gives 

-ie 2 E jj {B4(x, t> - (Y - x> . B(x, t>/cl P(G!i) y&+(l) g3Gd3x, . (40) 
intervals 

Now P(J’&) can be written as a product of three factors 

The sum over r& is equivalent to sums over r&, l$, r., together with integra- 
tions over x, y. The sum over r2 propagates the positive energy part of the wave- 
function at 1 to x. This gives #+(x, t). The sum over .P(r$.) gives K,,+[y, t + E; x, t]. 
The sum over P(r&) similarly gives &+[2; y, t + E]. The latter function propagates 
only the forward going paths at t t- E, and the weight of these paths is given by the 
positive energy part of the wavefunction at (y, t + 6). In general, because of Bi in 
(4 t + E), there will be a negative energy part in the wavefunction at t + E. This 
negative energy part gives the weight of backward going paths “reflected” by the 
step (t, t f- c). The negative energy part does not affect #+(2). We ensure that only 
the positive energy part of the wavefunction contributes by using K+[2; y, t + 61 
instead of &+[2; y, t + ~1. So we get for (40) 

-ieCE 
f S k;P; Y, t -I- ~1 Y$~(x, t> - (Y - x> * B(x, t>/cl 

- &+(Y, t + 6; x, t> y&+(x, t) d3x d3y . (42) 

Because j y - x / < E we can replace K+[2; y, t + E] by K+[2; x, t] to within a 
term that tends to zero with E. Using (30) we have 

&‘[y, t + E; x, t] = C U,(y) Dn(x) e-icEn 
n 

= ~3(Y, x> y4 - ie 1 WY) U,(y) U,(x) + O(4, (43) 
n 

where H is the Hamiltonian and 

21,(x, t) = U,(x) eeiEflt. (44) 
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Thus (42) becomes 

-ie C ie 
!.I K+P; x, tl YAY - x> * Bb, t> (45) 

Now for a free particle 

Hs -iu.V +-my4 

and the my4 term makes no contribution to the second part of (45). The only 
portion of this second part that survives as E -+ 0 is that which arises on differenti- 
ating y -x, using integration by parts with respect to By from H(y). Since 
En U,(y) U,(x) = S&y, x) y4 it is easy to see that (45) is just 

-ie C E 
j 

K+[2; x, t] 8(x, t) #+(x, t) d3x. 

For small E the summation can be replaced by integration with respect to t. 
Denoting (x, t) as point 3 we therefore obtain 

--ie s K+(2; 3) &3) #+(3) d73 , (47) 

the integration with respect to d~~ being over the four dimensional slab tl < t < t, . 
The second order term in the expansion of the exponential in (36) can be worked 

out in the same way and gives 

(-id" jj, K+(2; 4) &4) K+(4; 3) 8(3) $+(3) d73 dT4 3 (48) 
4 ,t 3 

and similarly for higher order terms. The appearance of K,. propagators after each 
$ can be understood in the following terms. After each $ scattering the wavefunc- 
tion appears in a general $I+ + $- form. Since we are propagating along a r+ path 
we must use only the #+ part. That is to say we need to act on #+ . But this is the 
same as K+ acting on #+ + #- . 

Consider now paths with reversals. Evidently to arrive at t = t2 from t = t, we 
must have an even number of reversals. It will serve to bring out the main features 
if we treat the simplest case of two reversals. Consider a path that goes from t, to 
t, > t, , then reverses to t, < t3, and reverses again to t, > t, . In order for paths 
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of this kind to contribute to the amplitude the potential must be nonzero at t, and 
t, . Again dividing t, < t < t, into small steps, the integral s Bi cIai is replaced 
by a sum over steps. This integral appears squared in the second order of the 
perturbation expansion, so that in this order we have a double sum over steps. 
The double sum contains a member that refers to the steps (t, - E, t) and (t,, t, + c). 
This member gives the lowest order contribution that the path in question makes to 
the total amplitude. 

We have to sum over all paths from t, to t2 with reversals at t, and f4. Since for 
such paths the particle is free (in the second order of the perturbation expansion) 
between t, and t3 - E it follows that #+ at t, is carriedinto a #+ wavefunction at 
t, - E. Within the thin slab (t3 - E, t,) scattering by Bi changes the wavefunction 
into a $- + 4/1- combination at t, . Since the paths are now backwards and the 
particle is again free (second order of the perturbation expansion) between t, and 
t, + E only the I,!- part of the wavefunction at t, is carried to t, + E. Between t4 + E 
and t4 there is a further scattering by Bi , and this agarn sets up a #+ + $- combina- 
tion at t4 The paths now go forward to t, and since the particle is once again free 
only the $+ part of the wavefunction at t, is carried to t, . This “accounting” 
procedure is rather complicated when the K,* propagators are used, but the K+ 
propagator automatically keeps a correct record at each reversal. It is therefore 
preferable to use K+ for the sections in which the particle is free. 

Summing over all paths that reverse at times f, , t, (t, > f4) in [t, , t2] we obtain 

(-ie>’ jj, ,t K+G 411 B(4) Kd4; 3) &3> #+(3) d~Tg do, , (4% 
3 4 

and (48) and (49) together give 

(-ie>' j j K+GJ; 4) a(4) K+(4; 3) 8(3) $+(3) d~3 ~TJ (50) 

as the second order term of the perturbation expansion. 
In this last step we are assuming that the case t, = tJ gives no contribution to the 

amplitude. This case can be dealt with in the following way. When the path first 
reverses at t3 the J,L part of the wavefunction is of order E, being proportional to 
the thickness of the slab (t3 - E, t3). When this z/- part is scattered again by the 
same slab the resulting #+ part of the wavefunction is of order 3. This $I+ part then 
goes to t, . We have a similar contribution for each thin slab, but since there are only 
of the order of e-l such slabs the total “double scattering” is of order E and tends 
to zero with E. 

The above discussion is easily generalized to give 
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where 

K+‘(2; 1) = K+(2; 1) - ie 1 K+(2; 3) #(3) K+(3; 1) dT3 

-I- (-id” 1s K+(2; 4) 8(4) K+(4; 3) #(3) K+(3; 1) dT3 dT4 4 e.- . (52) 

A similar analysis leads to 

6(1’) = j K+B(l’; 1) y&+(l) d3x,, (53) 

where K+B(l’; 1) is given by replacing point 2 in (52) by point l’, the latter point 
being on t = t, . 

The same procedure for (52) as that used for (16) leads easily to 

[P2 + k@(2) + im] K+B(2; 1) = 6,(2, 1). (54) 

Equations (51) and (53) give the solution to the problem we set out to solve, and 
(52) is the required perturbation expansion. The discussion following equation (27) 
applies equally well here. 

The factor C, in (24) has not yet appeared in the present discussion. This is hardly 
surprising since we have been dealing only with one particle. After considering the 
many-particle problem in the next section we shall obtain C, in Section 4. 

3. MANY-PARTICLE INTERACTIONS AND THE GENERALIZED RESPONSE 
OF THE UNIVERSE 

We begin by restating the conclusions of the preceding section in a slightly 
different notation and in a somewhat more general form. 

We now describe the slab under investigation by 0 < t < T instead of by 
tl < t < t2 . The planes t = 0, t = Twill be referred to as the surface S and points 
1, 2 )...) l’, 2’)... may be anywhere on S. The work of the previous section is described 
by 

bdl’) = j K+W’; 1) lit~hdl> ds, . (55) 

Here we introduce the concept of ingoing and outgoing parts of the wavefunction at 
the surface 5’. In the notation of the previous section $rn is a $+ wavefunction on 
t = 0 and is a #- wavefunction on t = T, while $,,t is a #+ wavefunction on 
t = T and a fi- wavefunction on t = 0. ni is the unit inward normal to S and &, 
is the surface element at point 1. 
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Most one-electron problems in quantum electrodynamics are concerned with 
calculating &,ut when #in and the external field Bi are given. 

Consider the following generalization of (55) to the many-particle problem 

Y&l’, 2’,...) = j/ ... 1 K+B(l’; 1) 44K+B(2’; 2) & ... Y,,(l, 2,...) ds, ds, ... . (56) 

The wavefunction Yin now has four components for each particle and has a point 
1, 2,... for each particle. Similarly Y,,ut has four components and a member of 
I’, 2’,... for each particle. The matrix K+E(l’; I)& acts on the components of Yin 
for the particle at point 1, K+B(2’; 2)& acts on the components for the particle at 
point 2, and so on. The order in which these matrices are written is irrelevant. 

This generalization is valid for particles acted on by an external field but is 
invalid when there are mutual interactions between the particles. Then we write 

Y&l’, 2’,...) = jJ ... J K[l’, 2’,...; 1, 2,...] #1&z ... Yin(l, 2,...) &‘I dS2 ... (57) 

in which the many-particle propagator K[l’, 2’,. .; I, 2,...] is determined in the 
following way. 

We recall that 

The multiple path integral for a many-particle system in an external field Bi is 

K[l’, 2’,...; 1, 2 )... ] 

.-= j ... j P(I’,,,) P&) ... exp [-iea J‘,,1 Bi da’ - ie, jr%,? Bi dbEbi - ...I 

:: 93r 
1'1 

cJj13r . . . 
2'2 . (59) 

and this separates into the product K+B(I’; 1) K+B(2; 2)... as stated above. But 
when the particles are mutually interacting (59) is changed to 

K[l’, 2’,...; 1, 2,...] = JJ ... J P(r,,,) P(I1,,,) ... exp(iR) 

in which the factor exp(iR) represents interparticle action. In general exp(iR) takes 
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such a form as to prevent (60) from being separable. The particles are here denoted 
by II, b,... and tlai, dbi ,... are coordinate displacements along the paths J’,,, , 
r 2’2 . . . respectively. 

We now approach part (ii) of our discussion (cf. Introduction). We aim to prove 
that all the results of the usual theory of quantum electrodynamics follow from 
choosing the classical time-symmetric action for R, 

R = -$CCe,e, s .i 8(qf& da, dbi. 
a b l-l’, 1‘2’2 

Before proceeding, however, we pause to note that if Y’iyill(l, 2,...) is antisymmetric 
with respect to every pair of particles then so is Y&l’, 2’,...). This can be seen 
from (57), (60) and (61). The exclusion principle has a rather mysterious role in the 
usual formulation of quantum electrodynamics. The present path integral approach 
throws some light on its meaning. It prevents the paths of different particles from 
sharing common points. The paths F,,, , rzsn cannot cross, for example-more 
accurately, paths with common points make zero total contribution to the ampli- 
tude. Paths for the same particle, on the other hand, can have common points or 
common segments. because paths for the same particle are alternatives--the 
particle follows one of its possible paths. It is indeed this property that permits us 
to say whether two paths belong to the same particle or to different particles. 

Returning to the multiple path integral (60), the electromagnetic factor is the 
exponential of i times 

the line integrals being over the paths Z’,,, , r,,, ,... for the particles a, b,... respec- 
tively. The paths are segments lying within the slab 0 < t < T. There are interac- 
tions with paths outside the slab, and it is these interactions that give Bi . There 
are contributions to Bi from both t < 0 and t > T. The interaction with the future 
arises because paths interact through the time symmetric function iSi( The 
externa1 field from t < 0 has already been discussed in detail in Z, so we shall not 
repeat the discussion here. That is to say 

Bi = Bfio + B,&, (63) 
and we take 

Bi - 0. t<o - (64) 

The first term of (62) is then the response of the Universe. 
Apart from containing terms with a = b, which we shall discuss at the end of 

the present section, (62) is the same as the classical action in the direct particle 
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theory. It is interesting to recall the classical treatment of the action, since the 
classical treatment and the quantum treatment will turn out to have similar 
features. First we write 

Separating 8(qiB) into advanced and retarded parts, 

%a = 2 , x ‘_ xB , [WA - tB - I XA - XB I) + S(t, - TV + I XA - WI> (66) 
A 

and writing 

A;a@‘)adv = c Ai’b’(X),dv = 
bX& eb j  s(t, - tB + i x - ‘!I 1) &i, @9) 

bfa I x - XB I 

enables the classical action to be written in the form 

The classical response condition is 

Eliminating Bi,,r between (70) and (71) we get 

- 5 e, j @&.t -1 +[A$) - A$$]) dai . (72) 

The first term in the curly brackets is the usual retarded classical field of all particles 
other than a, and the second term is the usual radiation reaction on a. 

Our aim is to obtain a generalized response condition for the quantum case, 
analogous to (71), that together with (62) leads to an electromagnetic phase factor 
in (60) giving all the results of the usual theory of quantum electrodynamics. The 
required form has already been noted in (27) and (29). 
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The quantum case differs from classical theory in that conjugate paths, a’(t) 
for particle a, b’(t) for particle b,... must be introduced. These conjugate paths go 
from points l*, 2*,... on S to the same points l’, 2’,..., as do the paths a(t), b(t) .... 
Instead of (62) we now have (62) minus the contribution of the conjugate paths. It 
is easy to see that this combination of paths and conjugate paths gives 

- ; e, [jiH& + ‘&,,I + B:,,) da, - j{&G, + A&] + B&j dUiT] (73) 

in which 

4&t = c -%I 1 S(t, - tB - I x - XB I) dbi 
lx-XBI ’ 

-‘+(X)sdv = ieb, 
s(t, - IB + 1 x - xB 1) & 

lx-XBI ’ 

and where the primed fields refer to the conjugate paths and are given by expressions 
similar to (74) (75) and B$,. is the response to the conjugate paths. Multiplying 
(73) by i and taking the exponential gives the electromagnetic phase factor. 

Our point of view concerning the conjugate paths was discussed at length in I. 
The first integral in (73) cannot be expressed in a form suited to practical calcula- 
tion except is association with the second integral. That is to say, we do not know 
the response of the universe except in a probability calculation. The usual theory 
of quantum electrodynamics, on the other hand, allows a complete calculation of 
the amplitude alone, irrespective of whether a probability is taken. Since amplitudes 
do not appear in physical statements the usual theory seems unsatisfactory in this 
respect. It is true that physical statements can be made by discarding the phase of 
the amplitude, but then why go to the trouble to calculate the phase if it is not 
required? 

The slab 0 < t < T now has an explicit meaning. It is the slab in which an 
experiment is performed, i.e., for which we require a physical statement. 

Paths and conjugate paths together permit a separation of positive and negative 
frequencies. In classical theory there is one path for each particle and this one path 
contributes both positive and negative frequencies. In quantum electrodynamics 
paths give positive frequencies and conjugate paths give negative frequencies. 
Negative and positive frequencies are introduced in the following way. Define 

Ai( = c eb 1 
sdz(t, - fB - I X - XB I> 

2/x--B 1 

dbi 
, 

Ai(X),dv+ = iebj” 
&(t, - tB + 1 x - XB 1) 

2 1 x - xB / 

& 
9 
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where 

S*(x) = $ Jy eTiws dw = S(x) 7 $ F. 

It may be noted that whereas the sum of Aiet+ , A:,,- is a vector, namely, the 
classical retarded field 

A@c’),.,~ = Afet, + de,- , (79) 

A i ret+ 2 A;,,- are not vectors by themselves. Similarly 

is the classical advanced field but A&,+ , A&- are not vectors by themselves. 
This separation into positive and negative frequencies permits two new vectors 

to be defined, Aiet+ - A&+ and A:,,- - A& . These vectors appear in quantum 
electrodynamics but not in classical theory. It is straightforward to show that 

Ai(Wret+ - AiWacw+ = F eb [J ,̂ 
S+k&d db’ - (8 1) 

x B >t j- 
t&?>t,Y 

U&r) db’] , 

AiCUret- - Ai(Jk+ = F eb [jlx>t, 8-(&J dbi - /tg>tXS+(q&J db”]. (82) 

Although &(q”) are invariant functions it is not immediately clear that (81) and (82) 
are vectors, because of the time restrictions. However, the contributions of the 
principal parts in &(q2) have opposite signs. It is easy to see therefore that the time 
restrictions do not apply to the principal parts, which accordingly give vectors. The 
time restrictions continue to apply to the 6(qz) part of 6+(q2), but since 6(q2) is 
confined to the light cone the restrictions are invariant, and the S(q2) part also gives 
vectors. 

The quantum response corresponding to (71) is 

B&y) t>~ = -k c {M!b’(Wret, - Ajb)(X)adv+] + [A;(b)(X),,,- - A;‘b’(X),&. (83) 
b 

As stated above, the paths carry the positive frequencies and the conjugate paths 
carry the negative frequencies. If we imagine a coalescence of paths and conjugate 
paths (83) becomes the same as (71). To obtain an equivalent condition for 
&‘(J’>t>, we interchange paths with conjugate paths and positive frequencies with 
negative frequencies. This double interchange leaves (83) unaltered, so that 

&‘(W~>T = &G’%>T. (84) 
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To complete the work of the present section we calculate the contribution to (73) 
from particles a, b. For a rf b we have four paths a, b, a’, b’ which combine in the 
pairs (a, b), (a’, b’), (a’, b), (a, b’). The contribution of (a, b) has two terms, 

-eaeb S(qiB) dai dbi, 

from the time symmetric interparticle action and 

deaeb 1 j  j,,,,, [S+(q:B) - a-(dB)l dai dba 

f ss [S+(qiA) - UqkJl dai dbi 
tB>tA 

from Bi . Since 

2wlB) = S+(A) + u&J, 

the sum of (85) and (86) is 

~*Gik?) = Si(diA), 

- eoeb 
1.l 

s+(A) dai dbi, 

which is the same as (27). The pair (a’, b’) similarly give 

(85) 

(86) 

(87) 

@3) 

+ e&b 
!I‘ 

S-(q:‘B’) dai’ db’ie (89) 

Only the B, , Bi’ terms in (73) contribute to (a’, b). It is not hard to show that 
these terms combine to give 

eaeb tA,,tgS+(d,d dai’db” - JJ,,,,,, S--(qiA,) dai’ db’!. (90) 

The pair (a, b’) gives 

eaeb tg,2tA S+(&.J dai &’ - /jtA,ia, S-(&B’) dai dbi’,/e (91) 
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The total contribution of the particles a, b to the electromagnetic phase factor is 
given by summing (88), (89), (90), (91), multiplying by i and taking the exponential, 

exp leaeb 
t - LSS t*,>tLj 

S,.(q;tB) dai’ dbi - j”jlg>f.i, &(q;/,,) dai’ dbi 

+ ii,,.,,, 
8+(qi,.4) da’ dbi’ - //t,,f,, &-(qj&,) dai rib,’ 

- /I 8+(q;B) dai dbi + jj” S-(q&) da,’ dbfi] 1. CQ) 

This is the influence functional F[a, b; a’, b’] contributed by the particles a, b. It 

can be expressed in terms of three-dimensional Fourier integrals using 

&(q&) = +4-iri 1 & exp([‘fiK 1 t, - rl 1 $: ik . (x2 - x1)) 6, (93) 

where K = 1 k / and q& is the invariant distance between points 1 and 2. We get 

F[a, b; a’, b’] 

= exp [-$$ JdL?j K dK 

-t s.i 
exp[iK / tAf - tBf j 

I’ I” 

exp[--iK / t, -- t, / + ik . (xB - x,)] daidbi 

-I- ik . (x,, - xB,)] da,’ dbfi 

~ J J exp[iK(t, - fBj) f- ik . (xB, - x,J] da, db’i 

-- i’l 
exp[iK(t, - tap) + ik . (xA, - xB)] dui’ dbi I]. (94) 

The different terms in (94) can be interpreted as follows. For tA > t, the positive 
terms in the curly bracket contribute to a downward transition of particle b and 
an upward transition of particle a, and aice Llersa for tB > tA , whereas the negative 
terms contribute to downward transitions of both a and b. Thus (94) refers to 
absorption and stimulated emission. Since the coefficient in front of all terms in the 
exponential is the same, the probabilities for these two processes are the same. The 
influence functional (94) leads to all the usual results for the interaction of two 
charged particles. There is a similar factor in the multiple path integral (60) for 
every pair of particles. 

Consider next the case a = b. There are contributions from three path combina- 
tions (a, a’), (a, a), and (a’, a’). These may be obtained in the same way as in the 
above discussion, or by identifying a and b, a’ and b’ in the above formulas. 



64 HOYLE AND NARLIKAR 

However, if we follow the latter course a factor 4 must be introduced, because of 
the $ in (61) and because a and a’ interact only once. The result is 

F[a, a’] = exp ie,’ 1 w tA,,tR S+(&.J da;’ dai - jjtA,tA, 8-(q:A,) da<’ dai 

-4 jj S+(q;J) dai d& + + 1s S-(qi,a,) da’i d&‘] 1. (95) 

In terms of Fourier integrals the corresponding result is 

F[a, a’] = exp [$ j dQ 1: K dK 1 - 1s exp[iK(t, - fA,) + ik . (x,,, - xJ] doida;’ 

+ KA>t* 
exp[iK(t,- - r,) + ik * (x,- - x,)] dalai d& 

+ ss exp[iK(r,, - TV,) + ik . (xX, - x,,)] da’i d&‘/1. (96) t,J,>tA”, 
This is the same result as was obtained in I. The first term in the curly bracket gives 
spontaneous transitions whereas the second and third terms contribute “radiative 
correction effects.” There is a factor of the form (96) in the multiple path integral 
(60) for every particle. 

For many purposes it is preferable to express the &(q2) functions in (92) and 
(95) as four-dimensional Fourier integrals, using 

a*($> = -4~ I,,,, & e-“‘(“?-“) $$ . (97) 

We have given the three-dimensional Fourier form of the influence functionals in 
order to show that our present results, using the generalized response condition (83), 
are the same as the results of the explicit calculation in I. 

We come now to the problem of the self-action contributions to (62). The 
contribution of particle a is 

-$e," j j S(&x) daai dZi , 

where A, A” both lie on the path a(t). In classical theory (98) is omitted entirely; 
particles do not act on themselves. It is actually sufficient in classical theory to 
make a weaker hypothesis-that sufficiently small steps of a path do not act on 
themselves. For classical paths are wholly timelike and qin > 0 giving S(q&) = 0 
when A and a are separated. 
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In quantum theory, on the other hand, there is a difference between omitting (98) 
and making the hypothesis that individual path steps do not act on themselves, 
since the latter hypothesis still permits different P and r- sections of a path to 
interact, whereas a complete omission of (98) would remove all self-interaction. In 
the above work we included (98) in order to obtain the usual electron-positron 
interaction. If there were no self-action, the response Bi,T would contribute the 
exponential of 

= -ie, 
s 

A$+ dai + &e, 
1 

[A$!+ + A&&+] da ’ (99) 

to the (a, a) term in (96). The second term in (99) is minus the self-action contribu- 
tion (98). It is cancelled therefore when (98) is included, so that the first term of (99) 
yields the (a, a) part of (96). If (98) is taken to be zero for timelike paths the second 
term of (99) is also zero, and we still obtain (96), even though self-action is absent. 
This explains why in I we were able to obtain the correct influence functional, 
since in I we were concerned only with electrons, i.e., with r+ paths treated non- 
relativistically, the same as classical paths. 

It seems possible that in quantum theory (98) may vanish for r+ or r- paths 
individually, even without requiring the hypothesis that individual path steps do 
not act on themselves. Suppose A and A are on the same step, daai = d$. Since 
quantum paths are made up of null segments, yi,- = 0, but this does not cause 
difficulty so long as A and A are distinct. since dai d2 is proportional to q:m and 
q~&&) = 0. In general for an individual r+ or r- path, either we have qi,- > 0, 
8(42x) = 0, or the path between A and A is a straight null line. So long as A and .4” 
are taken to be interior prints within a’aj, dZi we have da, d2 proportional to qjx 
and 6(qia) daai dEi is again zero. 

The self-action integral becomes ambiguous, however, when A and A are per- 
mitted to coincide. This ambiguity is removed if we omit self-action on a sufficiently 
small scale. We shall find in Section 5 that this question is intimately connected 
with divergences in radiation correction processes. 

4. VACUUM LOOPS 

In Section 1 we described Feynman’s method of introducing the K+ propagator. 
This method leads to the result that the amplitude for any process in quantum 
electrodynamics can be calculated from a perturbation expansion, provided a 
factor C, = exp(-L), with L defined by (25), (26), is included to represent 
vacuum loops. In Section 2 we obtained the perturbation expansion for a single 

595/62/I-5 
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particle in an external field. This was done by the path integral method. In Section 3 
this method was extended to a many-particle system, and the mutual interactions 
of the particles were correctly represented by combining the classical electromag- 
netic action with the response of the Universe. This is the position we have reached. 
To complete our program it remains to return to the problem of vacuum loops and 
and to recover the factor C, . 

We show first that C, can be obtained by applying an antisymmetrization process 
to the perturbation expansion (52) for a particle in an external field. Since (52) was 
obtained from a path integral, it is necessary to show next how the extra terms 
required by antisymmetrization can also be represented by a path integral. This 
one-particle treatment must then be generalized to many particles and must 
include interparticle action. We proceed in these three stages. 

The idea underlying the antisymmetrization of (52) is illustrated in general 
terms in Fig. 1. In (a) we have two particles going forward in time, one particle 
going from I to 3 by a r+ path, the other from 4 to 2 also by a r+ path. The ampli- 
tude for (a) does not represent the total amplitude for there to be a particle at 2 
and a particle at 3. The exclusion principle requires subtraction of (b), with 1 
going to 2 and 4 to 3. 

In (c) we have a single particle path with two time reversals, and with an external 
field Bi acting at the points 3 and 4 of reversal. The configuration of points is the 
same in (c) as in (a), and the electron paths from 1 to 3, 4 to 2 are the same. If 
now we follow the suggestion of the preceding section-that time reversals generate 
“new” particles-we require the I’+ sections from 1 to 3, 4 to 2 in (c) to be on the 
same footing as the same two paths in (a). We should then subtract the amplitude 
for the possibility that the P paths starting from 1 and 4 go to 2 and 3, as they do 
in (b) instead of to 3 and 2. The effect of this redirection of the paths is shown in 
(d). We now have a single r+ path 1 to 2 and a disconnected closed loop with a r+ 
path from 4 to 3 and a r- path from 3 to 4. The external field acts at the two points 
of reversal of the loop, not on the r+ path from 1 to 2. We shall next give quantita- 
tive expression to this idea. 

The amplitude for Fig. l(c) is given by restricting the second order term in the 
perturbation expansion to t, > f, : 

(-id” JJ, ,t K+GC 4) $(4) K+(4; 3) &3) K+(3; 1) d~x dT4 . 
8 4 

(100) 

Since 1 to 3 is a r+ path, (100) operates on a #+ wavefunction at point 1. Writing the 
wavefunction as v+( 1) and integrating spatially with respect to 1, the amplitude for 
the double scattering of Fig. l(c) is 

(-id” JJ K+CC 4) @(4) K+(4; 3) &3) v+(3) d7s dT4 . (101) 
t3> t4 
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FIG. 1. In two-particle scattering the exclusion principle requires the amplitude for (b) to be 
subtracted from that for (a). The same principle when applied to multiple scattering of ar‘single” 
particle by electromagnetic potentials leads to closed loops. This is shown in diagrams (c)-and (d). 

The spatial integration with respect to 1 is over the t = 0 face of the slab 0 = I, d 
t<tt,= T, the integrations with respect to &, , U’T, are taken through the slab, 
and point 2 is on t = T. Since t, :> t3 we have 

K+(2; 4) = 1 G(2) G(4), (102) 
E”>O 

and we can write (101) in the form 

(-w c 42) j j E,(4) $(4) K+(4; 3) &3) u+(3) d7, dT4 . (103) 
E,>O t3>t.l 

Next we have to subtract the amplitude for Fig. I(d). This is 

-(-2)' c L.+(2) jj k(4) #(4) K+(4; 3) $(3) ~(3) dTa dTz, . (104) 
E,>O tz>t‘, 

The sum of (103) and (104) is antisymmetric with respect to interchange of U, 
and v+ , as was required by the qualitative discussion based on Fig. 1. 
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Now we use the matrix relation 

,k, h(4) B(4) k;(4; 3) 8(3) ~(3) = Tr [szns u,(3) G(4) J&4) K+(4; 3) 8(3)] 

(105) 
together with 

K+(3; 4) = c h(3) k(4), t3 > t4 (106) 
En>0 

and obtain for (104) 

-(-ie)” 2:+(2) j-J,, >t TrK+(% 4) $(4) K+(4; 3) 8(3)1 dT3 dT4 . (107) 
J 4 

The restriction f, > t4 can be removed provided 4 is introduced, and the resulting 
coefficient of v+(2) is 

-4(-k)? jj Tr[K+(3; 4) $84) K+(4; 3) $(3)] dT3 dTq . (108) 

Apart from the unity term, this is the lowest order term in C, . Asymmetrization 
of higher order terms in the perturbation expansion proceeds in the same way. 
In third order there are new terms in which the potential scatters ZY+ and also acts 
twice in a closed loop. In fourth order the new terms scatter o+ twice and act twice 
in a closed loop, act four times in a closed loop and act twice in each of two loops. 
The net effect of all terms of the perturbation expansion is to give C., = exp(--L) 
with L defined by (25) and (26). 

Next we see how (108) and other terms arising from the perturbation expansion 
can be represented by path integrals. The loop To is made up of r* sections, as 
was the path I’,, in (38). The amplitude for a loop can be obtained from (38) by 
identifying points 1 and 2, and taking the trace of the right hand side, 

1 . (109) 

By summing loops in the slab 0 < t < T we obtain the path integral 

s P”( ro) .$Fro. (1 10) 

The field Bi is a simple exponential factor in each PB(I’:i-,) factor on the right 
hand side of (109). Taken together these factors give the integral of Bi round To. 
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We write 

where 

Pi = exp [ -LZ $, Bi d/i] P(I’o). (111) 

P(r”) = Tr [v P(I’:i+l)]. 012) 

It is remarkable that -L in exp(-L) = C, is just minus the simple path integral 
UlO>, 

-L = - s P(T”) exp [ --ie $, B,dli ] 5S3ro. (113) 

dlz is a coordinate displacement along To. 
The terms Ltn) in (25), (26) can be obtained from (113) by expanding the electro- 

magnetic phase factor. The method is the same as that used to obtain the perturba- 
tion expansion (52) from (39). Equation (113) is the path integral, with the correct 
sign, for one loop. 

The path integral for n closed loops, Z, HZ,... is 

2 (- 1)” 1 ... J- W,o) fYrwz”> 

Bi dli - ie 
rrn" 

Bi dmi - . . . 93r~93rmo.... 

rt" I 
(114) 

This may be compared with (59) for the particles a, b,... with the open paths 
r 1'1 > r,,, ,... . The factor l/n! arises because the set of loops I, in,... is counted n! 
times in the summations. 

Before continuing with (114) we pause to note that the amplitudes P(r,O) are 
determined in terms of the r2-i paths which were defined in Section 2 in terms of 
the Ko+ propagators, whereas the L cn) terms in (25) involve the K+ propagators. 
This use of the K+ propagators is due to the trace property of P(rO). Thus the trace 
can be represented by a summation with respect to wavefunctions, 

p(ro) = c qnp(r~i-,)l II, (115) 

where the summation is over normalized states for any momentum p. We require 
both E = &z/p2 + m2. The space-time dependence of u cancels that of ?I because 
the wavefunctions are taken at the “beginning” and “ending” of the loop, i.e., at 
the same point. Remembering that the r+ sections of r” must be weighted by a #,. 
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wavefunction, and the P sections by a $- wavefunction, the K+ propagator is 
needed to keep correct accounting, exactly as in the derivation of (52). 

We have to generalize our path integral so that it includes both particles a, 6,... 
and loops I, m,... and also so that mutual interactions are present as well as an 
external field. The path integral is to give the many particle propagator 
K[l’, 1; 2, 2;...]. The expression (60) for K applies when there are no loops. When 
there are n loops I, m,... there is a contribution to K given by 

The factor exp(iZ?) is the same as in Section 3. The factor exp(iS) is new and gives 
the interactions between particles and loops and between loops and loops, through 

S = - T T e,e 11 S(qiL) dai dli - +e” 1 C j/ S(q2,) dli dm, . (117) 
I m 

The many-particle propagator is given by summing (116) for n = 0, 1, 2,... . 
The factor half appears in the second term of (117) because the pair of loops (I, m) 
is counted twice. The particle a and the loop I are only counted once in the first 
term. In the above formulas e is the electron charge, which implies that we are 
considering the electron vacuum, although even powers of e always appear in 
practical calculations, so the sign of e is irrelevant. 

The discussion now proceeds as it did in Section 3. For every pair of particles 
we had paths a, b and conjugate paths a’, b’ leading to the contributions 
F[a, b; a’, b’], F[a, a’], F[b, b’] to the influence functional. For every pair of loops 
(I, m) we now have closed paths Z, m and closed conjugate paths I’, m’ giving 
contributions F[Z, m; I’, m’], F[I, 1’1, F[m, m’]. These lead to vacuum diagrams- 
they have the effect of multiplying amplitudes by a phase factor exp iC, C real. 
Such factors disappear in the present theory because these contributions to the 
influence functional appear only after the response of the Universe has been used, 
and we are then concerned with the calculation of a probability, not an amplitude. 
Loops by themselves are of no relevance. But the mixed contributions 
F[a, I; a’, I’] are of physical importance. They produce a scattering of particle a 
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and contribute -27Mc/sec to the Lamb shift. Using the method of Section 3 we 
obtain 

This completes the program set out at the beginning of this section. It actually 
completes the program of this series of papers, since we have now obtained the 
required influence functionals between particles and particles, between particles 
and loops, and the influence functional representing the action of a particle on 
itself-the radiation reaction. All the usual results of quantum electrodynamics 
follow by applying the perturbation expansion to these influence functionals. 

We are now in an equivocal position, however, for just as we can obtain all the 
usual correct practical results of quantum electrodynamics so we can obtain all the 
unwanted divergences in radiation correction processes. The critical question we 
now have to ask is whether these divergences are inevitable, or does the present 
direct particle theory provide an escape from them, as it does in classical theory? 
We shall consider this question in the next two sections, and will end the paper by 
a general discussion of the present position of the direct particle theory. 

5. THE ELECTRON SELF-ENERGY AND THE RADIATIVE CORRECTION 
TO SCATTERING 

We come now to the analogue of the self-energy divergence in field theory. 
For a particle we have 

-1 2ea2 J-1 
8(q:z) dai da”, , (119) 

which together with the response of the Universe leads to the term 

- &ea2 
SI 

S+(q:a) dai d& WJ) 

in the influence functional associated with particle a. We already discussed the 
interpretation of (119) at the end of Section 3 and saw that to avoid ambiguity in 
the meaning of the line integrals points A and .4 should be distinct. In Section II 
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we defined the path steps by a set of points Xi , i = 0, I,..., N. We left open the 
question of whether N should tend to infinity. If we decide affirmatively and arrange 
Xi so that all steps tend to zero, A ---f A” cannot be avoided and the outcome is 
completely equivalent to the usual theory. We obtain all the usual divergences and 
require all the usual apparatus of renormalization theory. Here, however, we 
propose to examine the effect of preventing A + A. To preserve a four-dimensional 
notation we require 

/ x,i - x,-i / > 1 & 1) i = 1,2, 3,4, (121) 

where the I 8 j are to be regarded as small compared to the Compton wavelength. 
To make (121) physically meaningful 8 must be a vector associated with the particle. 
For a free particle we can try 

Pi &=E.-, 
m (122) 

where E is to be a length very small compared to m-l. Thus we can choose 

E = 2Gm, (123) 

the gravitational radius of the particle, giving me = 10Pao. Although we have not 
permitted the path steps to tend strictly to zero, the scale of the steps is nevertheless 
exceedingly small compared to any physical structures that have hitherto been 
considered. 

We emphasise that we are not seeking here to justify (121), (122), (123), but to 
investigate their effect and to compare the resulting situation with the cutoff 
procedures of the usual theory. If indeed gravitation plays a critical role then modi- 
fication of the space-time structure on the scale E is required. Only through such an 
investigation could one expect to understand 8 more deeply. 

We show in this section that (121), (122), (123) lead to a finite self-energy even 
though the frequency in the three-dimensional Fourier integral of the S+(q2) 
function tends to infinity. And in Section 6 we shall show that the divergences in 
vacuum polarization, which are usually thought to be of a different nature to the 
divergence of the self-energy are removed by the same procedure. 

For simplicity of presentation we calculate first the self-energy for an electron 
with p = 0. Suppose at t = 0 we are given the wavefunction q/O corresponding to 
positive energy m. We wish to examine the effect of the term (120) in the influence 
functional for the slab 0 < t < T. The wavefunction at point 2 on t = T is usually 
calculated from the perturbation expansion 

~oe-imT- ie" 
ss 

K+(2, 3) yiK+(3, 4) yi 8+(qz4) @oe-‘mt4 dam dT4 + ..a , (124) 
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where the integrations with respect to G%, , &74 are over the slab. This permits points 
3 and 4 to coincide, which is the situation we now wish to avoid. From (121) and 
(122) with pi = (-p, E) = (0, m) the evaluation of (124) is now subject to 

; t3 - t, / 3 E. (125) 

To deal with the restriction (125) we separate the second term of (124) into two 
terms QI , Q, such that t, > t, in Q1 and t, < t, in & . 

For T 3 t, > t, >, 0 write 

K+(2, 3) = j, ,” & (y& ~- y . p2 + n7) e-iE,(T-f,)i-ip%.(x,--x,) (T@& , (126) 
e 

K+(3; 4) = j,,” & (Y*E -- y . p + ???) e-iE(t:,-t,)+ip.(x,-X,) (f@& ) (127) 

where 

Ek? = pz2 -+ n?, E” = ps + n?. (128) 

The momentum representation for S+(qzz4) is given in (93). Performing integrations 
with respect to axi , @x, , d3p, d3p, we get 

p2 == 0, p = -k, 

SO that E2 = 117, E = d/Ka + tn2, and Q1 becomes 

Q, = (-ie’) . (4d . $ j/I,, ,t (y4 + 1) yi(y4E i Y . k 
4 4 

.e --imT+i(,n--E-X)(f3-fl) 

(129) 

Using symmetrical integration to remove terms linear in k, Q1 is simplified to 

Ql = &$/&“‘T, (131) 

where 
-___ 

ih--E-K)&@ K & &, &, . 
(132) 

Similarly we have 

(133) 
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where 

f2 = $ j j s, >* ~;!fi$~ ei(m+E+K’(t+,’ K dK dt, dt, . (134) 
1 3 

It is usually argued that divergences in Q, , Q3 arise from high frequency quanta, 
i.e., when K + co. This is based on a calculation in which the integrations with 
respect to time are performed first. Now because of the time restrictions we integrate 
first with respect to frequency. For t, # t, the integrals with respect to K converge. 
To see this we examine the behavior of (132) and (134) at large K. Thus for K > m, 

(2m - K) ei(m--2K)(t3-t4) dK dt, dt, 
t&-t%4 

e2 =- 
lr j.i 

eim(t3-t4) (2111 - K) e-2iK(ts-ta) dK dt, dt, , (135) 
t3>t4 s 

.: 

and 

f2 - $ jj eim(t3-td) jr (2m + K) e2iK(t3-t4) dK dt, dt4 . (136) 
tact 4 

The actual values of 4, , cz differ from these asymptotic values by finite quantities. 
Equations (135) and (136) can be simplified further by using the results 

x+0, p s e-i”” & = k, jT 1 Xe-iAx dx = - - . x2 (137) 
0 0 

Thus 

L- $ jj ei”(t3-t4) j --m 1 1 
t3>t4 1 t, - t, WB - tJ2 I 4 4, , (138) 

‘t2 - $ jj eim(ta-tJ !  irn 1 
) dt, dt, . (139) 

t3<t4 I t, - t4 4(t2 - tJ2 I 

Interchanging the naming of t3 and t4 in t2 we have 

(140) 
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where 

x = 1711:~ ) y = m(t, -- t,), (141) 

and we have now taken account of the restriction / t3 - t, ( > E. 
For a slab with mT > 1, which is the situation usually considered, we have 

For me < 1, the main contribution to (142) comes from y < 1 when the trigono- 
metrical factor - -314, and 

El + 5, - --iAT, (143) 

where 

A =: - g m ln(nz.5). (144) 

Since we are considering paths to have finite time steps l , it would be a stricter 
procedure to divide the whole time range [0, T] into many steps of length E and 
to work out [I + f2 as a sum over steps rather than as an integral. It turns out 
when this is done that the result is the same as (144). 

The wavefunction at i = T to order e2 is therefore given by 

for T not too large, where 

HZ’ = nr 1 .- g ln(me) = m + A. 
1 I 

(145) 

The effect of the response of the universe is to “change” the mass m to m’ given by 
(146). The usual theory gives 

(147) 

where K,, is a cutoff applied to the K integration, which is carried out after integra- 
tions with respect to I, , t4 . Although (144) and (147) are similar in form, the cutoff 
in (144) can be given a physical basis, for example, in terms of the gravitational 
radius of the particle, whereas that in (147) is a mathematical variable from a 
Fourier integral and should not play a role in the theory. 
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We wish next to consider the corresponding problem for a free particle with 
pi = (-p, +E), p # 0, E > 0 and 4-spinor @. According to (121), (122) there are 
restrictions now on all the coordinates. This leads to a more complicated situation. 
It is possible, however, to simplify the work by noting first that if, as before, we 
restrict only the time coordinate, by / t, - t, / > E*, the outcome for the wave- 
function at point 2 on t = T is 

where 

@eiP.x,--i(E+AE)T 
, (148) 

EAE = - F ln(EE4). (149) 

The result (149) is obtained in the Appendix. Since we are integrating invariant 
functions over a four-dimensional region it is clear that if we had used 

to restrict one of the space coordinates, p = 1,2, 3, instead of the time coordinate, 
we should have obtained ln( P&‘) instead of ln(EE4), and that if we had used 

1 x,i - x,i / 3 &, i = 1,2, 3, 4, (151) 

for all coordinates we should have obtained ln( pi&). This is simply ln(mc), so 
that in place of (149) we have the invariant result 

E AE = - g m2 ln(me) = m Am. (152) 

Unlike the usual theory the so-called “wavefunction renormalization,” repre- 
sented by the constant 

B = - & ln(nzc), (153) 

did not appear in the above work. We shall return to this point in Section 7. The 
constant B does appear, however, if we seek the wavefunction at an intermediate 
time t, 0 < t -C T. We again consider the case of a particle with wavefunction qfo 

corresponding to energy m at t = 0. If we were to restrict our time integrals to the 
interval (0, t) the analysis would be the same as that given above, but with t 
replacing T and we should obtain qLOe- im’t for the wavefunction at time t. But we 
must permit integrations up to T. This does not change Q, , which has t > t, > 
t4 3 0. The restriction t3 < t here arises because 6+(q&) leaves the particle in a 
positive energy state after the response is completed at point 3, and hence we must 
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go forward in time from t, to t. But for Q2, in addition to t 3 t, > t, 2 0, we 
have also to consider 

T 2 td > t > t3 3 0. (154 

It is this additional time range that makes a contribution to the wavefunction at 
time t over and above @Oe-““‘t. 

The’ extra contribution is 

where 

(2' -f jj e idt,-t,) 
I (2tn + K) e2iK(t3-t4’ dK dt, dttl 

7>t4>t>t,>o 

e2 N- 
T IS 

ei”(t3-t4) - im 1 

72t4>t>t3>0 i t,- 
-I dt,dt,. (156) 

4(t‘l - t,Y ! 

The intervals for t 3, t, have been kept open at t in the above formulas to indicate 
that t, - t, has a minimum value E. We require 

t, < t -- WE, t, 2 t -I- PE, (157) 

where 01, /3 are positive numbers satisfying 01 + /3 = 1. All possible choices for 01, /3 
lead to the same final result. Taking 01 = 0, and making the substitutions 

we obtain 

x = 177(t* - t), y = f)@.l - t,), (158) 

(159) 

Provided t is not close to zero or to T the 1/4y2 in (159) gives a large contribution 
when both x and y are close to me. After integrating with respect to y for this term 
we get 

Provided t is not close to zero or to T, the required wavefunction to order e2 is 
therefore 

(1 - t4T - JB) SYoe-inlt. (161) 

The appearance of B within the slab is of importance when an external potential 
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acts on the particle. In general and external potential2 can be represented by a 
four-dimensional Fourier integral 

B,(X) = 1 hi(q) eciq’z & . (162) 

The scattering problem is to determine the amplitude for a state of momentum pa 
at f2 = T given that the state has momentum p1 at tl = 0. From the path integral 
point of view we have to consider the effect of the phase factor 

ev [ J -ie B, dx” 
r21 1 

on this problem. 
Expanding (163) as a power series, the unity term leads to (149, which involves 

no scattering. The linear term in Bi produces scattering, however. In most cases of 
physical interest higher order terms in Bi give smaller contributions to the scattering 
than the linear term, so it is usual to restrict the problem to determining the effect 
of the linear term. It is found that only those components in the Fourier integral 
for which 

9 = Pn - Pl 3 q4 s 452 - 4 > (164) 

2 where E2 = (pe2 + WZ~)~/~, El = (p12 + m ) li2, make a contribution to the scattering 
into states of momentum p2 . For finite T the Fourier components making effective 
contribution can depart from the strict equalities of (164) by small terms of 
order T-l. 

The scattering amplitude can be developed in a series of ascending powers of 
qi. Since bi, qi appear in relativistically invariant forms, and since b(q) . q = 0 
because of the Lorentz condition, the bi components can only appear in the combi- 
nation 4, while the qi components can appear as q2n+2 or as qznd, n = 0, 1,2,. . . . The 
most general form for the scattering amplitude is therefore seen to be 

Y(q) 2 Gq2* + wl) d - dfml go m2n, 
n=o (165) 

where the C, , D, are constants. Detailed calculations in quantum electrodynamics 
show that none of C, , n = 1,2,...; D, , PZ = 0, 1, 2 ,... involve the cutoff ln(K,/m). 
Because the present theory differs from the usual theory only in the form of the 
cutoff, not in the places where it occurs, the present theory leads to (165) with the 
same coefficients-except possibly for C,, . It is well-known that the second series 

2 The reader will note the clash between our notation Bt for the external potential and B for 
the constant -ez In (m3/2?r. 
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in (165) gives the anomalous magnetic moment of the electron, and the entire 
series without the C, term gives the Lamb shift. The observable effects of including 

in scattering are therefore the same in the present theory as they are in the usual 
theory. 

Although we are working only to the first order in bi it is important to notice that 
(165) includes all orders in the expansion of (166)--in the usual language we can 
have any number of virtual photons. Each order in 12 is handled by Feynman- 
Dyson graphs. It is found that while individual graphs give cutoff dependent 
contributions to C, the sum of the contributions of all graphs does not involve the 
cutoff. The well known situation to order e2 is shown in Fig. 4. The cutoff dependent 
term from I cancels those from 11 and III. 

Once again we expect the same result for C, in the present theory. To emphasire 
the part played by the constant B within the slab we demonstrate in the Appendix 
that this is so for the graphs of Fig. 4. The calculation is similar to those of the 
usual theory. Here we use a much simpler method, depending on the closed form 
of the electromagnetic phase factor in the path integrals, to show that C, must be 
cutoff independent to all orders in c3, and hence it follows that the detailed calcula- 
tions based on Feynman-Dyson graphs must lead to the cancellations described 
above. 

The C, term in (165) survives as the components qi tend to zero. Let the field Bi 
such that b,(q) is zero except near qi = 0 for all i: That is to say, we collapse the 
Fourier coefficients bi on to the origin in q space. As the region in which hi(q) is 
nonzero shrinks, Bi becomes effectively constant, and 

exp [ -2 jTV, Bi dui] - exp[-ieB . (.Y? - .x1)]. 

The electromagnetic phase factor arising from Bi becomes path independent. The 
gauge transformation 

3X Bi --f Bi -- axT , x = Bix’i > (168) 

reduces the field to zero. Since a gauge transformation produces no physical 
effect the situation is the same as for a zero field. There can be no scattering and 
therefore no cutoff dependent terms in C, . 

Consider the case Bi = (-B, 0) in further detail, writing p = -eB. Let the 
four-component spinor at t = 0 again be e0 corresponding to a free particle state 
of energy m. Suppose that the wavefunction on t = 0 has no spatial dependence. 
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Then we have to consider @Oe”D’“l on t = 0 because of the eip’+ factor in (167). 
Before propagation to t = T the product @(,eip’xl must be separated into positive 
and negative energy components for &E = &T/P” + m2. Write 

JI(, = ?f+ f Jif/_ ) (169) 

where exp[i(p . x T Et)]@& are solutions of the free particle Dirac equation. Only 
*?/+ is propagated forward to t = T. Propagation subject to (166) was studied 
earlier in this section. After multiplying by e-ip.xz from (167) the wavefunction at 
point 2 on t = T is 

$‘f+e-iCEi~AE,T 
2 (170) 

where AE is given by E AE = tn Am, AE being defined in (152). If the field had 
been zero the wavefunction on t = T would have been 

The difference between (170) and (171) appears to contradict what was said in 
the previous paragraph. The difference has arisen from the specification of the 
wavefunction at t = 0. Propagation from t < 0 cannot give a wavefunction on 
t = 0 with spinor UZO and without an x1 dependence unless Bi = 0 for t < 0. 
We have therefore introduced a discontinuity in the field at t = 0, a discontinuity 
that cannot be removed by a gauge transformation. Indeed the discontinuity gener- 
ates components in the Fourier integral (162) for bi away from the origin in q-space, 
which is just the situation we set out to avoid. It is therefore necessary, if we wish to 
have no x1- dependence on t = 0 to specify %!+ as the 4-spinor. Alternately if we 
wish to specify ?f,, we must have an x1- dependence on t = 0 given by the factor 
e-ip’Xl. In both these cases the constant field has no effect. 

6. VACUUM POLARIZATION 

The amplitude for the process shown in Fig. 2 is 

-(-ie”)(-ie> jjj c,(5) w,(5) ~+(dJ TWK+(4; 3) JR31 K+(3; 411 dT3 dT4 dT5, 
(172) 

the integrations with respect to dT3 , dr, , dTb being over the slab 0 < t < T. The 
expression (172) is the lowest order contribution of the vacuum in the presence of 
an external field Bi to the scattering of a particle from state u1 into state u2 . This 
amplitude follows without difficulty from the general path integral of Section 4. 
Since the integral of a constant potential around a closed path is zero, it is always 
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possible to subtract an artibrary constant potential from Bi . We shall make use of 
this possibility at a later stage. 

The scattering is the same as that produced by a potential 

Ai(5) = ie2 
SI ~+(d’J Tr[yiU4; 3) $(3) JL(3; 411 dT3 dT4 . (173) 

FIG. 2. The simplest vacuum diagram leading to an observable result (-27 Mc/sec in the 
Lamb shift). 

This is the potential produced by a current ji(5) given by 

,ji(5) = +; &ii(5) = ie2 1 Tr[yiK+(5; 3) $(3) K+(3; 5)l dT3 . (174) 

In this section we show that (174) can be evaluated in such a way that no quadratic 
divergence is present, and we show that the cutoff dependent logarithmic term is 
of the same form as that encountered in the preceding section. Given ji we can 
construct A” and hence obtain the scattering from 

-ie 
s 

~~(5) A(5) u,(5) dT5 . (175) 

With a slight change of notation we write 

jdl> = ie” I TrlXJ; 2)@, - #A K+GT 1) YTJ dT2 (176) 

where d2 , #I are the values of $ at points 2 and I. The potential & is constant 
and we are now making use of the possibility of subtracting a constant potential 
from the variable potential $, . This step is useful in respect of the Taylor expansion 

(177) 



82 HOYLE AND NARLKAR 

where the derivatives Bi,l , Bial, are evaluated at point 1, and qi = xsi - xii. 
We write the propagators in the form 

K+(2; 1) = C-F2 + im) Z+(q2) = -2dZ+‘(q2) + imZ+(q2), (178) 

K+U; 2) = ~fv,‘(q2) + imZ+(q2), (17% 

where 

Z+‘(q2) = $ Z+(q2), (180) 

and 

Z+(q2) = - & qq2) + 6 zp(mq). (181) 

In the Hankel function q is the positive square root of q2 when q2 > 0 and is the 
negative square root when q2 < 0. The limiting form of Z+(q2) as q2 + 0 is 

Z+(q2) + - &y 6+(q2). 

Inserting (177), (178), (179) in (176) we get 

j,(l) = ie2 
5 

Tr[(2ypq,Z+’ + imZ+)(Bi,zqz + $Bi.tmqzq” + **a) yi 

f (-WqJ+ + imZ+> 14 d4q. (182) 

To simplify (182) we note that the integrations remove terms of odd order in ql , 
and that the trace removes terms that contain an odd number of y matrices. Thus 

Next we use 

to give 

j,(l) = @“I - Bi,zm j Tr[-2yPyiyry,qpqzq”q~Z~ 

- &m2Z+2yiykqzq” + ...I d4q. 

‘Mb) = 47% , 

(183) 

Tr(yPyiy7yk) = 4(qPiqrk + qpkrlir - vPrqik), 

j,(l) = -8ie2Bi,,, s (2qiq, - q2qik) Z;2qzqmd4q 

- 2ie2m2B. 2.m s $kZ+2qzqmd4q + .a. . 

(184) 

(185) 
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Only the first term in (185) is cutoff dependent. The rest remain finite as E -+ 0. 
Since it is the cutoff dependent term we are seeking we shall confine further atten- 
tion to this first term. 

By symmetry we can write 

1 
q2qzq”qiq”~4q ;= j+pLr)i" + rlzipc + pp]* uw 

Contracting I against m and i against k gives 

J 
‘{Z+‘(q2) q2j2 d4q = 24X. (187) 

The integral on the left hand side of this equation is worked out in the Appendix. 
Using (A.56) we have 

A=-& In(tn6). 

Returning to the first term of (185) we note that 

4.m j (2qiq, - q%fk) 1;2qzqwq 

= 2XBi,1,(7jzm77ik + rj%y’$ + $gjrni 

= -4hmB, + 2hB;,, + 2hB’$,, 

= -4XmB,, 

(189) 

since BTn,, = BT”,, = 0 and B:,, =: 0. Using (189) we get 

h(l) - 32ie2XDBk . 

With (188) for h, 

(190) 

h(l) - & ln(lnc) 0 Bk . (191) 

The d’Alembertian of B, is taken at point 1. Hence there is no vacuum current 
except at the sources of the external field Bk . In the direct particle theory this means 
there is no polarization current except at the particles. If .Jk is the particle current 
we have q Bk = 4?rJ, and 

j,(l) = g ln(me) J,(l). (192) 
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The result that the polarization current occurs only at the particles holds also for 
the finite terms not considered explicitly above. 

The usual theory gives 

h(l) - - g In (g) Jdl), (193) 

in terms of a momentum cutoff M. In Section 5 we saw that E in the present theory 
replaces the photon cutoff K0 of the usual theory. Now we see that E also replaced 
the momentum cutoff of the usual theory. There is no requirement for two distinct 
modes of cutoff. 

We also note that the quadratic divergence, encountered in most treatments of 
the usual theory, did not appear in the above work. 

7. GENERAL DISCUSSION 

We now review the position that has been reached. Infinities are removed in 
classical theory by requiring that points on paths do not act on themselves-this 
is sufficient to remove all self-action since classical paths are timelike. Infinities 
are removed in quantum theory provided there is no self-action on a scale less 
than E. 

In Section 5 we discussed the possibility that E is defined by the gravitational 
radius 2Gnz. If so, then E is smaller than the Compton wavelength n2-l by a factor 
-10p40, and -ln(me) - 102. The “experimental mass” m’ obtained in Section 5 
is then about 4m/3. Since the vacuum current (192) is proportional to the particle 
current we can think of the effect of the vacuum as changing the charge e to an 
“experimental” charge e’. For -ln(,nc) - lo2 we get e’ - 0.9e. Even for E as 
small as the gravitational radius the modifications produced by self-action are not 
so great as to make the power series expansion of 

an unreasonable procedure. 
This raises an issue concerning renormalization theory. The aim is to show that 

the effects of (194) are equivalent to a change of m, e to some m’, e’, which are 
then identified with the experimental values, by which is meant the interpretation of 
experiment in accordance with a theory that omits the cutoff dependent terms 
arising from (194). This is done by an induction method working in terms of the 
expansion of (194) (see [5, p. 3301). The required result is first proved to order e2 
using cutoff values for K. , M that are small enough for the e2 term to appreciably 
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exceed the e4, e6,... terms. Under the same convergence condition the result is next 
assumed to order eZn and is thence proved to order e2n+2. 

This renormalization demonstration is then frequently followed either by the 
statement or the implication that K, , M can be permitted to tend to infinity 
without vitiating the result. This may be true. A process of analytic continuation 
may exist that extends the result to high values of Ku , A4 for which the expansion 
in e2 cannot be used, but there is no good reason for this supposition. A similar 
situation would arise in the present theory if we let E + 0. Instead we prefer to 
keep E finite. It does not strain credulity to suppose that something new happens 
on the scale of the gravitational radius of a particle. Rather would it be surprising 
if this were not so. With E finite, it is then important that we need neither &nor M. 
Both K, , M can tend to infinity--indeed both must tend to infinity since these 
quantities are mathematical variables in Fourier integrals. 

The expression (194) is only a part of the general influence functional. The forms 
F[a, a’], F[a, b; a’, b’], given in (94) (96) of Section 3, show a clear distinction 
between scattering problems and decay problems. The normal procedure in scatter- 
ing is to add amplitudes for different frequencies before taking the square of the 
modulus to give a probability. In decay problems, on the other hand, the square of 
the modulus for each separate frequency is taken first and the resulting moduli are 
then added for the total probability. This is necessary to give an appropriate time 
dependence for the decay of a quantum state. It is usually argued that, while the 
frequencies for scattering are determined by the 6, function and are therefore syste- 
matically phased with respect to each other, the frequencies in decay problems arise 
from randomly phased field oscillators. The total. amplitude should always be 
obtained by adding all frequencies but in decay problems cross-products between 
different frequencies average to zero when the square of the modulus is taken. No 
doubt a consistent theory can be formulated in this way, but the issue is treated 
scantily if at all in most quantum theory texts, so the issue would seem to cause 
some embarrassment. 

The situation is clear-cut in the present theory. The influence functionals contain 
couplings of paths with paths, conjugate paths with conjugate paths, and couplings 
of paths with conjugate paths. From (94) and (96) it is seen that when a path inter- 
acts with a conjugate path it is the same frequency that operates on both. There is 
no case in which a frequency K interacting with a path is combined with a different 
frequency K’ acting on a conjugate path. This is the decay problem case. When 
paths interact with paths, on the other hand, the interaction frequencies have no 
correlation with those that operate in the coupling of conjugate paths with con- 
jugate paths. This is the scattering case. 

Vacuum loops were introduced in Section 4 in two ways, through antisymmetriz- 
ation of the perturbation expansion and through a path integral. Although the 
two methods are equivalent the path integral taken alone appears rather as a 



86 HOYLE AND NARLIKAR 

cumbersome irrelevancy. One can ask: Why bother to put in vacuum loops at all? 
That the Lamb shift would otherwise be 27 Mc/sec wrong hardly seems a satisfac- 
tory answer. An answer is needed that shows the theory with vacuum loops to be 
more elegant than the theory without them. 

It is possible for paths with time reversals to intersect themselves. Such an 
intersecting path, belonging to the amplitude for Compton scattering, is shown in 
Fig. 3(a). Remembering that the paths of different particles do not intersect each 
other-this is the meaning of the exclusion principle-it is natural to take the view 
that individual paths should not intersect themselves. We must then subtract the 
amplitude for Fig. 3(a) from the amplitude given by the theory without loops. 

2* >g 
1 1 

(2) (b) 
FIG. 3. Closed loops are necessary to take account of the fact that paths do not cross them- 

selves. The self-intersecting path in (a) is redrawn in (b) to represent a closed loop touching a 
path without time reversal. The amplitude for (b) must be subtracted from that given by the 
theory without closed loops. 

Figure 3(a) is redrawn in 3(b) as a path without time reversal and a closed loop in 
which there are two external “photon lines.” There is a strong presumption that 
what we did in Section 4 amounted to just this subtraction. It is true that the formu- 
lation of Section 4 permitted loops to be disjoint from the paths of particles. But 
we already noted in Section 4 that the interaction of loops with themselves leads 
only to a phase factor e ic in the amplitude, C real, and this does not appear in the 
present theory since we are concerned throughout with probabilities. Moreover it 
was noted in Section 6 that it is only when loops touch particle paths-the case of 
Fig. 3(b)-that there is a contribution to the vacuum current, and hence to 
scattering. The case of Fig. 3(b) is the only one that is of physical relevance. 

It seems then that closed loops are not an addition at all. It is rather that they 
represent the removal of something unwanted. That this is indeed a correct inter- 
pretation is shown by the sign of the vacuum current. Both the path and the loop 
in Fig. 3(b) are directed the same way at their point of contact. Consequently 
Fig. 3(b) represents a current in the same sense as other paths in the same direction 
and in the same time direction. This means that for a beam of particles of one kind, 
electrons say, the vacuum current has a sign opposite to that of the electrons 
themselves-opposite because we have to subtract Fig. 3(b). 
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It remains an open question as to whether the discussion of Section 4 is the most 
effective way to formulate this idea. We suspect that either some further mathema- 
tical results remain to be discovered or a better procedure can be found. 

We started these papers with the intention of discussing electromagnetic interac- 
tion. We had little thought in the beginning of investigating the nature of free 
particles. In the event, the electromagnetic part of the work, given in Section 3, 
turned out to be comparatively straightforward, whereas the free particle formula- 
tion has given us considerable trouble. The difficulties can be said to arise from the 
path integral method, but we think this is not so much a defect in the path integral 
method as an indication of omission in the theory as a whole. 

We already noted in Section 1 that Feynman’s method of arriving at the propa- 
gator is somewhat roundabout. In Section 2 we proceeded in a more direct way, 
but even so an awkward question remains. We introduced the concept of r+ 
paths, with the hypothesis that I’+ paths are weighted by wavefunctions $+ of 
positive energy and r- paths by wavefunctions $- of negative energy. There was 
then little difficulty in showing that the K+ propagator was required to give proper 
accounting in the perturbation expansion. But what lies behind this hypothesis? 

We hope to consider this question in future work. Here we simply indicate the 
direction in which we think the answer may lie. The K+ propagator is (-P + ih)I+ , 
and for small q2 we have 1, = -8+(q2)/4rr. The appearance of 6+(q2) in analogy to 
the situation in respect of the electromagnetic field is an indication that some form 
of response of the Universe is involved, and the following remarkable circumstance 
points also to this conclusion. The propagators Ko=(2; 1) introduced in Section 2 
satisfy the inhomogeneous Dirac equation. So does 

On the other hand 

+[K,+t2; 1) + Ko-(2; 1)l. (195) 
* 

1 (196) 

satisfies the homogeneous Dirac equation. The sum of (195) and (196) is the 
propagator K+(2; 1). Expressed in this way there is an analogy with the Wheeler- 
Feynman formulation of classical electromagnetism, the retarded and advanced 
electromagnetic fields of the particles being replaced by K+ and K-. The presump- 
tion is that (I 95) is the free particle propagator and that (196) is a response of the 
Universe. 

When in (83) of Section 3 we called for the response of the Universe we limited 
the theory to answering probability questions concerning outgoing particles from 
the slab 0 < t < T. Of course one need not call for the response of the Universe 
but then nothing useful can be said because we cannot use the influence functionals 
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of Section 3 in an amplitude calculation. In this respect the present theory is different 
from the usual theory. However, since probabilities are always taken at the end in 
the usual theory, the difference is not noticed in practical calculations. 

We end with some remarks on the interpretive aspects of quantum theory. 
Intermediate steps are used in most calculations, the steps at which a perturbation 
acts, for example. Such steps must be dealt with in terms of the amplitude-this is 
implicit in the path integral evaluation. We work with amplitudes inside the slab 
defined by t = 0, t = T. The probabilities apply on the boundary. 

In the usual theory taking probabilities is described as an “experiment.” In 
our terminology the experimental situation lies within the slab and calling for the 
response of the Universe constitutes the experiment. Our calculations do not tell 
us what will happen in an individual case, however; the probabilities we have 
obtained represent an average of the different things that happen when many 
experiments of a similar kind are carried out. In an individual experiment we 
proceed in a different way. 

After an individual experiment one is faced by a “new deal” situation. One can 
calculate the probability of a track of a specified kind appearing in a bubble 
chamber. But once it has been determined in an actual experiment whether such a 
track is present or not we no longer continue to describe the situation in terms of 
probabilities, or in terms of the original amplitude. It has always been a mysterious 
feature of quantum theory that by actual observation our description of the world 
is sharpened. The experimenter is in a better position to determine the future state 
(t > T)of his bubble chamber after he has examined it (t = T) then if he had simply 
extended the time range of his original calculations. This situation arises because 
we can only specify the response of the Universe statistically in our calculations. 
The response of Section 3 does not give the response in a particular case, it 
represents the average response for an ensemble of similar cases. By actual experi- 
ment, on the other hand, we discover information about the response even in a 
particular case. 

Can our theoretical description of the world be improved to include the 
sharpening achieved by experiment? Attempts to do this have been made from 
time to time in terms of “hidden variables.” Such attempts have been unsuccessful 
and the present discussion shows why. We pay the penalty of being restricted to 
statistical calculations because of our insistence on localizing problems. We cannot 
expect to know more about the interior of our slab until we know more about the 
exterior. Quantum uncertainty arises from separating restricted volumes from the 
rest of the Universe. 



89 RELATIWSTIC RADIATIVE PROCESSES 

APPENDIX 

1. In Section 5 we quoted (148), (149) for the propagation of a state of momentum 
p, going from %eip’xl on t = 0 to J@eip’Xz-‘(E+“E’t?. for t, = T. Here E = (~2 + &)I/2 
and uzd satisfies 

(y4E - y . p)“)/ = p% = iv%!. 

We establish (149) for AE, starting from (125). In place of (130) we get 

641) 

Q1 = (- je")(L)nj) f j j jt ,t p&?!Z/!! yi l!Ik!ZC- ' 'g - k, + "' ,#i& . + 
3 1 

. e--i~~+i(~-~1-~)(t3-t4) d3k dt dt 
(2Tr)3 3 * ' C42) 

where 

Els = (p -- k)2 + m2, El > 0. (A3) 

To simplify Q1 we note the relations 

ri[y& - Y . (P - k) + nzlyi = 2Pun -- y,& + Y . (p - k)], (A4) 

(p + m)[2nz - yhE1 + Y . (p - k)] ‘%’ = (p + m)[m - y&E, - E) - y . k)] % 

= [2n? - 2&E, - E) - 2k . p] @. (A5) 

Using (A4), (A5) in the integrand of (A2) we get 

Q1 = (l%e-lEr, 

where 

fl = f jjj, JeiwNt3-t,) dK &It3 &, ) 
3 4 
,t 

I=K 
s 

T m2 + E2 -- EE, - Kp cos t: e-iEi(t3Pt4) 
2EE, 

sm e de, 
0 

El2 = E2 + K2 - 2pk’ COS 8, P= IPI. 

For K large, and using El as the variable in (A8), 

I=j 2m2 t- E2 - 2E-4 - K2 + El2 e-iE,(t,-t,) dE 

4pE 
1, 

646) 

(A7) 

648) 

649) 

WO) 
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the range with sufficient accuracy being from 

K+p to K+g+p. 

To evaluate (AlO) we note that the main contribution to (A6) comes from 
t = t, - t4 small, and that 

I 
e --iElt do, ~ ~e-i[K+(m2/2K)lt sin pt , 

t (Al 1) 

Es 
d -iElt dE, = i _ 
dt s 

e--iElt dEl 

g-g 2i $ [e-i[K+(“/2K)]t sinpt , 
t 1 6412) 

s d2 Elze-iElt dE, e -2 _ 
dt2 

e-i[K+(?n2/2K)lt - sin pt 
t I 

, (A13) 

For K large and t small it is sufficient to replace e-i[K+(V12/2K)lt sinpt/t in both (Al 1) 
and (A12) by pe- iKt Replacing sin pt/t by p also in (A13) does not lead to an error . 
and gives 

s EteMiEl” dE, E 2p (K + $)” e-i[K+(ma/2K)It 

E 2p(K2 + m2) e-iBt. (A14) 

Inserting in (AlO) leads to 

Zg 
3m2 + E2 - 2EK e-iK(t3-t4) 

2E (415) 

There is, however, a point of subtlety in (A13). Writing more strictly 

-2 .A& [e-i[K+(m2W>]t -!!$!%I E -zp $ [e-t[~+b2pK~]t (1 _ ip2t2 + . ..)I 

N _ [2p(K2 + m”) - $ (2iKt - l)] e-$Kt, (Al6) 

it is necessary to show that the second term of (A16) makes no contribution. This 
cannot be demonstrated until we come to integrate with respect to dK. We then have 

2it m 
s 

Ke-2iKt dK = -t d 
0 s 

m 

dt o 

e-2iXt dK = -t f (&) = s, e-2iKt dK. (A17) 
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Omission of the second term of (A16) is justified, but only because of the subsequent 
integration with respect to K. 

The rest of the calculation is essentially the same as that given in Section 5. We 
have 

b-% jjj 
(2M - K) e-i(E-=)(td4) & dt, dt, , w3) 

t3>t4 

where 

With 

2M = 3m2 + E2 
2E * (AW 

(2 -$ jjj (2~ + K) ei(E+ZK)(t3-t4’ dK dt, dt, , 
t3ct4 

there is no difficulty in showing that 

WV 

(A211 

which is the required result, i.e., 

LIE = - g -$ ln(EE,) . 6422) 

2. We also left over from Section 5 the demonstration by direct calculation that 
the cutoff dependent contribution from I of Fig. 4 to C,, in (165) cancels the contri- 
butions of II and III. 

It is sufficient to work with a constant potential Bi since we are concerned with 
terms that survive as d -+ 0. For comparison with Section 5 we take a particle at 
rest at t = 0 with wavefunction @,, and compute the wavefunction at t = T to 
first order in Bi and to order e2 in the expansion of (166). The relevant terms are 

I. (-ie”)(--ie) 
s s **a K+@z , T; x3 > tJ yiK+(x, , t,; x, t> $K+(x, t; x4 , fd 

. yi@‘/(06+(qf4) eFimt4 d3x, d3x, d3x dt, dt, dt, 

II. (-ie”)(-3 j ...I K+(x2, T; x3, t3) yiK+(x3, t3 ; x4, fd yiK+(x4, t4 ; x, t> 

- jWo6+(q~4) emimt d3x3 d3x, d3x dt, dte dt, 

III. (-ie”)(--ie) j -0. j K x +( 2, T; x, t> $K+(x, t; x3 , t3) yiK+(x3 , t, ; x4 , tJ 

* yi%08+(qi4) emimt4 8x3 d3x, d3x dt, dt, dt. 6423) 
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Parts II and III of (A23) correspond to II and III of Fig. 4. In III the wavefunction 
is propagated to (x, t) under the influence of 6+(&J only. This means that provided 
t is not within E of o or T we have a factor 

1 -$B-iim (~24) 

multiplying al,e- imt The Am term was identified in Section 5 as a change of mass . 
and we shall not consider it further here. A similar term in - +B appears in II. 
We now show that these - +B terms from II and III are cancelled by a cutoff 
dependent term from I. 

I II III 

p FIG. 4. The three diagrams which arise when the external potential and the response of the 
universe act once in the perturbation expansion. The infinite B-term in I is exactly cancelled by 
similar terms arising from II and III. 

p To begin with we write all the K+ functions in I and the 6, function as three- 
dimensional Fourier integrals, 

K+(x, , T ;  x3 , t3) = j  
yeE” - Y * P” + nz e-ilE”(T-t,)I eip”.(x,-x,) d3P” 

2 I E” / pig+ 

K+(x3 > t3 ; x, t> = / 
Y&’ - Y . P’ + IM e-i~~~(t8-t)~ eip’+-x) d3p’ 

2 I E’ I (2,rr>3’ 

li;(x, t; xq , t4) = j” Y& ; ;;I/ + “* e-ilE(t-ta)i ,~P.(x-x~) c;;3 , 

a+(qiq) = bTi J & e-‘Kl’,-‘,l+‘k.(‘,-x4) (@P3 , 6425) 

where 

Eu2 = P”~ + m2, Et2 = p12 + m2, E2 = p2 + rn”, K = j k I. (A26) 

Substituting (A25) in I and carrying out the integrations with respect to d3x3, 
d3x$, d3x gives delta functions that require conservation of 3-momenta, 

-p” + k + p’ = 0, p’ - p = 0, k+p=O. (A23 
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Integrations with respect to d3p”, #p’, d3p lead to 

. exp{--i 1 E”(T - t3)/ - i / E’(tJ - t)j - i j E(t - t,)l - ik 1 t3 - t4 I -imt,} 

. L ?!t- dt, dt, dt, 
K (27r)3 WW 

where 

1 E” 1 = m, I E’ I = I E I = .\/(K2 + ma> . 6429) 

Significant contributions to (A28) arise only for the time orderings 

T > t, > t > t, b 0, T 3 t4 > t > t3 3 0. (A30) 

In both these cases t disappears from the exponential factor in (A28). This means 
that for a fixed relationship of t 3 , t4 to t there is a systematic contribution as t 
varies. Other time orderings give no such systematic summation. The contributions 
from (A30) will be denoted by J1 , J2 respectively. 

Consider J1 first. We have 

J1 = (-ie) $ j .-. j (y4 -t 1) yi 

x (y4 l/K2 + m2 + y . k + m) @(r4 V’m2 + y . k + IM) 

1 
’ yiuQ K(KZ + lp12) e 

--i~T+i(-I/K”+m’-K+m)(t,-t,) d”kdt,dt,dt. (A31) 
(W3 

We simplify the matrix part of the integrand, retaining only those terms that can 
lead to a cutoff dependent factor. And we consider the integrand for K > m using 
symmetrical integration to remove terms linear in the components of k. We find 

yi(y4 z/K2 + m2 f y * k + m) $(y4 .\/K2 -t n? + y . k + m) yi 

- --2~2Y,&‘, - 2(U * k) &Y . k), 0432) 

the remaining terms not being cutoff dependent. The average value of k,k, 
(p, v = 1,2, 3) in symmetrical integration is - iKzqu,, . Hence the average 
value of (y . k) $(y . k) is 

- Qy~~yv~uVK” = #K2 - ~$Bpy,K2. 6433) 
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The second term of (A33) gives no contribution to J1 because 

(Y4 + 1) Yu@o = (1 + Y4) YaY!b*o = 41 + Y4) YJa@o = -(Y* + 1) ru@o = 0 
(A341 

since y4q,-, = %,, , The cutoff dependent part of J1 is therefore 

J1 - (-ie) T j ... j (y4 + l)(-4K3 J&FL0 + “~~~~ 

x e-imT+ih-2K)(t,--t,) ctt dl dl 
3 4 

e2 - -(- je) _ . . . 
2%. s s 

(y4 + 1) $qye-2iK(ts-tr) K & e-trnT+im(t3-t4) 

x dt, dt, dt 

= _ tz, @t)e-imT . c j . . . / ~t)(-i~$) ~~e-2iK(t3-t~)+im(t3-t4) 

x K dK dt, dt, dt. (A35) 

In the last step we have used 

(A36) 

where 92:’ are the two states of zero momentum and opposite spins. We now 
proceed as in Section 5, 

s 00 
&-2iK&-t ) 4 &= - 

1 
0 4(t3 - t,y * (A37) 

The double integral with respect to t 3, t, leads to a cutoff dependent term as 
t3 -+ t +, t4 -+ t -. We require that t 3, t4 cannot approach closer than E, and 
obtain integrals of the form 

s 6438) 

i 

t-e 
s dt, - -ln(m<). 6439) 

0 

This gives 

JI - - c %t)eeimT z ln(me) J @t’(-k$) e. dt. 
i=1.2 

(A401 
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This is a half of what is required to cancel the term in -B = e2 In(m~)/2~ from 
the parts 11 and III of (A23). J, gives the other half, i.e., the second time ordering 
in (A30). 

3. Finally we have to evaluate the integral 

J == f {q2I+‘(q2)}2 d4q (A41) 

encountered in Section 6. Here q is the displacement x8 - x1 between points 2 
and 1. The function I+ can be considered in the form 

1+(2, 1) = 1 P& e+‘* -$$ , 

as well as in the form I+(q2). Evidently 

To,Z+(2, 1) = j P& e--iVq -$+ . 

The left hand side of (A43) was written in Section 6 as 2dl+‘(q”), so that 

and 

2q,l+‘(q2) = - 1 p* e-iP.q ~ 
(2y ’ 

d 
[ I 

e-iapv2 
d4p = - ___--_ 

da p2 - m2 (2n)4 1 e=1 

= [-iiT [Sk S (p/~i~qma $$/I,= 

= 2 J $yrnq2 e-iP-2 +2& . 

Substituting (A45) in (A41) we have 

J = Iss ‘:ds”-,p;;! (FTz 1 izi2 e-i(P+;o’).q d4p d4p’ ddq. 
(2794 (2?7)4 

(~42) 

6443) 

(-444) 

(A45) 

(‘446) 
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Integrations with respect to d”q and d3p’/(2n)3 give p + p’ = 0. Write 

Then 
P=lPl, 4 = (P” + my2. (A47) 

There are two cases to be considered, q. > 0 and q. < 0. The minimum value of 
1 q. 1 is E. The contributions from these two cases will be denoted by J+ , 
J- respectively. 

Consider the p. integration for the case q. > 0. The 1+(2, 1) function carries 
the additional definition that the pole at p. = 4 is to be considered as slightly 
below the real axis in a complex p. plane, and the pole at p,, = -4 is slightly 
above the real axis. Taking a contour along the real axis and over the half of the 
infinite circle in the lower half plane, we require -2ri (minus because of the 
sense of circulation) times the residue at p. = 4. It is easily seen that the residue 
we-idgo/24, so that the p. integration gives for P > ~1, 

(A491 

The po’ integration also gives this result. Hence we have 

J+ = - & Jy /r & epziAqo P2 dP dq, . (AW 

Using 4 as the variable instead of P, 

J+ = - 2% s’” s: $ e-2iAqo d4 dq, , 
B 

We are interested in (A51) as P + co. Then P/d + 1, and 

J+ - - & JR jm e-2iAqo d4 dq, . 
t m 

The terms omitted here are finite, and remain finite as E ---f 0. Then 

J+ - _ s,ii j m  e-2iW j m  e-2~A~o 
d4 ho 

E 0 

Wl) 

(A521 

1 m 
s 

e-2imao 
=-- 

8,rr2 ~ - 4, . 
W0 G453) 



RELATIVISTIC RADIATIVE PROCESSES 97 

Since 171~ < 1, e-sirrfrro :a 1 near the cutoff, and we have 

J+ N - & In(m). 

Similarly 

and 

(A541 

(A551 

which is the result quoted in Section 6. 

Note added in proof. It is well-known that an invariant finite cut-off procedure, such as we 
suggest in section 5, is not consistent with a strict conservation of probabilities. Finite radiation 
processes involving convergent integrals are cut-off at t-l instead of going to infinity with respect 
to frequency. This leads to a very small change of order IFI~ in the calculated probabilities. The 
question of conservation of probabilities arises in this order. Our point of view is that this question 
cannot be discussed within the framework of Minkowski space-time. The gravitational effect 
of an electron distorts space-time to the same order as the question at issue. 

While the present paper was in course of publication a similar point of view has been published 
by A. Salam and J. Strathdee (Lett. Ntrol.0 Cit?/ento. IV, 101). In their paper Salam and Strathdee 
discuss this same issue at greater length and in more detail than we have done. 
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