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Electrodynamics of Direct Interparticle Action.
I. The Quantum Mechanical Response of the Universe

F. HoviLE AND J. V. NARLIKAR

Institute of Theoretical Astronomy, University of Cambridge, Cambridge, England

The present paper is the first of a series that seeks to obtain results in agreement with
experience from a completely time-symmetric electromagnetic theory—i.e. which does
not permit an ad hoc restriction to retarded solutions of time-symmetric equations.
It is remarkable that the development of a wholly time-symmetric theory must be along
lines entirely different from the usual electrodynamics. While a first quantisation of the
particles can readily be carried out, there can be no separate quantisation of the field,
since the field is wholly determined by the particles. This raises the question of how
practical results that have hitherto been thought to arise from field quantisation can be
obtained. The most immediate problem of this kind concerns the spontaneous transi-
tions of atoms. Much of the present paper is directed toward showing that this problem
can indeed be solved without the need for field quantisation. Although this question
might appear simple compared to other issues in quantum electrodynamics—e.g. vacuum
polarisation—it is not trivial in its implication, for the establishment of one such case
provides a critical precedent.

The path integral method of first quantisation is used to demonstrate that provided
the Universe is a perfect absorber along the future light cone the usual formulae for
level shifts and for spontaneous transitions can be obtained in a steady-state model of
the Universe, but not in open Friedmann models.

I. INTRODUCTION

Maxwell’s equations admit advanced solutions as well as retarded solutions,
and indeed of an arbitrary combination of advanced and retarded solutions.
The usual theory of electrodynamics cannot therefore be taken to represent
the world of experience unless either (a) we make the ad hoc postulate of restricting
ourselves to retarded solutions, or (b) the universe happened to be set up in the
first place in such a way that only retarded solutions were excited. The normal
procedure is to follow (a), but then the equations of physics correspond to
experience only after a metaphysical prescription has been applied to them.
On the other hand if we follow (b) we accept the position that even the simplest
aspects of experience are not wholly determined by the equations of physics.
We have to think of the locally determined laws of physics plus cosmology as
being necessary for an understanding of experience.
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208 HOYLE AND NARLIKAR

This prompts the question of whether we are at present making the most
perceptive association of cosmology and physics. Any largescale environmental
component that influences experience must be effectively constant over the small
space-time regions in which terrestrial experiments are conducted. Hence we
cannot investigate such an environmental component through the usual method
of studying changes and variations in the laboratory. And since there must be a
tendency to overestimate the importance of those features that we can study it
seems only too likely that we may be exaggerating local effects at the expense of
large-scale environmental effects. We may well be overloading the locally deter-
mined laws with features that do not really belong to them.

As an example of what has just been said, we shall attempt in these papers
to show that the practical results of quantum electrodynamics can be obtained
by a “first” quantisation of the matter but without a “second” quantisation of
the field. There will be no independent degrees of freedom of the field—independent
of the matter—no quantised vacuum oscillators and no guanta.

Accepting for the moment that this can be done, we then have to ask the question:
could our usual idea of a quantised electromagnetic field, perhaps indeed of all
quantised fields, be an illusion? Could it be that hypotheses concerning fields
have been invented in order to push into the laws of physics aspects of our
experience that are really environmental? We ourselves now believe the answers
to these questions are probably affirmative, since we feel it would otherwise be
most surprising to find the same practical results coming out of the present theory
as come from the usual theory. The agreement over practical results does not
spring from some deep intrinsic equivalence of the two theories, since the correct
results can only be obtained in the following theory subject to an appropriate
cosmological structure for the whole universe, whereas the practical results of the
usual quantum electrodynamics do not make any such demand. Rather do we
interpret the agreement as a tribute to the ingenuity of theoretical physicists
who by an appropriate choice of postulates have been able to get the right results
out of a wrong theory. The sceptic will of course wish to see how the details turn
out.

it was already suggested by Gauss that Newton’s concept of instantaneous
action at a distance should be modified to action transmitted at the speed of light.
This idea was developed in the present century by Schwarzschild (I), Tetrode (2)
and Fokker (3). In the form given by Fokker the laws of classical electrodynamics
are derived from an action principle, the action being given by

S=-Y f meda — Y3 e.e .” 8(s%5) 1: da’ db”. )

a<b

Here a, b,... label the particles; e, , m, being the charge and mass of particle a.
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a* are the Minkowski coordinates and da is the element of proper time on the
world line of a. 7, is the space-time metric and sjj is the square of the four-
dimensional distance between 4 and B, typical points on the world lines of a and b.
The 4-potential generated by charge a at a general point B is defined by

ASNB) = e, f 8(s2p) mex da*. (2)

By virtue of this definition Maxwell’s equations and the Lorentz gauge condition
are identically satisfied. The equations of particle motion are obtained by the
variation of the world lines, and are the usual Lorentz-force equations, but
without self-action.

The status of Maxwell’s equations is now quite different, however, from the
usual situation in classical electrodynamics. Although the equations again have
both advanced and retarded solutions there is no arbitrariness about which
solution must be chosen, because the action principle based on (1) is now the
starting point of the theory, not Maxwell’s equations. Indeed Maxwell’s equations
apply only in relation to the definition (2), and this definition requires the field
produced by the charge a to be, not the usually observed retarded field £, but

F = §[Re + R, (3)
where Fig, is the time-reversed form of F{% . Here F'® stands for any particular
field component.

The presence of advanced fields was considered a drawback of the theory and
prevented further progress until it was reconsidered by Wheeler and Feynman (4).
These authors pointed out that (3) represents the field generated by a single
particle. In the actual universe there is a large number of particles and interference
takes place. If the universe is a perfect absorber of all retarded disturbances
produced by the motion of charge a, then a self-consistent cycle of argument can
be set up in which the net field acting on a can be shown to be

Y FS + UFS — Fa.) (4)

b#a

The first term here denotes the usual observed retarded contribution from all
other particles in the universe. This term is the “external” field acting on a due to
the other particles, and it is calculated in the usual way-—it has nothing to do with
the instantaneous motion of ¢ itself. The second term, on the other hand, does
arise from the instantaneous motion of a. Unlike the usual theory, this second term
is the result of the response of the universe—it does not arise from self-action.
The self-consistent cycle of argument is set up in the following way. It is assumed
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that the field acting on any particle b other than a, due to the finite (bounded)
disturbance of a is just the usually calculated retarded field of a. This includes the
usually calculated absorptive and dispersive effects of all particles other than
a and b. The response field of 5 is then calculated from (2) and the sum of such
response fields for all particles b(~a) is shown to be given by (4). Then the sum
of (3) and (4) gives F{§ plus the external field 3, , F% . That is to say, the effect
of the motion of a is F{%) , which returns to the assumption made at the beginning
of the cycle.

In the absence of an external field the equation of motion of particle a involves
only 3[F{8) — F}4)], and the nonrelativistic form of the equation can be shown to be

wla) 29112 -~ (a)
T e r ®)

The same equation appears in normal electrodynamics where the divergent
solution r'® oc exp(3m,c3/2e,?) must be excluded by another ad hoc postulate.
It is of interest to ask how this solution comes to be excluded in the present theory.
The answer is that (4), which leads to (5), cannot be deduced unless the disturbance
of a is bounded. Since this is not the case for the divergent solution (at finite #
we can make | r'® | as large as we please) the consistency of the cycle of argument
fails. Hence the divergent solution is excluded by the theory itself and no ad hoc
postulate is required.

In this respect, and in the clear-cut requirement (3) for half the sum of the
advanced and retarded solutions of Maxwell’s equations, the present theory is
more satisfactory than the usual theory in its classical form. Nevertheless, an
ambiguity still arises if more than one consistent cycle of argument can be found.
If it is possible to start by assuming an advanced field, and then carry through
a cycle similar to that described above for the retarded case, then no real logical
improvement has been achieved. We are faced by uncertainty as to which cycle
of argument should be chosen and an ad hoc prescription is still needed.

This was the situation in the absorber theory of Wheeler and Feynman. It was
pointed out by Hogarth (5) that the situation is changed, however, if the static
Euclidean universe considered by Wheeler and Feynman is replaced by an expanding
universe of a suitable kind. The work of Hogarth was extended by Hoyle and
Narlikar (6), and as a result of these investigations it was established that, while
in some cosmologies ambiguity still persisted, in other cosmologies only a single
cycle of argument was self-consistent. In the Einstein—-de Sitter cosmology, and
other ever-expanding models of the Friedmann type, the cycle with advanced
solutions is consistent, but the cycle with retarded solutions is not consistent.
The situation is reversed in the steady-state cosmology—the cycle with retarded
solutions is uniquely consistent. The steady-state theory seems to be the only
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cosmology in which the self-consistent cycle is both unique and correct. It was
because this cosmology overcomes what we regard as a fundamental logical
difficulty in electrodynamics that we were reluctant to abandon the steady-state
theory when some four years ago astronomical evidence seemed to point quite
strongly against it. More recently, however, the evidence against the theory has
weakened (7). This decline of what had seemed a firm case, taken with the results
reported in these papers, has gone far towards convincing us that the steady-state
theory contains features belonging to the correct cosmology, features which are
not contained in the so-called big-bang cosmologies.

The classical theory outlined above has not hitherto been extended to quantum
theory, although the path integral formulation of quantum mechanics developed
by Feynman (8) provides a technique that is naturally directed to this end. It gives
a first quantisation for the particles. This turns out to be sufficient to show that
a second quantisation of the field is not necessary in order to obtain the transition
probabilities of nonrelativistic radiation theory. Because there is no field quanti-
sation the external term, 3, . , Fi2! in (4), behaves classically. It produces transitions
from a particle state m to a state n irrespective of whether the energy E,, of state m is
greater or less than the energy EXof state n. The response term, i[Fa} — Fagels
on the other hand, must be discussed quantum mechanically. It turns out to
produce transitions m — » only in the case E,, > E,, .

The resulting formulae are the same in structure as those of the usual theory.
The response term gives the spontaneous transition formula, while the “external
field™ gives the absorption and stimulated emission formula. The spontaneous
emission formula is identical with that of the usual theory, but the absorption and
stimulated emission formula contains a quantity determined by the intensity of
the applied field, in place of the average number 7, of quanta in oscillators of
frequency close to k. It is a trivial matter, however, to write the absorption-
stimulated emission formula in the usual way, by:introducing a suitable definition
of r, . It then turns out that 7, is related to the intensity of the applied field in
exactly the same way as in the usual theory.

Only first-order radiation processes are considered in the present paper. There is
little point in working through second and higher order processes in terms of a
nonrelativistic particle theory, because the interesting processes in higher order
are those involving positrons. In paper II we shall be concerned with extending
the present methods to the relativistic case including spin, and we will then discuss
higher order processes involving positrons. In IT we also discuss convergence
and the interpretation of renormalisation procedures in terms of the direct action
theory. However we shall see in the present theory how the usual formula for the
level shift can be derived. In this connection it is worth emphasis that the present
treatment of the response field of the universe is relativistic—it is the particles
that are nonrelativistic. The situation is analogous to working in the usual theory
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with a relativistic field but with the Schrodinger equation instead of the Dirac
equation.

In Section II we obtain the stimulated emission and absorption formula. There
is nothing new in this section but it serves to remind the reader of the aspects
of the path integral method that will be used later. In Section III we derive the
spontaneous emission formula, while in Section IV we show how the level shift
formula may be obtained. In Section V we return to cosmology and to the likely
physical nature of the absorber. The new parts of the paper are contained in these
last three sections.

II. ABSORPTION AND STIMULATED EMISSION

The probability of transition P(m — n) in the time interval 0 < ¢ < T from
the state m to an orthogonal state »n in a specified (unquantised) external field
can be worked out by the methods described by Feynman and Hibbs
((9), page 340). We start with the formula

Pom—n) = [[[[ $5@) du(a) Iguta) $3@0) d'a, dn; d*a; a9, (©)

where ¢, , ¢, are the wave functions for the states, and J is the double path
integral

J= f f exp [% (S[a(t)] — S[a’(t)]}] Pa(t) D% (t). 0

Here the path a(f) “begins” at r = a,, t = 0 and “ends” at r = a,, t = T,
while the path a’(¢) begins at r = a;, t = 0 and ends at r = a;, t = T. The
action S[a(¢)] is a functional of the path a(¢) and is defined by

Sta) = [ L@ vy d ®)

and similarly for S[a’(?)].
We are concerned with an electronic transition and with a situation in which

L = ima® + eV(a, t) — ea * Aa, ?), )

where e, m are the electronic charge and mass, the velocity of light is taken as
unity, the nonrelativistic kinetic energy is used, and ¥(a, t), A(a, ¢) are the potentials
of the specified field. In a simple one-electron atomic problem the external field is
made up of the electrostatic field within the atom together with the field incident
on the atom. Provided the Coulomb gauge is used for the latter, which is taken
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wholly transverse, V" describes the atomic field and A the incident field. With this
division of ¥ and A, write

T
Sla()] = S,[a(t)] — e j i-Adr, (10)

so that Sy[a(z)] is the action for the atomic field alone.
Next we regard A as small enough for

exp[—;—eITé-Adt]z —igf:é-Adt+'~- (11)
0

to be rapidly convergent. The dominant term in (6) then involves the product
of the first-order term in (11) with the first-order term in the complex conjugate
of (11). After a reduction that is straightforward, except perhaps for the calculation
of the transition element of the velocity ((9), page 184) one obtains

P(m — n) = ;; (“l—?"—;——Ei"—)z

[ exp iE-;—E)f [ $1@) 2 Adn@ P2 dr i
' (12)

To express this result in a more familiar form expand the incident field in a
Fourier series. For this step consider the atom as situated inside a cube with side
of unit length, the latter being chosen to be very large compared with any wave-
length of importance in the transition problem. Write

A@@, 1) = Var Y {e, expli(k - a — k)] + o exp[—i(k - a — k0)]}, (13)
k

noting that k = 27(n, , ny , ny) where ny , n, , ny are integers, and that k ¢, = 0
because of the Coulomb gauge. Inserting (13) in (12) leads to a double sum,
2w 2k » say. It is usual to specify the incident field to be such that all terms with
k" 7~ K average to zero. Only a single summation, ¥, , then remains.

Next, we note that cross-products of the form

J'T exp [i (En — En + k) z] dt fT exp [ﬂ (B, — E, — #k) t] dt (14)
0 fi 0 A

never give appreciable contributions. The nature of the important terms can be
seen from

2

H?W%@—%imqw

= 2078 (k + En— En - En ). s
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When E, > E,, the important terms involve the minus sign in the delta-function,
and (12) leads to

42:2 (En —’; E, )2zk:

2

e - [ $i(a) ac™*$.(a) da

X ‘ | : exp [71{ (E. — E,, — i) 1] dt r, (16)

where we have deferred using (15) until after the sum has been converted to an
integral. This is the case of absorption.

When E,, > E, we have the case of stimulated emission, and the corresponding
result is

F(ErE) 2

% U:exp [%(E,, — E, + ) 1] dtl

¢ + [ $¥(a) ae™**g,(a) '

(17)

It is not hard to see that (17) is the same as (16). Although ¢fe~** has replaced
c,ec® the roles of the states m, n have been switched; ¢, is the state of lower
energy in (16) whereas ¢, is the wavefunction of the lower state in (17). This
confirms the remark of Section I—that the transition probability for stimulated
emission in an external field is equal to that for absorption.

It is usual to express the transition probability in terms of the intensity of the
applied field. In order to do this it is necessary either to approximate (16) or to
average the transition probability with respect to the orientation of the atom.
We adopt the latter procedure. Define

2nn(K) = [ $2(a) 2™ (a) ', (18)

and let oY, &>’ be unit vectors which together with k/k form an orthogonal triad.
Because of ¢, *k =0

= 3 o aplap, 9

i=1,2

and

lc,*a, K)?= I PIRCRE D) f PX(a) a - aek24 (a) d’a | 20

We have to average (20) with respect to orientation.
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It is not hard to show that the sum of

{ (ﬁ:(a) a]((l) . aevik.aqgm(a) d3a R j 9l)%(a) u']((2) R ae—ik-ad):;(a) daa

and its complex conjugate averages to zero, and that (20) is proportional to
[ ¢ [? and can be written in the form 3 | ¢, (2] a,,,(k)I2, where | a,,m(k)f2 depends
on the magnitude but not the direction of k, and is equal to | a,, {* when the
factor exp(ik *a) in (20) is approximated by unity. Hence the average value
of (16) is

dme® (E, — E
L

m )22 L ew |2+ | 2y (k)P - ] fT exp [7’?(15 — E, -+ k) t} dt ]2. 1)
k 1]

There are d%k/(27)® terms of this series in the element @°k of k-space. Defining
I ey ]2 by

=3 lel?, (22
(2 )3 7

e |

we now write (21) in the integral form

g2

e () e b | f: exp [ 5 (E, — E, — k)] de | - %

(23)

Because (15) is approximate it is possible to choose the unit of length large enough
for there to be many terms of the Fourier series in d%k even though 4%k is small
enough for the final factor in the integrand in (23) not to vary appreciably in d°k.
This is implied in (23).

To define the intensity /(k) per unit solid angle we note first that

1 1 —_
— 12 — H 2 3
v E><H~2§k|ck,kk—43f|ck!kkdk (24)

and that the contribution of solid angte d©2 to (24) is
d“Q kf|ck1 Kt di, (25)

where Kk lies in d€2. The intensity I(k) is now defined by equating (25) to

K
dQ - 4 f (k) dk.
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For this definition to hold irrespective of | ¢, |2 we must have

1 —
I(k) = m k4 ] Cx [2. (26)
Eliminating | ¢ | between (23) and (26), and using (15), one easily obtains

4mle?

i [ 42 [ 100 | ani2 8 (k dk @7

| E,— En l)
)

for the transition probability per unit time. The result (27) applies both to absorp-

tion and stimulated emission, and is the usual relation between the intensity and

the transition probability. We can introduce separate intensities /’(k) for the

“polarisation” directions af’ by defining

4 S
I9(k) = Z]ﬁ_ | e, ol |2 j=12 (28)

7,.3
Evidently
Ik) = Z I19(k). 29)

i=1,2

The unit of length can now be changed to anything we please—for example
to 1 cm. Treating mass as a length, % behaves as the square of a length for such a
change and I(k) behaves as an inverse length. The original unit volume must still
be used, however, in the Fourier expansion of A.

It is to be noted that the reduction to (27) implicitly assumes that | ¢y |2 does not
vary appreciably over the range of k for which

fTexp [-2—([ E, — E,| — #k) 1] dr 12
1]

is appreciably different from zero. This is a further condition on the incident field.

We end the present section by introducing the concept of opacity. Suppose
there are n(k) dk atoms per unit volume in state m, where E,, < E, and (E, — En)/%
lies between k and k + dk. Define a mean value of | a,,.(k)|? by

V| a'rrm(k)‘2 : n(k) dk = Z I amn(k)lz’ (30)

4

the summation being taken through the small volume V for all atoms with
(E, — E,)/k between k and k + dk. Both | a,,,(k)|? and n(k) can be functions of
of position as well as of k.
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Suppose radiation of frequency k travels along a three-dimensional spatial
path I' connecting two points P, and P, . Then the opacity difference between
these points is [, dr, where dr is the difference for an element of the path. To
obtain dr, let 5 be three-dimensional length along I" and let u(s) be the unit tangent
vector at s. The opacity differential dr(k)/ds for frequency k is defined in terms of
absorption by the equation

dr(k) _ AmPe?

I(kw) dQ d <= = Z dQ 1(kw) [ a,,, (R hkn(k) dk, (31)
and the opacity difference is
| " gy — 4” ¢k f T 0OF nik) ds. (32)
Py

Radlatnon travelling from P, and P, is reduced in intensity by the factor
exp[— j p, dr}, it being supposed that enough atoms are involved for the absorption
probablllty to be averaged. It may be noted that the factor #k appears on the
right hand side of (31)because of E, — E,, =~ #k, not because of field quantisation.

III. SPONTANEOUS EMISSION

We now turn to the problem of the spontaneous transitions of system a. In Fig. |
the interaction of a with b is shown. The section 0 <t << T of the path a(r)
interacts with two sections, 4, and 4_, of path b(r). These are the intercepts
on b(r) between the light cones drawn from a = a(0), t = Oanda = a(T),r = T.

The interaction between 4_ and the segment of a(r) is calculated from
—e j{ Afll(a) - & dr, where A%)(a) is the retarded field of particle & taken at a(z).
The summatnon of such interactions for all particles b gives the contribution
—e L, a - Adt to S[a(?)] in (10). The contributions of 4_ for all 5 constitutes
the external field acting on a, the ficld investigated in the previous section. We
must look therefore to the interaction of A4, with the segment of a(¢) in order to
obtain the spontaneous emission. This is given by —e [4 A5i(b) *bdr where
A{%(b) is the retarded field of path a(f) taken at b.

It may be asked why retarded fields are used to calculate the interactions,
both for 4_ and 4, . The answer to this question follows from the discussion of
the self-consistent cycle of argument, given in Section I. The net field produced
by a at b is A{gl(b), and A%¥(a) for b at a. The effects of all particles other than
a and b are included in this statement. Moreover, we are dealing with a cosmology
in which no other self-consistent cycle of argument is possible.
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The points 4 and B of Fig. 1 are connected by a null line, so that in Minkowski
space

ta) = O — (33)
where r = | r] is the distance corresponding to the three dimensional vector

r = A — B. The distance r is to be thought of as cosmological, very large compared
to atomic dimensions and even large compared to distances over which flat space

Fig. 1. The section 0 < ¢ < T of the world line a is in interaction with the sections 4_ and
4, of the world line b,

considerations are valid. Nevertheless we shall first work out the spontaneous
transition formula for a Minkowski space, since this avoids complicating the
quantum mechanical considerations with further issues of cosmology—the
calculation is easily generalised at the end to include the cosmology.

It is convenient to measure a(?) relative to an origin in the neighborhood of
particle @ and to measure b(¢) relative to an origin in the neighbourhood of particle b.
Let the two origins be connected a — b by the vector R. Then

r=R-+b—a (34)
and to sufficient accuracy

r=R+ % [R-(b—a)l G5

1
R
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The spontaneous transition probability is given by an expression formally
similar to (6),

P —n) = [{[[ $3@)) $ua)) Kbu(@) $1@0) d'a, d'a; s, d'a;,  (36)
where
K = [[ exo [ (Sia(0] — Sl O}] Fla(o), a0)) 2a() 9@, (1)

Fla(t), 2(0)] = [] F®[a(), a'(t)}, (38)

bita

FO), 9] = ¥ [ [ ][ d0) d7) 79000 45 00) d, a; b d;, (39)
!

5 = [[ exp | ASBO] = SI@] + Swilaln), bO] — Sinda @), b0}
- D3b(t) 2% (1), (40)

Sin[a(t), b(t)] = —e f ) Ab) b dr. (41)

The particle b is taken to be in the state ¢, at the beginning of the segment 4, .
The summation with respect to fis a summation over a complete set of orthogonal
final states for particle b, the set being chosen to include i; . The above expressions
follow the notation of Feynman and Hibbs ((9), page 343).

The product (38) assumes that the particles # % a contribute independently.
We shall return to this point at the end of the paper.

F® can be evaluated by the method already considered in the previous section.
Before coming to the details we note that because of the cooling effect of the
expansion of the universe the state i, can be taken as the ground state for most
particles b, so that the problem is essentially one of absorption. When f = i
in (39), the main contribution in the expansion

exp [71{ {Sine[a(t), b(t)] — Sinela’(2), b’(f)]}] =14 (42)
comes from the unity term. Thus
FOl@, a0 = 1+ ¥ [[[[ 470 46 799.0) 7 0) . d*; b, db;
f#

+ (second-order term). (43)

With ¢; the ground state, the summation 3,.., is wholly concerned with absorption.
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We shall not at the present stage work out the second-order term arising from
Jf =1, since this term is not required to obtain P(m — n). In the next section
we shall find, however, that it is this second-order term that leads to the level
shift correction.

Using the same analysis as that which led to (12), the contribution to F® from
state ¢ is easily found to be

e? E_f — EZ 2 ,
7 (F5) MBOI M), (44)

where
Mia@)] = [ exp [ (B — E)e] di [ 1) b~ AL®) i) d'b, (49

Al%) being calculated for the path a(¢). The functional M*[a’(z)] is the complex
conjugate of M[a(t)] except that A{%) is calculated for the path a’(f). Next we
must obtain A3} .

If there were no dispersion of frequencies and no absorptlon in the intergalactic
medium we should have

AR = -, (46)

where b is taken at 1™ and a at ¢(®; @, ¢® being related by (33). In the Coulomb
gauge,! which we prefer to use here, we have

:('ae)t(b) _ Z [a - a9 al?) 47
—r-ag,
where a'l), «‘® are unit vectors which together with r/r form a mutually orthogonal
triad.

Consider A{%) at a distance R (from the origin near particle a). Choose € < 1
so that there is no cosmological absorption or dispersion but such that eR is
nevertheless large compared to atomic dimensions. Puttingr = <R, we can use (47).
Expanding in a Fourier series

A“”(eR, t) — Z Ale-2m'lt/T" (48)

ret
l=—00

1Jn the direct particle theory the Lorentz gauge must be used. We can transform to the Coulomb
gauge, however, provided the transformation makes no difference to the calculation. In fact
A = A’ — Vx, ¢’ = ¢ + % has the effect in the path integral method of introducing a factor
exp (ie x/#) in the propagator. For r > | a |, | b |, x is effectively constant over atomic dimensions,
so that transformation to the Coulomb gauge only introduces a constant phase factor in the
wavefunction.
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where

- _*° a 2milt’ | T Jy! 49
A eRT’fl—?a'R/Re ar’ e

The range T’ of ¢’ in (49) corresponds to 0 <C ¢ < T at a in accordance with

’ * R
P=1 - eR+ 2 (50)
Since
dt’ a-R ,
s R (51)
changing the variable from ¢’ to ¢ in (49) gives
e exp(2mielRIT') (T, 2wl a-R
A= RT" fo a exp [ (1 x )] ©2)
Integration of (51) leads immediately to
T'=T-— % [a(T) — a(0)], (53)

so that T’ is determined in terms of the segment 0 < 7 < 7 of the path a(r).

Now put € = [ in (48) and (52), but introduce a phase correction exp(ix;)
and an absorption factor exp(—r,/2) for each term in the Fourier series, so that
(52) is changed to

) [ I ) TN RCHL) P

Then (48), with ¢ = 1, and (54) give A% at the origin near b—ie. at R
relative to the origin near a. We require the field not at R, however, but at R - b.
All we need do to make this change is to replace R by R + (R * b)/R in the first
exponential factor of (54). Explicitly,

ADD, ) = Y Aedmir, (55)
l=—0
o e [ o e )
x f aexp[zml (t— é}eR )] dr. (56)
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Since x, , 7, only change appreciably over cosmological distances we regard them
as constant over the path h(z).

In Section V, when we come to deal with the cosmological situation, we shall
find that y, is an exceedingly large angle—indeed that y, changes by a very large
angle between successive terms, [ and / + 1, of the Fourier series. The situation
is that, while | A; | changes only slowly with /, a large jump of the phase of A,
occurs from one term to the next. This means that products in the components
of A;, Ay, which appear when (55) is substituted in (44), contain large phase
angles x; 4 x;, unless "= —/ Moreover x, + x', I’ —I, also changes
by an angle > 27 as we pass from one absorbing particle to another. This means
that although product terms in the components of A;, Ay, I’ % —[ appear for a
single absorbing particle, any such term added for the whole distribution of
absorbing particles averages to zero—we have an addition of points distributed
randomly on the unit circle in the complex plane.

For the reason just explained we omit all terms /' % —/ in the double sum,
> >r » obtained by substituting (55) in (44). It is casy to show that we then have

s (5 L [ G e [ o b = 5 2 |
5=§,2 fOT af - aexp [2;,li (t — a;{R )] dt
. fT ol - 4’ exp [2;3’1 (é;R — t)] dt, (57)

0

in which we have averaged with respect to the orientation of b in order to remove
product terms in the components of a®, a®, Because of dispersion the different
Fourier components reach b(z) over different intercepts 4, (cf. Fig. 1). However,
dispersion does not affect the time interval 7" over which each Fourier component
is experienced at R. The time interval over which each Fourier component is
experienced along the path b(¢) is not exactly 77 but 7’ + (R - 4b)/R, where
Ab is the change of b over 4, . But since we are dealing with a cold universe
the important paths b(¢) are very nonrelativistic so that 4b can be regarded as
small. The range 0 to 7" for the variable ¢’ in (57) implies that 4b has been neglected.
Next, we note that

[ oo [5 7 (B — B~ 2%”) v]ar| =1 sinX(E, — E;) T'[2k
0

T (E; — E) T2k — 7l

o 2xT'hS (E, — E — (58)
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Defining
hk = E; — E;, k = kR/R, (59)

the approximate delta-function property of (58) allows (57) to be written in the form

etk? T
L

T
al) « Je—ikatikt dtf alid « 3/ pikea’—ikt gy
j=1,2 ° 0 0

i sin¥E, — E;)) T'[2h
(E, — E) T2k — =l

l=—00

(60)

The last factor in (60) can be omitted since
= sin? o«
Z (ml — o)

l=—w

for all «.

Suppose that at distance R in a particular element of solid angle d(2 there are
n(k) dk particles per unit volume with states f and i such that (E;, — E,)/# lies
between k and k + dk. Writing | b;(k)|? for the average value of | b;(k)|? for all
systems satisfying this requirement (the wavefunctions ¢,, ; can be different
for different & provided (E; — E))/% lies between k and k + dk), the contribution
to Fla(z), a’(¢)] in (38) from all absorbers between R and R -+ 4R in dQ2 is

[1 4 Expression (60)]rk)ak-R*dRas2, (61)

The contribution from each individual absorber is exceedingly small, so that we
can regard the index in (61) as being a large number, in which case (61) can be
written in the form

exp [ﬁ: EFGED JT (e - a) e-ikatikt g J'T (a9 « &') eikew=ikt gy
a2 v j=1,2 "0 0
- k2 - e=®n(k) dk dR d.Q]. (62)

The final value of Fla(r), a’(z)] is obtained by integrating the exponent of (62)
with respect to k, £, and R. Consider first the integral with respect to R. The
function +(k) is just the opacity difference at frequency k& taken along the vector R
from a to b.
From (31)
dr(k) _ 4=*

2L _
) _ i, %E b, () nik),

595/54/2-2
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and (62) can be rewritten as

2

e
xp [g ¥

T T
f @) - ae—ikatikt gy f al) « a'eika—ikt g
i o 0

<k dk dQ e=® i’% dR]. (63)

The introduction of the opacity has removed | b (k)[2.

From (63) it is seen that integration with respect to R has the effect of an integra-
tion with respect to 7. We have to consider [, =" dr, the lower limit of the integral
being zero since 7 is defined to be zero at R = 0. For a completely absorbing
universe the upper limit of the integral is oo for all k. Hence for such a universe
the integral is unity for all k. Integrating finally with respect to £2 and k, we obtain

F[a(t), 8’(3)] = exp [_ei_ f dQ fw k dk 2 j‘T (a(j) - :a) e—ik-ﬂ+ikt dt
472h o Fedo k
T
. J. (a](‘:i) . é’) etk-a—ikt dl]. (64)
0 N

The subscript k has been added to «!? since we are now integrating with respect
to £, and the vectors !9 change as 42 changes—k is a vector in d€2.

The last part of the calculation is similar to the procedure that led to (12).
Expand the exponential in (64) and retain only the first-order term in e*/%.
Previously we had

2 T T
%foé-AdtJ.o?a'-Adt, (65)

in which A was a speciﬁed‘ﬁeld. Now we have the exponent of (64). Noting that
if A in (65) had not been a real field

2 T T
%foé-Adtfoé“A*dt (66)

would still have led to (12), we see that provided we replace e?/%#2 by

rizfd!?.[:kdk Y,

i=1,2
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and provided we write A = alVe™™?"¥  the present case is the same as the
previous one. We obtain

P(m — n)
— 4::);ﬁ (f_r_n%ﬁn_)z fd.Q f: k dk j:zLZ J. $X(a)a - a_l((j)e—ik-aqsm(a) da !2
: 1 J~T exp [";{ (E, — E,, + #k) t] dt r (67)
0

Using (15), we see that E,, > E, is necessary to obtain a nonzero result, and that
the spontaneous emission probability per unit time is

o () [ [
(68)

Zg(k_fm_—_En_)

h

T | #r@ ar peiad (@) dva
k=1,2
in agreement with the usual expression.
In order to compare (68) with the stimulated emission rate given by (27), average
(68) with respect to solid angle, giving

et (E, — E,\% r® . _ E.—E,
1 (2= ) | k| a8 (ke — === ) [ . (69)
Now equate the contribution from d2 to (27) to g(k) times the contribution
from d€2 to (69). This gives the following definition of g(k)

1727 1 )

qgk) =z |—7—) "5 2 19K), (70)
) ( k ) 2 j;m

where #ik = E,, — E, and I(k) is separated into the two polarizations defined
in (29). In the usual quantum electrodynamics (70) is the relation between the
field intensity and the average number of quanta per vacuum oscillator in the
frequency range k to k -+ dk. Although quanta do not appear explicitly in the
present theory, it is interesting that we obtain the usual formulae by taking the
spontaneous transition rate as a reference standard. It follows that, if I(k) were
to have the value appropriate to a thermodynamic radiation field at temperature 7,
g(k) would follow Planck’s law,

ak) =q0k) = —— (71

exp T) — 1
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in which the temperature scale has been chosen so that the Boltzmann constant
is unity.

The delta-function in (68) gives an asymmetry between emission and absorption.
Spontaneous transitions are downward because we have taken the absorber
particles as being in their ground levels, E; << E; for all f. We see therefore that
the asymmetry of spontaneous emission arises from the assumption of a cold
universe. We shall return to this point in Section V.

Iv. THE LEVEL SHIFT FORMULA

We return to (43) and work out the second-order term belonging to f=i.
From (39) and (40) the second-order term is easily found to be

— o [ [ Stula), bO)] explS,IBOYA: $7by) dilb) d*b, b TH(0)
(72)
— s [ Stula(0), b)) exp{—iSlb @)1/} ) 3 b0) b; AHLD W)

It will be sufficient to work out the first of these terms, since the second can then
be written down by inspection.
Inserting (55) for A{%) in the expression (41) for Sin¢ leads to

Zﬁg z f_”f (A, b) erieiT dtJ. (A ~b) exmiIT gy’

- exp{iSyb(®)I/A} 7 (bs) hi(b,) d'b; d°b.D7b(s). (73)

Using ordinary perturbation methods for second-order transitions, (73) can be
reduced to

~ % 3 S (BFE | wow - ) ho)an |

-fT’exp [—;—(E,.—E,—Zﬂlh) ]dt ft exp[;; ( —E; + 2"%) ]dt
(74)

where the summation with respect to g is over all intermediate states of b.
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Now insert (56) for A; in (74), to give

, “371%272‘ > (E - E)2 | i | by, 2l T') 2 e~
ool =m0 o oy 55 e
3 eson
7w - exp [— 2 (i~ a;zR )] i (75)

Y0

after averaging with respect to the orientation of 4.

Although (75) appears complicated we shall find simplifications. For fixed 4, ,
the main contributions come from 2#/#/T’ ~ E; — E,. Only when this condition
is satisfied can the integrals in the second line of (75) yield a contribution that
behaves as 772 Defining

E, — E,

k = 3

R
R (76)
we can therefore write

o2

— 2 2 (k) T Kt " Lt
— - . . p—1(k —ikt’ ’ ikt it
3R2RIT2 Zy:k by (K)J? - e f() e dt fﬂ ekt Jf

o0

-y jT atd - ae-tk-a dp JT al) - aekadi 3 exp [ 27 (t —F—t- i’)].

i=1,2%0 6 [
(7
Furthermore
2 27711 ,
Zexp[ ‘z)}~T8(z«t«t+z) {(78)

==

We must therefore have t == # since ¢’ = 7', and (77) becomes

e‘.’. T . . . t ) -
— sy KPe T E | b (k)2 alil « qe—ika=iki gy | qli) « qeikarikigf (79
3h2R2 g: [ 9( )| )-:ZL2 J.O fo ( )
This contribution to F® must be added to (60).

As before it is sufficient to consider a single state g, since all states were auto-
matically included in the discussion that followed (60). Indeed the summation
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with respect to all absorbers proceeds exactly as before, and in place of (64) we
now have

Fla(s), a'(1)] = exp [ﬁ-ﬁ- [ae | : k dk

T T
X z U (o) » &) e—ikatikt gt J (af) - &") etilon'—ikt’ gy’
j==1,2 0 0

T t
— fo (al(xj) . a) e—ik-a—ikt dt Jo (a](‘j) . a) eik-n+ikt dt‘
T : . . P t . o 1. ™
— fo (a](‘a) . a') e—tka +ikt dt Jo (ul(‘a) . é') e’tk-a’—zkt dt%], (80)

in which we have also included the second term of (72).

The expression (80) is an influence functional and it obeys the general rules
discussed by Feynman and Hibbs ((9), page 347). If we identify the paths,
a(f) = a'(¢), the exponent in (80) vanishes. The paths do not act on themselves
via the response of the Universe.

The new terms in (80) have no effect on the calculation of P(m — n), m % n,
but they are necessary to obtain P(m — m). We now show that

Pm—m)y=1— Y P(m—n). 81)

nEM

P(m — m) is given by writing m for » in (36). Expanding the exponential in (80)
to first order we have

Pm—>m)=1— Z;—ii f” $m(ay) exp 3717 So[a(t)]i $nl2s) J dq f : e dk

T t .
. Z fo - al(‘n) e—ik-a—ikt Jy fo @-a?) etx-a+ivt Jf P3a(t) da, da,

j=1,2

2 [ #nta) exp | E s} i@y [ a [k ak

. Z f: (é' . ul((y')) e—ika’+ikt s

Jj=1,2

t
. j (&' - ali) efea'~it¥ Jf GPa'(t) d°!, dda),. (82)
0
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The term involving a(¢) separates from the term involving a’(¢). The path integrals
are not hard to evaluate. We obtain

e2 x*
Pon—m) =1 - 35 3 [ ae fo k dk

47

3 (B B | [ rta) e - aeteod, @y aa |

: f:dt f: [exp g—}’i'—(Em — By — B — D)

+ exp gTIi (Ew — Eu — k)i — 0)]] di. (83)

The term in exp{i/i(E, — E, — #k)(t — i)} in (83) comes from the quadratic
term in the path a(¢) in Fla(¢), a’(#)], and the term in exp{i{/A(E,, — E, — #k){ —1)!
comes from the quadratic term in a’(r).

The last two integrals of (83) give

T sin[(E, — E)h — k]t N . E.—E, /
? fo (B — B —k 1= 2mT (k—=2—n) 64

Hence (83) is just 1 — ZEn<Em P(m — n). Since P(m — n) is zero for E, > E,, we
obtain (81). Probability is therefore conserved.

The system « is by hypothesis in the state #7 at 7 = 0. The effect of the response
of the universe is to change the amplitude for the system to be in the state m
at time T from ¢,, exp(—iE,,T/%) to

(ibm €xXp [4 %(Enz —’V AEm) - % 7’] T% ( — 127: - ‘Ml—gﬁz) ¢mevi5’"r"ﬁ (85)

for T not too large. The probability of the system being in the state s at time T
is therefore

PO —m) ~ (1 — lzTN _ Mi’"T)(l B y_ZT N idi,,/T)
L (Y, HE. y idE, . (%0
- (E TR ) = (5 7 ) T + O(4E,*). (86)
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Suppose we identify the second and third terms on the right hand side of (86)
with the second and third terms on the right hand side of (82). Then

(252 7= 35 1] #20) duwr o st fao [

T ¢
f a ot dy f - apellonin! dF (1) d'ay d'a; (87)

j=1,2

Care is needed in evaluating the path integral because a “cross-over” term arises
at t == f ((9), page 191). This term yields

ie'T j k dk, (88)

while the main term in the reduction is

f aQ f kdk}:( i l [ $x@) 2 - apresg (a) dal

. fT dt ft exp H— (En — E, — k)t — f)$ di

%E% P —> 1) + 7o fdgf k dk
BB ] s rr i
: f : dt j: sin[(En, — E, — #k)t — E)/k) dE. (39

Collecting terms

AL ey 4+ 27
—2‘+zAEm——7TE§E P(m n)+77'mf0kdk
ie? E, — E,\* © k dk
+ a2 (7 )J.;sz'l)'fo E, — E, —

(90)

|| drta) o - aevng @) dva

The summation in the last term is not restricted to E, < E,, .
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The imaginary part of (90) gives the usual expression for the level shift, while
y is the usual expression for the natural width of the state m. In the present theory
both the level shift and the width arise from the response of the Universe.

Both parts of the level shift formula diverge as & — oo. 1t might at first sight
seem disturbing to find such a result appearing in the direct particle theory, since
it has always been supposed that if the direct particle theory could be made to
“work,” in the sense of producing the practical results of quantum electrodynamics,
no divergence would be encountered. Here we seem to have recovered the usual
formulae only too well—divergences and all. However, to obtain (90) we made an
association that is not logically demanded by the theory, namely we identified
separately the second and third terms on the right hand side of (82) with the second
and third terms on the right hand side of (86). Strictly we can only identify the right
hand sides of these equations as a whole. No divergence then arises. Our separation
of these terms has been given here in order 1o set out the logical position of the
level shift formula in the present theory. Only when a practical result involving
the level shift 1s calculated can the question of divergence arise. We shall return
to this issue in paper 1L

V. COSMOLOGICAL CONSIDERATIONS AND THE PHYSICAL NATURE
OF THE ABSORBER

We have assumed implicitly in the above work that we are dealing with the
steady-state cosmology, the line element for which in the usual notation is

ds? = dr? — exp(2H7){dr? + r2(d6? + sin? 0 dé?)]. “nH
Writing
Ht = 1 — exp(— Hr) (92)
enables (91) to be expressed in the conformally flat form

ds? — exp(2Hr)[df? — dr® — r¥(df? + sin® 6 dg?)]. 93)

Any constant on the right hand side of (92) permits the same reduction-—the
unit constant has been chosen so that r = 0 corresponds to 7 = 0. The range
0 << 7 < o then corresponds to 0 <{ r < H~L The Hubble constant H is related
to the average mass density p by

p = 3H?/4nG, (94)

where G is the gravitational constant. The observationally determined value
of H™'is ~3.10' sec, and with this value for H (94) gives p o~ 4.10~2°g - cm™3,
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Since Maxwell’s equations are conformally invariant, the electromagnetic field
radiated in the cosmological case has exactly the same mathematical form in
the r, 8, ¢, t coordinates as the field radiated in the case of the Minkowski metric

ds? = dt? — dr? — r¥{d0? + sin? 0 d¢?). 95

This means that the potentials of the radiated field for (93) can differ from the
potentials for (95) only to the extent of a gauge transformation. But we have
already seen that a gauge transformation has no importance in our problem
(cf. footnote 1--the gauge function ¥ must not vary appreciably through atomic
dimensions but this is certainly the case here). It follows that working with (95),
which is what we have done so far, is equivalent to working with (93). Hence
all our work can be taken over to the cosmological case.

There is an interesting point of interpretation to be noted, however. In considering
the spontaneous transition probability P(m — n), E, > E,, the important
frequencies in the influence functional were those for which #k ~ E,, — E,.
Now the frequency k in the influence functional (80) comes from absorbers with
#k ~ E, — E;. Hence the important frequencies come from absorbers with
E, — E,~ E, — E,. This correspondence applies in the r, 8, ¢, ¢ coordinates.
The relevant point here is that while the ¢ coordinate represents proper time at
particle a (t = 7 for ¢t =~ 0) # does not represent proper time for a cosmologically
distant absorbing system. 7 gives proper time in all cases. Hence the frequency
(E; — E;)/# appropriate to our analysis is not proper frequency, but is related to
proper frequency by

% (E; — E;) = exp(H7) (Proper frequency)
(96)
= (1 — Ht)! (Proper frequency).

An absorbing system with coordinate r is reached by radiation from r = 0,
t =~ 0 at time ¢ ~ r. Hence the appropriate value of (E; — E;)/% to be used for
such an absorber is not the usual proper frequency but the proper frequency
increased by the factor (1 — Hr)™L. It follows that two similar absorbers—i.e.
with the same proper frequency—-contribute different values of E; — E; if their
r coordinates are different. It is therefore possible for an identical set of absorbing
systems to contribute all frequencies greater than their common proper frequency
simply by being placed at suitably different values of r. In particular, absorbers
with a sufficiently low proper frequency can contribute all values that are of
interest in radiation problems.

So far we have been concerned with relating our previous work to the cosmo-
logical case and for this it is convenient to use the f coordinate. However in order
to discuss the likely physical nature of the absorbers themselves it is preferable
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to use the 7 coordinate, since 7 gives proper time for all absorbers. From the
point of view of an observer at rest with respect to an absorbing system the
frequencies of the field radiated from r = 0, t = 0 are lowered by the factor

exp(—Hr) =1 — Hr. 97

Hence an absorbing system of proper frequency w is in tune with a radiated
frequency k(>>w) provided the system has an r-coordinate satisfying

(1 — HY k = w. (98)

No matter how small w/k may be (98) can always be satisfied for r near enough
to AL

It is important in relation to (98) to notice that r does not measure proper
spatial distance. The proper spatial distance 4/ corresponding to dr is given by

dl = exp(H7) - dr = (1 — Hr) dr. (99)

The variation dw of the absorber in tune with radiation of original frequency
produced by the coordinate displacement dr is

do = —Hk dr = —oH( — Hr)ldr = —wHdl (100)

In general, absorbing systems will operate not just at one frequency but over
some frequency range. Then (100} gives the corresponding range of the r coordinate
over which the absorber can be effective, and also the corresponding range dl.
The range dl is important because the number of effective absorbers along the
line of sight is obtained by multiplying &/ by the proper density of the absorbers
in question, and by then integrating with respect to /.

If the absorbers were to operate over a frequency range

0 < opin < 0w < wmex < K,

the corresponding range of / would be given by

I=[di=n | 40 pr g Pmes (101)

wmin ¥ @min

Since we require the total absorption to be complete, / cannot be finite. Since
moreover we cannot increase the absorption by increasing w above k, we must
evidently have wpin — 0. So long as the absorption probability per absorber
remains finite as w — 0 we then have complete absorption. This requirement
is satisfied by collisional absorption in an ionised gas.
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It is sufficient to treat the absorption classically, since we shall be concerned with
low proper frequencies. The classical attenuation factor for a wave of frequency w
travelling a distance d/ is

27TVeffN32
mw?

exp [— dl], (102)

where N is the free electron density and vert is the effective collision frequency,
given for ionised hydrogen by

Vet = 27 Nv (’;; )2 In (’Zf ) (103)

v being an appropriate average for the electron velocity.
Using (98) and (100), (102) can be written in the form

27TVeffN e? dr }

exp [— mk? ' (1 — Hr)® (104)

Neglecting the weak dependence of vers on w, the total attenuation for 0 < r < Ris

27mvestNe? (R dr
exp [_ mic? fo (l—Hr)3]' (105)

The absorption is evidently complete so long as N remains finite—as it does in
the steady-state cosmology—as R — H-l. We obtained p =~ 4.102*g. cm—3
from (94). In the form of hydrogen, the main constituent of the Universe, the
average density is about 2.10~% atoms cm~3. The value of N must be somewhat
lower than this, to allow for neutral atoms and for condensed matter, but N is
unlikely to be much less then 10~ cm=3.

As R increases, an appreciable fraction of the absorption has occurred when

27mventNe?

— 2 o, STVeIVE
(1 — HR)? =~ priys (106)
i.e. at a frequency west given by
2 Ne?
Wit o TS (107)

Putting v =~ 1/300 (of the velocity of light), e?/m = 2.8 - 10~®* cm, N == 10~° cm~3,
H1 ~ 10% cm, in (103) and (107) gives

wetr =~ 108 sec™?, verr == 10710 sec, (108)

where we have used the fact that 1 sec = 3.10" cm. From (100) we also see that
w remains of order wegr over a range ~H! ~ 10%® cm of /.
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In what may be more familiar terms, the original frequency is red-shifted by
the expansion of the Universe until it falls to werr =~ 10% sec™*. Then effective
absorption occurs over a proper distance of ~10% cm. This applies to all initial
values of k, except very low values < ~wett , for which absorption takes place
immediately at proper distances << ~10% cm.

We turn next to the phase shift problem discussed in the paragraph following (56).
The sum of phases y;, + x,, I’ = —1! was stated to be a very large angle, and
we shall now show that this is so. From (107) we have

2
dmNet 20 jo-, (109)
MWDt Vert

Since the real part of the refractive index # is given by

(110)

47 Ne? )1/2 1 2aNe?

mw?

n:(l—

mw?
it follows that 1 — n =~ 10~7 when w ~ wes; . Consider

_ 2ml

27(/ + 1)
TI E .

k k + Ak = 7

(111

For an observer at rest relative to an absorber, two such Fourier components
have frequencies w and w + dw such that
k1

do _ i 112
w kI (12)

The difference 4n of the refractive index for these adjacent frequencies is

2
dn = 3N 44, (113)

mw?

When w 22 werr, (108) and (112) give

An ~ 10~ 4w _ 107 (114)

w /

Since this difference of refractive index is maintained over a proper distance ~H1,
the phase difference is in general of order

Adn - Weff - H1 s 10"‘7weff1“1H_1 o 10‘7weffH_1 (%) (l 15)

Because this is the phase difference between adjacent frequencies, and because
Xt = —X-z, (115) gives the minimum value of |y, + x, | apart from /' = —/.
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Now 7’ must exceed k' by an appreciable factor, but for an allowed
transition not by more than ~{(e?/%)°. For an allowed transition it follows
therefore that the phase difference between adjacent terms in the Fourier
series is > ~1072weyH™1 ~~ 10™ radians. Even for a forbidden transition the
appropriate phase difference is still exceedingly large.

It is important that the phase difference is not the same for every absorber.
Indeed so far from being the same the phase changes in the main region of
absorption by ~101! radians, so that an average taken with respect to all absorbers
is equivalent to summing a very large number of points distributed at random
on the unit circle in the complex plane. This confirms the statement following (56).
Instead of needing to assume random phasing, as one has to do for the quantised
oscillators of the usual theory, we have proved it.

Throughout the work of the preceding sections it was supposed that absorption
takes place between discrete states, while now we have been led to consider a
collision process involving a continuum of states. It is to be expected that the
continuum behaves as a closely packed set of states and that the previous work
remains applicable. This is shown to be so in the Appendix—only a straightforward
rewriting of the previous work is needed.

We turn now to the asymmetry of the spontaneous transition formula;
P(m —n) >0 for E, > E,, P(m—>n)=0 for E, < E,. This result came
from taking the initial state for the absorbers as the ground level. In relation
to the present discussion we know that a low frequency wave is always absorbed
in an ionised gas unless there is some “population inversion” in the gas—i.e. unless
the gas has upper levels more populated than would be the case in thermodynamic
equilibrium. The gas can then behave as a maser, amplifying instead of attenuating
the original wave. Such conditions do not exist in the extragalactic medium.
If they did, the possibility would exist for obtaining the opposite asymmetry,
Pm —n) >0forE, <E,,Pm—>n)=0forE, >E,.

For absorption to take place in the present sense it is not really sufficient to
consider transitions ; — ,, E; < E; without also considering what happens
subsequently to the absorber. If the problem were discussed from the point of
view of resonance fluorescence, with the absorber returning to ¢, through a radiative
emission, there would be no genuine absorption of the original wave. We would
have effectively a scattering, which contributes to y; but not to =,. We require
instead a collision of the absorber with another particle. The energy of the original
wave then disappears as heat in the gas.

Although the distinction between scattering and absorption is clear enough
in a classical discussion, one can ask at what point in the quantum treatment
does the difference show itself. We assumed above that

Fla(t), 2’(D] = [] F™[a(), a'()],

b#a
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which requires the particles b 5= a to be independent of each other. In fluorescence
the particles remain independent throughout, and f— i cancels i — f so far as
absorption is concerned. When collisions take place. however, further interaction
terms Sine[b(¢), ¢(#)] must be considered between particles & and c. These further
terms contain random phases which prevent f — / contributing to the effect on a.
This leaves i — f for the effect on a, which is what we have calculated.
Absorption in an ionised gas changes the equilibrium Boltzmann distribution
of the particles from f,, say, to f, + f; where f; is a small perturbation of the
distribution. So long as f; remains, the particle motions contain a “memory”
of the absorbed wave, and the cancellation due to random phases mentioned in
the previous paragraph would not apply. But the distnibution f; decays due to
collisions as exp[—veref]. It is this decay that constitutes the absorption process.

APPENDIX

The discussion following (56) needs rewording when the absorbers have a
continuum of states instead of a discrete set. We take the continuum to have
p(E) dE states in the energy range £ to £ - dE. Although the terms of the Fourier
series with respect to / are closely spaced they are not so close now as the continuum
states. We show that this mathematical difference has no physical effect.

The quantity | b;; - Qw/T")|* was defined by

a2 = [ (b be >y (b) b, (AD)
2 R :
k = 7R (A)

i b (k)% being a suitable average of | b;;(k)|* with respect to orientation. We modify
this definition slightly. The initial state , is kept fixed for the moment and
| b;A27I/T7)% is taken to be | b;(k)|? averaged not only with respect to the orien-
tation of the absorber but also with respect to final states i, with energy E; close
to E, + 2w/ T'. 1In place of (57) we now have

o]

pe
e e L (EXE; — E)? | b 2alT)2 dE,
IRRET 2 l;':w '[P NE; 27T} ¥

[ oo e 5 2 ]

T
. ,-:ZM f:(am - a) exp [%Tfi (1 2 }{R )] dt
fOT (at - &') exp [—2%’1— (é'z.eR - tf)] dt. (A3)
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Since p(E)NE; — E;)? | by(2nl/T’)|* can be taken to vary slowly with respect
to E;, we make immediate use of the approximate delta-function property in (58).
Furthermore we take E, > E; in accordance with discussion of Section V (see
also the remarks below). Then only terms with positive values of / survive and (A3)
becomes

2met

g & o0 () b (Ec+ 25 by T

f (a(;) a) e—tk-atikt Jf f (a(]) a) etk-a—ikt Jf (A4)
—l 2

Suppose that at distance R in a particular element of solid angle d©2 there are
n(E;) dE; particles per unit volume with initial states having energies between E;
and E; + dE;. Writing | b;/(2#//T")|? for the average value of | b;;2#{/T")|? for
these particles, the contribution to Fla(¢), a'(¢)] in (38) is

[1 4+ Expression (A4)]#(E)IER RS (A5)

As before we can write (A5) in an exponential form

et & ( 2l

exp [ L e (50 o (B 25) TR ToP

T T
- m(E;) dE;dRdQ Y f (ald) + 3) g=ik-atikt gy f (ald) + 4') gik-a'~ikt dt]. (A6)
0

j=1,2%0

The final value of F[a(t), a'(t)] is obtained by integrating the exponent of (A6)
with respect to E;, R, and Q. The quantity =, is the opacity difference at frequency
2#l/T’ taken along the vector R from a to b. It is related to absorption in the
same way as before and satisfies the equation

dr, dmte? (2171

— 7

dn _ dmet ) [ o (B + 222 ool T n(E) dE. (AT)

The integrals with respect to E; , R and {2 therefore lead without difficulty to

FIa), #0)) = exp [ [ 42 3 7 T [ @y e
j= 12

. () « 37 ik-a’—ikt
fo («? - 3") e k dt], (A8)

and converting the sum in (A8) to an integral with respect to k = 2=I/T" gives (64).
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The restriction of (A4) to positive values of / has the effect of the influence
functional being represented by an integral over positive values of k. It is this
property of the influence functional which determines the asymmetry of
spontaneous transitions; P(m — n) > Ofor E,, > E,, P(m—n) = Ofor E,, < E,.
The restriction to positive values of / arose in the above work because £, was
considered to be > E; . This is the case of absorption. The opposite case, £, < £, ,
would correspond to a situation in which the incident wave produced stimulated
emission in the absorber. As pointed out in Section V, stimulated emission is not
important in this connection unless the absorber acts like a maser—which of course
the intergalactic medium does not do.
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