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ABSTRACT

We systematically derive a series of validity conditions for semiclassical grav-
ity and deduce a strong restriction on the possible topology of the semiclassical

universe founded on the path-integral formalism.

We begin with the investigation of the fundamental setting of quantum gravity.
We show that, in order to obtain the causal semiclassical Einstein equation at the
later stage of the universe, we have to regard the in-in path-integral formalism as

fundamental in quantum gravity.

We then perform the stationary phase approximation for the gravity mode.
From the first variation of the phase, we obtain the semiclassical Einstein equation.
From the second variation, we obtain a series of validity conditions of semiclassical
gravity in a completely general manner. We show that one of the conditions is that
the dispersion in the energy-momentum tensor should be negligible. This condition

has been inferred by several authors so far but only on the basis of special models.

By investigating of the stationary phase configurations, we also find out that
the semiclassical universe should be the one which admits at least one maximal
spatial surface. Assuming a natural energy condition, this means that the universe
should be a Wheeler universe, i.e. the spacetime which begins from, and ends in a
singularity. Furthermore, this also means that the possible topology of the universe
Is very strongly restricted. In this way, we realize the connection between causality

and topology in the semiclassical universe.



1. Introduction

We investigate below semiclassical gravity in detail in a systematic manner,
by the use of the path-integral formalism. We will automatically obtain a series
of validity conditions for the semi-classical description of gravity. One of these
conditions [(C1) in §3] has been sometimes inferred based on special restricted
models!=Bl, Here we derive it in a completely general manner along with other
conditions, which have been overlooked or not emphasized so far. Furthermore, we
will find out that the possible topologies of the semiclassical universe are extremely
restricted only from the imposition of causality on the fundamental law, if quantum

gravity is taken into account.

Let us look back briefly at the subject of semiclassical gravity [4], (We will
analyze thoroughly what is meant by the term “semiclassical” in §3.) It is believed
that the effective gravitational law which holds at the later stage of the universe

Gap(z) = 87G/c (m|Tyy()m). (1)

Here (m|Typ(z)|m) is the expectation value, in some quantum state |m), of the
energy-momentum tensor of matter, obeying the quantum mechanical law. Note
that this equation is causal in the sense that there appears (m|To(z)|m) in Eq. (1),
not e.g. (out|Tylin). More precisely, this expectation value is the one determined
at most only by the information in the region surrounded by the past light-cone
of 2 and the spatial section X on which the state |m) is prepared. In Eq. (1) the
metric gop occurs on both sides in a non-linear (and in general, non-local) form.

Thus, we interpret that Eq. (1) determines gap self-consistently.

Concerning (1), there are at least three main issues, two of which can be said

to be almost well-understood so far:

(a) How to derive Eq.(1) from a more fundamental quantum law, e.g., the

Wheeler-DeWitt equation.



(b) How to naturally derive the right-hand side of (1) in the procedure of (a),

especially how to replace Ty, by (m|Tg|m) in a satisfactory way.
(¢) The validity condition for the semi-classical description (1).

There have been many works related to (a).[5] The typical discussion is as
follows: We choose the ansatz ¢ = €'S/% expanding S in powers of a = lp%l =
167Gh/c®, S = a~1S_1+So+aS;+- .. We then put ¢ into the WD eq. (Wheeler-
DeWitt equation). The O(a™1) part yields the vacuum Einstein equation in the
Hamilton-Jacobi form. The O(a’) part determines the flow of time along the
dynamics of vacuum gravity, with respect to which time the Schrédinger equation

for matter holds.

It turns out that(2h{®] however, the introduction of (m|Typ|m) into the right-
hand side of the Einstein equation (like Eq.(1)) by this expansion scheme demands
artificial, ad hoc procedures, which are far from satisfactory (Issue (b)). Such a
complication was expected from the outset: The left-hand side and the right-hand

side of Eq.(1) have different orders of magnitude in a.

Moreover, one needs to introduce the expectation value (m|Ty,|m) somehow,
which is difficult because the WD eq. does not include this form of inner prod-
uct. Usually, one replaces Ty by (mm|Typ|m), and discusses the condition for such

replacement to be justified(? (Issue (c)).

As to issue (b), there has been progress: The path-integration in the in-in
formalism[™) (or the closed-time formalism) turns out to be a powerful tool for
obtaining expectation valuesl®h, Inspired by this fact, here we also utilize the
in-in path-integration scheme in order to express the fundamental object (h @) in
quantum gravity (see §2 (c)). This is almost the unique setting which naturally
leads to Eq.(1), the causal equation of motion of the semi-classical world, at the
later stage of the universe. We then investigate its consequences in detail. From
the viewpoint of the stationary phase approximation, we obtain the answers of

(a) — (¢) in a systematic, unified manner.



Furthermore, by the investigation of the stationary phase configurations which
dominantly contribute to (% ¢), we realize that the semiclassical universe should
be one which admits at least one maximal spatial surface, i.e. a spatial surface,
the mean curvature (trace of second fundamental form) of which vanishes. This
means that the universe should be a Wheeler universe, i.e. a spacetime which starts
from, and ends in a singularity if the Einstein equation is applied throughout the
spacetime with the assumption of a reasonable energy condition!10l. Now, it is
known that the maximal surface allows only very restricted class of topologies if a
suitable energy condition for matter is satisfied(*l]. Thus, we realize that quantum
gravity keenly connects two independent semiclassical concepts with each other:

causality and global topology.[12]

In §2, after a brief explanation of the in-in path-integral formalism, we represent
the fundamental quantity in quantum cosmology, which plays the essential role
in our investigations, using the in-in formalism. We then observe that the first
variation of the phase yields Eq.(1). Furthermore, as a consequence of the in-in
formalism, we see that the solution of Eq.(1) should be a spacetime which admits
a maximal spatial surface and that it implies a strong restriction on the possible

topology of the semiclassical universe.

In §3, we investigate the second variation of the phase and observe that it
yields two validity conditions for semiclassical gravity corresponding to the real
and the imaginary part of the second variation. We also add the condition for a
good separation of several semiclassical paths. One of the conditions we obtain,
le. the dispersion in the energy-momentum tensor of matter should be negligible,
turns out to be the same one as was pointed out by Ford in 1982 on the basis of

the model calculation of the emission of gravitational wavesl!.

In §4, we show that the systematic derivation of the series of conditions in
§3 can be well-understood from the general viewpoint of the cumulant expansion,

which often appears in statistical mechanics.

In §5, we apply the completely general arguments of the earlier few sections



to a minisuperspace model. We investigate the validity conditions based on this
specific model, in detail. We realize that the fulfillment of the dispersion condition
becomes rapidly worse when the universe approaches the cosmological singularity,
and also that, contrary to the usual belief, the condition sometimes breaks down
even at a later stage of the universe, which can also be regarded as Ford’s result

viewed in a different form.

The final section is devoted to several discussions.

2. Quantum gravity in the in-in path-integral representation

(a) The situation of our concern

When we consider the quantum fluctuation of the gravitational field as well as

matter in some manner, it is convenient to regard the quantity, usually written as

S/h, as

S/a=(S;+ Su(¢,9)/a, where a 1= 16nGh/c3 = lgl,
Sg = [ Ry (v :=+/(—g)) and Sy = 167G/c? x (usual action). The action in this
form has the dimension of (length)?. The natural constant o will appear frequently

below.

If the typical fluctuations of some modes have the action comparable to o = l;l,
we need to treat them quantum mechanically, while if their action is much larger

than o, we are allowed to treat them (semi)classically.

At the later stage of the universe, when the universe has grown sufficiently

bigger than Iy, the following situation can occur:
1Syl > o, [Sul~a (2)

This is the very case which we consider here.

(b) The in-in formalism



We here summarize only the essence of the in-in formalism to the extent to
which we need it laterl®h]. We describe the case of quantum mechanics, the
extension of which to the case of quantum field theory is straightforward. (Only
in this subsection, we use the term action as the usual action for convenience of
explanation. Elsewhere, we use this term in the sense as explained in the previous

subsection §§(a).)

One is guided to the in-in formalism (or closed-time path formalism) when
one tries to express in the path-integral framework the density matrix p(T) =

g [sT) (sT:

:c’m < |p <$ | 3T><ST l w)

= / < (dz) 1(0))__1/ exp ¢/h.S[x(- )]) </(dm)|z((oT)): exp z/hS[w()])

=/ /dw+ m%i (dz- )Iii(("T’)T,' expi/h.(S[z4()] = Slz-()]) (3—a)
= [, @ewinst] (3~

More precisely, the above expression corresponds to the case kgT = oo, which is enough
for explanation. The symbol ¢(x : z') denotes the route along the time axis which starts at
7 =0, goes forward till 7 = T, turns its direction at 7 = T, and goes backward from 7 = T
to 7 = 0 with the boundary condition 2(0) = z, x(2T) = 2'. (Here we have reparametrized

the come-back route 7 : [T, 0] as [T, 27T].)
We can regard this in two ways, both of which are useful;

(1) We double the degrees of freedom from z(-) to z4(-), z_(-), assign the opposite-sign
action to x_(-), perform P-I (path-integral) along 7 : 0 — T" as usual with the condition

24+(T) = 2-(T) = s, and finally integrate over s ((3 — a)).

(2) We perform P-I along the time route 7 : 0 — 27" (which one can imagine as bent at

7 = T if one wishes)((3 — b)).



It is sometimes more convenient to introduce the source J, and define Wy, as

exp t/hWyig[J] = / (dz)expi/h.(S[z(-)] + / Jadr) (4—a)

c(z:z)

expi/h. Wl Ty, J_] = / i / (o) ree (d22), oo

z4(T)=s z_(T)=s

expi/h.{(S[z4] +/J+a:+d7') - (S[z-] +/J_x_d7')}

=%, , <a'ls><s|z >,

(4-9)

The suffix J4 in the last line means “under the influence of Ji”. Note that,

Wiy < 2|s >< s|lzg(T)|z > ! >

Wera Uy, J_] = £ | 24 (m)|z >, Fomiiy < &'|z(7)|x ,
8J+(1) o <allz >, = 55 <zlz >
Wt < zz_(1)|s >< s|z > <z

_ oWag Ty, J_] = 4= lz—(7)] [z >, Ty lz(7)|z >
§J_(7) <>, — <z >

As a special case, if we put the boundary condition z4(0) = z_(0) = z, we obtain the

expectation value,

6Wx’m
+ T, J_] =
FNC P

< zlz(7)|z >
< il

It is the advantage of the in-in formalism that it automatically produces expectation values

in this way, not the S-matrix elements. This is the essence of the in-in formalism.

It serves to improve our understanding of the in-in formalism to investigate the case of

quadratic action in more detail.

Consider the following type of in-in action,
T
S(#] = Sles) - Sla-] = [ 5367+ T3
0

Gr GG)

a) G ) is a propagator with

Here, & = (24(1),2-(r)), J = (Ja(r), J_(r)). G = (

8



the boundary condition z4(0) = z_(0) = z, 24+(T) = z_(T):

thGr, , =< z|Tz(r)z(r")|e >, ihGp_, :=<z|z(r)z(r")T|z >,

ihGSj',) =< z|z(r)z(r)|z >, ihGET_,) =< z|lz(tz(r)|z >,

where 7 is a time-ordering symbol implying rearrangement of operators in order of time 7,
the latest one coming next to 7.

The following identities immediately follow from the above definition:

GFTT’ + GFrr’ = Gf-j;) + GE:’) ’

Now,
expi/hW[Jy, J-] = /( )(dw) expi/h.S
= (con.st) - (Det G)V? exp{—i/28.TGT} ,
so that,
WlJy, ] = =567 + (const)
1

= —§{J+,GF”, Jp, = I, G, 7, GOI_
+J-.Gp_, J_..} + (const) ,

where the integral symbol has been omitted. Thus,

i <zlag(r)le >, Wi, ] /T

- = ) . ar' {—Gp ,J., a-) .
J_ < mlm >J+ 5J+(T) 0 4 { FTT' +- + rr! J T }’

< zle(r)]e >, oW (Jy, J_] /T I

& = ) = d Gr J_, — (+)J L
g < x| P 6J_(T) . U { Fop?—r G,,, +. }

These are complez numbers, and not causal in the sense that they are not expressed in terms

of the retarded Green function. Thus, all J+(7) (0 < 7 < T') are needed to determine the

9



value at 7. However, after we put Jy = J_ = J, these two quantities yield the same, real

and causal expectation value:

J‘r’ 3

T
< zl2(r)|z >= —/ dr' Gret, .,
0
where Ghet := GF — G(7) is a retarded Green function. Clearly, < z|z(7)|z > is real: Using
the identities for G, Gp, G(+) and G(-),

Grao=Gr—G) =—Gp+GH) = Gp - GO) = Ghrey -

We should emphasize again that, only when we put Jy = J_ = J, we obtain the real, causal

expectation value.
(¢) Quantum gravity in the path-integral form

We confine ourselves to the case of closed universes in the sense that any spatial section

Y is compact without boundary.

When we discuss semiclassical gravityl2~[¢], we usually start from the Wheeler-DeWitt
equation (WD eqn., hereafter) and put in it the ansatz ¢ = e*/* and expand it in powers
of a, as mentioned briefly in §1. However, it is neater and more systematic to start from
the P-T (path-integral) representation of the wave function of the universe (or of its inner

product), and to perform an approximation for it.

The P-I representation presents us the formal solution of the WD eqn., once we specify
the boundary condition (B.C., hereafter) for P-1016], Related to the B.C. choice, we here

adopt the in-in formalism.

If we persist in the usual in-out formalism, we have to specify the “in-state” for P-I.
Then, the most persuasive choice may be the so-called “no boundary” B.C.['6]. because we
then are free from specifying initial information. But it inevitably utilizes the Euclidean
P-I which induces the divergence problem for the gravity model!7. Furthermore, it does
not produce the causal equation of motion Eq.(1) in a natural manner, in the semiclassical

regime.

10



We prefer here the in-in formalism with the Lorentzian P-1. In this case, we need only to

specify the “present” configuration, which is another solution for the B.C. choice problem.

One more advantage of the in-in formalism is that it naturally leads to the expectation
value of the energy-momentum tensor (m|Typ|m) (rather than (out|T,s|in) which destroys
the causality in the semiclassical equation[s]). As the causal description is our way of looking
at Nature, the fundamental setting should be the one from which the (semi)classical causal

equation of motion emerges at the later stage of the universe.

Note that the WD eqn. does not contain the form of inner product, which is the reason
why it is difficult to introduce the right hand side of Eq.(1)[2Mf], As the wave function
itself has no direct connection to observations, we should rather realize that Eq.(1) suggests
the fundamental significance of the density matrix of the universe, especially its diagonal

element.

Thus, we first introduce the fundamental quantity

(W ¢k g) = / (dg)(dd) expi/a.(S, + Su(dig) (5)
c(h'¢’:he)

which is similar to Eq.(3 — b). It is obvious that this quantity satisfies the WD eqn. By
putting A’ = h, ¢' = ¢, we obtain the quantity which plays the role of the alternative of the

wave function of the universe:

(h ¢)=(h ¢;h ¢)
=/(, ¢)(d9)(d¢)expi/a-(5g+SM(¢;g)) , (6)

where c(h, ¢) implies the closed-time path with the boundary value fixed at (h,¢). As in
§§(b), let us parametrize this closed time path as 7 : 0 — T for the forward section and
7 : T — 2T for the backward section. Note that the physical time corresponding to T is fixed

only after one metric g¢ is specified.

11



Now, considering the condition Eq.(2), let us do the matter part integration first:

xpi/a Wl hige,g-1= [ (d8)expifcSu(di9)
c(h,9) (7)
= /d¢'/(d¢+)|¢.¢/(d¢—)|¢,¢fexpi/a-(SM(¢+;g+) — Su(d-;9-)) -

Note that the metric g4 plays the role of the source J1. Then (h ¢) becomes,

(h ¢) = / 2 49)95P 32 (5g+ WIg, i) ®)

Here, we should note that gauge-fixing is needed in the above P-I. It is convenient for

our case to fix the gauge s.t.

T T
N+d7'+ = / N_dT_, NH_ = Ni_ = 0.
0 0

The fixing for the remaining gauge freedom is arbitrary.

In accordance with the condition (2), let us perform the stationary phase approximation

for g-integration. The condition that the first variation of the phase should vanish is

55, W _

+ — = 0’ 9
o9+  bgx ®)
implying the equations
G9+ - a/2h'-— (Tg+) +/—()+ = 0, (10 i a‘)
Gg— —Oz/27i._ (Tg—)+/—()+ =0, (10_b)

Here _(-)+ = 4_(#|-|$)y, in the same sense as (4—b) (especially, —()+ =— (1)+ = ¢_(¢|$)gs)s

and |¢) is some normalized matter state.

12



As Gy, and G_ are real, Eqns. (10 — a,b) mean that _(T},,),/-()+ and _(T,_),/-()+
should be real for the stationary phase configurations. Remembering the discussion in the
previous subsection §§(b), this means that g4 = g— = go(,say), except for very special cases.
There is a possibility that the very special choices of g4, g— and |¢), with g4(0) = g—(0) = h,
9+(T) = g-(T), g+ # g- and with the above mentioned gauge, yield real _(Ty, (7)),/-()+
and , (Ty_(7))_/+()- for 0 < V7 < T and satisfy (10 — a,b) at the same time. Let us put
aside this possibility here.

Then (10 — a,b) reduce to one Einstein equation with a solution gq.

Here, we should note that, at the turning point 7 = T also, the Einstein equation should
hold. Considering that g+ = g_ (= g¢o, the same “history”), this means that the spatial
slice 7 = T should inevitably be a maximal surface (i.e., K = 0 where K is the trace of
the extrinsic curvature Kj; of the surface 7 = T), because g4+ = go and g— = go should
be connected smoothly at 7 = T. Thus we obtainl!? the general consequence derived from
(h ¢): The history of the (semi)classical universe should be the spacetime which allows at

least one spatial mazimal surface.

Now, the possible topologies of the 3-dimensional, closed maximal surface ¥ are very
strongly restricted!!!),(Note that we are discussing the semiclassical universe, so that it is

enough to consider the case, ¥: 3-dimensional.)

We assume (a little stronger version of) the dominant energy condition: T,;£%¢® > 0, # 0
and T® ¢, is non-spacelike for any timelike vector £€%. Here we regard that the cosmological

constant A is included in Ty if necessary. Then, on account of the Hamiltonian constraint
R—h~tr%r, + 1/2.h7 7% = a/2h.Tabn“nb,

(where n* is the normal unit vector to X,) the fact that ¥ is a maximal surface implies that
R >0 and R # 0 on ©. Hence, £ admits a three metric such that R > 01%], However, it
turns out that such a ¥ admits an extremely restricted number of topologies.

(13]

Thurston showed that every closed 3-manifold is obtained by the Dehn surgery of S8 along a

hyperbolic link, and that this procedure yields hyperbolic manifolds, except for finite number mani-

[14]

folds, i.e. elliptic manifolds and flat manifolds. Then, Gromov and Lawsonl**! showed that if a closed

13



3-manifold admits a metric with R > 0 everywhere, it should have a non-contractible universal
covering space. As every hyperbolic or flat closed 3-manifold is covered by Ra, which is contractible,
this means that almost all 3-manifolds (i.e. hyperbolic or flat 3-manifolds) can never be R > 0

everywhere, except for only finite number 3-manifolds (i.e. elliptic 3-manifolds).

The possible topology of (the connected component of) ¥ is, then, at most

NS #5# . #Es, where 5, ~S%/G or S'xS? (i1=1,2,---,n)

(11)
(G : discrete subgroup of SO(4).)

For example, the closed Robertson-Walker universe (£ ~ $3) is allowed. The 3-torus (¥ ~

T?) is excluded.[1?]

By Geroch’s theorem['®), this means that the possible topology of the semiclassical uni-

verse is restricted to ¥ x R, with (11).

Finally, we should note that if Tj,;, also satisfies (a little strong version of) the strong
energy condition, (T — 1/2.9,0T)€%€% > 0, % 0 for any timelike vector £%, the existence of
a maximal surface means that any resultant semiclassical universe is inevitably a Wheeler
universel10], (Many physically reasonable matters satisfy both the weak and the strong
energy conditions.) A Wheeler universe is defined as a spacetime with a compact smooth
Cauchy surface, in which any timelike curve has a finite length. This means that the resultant
universe is closed in time as well as in space: there are singularities both to the future and to
the past of the maximal surfacel!), if the semiclassical region is extended as far as possible

by the use of the Einstein equation.

14



3. The validity condition for semiclassical gravity

Having found the stationary point go from the first variation of S;+ W, we next consider
the second variation, or the quantum fluctuation of g around gg, i.e. ¢ = go + 1, or more
specifically, g+ = go + 7+ with n+(0) = 0, n+(T) = n—(T"). (Tensor indices are omitted for
notational convenience.) Then, noting that Sy(go, go] = 0, W{go, go] = 0, we get

Solg+, 9-1+W(d, h; g4, 9-]
82(S,+ W) ! 625W .
) 2 )6 z')|o z)bg—(z')o
= (77+77—)x< g+(zz2§;( )] gzg(;giév))l ) <774—-> ,+0(’73) (12)
bg-(2)bg+ ()0 bg-(z)bg—(z')|o z
=: (N4n-)z Az <Z+> + 0(773)’

-/

where |p implies that we should put g4+ = g = go after functional differentiation. We have

omitted the integration symbol [ dzdz’.

We should note that WW includes §(z — z'). This is the reason why this quantity

does not appear in the off-diagonal elements.

Let us calculate %. Noting that W = a/iln fc(’t,¢)(d¢) exp £ Su (43 9),
6Sp N
5W 595 = _ <E+‘> /-0, = = (T, /-0,

Then,

82w
6g+(2)6g+(z')
. (6251'/1/59+5§/'+)4r /-0
+i/a. {_ (765 /89+65m [b9), /-0, — _ (6Sm/b94), - (8Sm/8d%), /-()3}
= —a/oh_(5T/85), 1.0,
+ia/an® {_(TTT'), [ ()y — -(T), (T, /_02} VYV -

Here, as in §2 (b), 7 is a time-ordering symbol implying rearrangement of operators in

order of time 7, the latest one coming next to 7. We omitted tensor indices and attached

15



. : 2 . 2
“” like ¢, , T’ \/' to imply the argument z’. We perform similar operations for %,

2
5am ?;, and 59 6 r . Finally we set g4+ = g— = go and get

52 a /6 '
W e ( (T\/)>|O i UTTT )0 = (Tho(T IRV

69+64% |o 2h \ &g’

82w o« §(T'/") - ,
ket e >|o AT T = D@}

82w i
PRI 7{TT|0— (T} Vv

82W ! /
m = —7,— { TT )IO(T )|0} \/\/I :

The appearance of 7 in the right-hand side of Eq.(13) can be well understood if one
imagines, e.g., the function f(z,y) = ia(z — y)? +ib(z — y) + c¢(z — y)?, where a, b, ¢, z and
y are real. By putting y = z, we merely get f(z,z) = 0. However, differentiation before
putting y = « induces the imaginary part: 8f/0z|y=z = 1b, 8%f/0x%|y=z = 2c +2ai. As we
will realize in §4, the function g(z,y) = > oeq &1 (i(z —y))® an(x,y), rather than the above

f(z,y), bears a much closer resemblance to our W(g+, g-].
In order to derive the validity conditions from these expressions, let us first analyze

what is meant by “semiclassical gravity”. The term “semiclassical” implies two conditions

although it is usually used not so consciously:

[[4]] The influence of quantum fluctuations of matter on gravity is so small that one is
allowed to consider the effect of matter on gravity only through the average of the

energy-momentum tensor of matter, (m|Ty;|m), like Eq.(1).

[[B]] Typical quantum fluctuations of gravity yield so large an action compared to «,
roughly speaking, S; > «, like Eq.(2)) that one is allowed to consider only stationar
g &, Vg y

phase configurations, i.e. the Einstein equation.

To obtain Eq.(13), we calculated the second variation of W{g4,g-], which is the first
variation of ﬁﬂ%l, ie. zég— (_ (T\/)+ /_()+)

16



Now, symbolically, we can look at this quantity as follows: One is probing two kinds of

response of the operation §/ég,
[c] The response of T/, the classical part in a sense.
[¢] The response of _(-), /_(),, the quantum part.

Responses [c] and [¢] correspond to the real and the imaginary part in the right hand

side of Eq.(13), respectively.

Then, the condition [[A]] means that one can neglect [¢]. (The response [c] enters into

the discussion of [[B]], which we will also consider soon.)

Let us rephrase this statement from a little different point of view (but of course it is

connected to the above one).

When one treats the transition amplitude semiclassically, one obtains

(4/T1ai0) ~ N [det ()] "

2

: 1/2
factor (detﬁ%) one can give a probabilistic meaning(!9.

, e \1/2 :
exp %Scl ~ <d6tﬁ 6quq.'> exp %Scl, and to the

Thus, the mixture of the real and the imaginary part in this factor, which occurs if the
condition (Cl) is not satisfied, is a signal for the collapse of the usual unitary description
by the semiclassical approximation. In the usual system, this means the transition from
one configuration to the other configuration along a classically forbidden path (i.e. decay or

quantum tunneling).

In our case, the origin of such a collapse is due to our division of the total system (g, #)
into two parts, ¢ and ¢, trying to treat the gravity part as if it were the whole system. The
collapse means that the matter fluctuation is too large to handle it separately and that the

coupled treatment for gravity fluctuation and matter fluctuation is needed.

Now, having clarified the meaning of semiclassical gravity, we investigate the structure

of Agg in Eq.(12).

The right hand side of Eq.(12) is constructed from the summations of bilinear forms in

(N+ ab»M— cq) With various tensor indices. In particular, consider terms containing
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N+ ab(2), 7= ap(2)) and (94 ca(2'),n- ca(z')) (note the special combination of indices).
Then, as 625y /6g6g’ includes §(z — z'), for the generic case z # 2/, Aggr has a form of

@ —ta , ta  —ia* ]
Agpr = forr < for T>171
rxr : . E] . . 9
—a*  ia* —a ia*

where a := a/4h. {(TTewT.y)j0 — (Tub)jo(Tig)jo}- Thus, the eigenvalues of Ager are A =0,
2:Re(a). The eigenvectors corresponding to A = 0, 2iRe(a) are, for 7 < 7' (1 > 7'),
(+4,1-)zr ((n4,1-)z) o (1,1) and (n4,7-)z ((14,n-)sr)) o (1, —1), respectively. Thus, as
far as a # 0, there always exist fluctuations corresponding to A = 2tRe(a), which harm the
semiclassical treatment of gravity, although A = 0 fluctuations do no harm. Hence, we need

to impose the condition a = 0,
(C1): (m|Tap(2)Tea(a')lm) — (m|Tup(z)Im)(m|Tea(a")Im) = 0, (14)

where we expressed the matter state as |m). The matter state |m) is automatically selected

depending on the setting of the argument ¢ in (h ¢) (we so far expressed it abstractly only
as ¢).

Note that (C1) should hold also when 2’ lays in the light-cone of = defined by go. Thus,
(C1) should also hold for z = z' because if it were not so at some point z, this effect
would propagate to the points in the light-cone of z, so that (C1) would break down even
for two different points. In practice, the regularization for (m|Tyy(z)|m) is needed. As our
formulation is covariant, we can utilize the standard regularization schemes developed in

quantum field theory in curved spacetimel20],

For the state |m) for which this condition fails to hold, the back-reaction on the gravita-
tional mode from the quantum fuctuation in matter mode becomes large, so that we can no
longer rely on the semiclassical approximation for the gravity mode and have to deal with the
full quantum theory for it. (Note that T o< §S)s/8g is the measure of the energy-momentum
flow from matter to gravity through interaction, and this T appears in the second variation

of Sy + W with respect to g, the measure of the quantum fluctuation of gravity.)

18



When the condition (C1) is satisfied, the second variation of ¢/a.(Sy + W) is
i/a.6%(S, + W) =i/a. _/d:cng (6G/b6glo — a/2h.6T[bgl0), v/ -

This yields the condition corresponding to the above mentioned [[B]]. Before deriving
further validity conditions from this expression, it is illuminating to consider the inte-
gral I = ffooo dzexpig(z), where g(z) is some appropriate function which has extrema.
We search the stationary phase point z¢ s.t. g¢'(z9) = 0 and expand g(z) around =z,
g(zo + 1) = g(wo) + 39" (x0)n* + O(n®). For the validity of a truncation up to O(n?),
the condition |¢g”(z¢)| > 1 should be satisfied: The dominant contribution to I comes from
the range of 1 s.t. |¢"(z0)|n? < 1 or n% < |¢"(z0)|~1. Thus, if |¢"(z0)| > 1 is satisfied, the
truncation up to O(n?) is justified. When there are many extrema :v(()l), w(()z), ..., we make a

replacement in I as

A2

A
9(2) = G o)) + Fle ol +

?(a: - :1:((]3))2 +...

Then, the validity condition for this replacement is
{ Al > 1 (validity for truncation) and

|:c8i) - xgj)| > 1 (condition for good separation) (z,5 =1,2,---;% # j)

Now, we turn to our case. Let there be stationary points g(()i)(z' =1,2,...). Weintroduce
the norm ((, )) in the metric space appropriately. Then, the remaining part of the validity

condition for the semiclassical treatment is

(C2): ((n,{6G/bglo — a/2h.(6T/bg) |0} 1)) > a((n,n)) for Vn (15— a)
(C3): (95" — g§, 08 — g¥)) > ((88,68)) (3,5 =1,2,--+;i #j) (15—1)

We can also state this condition (C2) in another, more clear form. Note that
L:=6G/bglo— af2h.(6T/6g) o

becomes a second order differential operator. If L is the suitable type of operator, we can
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obtain the set of eigenvalues of L

Lin = Aamny - 10(0) = 7a(2T) = 0, ((17n,Mm)) = bnm.
Then (C2) is re-expressed as
D> a n=1,2,...,i=12...) (15 — a)'.
As the most extreme case, if there appeared the zero eigenvalue, i.e. if a solution of
Ly =0, with n(0)=n(2T)=0 (16)

exists, the semiclassical treatment breaks down. Eq.(16) is known as the Jacobi equation
and the existence of the solution (breakdown of (C2)) also implies infinitesimally nearby

stationary paths('® (breakdown of (C3)).

We can find out the explicit expression for L on the same lines as for perturbative

gravityl?1l: (We adopt here the transverse-traceless gauge, V‘("O)nab =0, g%’)nab =0.)

Loneq := 6(Gap — a/2h.Toy) /89cdjoTed
= [(-1/2.(Y(0)-V(0)) = 1/2-R(0))83, 8% + 1/2.9(0)as R{s) (17)
+ R((io)(aég) + Rfo)a,bd . Cl‘/27‘1' (5Tab/6gcd)|o ] Nedy

where “(0)” attached to V, R etc. means “by use of g(o)”.

In the case of a Klein-Gordon field,

— /26Ty [6gcajNed
= a/4h. {( ‘(30)¢v(0)e¢ + m2¢2)5fa5£’) . Vfo)¢v‘(io)¢9(0)ab} Ned

We will return to this case in §5.
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One of the validity conditions (C1) has been inferred by several authors so far, depending
more or less on special models.[]=B] It should be said, however, that the previous works are
not very satisfactory because they lack a sufficient generality. Among the works, here we
should recall the investigation by Ford}). He studied the emission of gravitational radiation
based on linearized gravity. He realized that (C1) is indispensable for the agreement of the

emission calculated by quantum theory with the one by classical theory.

As stated earlier, in the usual treatment where we put the ansatz ¢ = €'5/¢ into the
WD eqn. and expand it in powers of a, the discussion becomes inevitably complicated.[2-[6]
One begins with the expansion of S as $ = a~15_; 4+ Sg+aS; + - - -, but there is no clear a
priori reason why we start the expansion from O(a~1). Anyway, after expanding S in this
form, we put ¥ = e*/® into WD eqn. From O(a~!) part, one obtains the vacuum Einstein
equation in the Hamilton-Jacobi form. Then one utilizes an artificial procedure to introduce
a/2h. Ty, on the right-hand side of the Einstein equation. Furthermore one replaces Ty by
(m|Tap|m) and infers the condition for |m), similar to (C1), in order to justify such an ad

hoc replacement.

Why such a labour is needed to introduce (m|T|m) is now obvious from our viewpoint.
Firstly, the term a/2h. (m|Tyy|m) is O(a), while Ggp is O(a?). Thus, these two can never be
treated on the same footing in the a-expansion scheme. As is obvious from our treatment,
however, the relevant expansion parameter is 7, rather than a. (Note that 5 is dimension-
free, and hence a more natural expansion parameter than «.) The only role of « is to provide
the unit of action, and the largeness of Sy (the largeness of the universe) in the unit of «
allowed us to treat gravity semiclassically. Secondly, one can never introduce the expectation
value (m|Typlm) naturally as far as one takes the WD eqn.as a starting point, as already
mentioned in §2 (c). This observation in turn suggests that (h ¢) is more directly connected

to the emergence of the semiclassical world than the wave function of the universe.
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4. The cumulant expansion

In order to get a perspective of what is happening in our treatment, it is illuminating to

look at it from a more general point of view.

Asour (h ¢) is related to the expectation value, it is useful to put it in the context of the
general expansion scheme for expectation values. Let a probability distribution f (z) be given.
Let G(z) be any smooth function of , which has a Fourier expansion G(z) = = [ dkayet*s,
Thus, the expectation value of G(z) is given by < G >= 217 [ dka; < %% >=: —217 [ dkay fi.
Then, fi :=< €*** > is of elementary significance. This fi can be expanded in two ways;
one is the moment expansion and the other is the cumulant expansion(??]. The expansion
<eh? 5= 5% L(jk)* < z™ > is the most direct one, < z" > being the nth moment.

n=0 n!

There is the more useful cumulant expansion,
=1
i ,
< e >=exp Z m(zk)n <& gk =g (18)
n=1

One can also regard this as the definition of the nth cumulant < z" >,. For example,

<z>c=<z> <zl>=<z?>-<z>?
<zd>.=<a2¥> B<z><als>f2< >3,

<zt>i=<al> d<ar><cd>412<ae><a?> 3< 2252 g >t

If we define exp F, :=< €% > then
i oo
Fi=In< e >= z

so that OF =0 Fk = i" < 2" >..
Now, let us generalize this definition of the cumulant expansion. Let g(k, z) be a function
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which has the Taylor expansion in k as

1
o(k,2) = kg'(0,2) + 5K29"(0,2) + .

where “/” means J;. Then, one can define the following cumulant < g"(kz) >, as
. =1
< k) 5= exp Z H(i)\)" < g"(kz) >c=:expiAF . (19)
n=1
Then,

<g>e=<g>, < g >=<g®>—<g>?

Noting that

1 " 1 n
§k2<g >+§k3<g >4

<gikz) > =k (< gt > —<g >H+E(<dg">—<gd ><g" >+

<glkz)>.=k<g¢g >+

where ¢’ = O9(0,2), ¢" = 829(0, ), - - -, F becomes

o0 . P
= -1—111 < e >= Z )

1—1
!

A — n s9 =
A
:<g>c+%<g2>c'i‘"‘ (20)
1 A
—<g'>k+(5<¢" > +§2—,(< g% > — < g >Nk + O(k®)

Note that the A-expansion is performed in the second line, while, in the third line, the k-
expansion is performed. The O(k?) term is a mixture of a real element and a pure imaginary

element, the former coming from the nonlinearity of g(kz) in k.

Now, let G(k) be another function of k£, and consider the summation G(k) + F(k). We

expand this in terms of k.
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G(k) + F(k) = G(0) + (G'(0)+ < ¢’ >)k

1 1 n i)\
+ {2(9 0)+ < g">)+ 51

(<g?>-<4 >2)} k2 + O(k%) 1)

If we make the identification

/dmf(w) - /(d¢) I, A— é, k— bgap = Nab; T — &,

G(k) = S, = [ Ry, glkz) = Su(g50) = Su(dig0),

the similarity between the above expression and the result in §3 is obvious. (Note that,
according to §2 (a), Sy(¢;9) = § x (usual action)). The O(k) term corresponds to the
semiclassical Einstein equation. The imaginary part of O(k?) term yields the validity con-
dition (C1), while the real part produces (C2). We should note that this is the k-expansion
(n-expansion in our case), not the A-expansion (a- expansion, or to be more precise,a~1-
expansion).

The procedure of path-integration can be regarded as the calculation of < e¥/®-Sm(#i9) >
with < > provided by [(d¢) 1. Thus, the cumulants < Sy™ >, (n = 1,2,---) are objects
of fundamental significance, so that < T2 > — < T >2, a part of < Sp? >¢, appears
naturally in (C1) and < 6T/6g >x< §2S)r/6g% >, another part of < Syr? >, enters into
(C2).
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5. Example from quantum cosmology
To illustrate the validity conditions (C1)-(C3) more specifically, let us investigate a
minisuperspace model in the manner discussed in [3].

We consider the closed Robertson- Walker model

.drz

1 — 172

ds? = Q%(7) {d’r2 - — r?(d6? + sin? d@z)}

with a free, massless scalar field ¢. The action becomes

) Q2 . 12
S=/drN{—m+Qz+aQZ%},

where & = Ca/h (C: some insignificant positive numerical factor) and “*” means d/dr.

The classical equation of motion becomes, after setting the gauge N =1,

Q+0Q=-a0é? , (22 — a)
(Q%) =0 . (22 - b)

The Hamiltonian constraint is
C=0"+0%-an%g? . (22 —¢)

Eq.(22-a) together with (22-c), or (22-b) with (22-c) produces the other equation. By adding
Q2 times (22-a) to (22-c), we obtain

(Q%'= —40?

so that the solution is
0% = Q2sin 2(1 — 7o) (23)
where {0y and 7y are constants. We consider the range 0 < 2(7 — 1) < .
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From (22-a),

tan(r — 1)
tan 1o

2
$% = a1 {ln +¢0} :

Now, assuming that condition Eq.(2) is satisfied, let us treat the ¢-part quantum mechani-

cally. The Hamiltonian for ¢ is
Hy = 142 /(4a0%) with 7y = 26029 .

At the stationary point, Eq.(1) becomes,

i+ 0o U OIHlf(r))

GO (24-a)

together with
in0|f(r) /0r = Hy |f(r)) - (24— )

There are various possible states |f(7)) according to what configuration “¢” in (h ¢) is
chosen. (Note that ¢ in (h ¢) is an abstract symbol.) As one possibility, we consider here

the Gaussian state [3:

f(¢,7) = (#lf(7)) = A7) exp {~B(7)(¢ — ¢(r))* +1i p(r)$/h — iC(r)/R}

where ¢(7), A(t), p(r) and C(r) are real and B(7) is complex. When |f(¢, )| is regarded
as a Gaussian probability distribution, the average of ¢ and the dispersion o%(7) are given
by @(r) and o?(7) = (4Bp(r))™", respectively (Bg := Re B,B; := Im B), p(7) being the
average of my = —ihds. The evolution of f(¢,7) is determined by (24-b), then,

AJ/A=1/(2a0%).B;, (B7Y)=ih/(an?

C =h/(2a0%).Bg +p?/(489%), =0, p=2a0%g=py . =
Thus,
B(r)™! = ih/a.k(r) + 408
where (1) = [ Q72(r) dr, 0% := 0%(1 = 0) = (4B(0)) ™" (we imposed B(0): real, positive).

26



Note that (B(7))™! = (Bg — ¢B;)/|B(7)|?, so that |B(7)|?/Br(r) is constant in 7:

[B(r)1?/Br(r) = {Re (B(r)™)} ™" = (40) .

2
Let us calculate the quantity %I’%@ _U ){{f); 2_

For the Gaussian function f(z) = exp{—Bz? + 24z + ¢}, (Br > 0),

(f f):= /dmf*f= /dwexp{—2BR:z:2+4ARw+QCR}

= /55— exp{24%/Br. +2Cr} .
2Bpr

Using this formula, we obtain after putting Ag = 0 (because this is sufficient for our

case),

(fef) = (fa®f) =0, (f2?f) =1/4Br(ff), (fz*f)=3/16B%(ff) .

Using this, it is straightforward to obtain

(f62f) = - {|B*/ Br. + 443} (F)
(f6if) =3 (1B*/Br)" +244}|B|/ By, +164} .

In our case, B = B(r), 2A; = p/h so that

(f1f) (fIf)?
= hz/ (4#92(7'))_ (pg + h2/80d)/0d .

(26)

Here, let us perform the gauge transformation, changing from the conformal time 7 to the
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physical time ¢, dt = Q(7)dr. In this gauge, Eq.(24 — b) holds with
Hy = py?/(47*Q°) where py = om2Q3dg/dt .

Thus, the dispersion becomes

H?2 2
U('ﬂ;')f) - (fgﬁ%’;) = 1*/ (4nQ*(r)) (v + 1*/808)/0f . (27)

Note that, in the A — 0 limit, where quantum fluctuations in matter vanish, this dispersion
tends to zero. Also, the breakdown of the condition (C1) becomes more and more prominent

as the universe approaches the initial (or final) singularity.

Here, it is also relevant to point out the inevitable limitation of the semiclassical gravity,
Eq.(1). In the most strict sense, the semiclassical gravity contains a contradiction in itself,
because (m|T?|m) — (m|T|m)? is always non-zero, while (C1) is a rigorous condition. Eq.(1)
holds exactly only when the fluctuations in the matter part are also negligible for the dy-
namics of gravity, so that the matter can be treated somehow (semi)classically. (Recall the

discussions which led to (C1) in §3.) This means either that
(1°) |S¢| > a, |Sm| > o rather than Eq.(2) holds, or

(2°) supp {(m|T?|m) — (m|T|m)?*} N T (Z: spatial section) is confined to a small region
in ¥ and the classical orbit of the matter can be defined on the scales larger than the

scale of this region.

Thus, we should note that there are situations when semiclassical gravity breaks down
at much later epoch than the Planck time, contrary to the usual belief. (This is also evident
in Eq.(27). If we take the state in which pg and og are suitably chosen, the dispersion can be
arbitrary big even though 02 > o = lf,,.) This can be also regarded as a paraphrase of Ford’s
result.l!] He compared two calculations about radiation of linerized gravitational waves, one
by using classical theory and the other by quantum theory. He concluded that gravitational
mode should be treated quantum mechanically for the system in which a condition like (C1)

does not hold, even though it is a macroscopic system.
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Now, let us consider (C2). The equation (22 — a), in the semiclassical regime, is

2
040 =—aQ(/f| (2%2) |5)/(f1f) (22 — a)

= —1/(4aQ?). (p§ + h?/40?) ,

together with
C=QZ+Q2—1/(4&QZ).<p§+4i2> =0. (22 — c)
i

The solution is
(1) = y/Viasin2(r — m9), v:=1/pd + h?/40} . (23)

In the pure classical case, there is no principle for determining £y (the maximum scale
of the universe). When the quantum effect of matter is taken into account, however, the
equation of motion (22—a)’ becomes non-linear in { and the maximum value of Q is definitely
determined by the matter state | f) (Eq.(23)"). This is the prominent quantum effect in this

model.

We have to investigate the second variation. From (22 — a)’ and (23)', the differential

operator L (see Eq.(17)) is
L=d/dr®+1 - 3y /(460 = d*/dr? — (3cot? 2(T — 1) +2) .
The eigenvalue problem is
Lnp = Apnn - with 9p(11) = 9a(m2) =0 (o<1 < Ty <79+ 7/2) .

Thus,

An = (nnLnn)/(mmn) = _/ dT(ﬁaZz + (3 cot? 2(r —70) + 2)’772;)// d7'77¢2z <0 .

Lt

Moreover,

T2 T2
[An| > / dr(3cot?2(r — 7o) + 2)77,%// drp2 >2 .
Ty 1

1

Thus, the condition (C2) holds quite nicely.
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Finally (C3) holds because there is only one stationary point in this mode.

6. Discussion

We regarded Eq. (1) as a basic equation for semiclassical gravity and investigated its
validity conditions, which describe when quantum fluctuations in gravity can be treated
semiclassically. In this way, quantum fluctuations in gravity entered into the discussion, so

that we were forced to go back and start from quantum gravity.

We searched for the setting which yields Eq.(1) in the semiclassical regime. We especially
paid attention to the fact that the right-hand side of Eq.(1) is the expectation value and
that, in this sense, Eq.(1) is causal. Regardless of the more fundamental gravity theory than
quantum gravity, as it were, (h @) seems to be the most natural choice for the description

of the transitional period between quantum and semiclassical gravity.

From the viewpoint of the stationary phase approximation for the gravity mode, we
systematically derived and connected with each other Eq.(1) and (C1)-(C3). From the first
variation of Sy + W, Eq. (1) was derived. Then, the second variation yielded (C1) and
(C2). From the consideration of a good separation between stationary phase configurations,
(C3) was added. (Cl) and (C2) are different from (C3) in character: The former are the
conditions about a single stationary point while the latter is about the relation between
various stationary points. The necessity of condition (C1) for semiclassical gravity has been
speculated so far based on special models.1=13] We found out that (C1) is a general condition

independent of the special features of individual models.

Let us reflect on the reason why these conditions could be treated so systematically. We
should note that the concept of semiclassical gravity is not directly related to the G — 0
limit, except for the justification of Eq.(2). Rather, it describes the situation when virtual
fluctuations in the gravity mode, induced both by gravity itself and by matter fluctuations,
are quasi-negligible. Now, the path-integral is the integration of quantum fluctuations. Thus
we succeeded 1n expressing the semiclassical behavior in terms of the approximation scheme

of this integration.
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By the investigation of the stationary phase configurations in (h ¢), we also found out
that the semiclassical universe should be the one which admits at least one maximal spatial
surface. Then, by the application of the theorem about maximal surfaces(11L131-[15] e
found out that the possible topologies of the semiclassical universe are strictly restricted.
In this way, we realized that causality and topology in the semiclassical universe are deeply
connected with each other through the medium of quantum gravity. This tight connection
between causality and topology can even be referred to as the quantum refrain of Geroch’s

theorem(!8].

It is suggestive that the existence of matter plays essential role in this argument. In fact,
if Ty =0, g4+ = g— = go does not in general hold, so that the universe with a maximal surface
does not result. Also, the dominant energy condition is needed to apply the theoreml13]-[13]

which restricts the topology of the universe.

It is interesting that Gibbons and Hartle also considered the restriction on the possible
topologies of the spatial section 5.[23] Based on the Hartle-Hawking wave function, they
investigated the special class of stationary phase configurations, i.e., a junction of the Eu-
clidean and the Lorentzian solutions of the Einstein equation. Because of the condition at
the junction surface Zjync, they argued that Ejuuc should be a maximal surface. Further-
more, from the Euclideanized energy condition in the Euclidean region, they asserted that
Yiunc should be connected. At least two points are uncertain in their argument. Firstly,
the class of configurations they discussed are too specialized. In fact, if one adopts the “no
boundary” boundary condition,['® stationary configurations should be searched in the set of
all complex metrics which induce the assigned real spatial metric on the present boundary.
Secondly, it is not safe to impose the energy condition in the Euclidean region on the grounds
that it holds in the Lorentzian region. (Just consider, E = $m¢*+ V(q).) The first point is
related to our discussion: They choose the real configuration in the Lorentzian region, while
we used the reality of g to derive the existence of a maximal surface (note that we use the
Lorentzian P-I). Related to the second point, we also assumed the (Lorentzian, in our case,)

energy condition to apply the theorem on topology[w]_[m.

Finally, we should note that our statements are about the semiclassical universe, in the
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sense that Eq.(1) and the energy condition hold. There is room for deviation from a Wheeler
universe and from the restricted topologies at very small scales, at the expense of violation

of causality and positivity of energy.

We observed that the imposition of causal description results in a strong restriction on
the topology of the semiclassical world. Such a deep relation between causality and topology
in the semiclassical universe is one of the notable consequences of the combination of general

relativity with quantum theory.
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