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A model for inflation based on a quantum gravity scenario is presented. The process allows inflation of a Planck size 
bubble to the observed universe. 

In recent years cosmologists are repeatedly invoking 
quantum fluctuations to "explain" the origin of  the 
universe [1 ]. We discuss here one such model in which 
our observed universe originates from a primordial 
"Planck size bubble" through inflation. The final state 
of  the universe will have zero cosmological constant 
and zero spatial curvature with overwhelming probabili- 
ty. The analysis is based on our approach to quantum 
gravity in which the conformal degree of  freedom is 
quantised using the path integral approach [2]. Thus 
our model has no free parameters at all (except the 
Planck length), as compared to inflationary scenarios 
based on GUT potentials etc. The large inflationary 
factor arises purely from the quantum gravitational 
tunnelling process. 

Classical Einstein equations can be derived from the 
action principle written in the form (~ = c = 1) 

2 = ~TrG -~=(12L~) -1 f x / " S T d 4 x ( R  - 2A), Lp , 
(1) 

where R is the scalar curvature and A is the so-called 
cosmological constant. In this form A includes the 
contributions from any gravitational A 0 and from 
vacuum expectation values of  quantum fields. At this 

2 and A as free parameters. The juncture, we keep Lp 
solution to Einstein's equations (obtained from 6sff 
= 0) is the de Sitter metric, which may be written in 
the form 

ds 2 = d t  2 - e 2Ht [dr 2 + r2(d0 2 + sin20 d~02)] (2) 

= (1 -- ~Ar -'2 ) d t  "2 - (1 - ~Ar-2) -1 dr "2 

--r2(d02 + sin20 d~o2). (3) 
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For this classical solution the scalar curvature is given 
by 

R = 4A .  (4) 

A classical solution normally corresponds to a quan- 
tum ground state. We have written the metric in two 
coordinate systems (t, r) and (?, r-) to show the "static 
nature" of  the ground state in ([, r-). Of course, for cos- 
mological purposes one should use the comoving co- 
ordinates (t, r). 

A classical ground state need not provide a stable 
quantum mechanical ground state. Any local minimum 
will be classicaUy stable to small perturbations. Quan- 
tum fluctuations, however, can induce a tunnelling 
through the potential barrier and render the local mini- 
mum unstable. We will show that this is precisely what 
happens to the ground state, described by eq. (2). 
Quantum conformal fluctuations make the de Sitter 
spacetime unstable, and gives a finite lifetime r. The 
universe tunnels out of  the de Sitter space after an in- 
flation by the factor (exp Hr), which we shall com- 
pute. 

Such an analysis, of  course, requires a workable 
non-perturbative model for quantum cosmology. This 
goal can be achieved in a limited sense by using the 
approach discussed in ref. [2]. Various issues of  prin- 
ciple that arise in this approach are discussed in ref. 
[2] and will not be repeated here. 

We consider the path integral over the class of  all 
metrics of  the form 

gik = ~22gik , (5) 
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where g, ik is the background de Sitter solution given 
in eq. (2). This path integral can be written as 

K= f cDa expOs~)= f c'o g'Z exp((-i/2L 2) 

X f v ~  d 4 x ( ~ i ~ i -  ~ R ~ 2 +  ~A~4))"  (6) 

We shall define a scalar field ¢ and dimensionless cos- 
mological constant )~ by 

1 2 = L~ i f  z, ~,'= ~ALp, (7) 

in terms ot;which the kernel K becomes 

g[¢2t2;¢,tl]= f~¢exp(-½ f ¢:-gd4x{¢% 
\ 

_ 3,[(2/Ll)q~2 _ q~4] ) ) .  (8) 

We shall assume that because of the maximal symmetry 
of the background metric, ~ depends only on t. Then 
the above equation represents the path integral kernel 
for a one-dimensional system. If the state of the con- 
formal factor q~ at a time t 1 is denoted by ~(~, t l )  
then the kernel K propagates the wavefunction ff by 
the standard equation 

ff (~b2, t2)= fK(¢~2t2;¢ltl)~k(¢ltl) d~b 1 . (9) 

From the form of the action in eq. (8) it is clear that 
the conformal factor feels the presence of the potential 

V(~b)= 9~ [(2/L~)q~ 2 - ~4 ]=  (2~Ll)q~2 (1 _ {Ll~b2(] ()) 

The behaviour of the system depends crucially on the 
sign of ~,. In this paper we shall consider the case of )~ 
/> 0. We shall present later some plausible arguments 
as to why negative )t need not be considered. When X 
> 0 the form of the potential is shown in fig. (1). The 
classical ground state corresponds to the local minimum 
at ~ = 0. Near ~ = 0, the potential may be treated as a 
harmonic oscillator potential with 60 2 ~ V"(0). The 
ground state will have (¢2) ~ oo2. This ground state is 
separated by a potential barrier from the regions I~1 

oo. Clearly quantum tunnelling through this potential 
renders the classical ground state unstable. 

It must be noted that we consider the birth of the 
universe to be a quantum tunnelling event. Thus the 
"pre-birth" stage described by q~ = 0 will correspond to 
a completely degenerate metric classically. Quantum 

v(4,) 

Ground state 
of the univese 
(metastable)~ 

'\ r \ 

Tunnelling of 
the conformal mode 

- - 4 ,  

Fig. 1. 

mechanically, however (~b 2 } can be nonzero, even 
though (¢) is zero. Thus a purely quantum universe 
can exist in this "pre-birth" stage. 

This tunneling probability through the potential 
barrier can be computed from the WKB formula [3] 

X2 

x l  

We are interested in the case where E ~, 0 and the tun- 
neling occurs from ~ = 0 (bottom of the wel) to the 
outside 4 2 ~ 2]L I. We also assume that the tunneling 
occurs homogeneously all through the space with a 
spatial volume (-~rr H-3) .  Then computation of the 
integral in eq. (11) gives the tunnelling probability per 
second 

P ~ ~n(1/Lp~,3/2) exp (-32Vt2rr/3~3/2). (12) 

The reciprocal of P gives the lifetime of the metastable 
ground state r. During the time r,  the universe inflates 
by a factor 

Z = exp (H r ) ~  exp [(3/4n)X 2 exp(~-vr21r X-3/2)~i3 ) "  

This our main result. A glance at eq. (13) shows that 
Z is very large for a large range of X. Let us assume that 
we require an inflation from Planck size (10 -33 cm) 
to the size of the presently observed universe (10 28 
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cm). This needs Z ~ 1061 ~ e 140. This inequality will 
be satisfied for all 3  ̀except in the range 8 ~ 3  ̀~ 17. 
(The minimum value of  Z occurs for 3  ̀~ 11 with 
Zmi n ~ 1046). For example, Z ~ exp(1016) for the 
"natural choice" of  3  ̀~ 1. If the 3  ̀term arises totally 
from GUTs, then 3. ~ 10 -8 and Z ~ exp(1012). Thus 
even though 3  ̀is a free parameter in our theory, the in- 
flation o f a  Planck bubble ("~10 -33 cm) to the observ- 
ed universe (~1028 cm) can be achieved for a wide 
range of  ~. 

A plausibility argument [4] for favouring very small 
values of  X can be given if one is prepared to make the 
following assumptions: (i) The cosmological term is 
dynamical and not a free parameter in the theory. (Part 
of  the A that arises from Higgs fields is definitely dynam- 
ical, but it is not clear whether A 0 may be treated as 
dynamical). (ii)Probability amplitudes for configura- 
tions can be defined by a "suitable" analytic continua- 
tion of  the path integral to the euclidian regime. As we 
shall discuss below, this assumption, though very 
fashionable nowadays, is highly nontrivial. 

Based on these assumptions, one may conjecture 
that the probability amplitude for the primordial 
ground state to have a cosmological constant A is given 
by 

Here the euclidian continuation is made in the "stand- 
ard way" - used in the conventional field theory - by 
substituting t = - i t  E. When A is positive, the euclidian 
four-volume is finite and is "~A -2  ; when A is negative 
the euclidian volume is infinite. Thus we get, 

P(A) = 0 ,  A < 0 ,  

= (const) × exp(1 /6L2A) ,  a > 0  (15) I 

If one accepts this argument, then values of  3  ̀> 1/ 
18 (corresponding to 6Lp23` > 1) are extremely im- 
probable. For 3  ̀< 1/18, the inflation factor Z 

exp(10720)! 
The argument based on the euclidian action, how- 

ever, suffers from a welt-known defect: If the t = - i t  E 
substitution is made in eq. (7) the conformal action 
will not have a lower bound. (This is one of  the reasons 
why we prefer to work out the WKB tunneling ampli- 
tude rather than an euclidian instanton tunneling.) 
Under the t = - i t  E substitution eq. (7) becomes 

K= f ~¢exp(l f dtEd3XV~[(O¢) 2 

+ (23`/L2)q~2(1 1 2 2 ) - f L p ¢  )] . ( 1 6 )  

Some further (ad hoc) prescription is required to make 
sense out o f  this integral. 

Any attempt to cure the "wrong sign" by changing 
to complex q~ by putting ¢ = it/will reverse the relative 
sign between the 4~ e and ¢4 terms in the potential. It 
is likely that we are solving a different problem alto- 
gether. In using the argument for zero value of  A, the 
above ambiguity in the euclidian path integral must be 
kept in mind. 

The physics of  the universe during (and just after) 
the tunneling is not well understood. It is likely that a 
large amount of  particle creation will take place at this 
point due to the excitation of  all vacuum modes. Later 
when gravitational effects are negligible, the universe 
will be described in a conformally flat form: 

ds 2 = ~2(t)(dt2 - dx 2 - dy 2 - dz2) .  (17) 

(Notice that the huge inflation would have effectively 
reduced the universe to a k = 0 model). In the classical 
limit, C2 wit1 satisfy the equation 

= 0 ,  ~ ( t )  ~ t .  (18) 

This is equivalent to a model with the metric 

ds 2 = d7 "2 - S2(r)(dx 2 + dy 2 + dz2) ,  (19) 

with S(T) cc , r l /2 .  This is the standard radiation domi- 
nated model. 

That the universe could have originated by a vacuum 
fluctuation is far from being a new idea. However, we 
believe that our model has the following attractive fea- 
tures compared to many other scenarios: (i) The infla- 
tion is produced by purely gravitational interactions. 
No external field, or potential, is put in by hand. (ii) 
The theory allows for an inflation from the Planck 
length to the observed scale of  the universe. Though Z 
depends on X, we have shown that Z is sufficiently 
large for a wide choice of  X. Even if one does not be- 
lieve at all in the argument given above favouring low 
values of  3 ,̀ the result in eq. (13) still remains valid. 
As and when some reliable dynamical process which 
favours zero value for 3  ̀is found, the present work can 
be placed in a proper setting. 
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