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Quasinormal modes in Schwarzschild-de Sitter spacetime:
A simple derivation of the level spacing of the frequencies
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It is known that the imaginary parts of the quasinormal mé@&lM) frequencies for the Schwarzschild
black hole are evenly spaced with a spacing that depends only on the surface gravity. On the other hand, for
massless minimally coupled scalar fields, there exist no QNMs in the pure de Sitter spacetime. It is not clear
what the structure of the QNMs would be for the Schwarzschild—de $8@8 spacetime, which is charac-
terized by two different surface gravities. We provide a simple derivation of the imaginary parts of the QNM
frequencies for the SDS spacetime by calculating the scattering amplitude in the first Born approximation and
determining its poles. We find that, for the usual set of boundary conditions in which the incident wave is
scattered off the black hole horizon, the imaginary parts of the QNM frequencies have an equally spaced
structure with the level spacing depending on the surface gravity of the black hole. Several conceptual issues
related to the QNM are discussed in the light of this result and a comparison with previous work is presented.
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[. INTRODUCTION WKB-like techniqueqd27-3§, (iii) the Born approximation
[39,40 and(iv) others[41-54. Nearly all of these schemes
It is well known that the quasinormal mod&3NMs) are  came with their own limitations and rarely reproduced the
crucial in studying the gravitational and electromagnetic perexact form of the QNM spectrum as given in Ed)—in
turbations around black hole spacetintés comprehensive particular, there was hardly any explanation for the In 3 term.
reviews and an exhaustive list of references[de8]). The  Analytical proofs of Eq.(1) were provided only recently,
QNMs also seem to have an observational significance as thesing the methods of continued fractiofs12,55,56 and
gravitational waves produced by the perturbations can, imlso by studying the monodromy of the perturbation contin-
principle, be used for unambiguous detection of black holesued to the complex plan&7,58.
The early studies of the QNMs concentrated on numerical While most of the analytical work concentrated on the
computationgsee, for exampld3,4]) as analytical solutions real part of QNM(due to the interest in the In 3 facjothe
of the perturbation equations were difficult to obtain. Essenstructure of the imaginary part is equally intriguing and re-
tially, one solved the perturbation equations numerically forquires physical understanding. In particular, we need to un-
different initial conditions in a given black hole spacetime. It derstand why the imaginary part &, in Eqg. (1) has a
was found that the results were, in general, independent afimple, equally spaced structure, with determining the
the initial conditions and depended mostly on the parametergvel spacing. Physical quantities with a quantized spectrum
characterizing the black hole horizon. For example, for theare always of interest when they have constant spacing. In
Schwarzschild black hole, the spectrum of the QNMs waghe case of horizon area, for example, one can attempt to
found to have the structuf&—10] relate an equally spaced spectrimbtained in several inves-
tigations, e.g., selb9] and references theregito the intrinsic
limitations in measuring length scales smaller than Planck
length[60]. But the uniform spacing of QNM frequencies is
a purelyclassicalresult and hence is harder to understand
which depends only on the surface gravity of the black holghysically.
«. Similarly, for charged Reissner-Nordstm) and rotating It turns out, however, that one can ma@meprogress in
(Kerr) black holes, the spectrum was found to depend onlythis direction. There are some simple derivations, based on
on the parameters characterizing the horizon, i.e., the masthe Born approximation, which reproduce this structure for
charge and angular momentum of the black Hate-23. the imaginary part of the QNM frequencies for a large class
The numerical studies were followed by a series of anaef spherically symmetric spacetimes such as the Schwarzs-
lytical calculations which were mainly based upon some apechild black hole[39,40. The relation obtained, valid for
proximation scheme, such as, for examgigapproximating largek (i.e., for largen), has the form
the scattering potential with some simple functions so that
the problem becomes exactly solvalj4—26, (ii) using ko=ink (for n>1). (2)

+|n—3x+0(n—1’2), (1)

+1
n"a 2

2

k,=ik

[In the imaginary part ok,,, one obtains a factarinstead of
*Email address: chou@sissa.it n+(1/2) since the Born approximation is expected to be
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valid only for n>1.] The important point to note is that— QNMs and thermodynamics of horizons. It was pointed out
though it is not possible to obtain the real part of the QNMin [40] that the Born approximation result arises from inte-
frequencies using the Born approximation—this simple deri-grals which are very similar to those which arise in the case
vation does give the correct level spacing for imaginary val-of horizon thermodynamidsee e.g., Eq23) of [77]]. In the
ues ofk,. Hence the possibility of extending the formalism case of spacetimes with multiple horizofike SDS, there
to spacetimes with more complicated structure is worth exiS N0 unique temperature except when the ratio of surface
amining. Following this approach, we use the Born approxi-gravities is a rational numb¢r8]. If the QNMs are related
mation to examine the level spacing for spacetimes with twd© the horizon thermodynami¢s some manner which is not
horizons. yet clearly understogd then it would be interesting to see
The simplest spacetime with two horizons is that of awhether the level spacing in the SDS spacetime can give any
black hole in a spacetime with a cosmological constant, deldea about the temperature of spacetimes with multiple hori-
scribed by the Schwarzschild—de Sit&DS metric. The ~ ZONSs. Second, itis well known that thermodynamics of gravi-
metric is characterized by the presence of a black hole eve@ting systems depend crucially on the ensemble which is
horizon and a cosmological horizon. In recent times, studyUsed(see e.g.[79]) which translates into the boundary con-
ing such a spacetime has acquired further significance bélitions on the horizoiisee e.g.[80]). If QNMs are related to
cause of the cosmological observations suggesting the exi§orizon thermodynamics, we will expect some similar kind
tence of a nonzero positive cosmological constpt]; for ~ Of dependence on the boundary condition for the wave
reviews, sed62,63). While the observations can be ex- modes in the_ case of SDS spacetime. We shall see that this
plained by a wide class of modelsee, e.g[64]), including ~ €xpectation is mdged borne out. Finally, there were also
those in which the cosmic equation of state can depend ofiome discussions in the literature as to whether the QNMs
spatial scald65,66], virtually all these models approach the depend on the region beyond the horizons. We will see that
de Sitter(DS) spacetime at late times and at large scales. A§€ can make some comments regarding this issue.
in the other cases, the QNMs for the SDS spacetime have The structure of the paper is as follows. In Sec. II, we
been studied both numericallgee, for examplel67—72) brlgfly review the_ results for the Schwe_lrzgchnd metric. The
and analytically(see, for examplg;73—75)). However, since main problgm of interest, the SDS metric, is tgken up in Sec.
the SDS spacetime is characterized by two different surfacll- We derive the explicit form of the scattering amplitude
gravities (corresponding to the two horizopsthe depen- UsSing the Born apprOX|mz_it|on and d_|scuss the structu_re of the
dence of the level spacing of the imaginary part of the QNMQNM spectrl_Jm. The main cqnclusmns are summarized and
frequencies on the surface gravities is not obvious. The nucompared with other results in Sec. IV.
merical studies fail to give a “clean” result like Eql) as
they seem to vary depending on the relative values of the two II. WARM UP:
surface gravities. A calculation based on the monodromy of QNMS FOR THE SCHWARZSCHILD METRIC
the perturbation continued to the complex pl&ré], similar . ) ) o
to what is done for the Schwarzschild case, gives a result of [N this section we review the derivation of the QNMs for
the formk,=ix_(n+ %)+ real part, wherec_ is the surface the Schwarzschnd metric using the first Born approximation.
gravity of the black hole horizon. The real part has a term-€t us start with a general class of spherically symmetric
analogous to In 3 whose actual form depends on the values 8fétrics of the form
the surface gravities. The above result is found to be in quali-
tative agreement with numerical results for the near-extremal ds?=f(r)dt*—[f(r)]~'dr’~r2dQ? )
case(i.e., when the surface gravities are very close to each
otheyp, although the exact numerical coefficients seem to difwith f(r) having the simple zero at=rg,, i.e., f(r)
fer [72]. It is not clear whether the problem is with the nu- =f'(r)(r—rg). It was shown in[81] that spacetimes de-
merics, or the analytical derivation misses out on some isscribed by the above class of metrics have a fairly straight-
sues. The above calculation indicates that the QNM spectruforward thermodynamic interpretation and—in fact—
is independent of the surface gravity of the cosmologicaEinstein’s equations can be expressed in the form of a
horizon «, . On the other hand the first version {89], thermodynamic relationTdS=dE—PdV for such space-
based on Born approximation, claimed that the spectrum afimes, with the temperature being determined by the surface
the imaginary part of the QNMs should behave las gravity of the horizon:
=i(n_xk_+n,«,),wheren. are two integerg This arXiv
submission has been revised subsequently, after the appear- 1
ance of the current work, removing this clajrinalytical K= §|f’(r0)|. (4)
calculation based on approximating the scattering potential
by some simple form gives QNMs proportional to both the . i o
szrface gravi?ies, depgnding on theptirrqe scale one is inter- Let us consider a massless scalar figldsatisfying the

ested in[75]. Currently, we do not seem to have any general\’.vave equatiorij¢=0 n th'$ spacetime. We look for solu-
consensus on this particular issue! tions to the wave equation in the form

There are a few more conceptual issues because of which .
such a studyusing a prototype metric with two horizonis ikt.
) U . . =— >0.
important. First is the possible connection between the ¢ r F(NYim(@)e™5 Re(k)>0 ®
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Straightforward algebra now leads to a “Sctiimger equa- In general, the scattering amplitude in the Born approxi-
tion” for F given by mation is given by the Fourier transform of the potential
V(x) with respect to the momentum transfpr ki —k; :
d2
— —5 +V(r) |F(r)=Kk?F(r) (6) _
dri S(q)=f dxV(x)e "9, (12

where the potential is given b , ) ,
P d y In one dimensionk; andk; should be parallel or antiparallel;

I(1+1) f,(r)l further, we can take their magnitudes to be the same for

V(r)=£(r) T+ (7)  scattering in a fixed potential. Then nontrivial momentum
r r transfer occurs only fok;= —k; so thatq= —2k; . From Eq.

, , , , (9), the “incident” wave is seen to be of forre*"+, giving
and the tortoise coordinate is defined as the scattering amplitude as

dr o
r*Efm. (8) S(k)zjimdr*v[r(r*)]eZikr*

One can, in principle, solve the differential equatit®)

given a particular set of boundary conditions. However, the _ j”
equation, in general, does not have an exact solution and one S '
has to solve it either numerically or by using some approxi-

mation scheme. In this paper, we shall be using one sucljhere we have omitted irrelevant constant factq@ur
approximation scheme, namely, the first Born approximationorigina| problem was three-dimensional and we aat
For a pure Schwarzschild black hole, we ha@)=1  \orking out the three-dimensional scattering amplitude in,
—2M/r and the horizon is aty=2M. The potentiaM(r) in  say, theswave limit. Rather, we first map the problem to a
Eq. (7) vanishes at the horizorr (— —o) and at spatial one-dimensional Schdinger equation and study the scatter-
infinity (r, —c), which means that the wave function can jng amplitude in one dimensionThis integral picks up sig-
be taken to be plane waves in the two regions. A class ofificant contribution only near the horizon wherer,
physically acceptable solutions for this system has thew(l/Z)K‘lln(r/ro—l), and it can be shown that the approxi-

I(1+1)
2

+f ir)leZikr*(r) (13)
r

asymptotic form mate form of the scattering amplitude is given [40]
eikr* (a_tr*_>—oo), k
F(r)~ AT+ Ay e Kx (atr, —soo). ©) S(k)~constant factors | 1+i—]. (14)

The “incident” wave (A,e’*'+) for this class of solutions is |t is clear from the above expression that the poles of the

propagating towards the black hole, and hence the solutiongmplitude are given by the poles of the Gamma function,
of the above form are appropriate for studyswattering off  \yhich occur at

the black hole The scattering amplitude for the above solu-

tion is simply given by ko=ink (for n>1). (15
S(k) o A_out (10) It also turns out that the integrél3) can be solvedxactly
A’ for a pure Schwarzschild metrjd0], and the imaginary part

_ _ of the QNM frequencies are found to be exactly identical to
Now, the QNMs are defined to be those for which one hasyhat is obtained above. As discussed in Section 1, the Born

a purely ingoing plane wave at the horizon and a purelyapproximation fails to reproduce the real part of the QNM
outgoing wave at spatial infinity, i.e., which satisfy the spectrum.

boundary conditions As an aside, we would like to comment on the issue of
r whether QNMs depend on the form of the metric inside the

F(r)~ € - (atry——), (11 horizon and in particular on the singularity of the Schwarzs-

e K« (atr, —). child metric atr =0. (These comments do not depend on the

Born approximation but it is easy to see the result in this
It is clear from Eq.(9) that the QNMs actually correspond to limit.) The answer is essentially “no” in the sense that if the
the case wheré\,,=0 and are obtained by calculating the Schwarzschild metric is modified in a small region around
poles of the scattering amplitu®k) [see Eq(10)]. Obtain- r=0, making it nonsingular, but leaving the form of the
ing the exact form of the scattering amplitude for the potenimetric unchanged far=2M, the QNMs do not change; but
tial (7) is nontrivial—hence one has to obtain it through there is subtlety in this issue. It is easy to see that, in the
some approximation scheme. It turns out that one can obtaiBorn approximation, we are dealing with a scattering prob-
the explicit form of this amplitude using the first Born ap- lem in ther, coordinates with boundary conditions it
proximation. =+, This scattering problem only depends Wpr(r,)]
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which—in turn—depends only of(r) for r=2M. So if we 2M

modify the f(r) for r<2M, it does not change the Born f(r)=1—T—H2r2. (18)
approximation results. What happens when we go beyond

the Born approximation and consider the real part of QNMs et us denote the black hole event horizon and the cosmo-
for example? Here we need to analytically continue to thqogjical horizon byr _ andr , respectively. The correspond-
complex values of andr, . Now the original definition of  jng surface gravities are denotedsas and«, respectively.

the problem, posed as a Sctiger equation in Eq(6),  Note that, by definition, both_ and .. are positive defi-
again cares only for the, coordinate and is well-defined if njte. The tortoise coordinate is given by

boundary conditions are specifiedrgt= . But the rela-

tion betweerr andr, [which again depends only difr) at 1 r 1 r

r=2M] can beanalytically continued for all r including My =5 In—-1/- 2. In 1__+

near r=0. This leads to a unique analytic structure in the

complex plane and even far<2M through analytic con- 171 1 r

tinuation,as thoughthe form of f(r) is valid all the way to 2\ k. Ky n r_+r, +1. (19

r=0! More explicitly, this analytical structure is obtained by
(i) defining f(r) for r=2M; (ii) definingr, using it; (i)  With this definition, the regions<r_ and r=r, are
analytically continuing this relation to defimg andr in the  mapped ta , < —o andr, == respectively, and we will not
complex plane; andiv) definingf(r) for all r including near  require the regions beyond the two horizofis. particular,
r=0 by analytic continuation. This is independent of thethe form of f(r) inside the Schwarzschild horizon and the
actual form of f(r) for r<2M, and previous results like singularity atr=0 are irrelevant in what follow$.The po-
those in[57,58 depend only on this structure. This is grati- tential in Eq.(7) reduces to
fying since we do not know the effects of quantum gravity,
which could modify the spacetime structure near the singu-
larity. V(r)=1(r)
It might seem that the above formalism can be trivially
applied to the case of a spacetime with a COSI’nO|Ogi20621| horiyhich, because of thé(r) factor, vanishes at both the hori-
zon, described by the pure DS metric witfr)=1—H"r". ;515 Thyus one can take the boundary conditions to be
The potential term for calculating the scattering amphtude,simme plane waves at the two horizons. The usual set of
given by Eq.(7), becomes solutions used in a scattering problem is identical to @y.
I(1+1) wh.ich, as mentioned earlier, is appropriate for studying scat-
- = (16)  tering off the black hole. Let us assume that the boundary
r? conditions which define the QNMs are still given by Eq.
1), which imply that one has purely ingoing plane waves at
e black hole horizonr(=r _) and purely outgoing waves at
the cosmological horizonr&r ). One should realize that
. . 5 this set of boundary conditions implies that the waves are
is easy to check that near the orighi(r)=—2H" whenl 004 ating “into” the horizons at both the boundaries and is
=0, while it blows up as ~ for |>0. This implies that one  , 4hapiy the most reasonable set of conditions to be used.
cannot take the boundary conditions as simple _p_Iane Waves \ve now apply the first Born approximation, with the “in-
like in Eqg. (9). In fact, the set of boundary conditions used cident” wave being taken ag "+ as before. The scattering

for studying QNMs in the pure DS space is that the Waveamplitude is then given by

function should be outgoing at the horizon, but should vanish

at the origin, i.e., w _
S(k)=f dr, V(r)e?k« (21
0 (atr—0), o

F(r)~ e ikry

I(1+1) 2M ,

(20

V(r)=(1—H?r? —2H?

: oo : . 1
which, like in the pure Schwarzschild case, vanishes at thén
horizonr =H 1. However, in contrast to the Schwarzschild
case, it doesotvanish at the other boundary, i.e.rat0. It

o 17
(atr—H™1). which can be simplified to

It turns out that the wave equation can be soleadctlyfor

the DS spacetimf82,83, and for scalar fields satisfying the Stk = fudr [(1+1) N 2—M—2H21 (L_l)'k/"
wave equatioril¢=0, there exist no modes for which the r r2 r3 r_
above boundary condition is satisfied. This result is implicit _ _
in [68] and we include the details of the calculation in Ap- r| ke ro | k@ — o)
pendix A for completeness. x| 1= ry (1+ ro+r_

Ill. QNMS FOR THE SCHWARZSCHILD —de SITTER (22)

METRIC As in the pure Schwarzschild case, this integral will pick up

We next consider the Schwarzschild—-de Sitt&DS a contribution only near the horizons. However, there are
spacetime, which is described by a spherically symmetrisome crucial differences which need to be taken care of.
metric of the form(3), with Near the black hole horizon, we have the usual relation
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r,~(1/2)x_Yn(r/r_—1), and the contribution is exactly =0,2,3—we give the relevant expressions in Appendix B for
similar to Eq.(14). On the other hand, near the cosmologicalcompleteness. The pole structurelgfcan, however, be de-

horizon, we haver*w—(llZ)Kjrlln(l—r/rJr), which dif-

termined from Eq(27) itself. The combinations of the form

fers from the other case in the sign of the surface gravity

term. The scattering amplitude will then be a sum of two

contributions given by

k
S(k)~constant factors I'| 1 +i K—)
_k
+constant factors I'| 1—i Pk (23
+

In this case, the poles of the amplitude are given by the pole

of boththe Gamma functions:

koa=ink_, k,=—ink, (n>1). (24

The fact that the amplitude would pick up contributions from

both the horizons was pointed out earlief 89|, and—in the

first version of[39] that appeared in the arXiv—it was sug-

gested that the poles would occurkgt=i(n_x_+n,.«,).

However, we have shown by the explicit calculation above
that this is not correct; summing up two contributions to get

1 1

_ Ky T1.12
which occur in the expression fof, donot have any poles.
(Even though both the denominator and numerator have
goles, the ratio does notThe only poles ofl,, occur at the
poles of the two Gamma functionE[1+ (ik/x_)] and
I'[1—(ik/x)]. It is then straightforward to see that the
poles of the scattering amplitudg(k) are given by Eg.
(24)—exactly identical to what we obtained by evaluating
the integral near the horizons.

Let us now discuss the QNM spectrum as obtained in Eq.

(24). Note that the QNMs are identified as the positive
imaginary values ok, which implies that the QNMs in this

F]_( a,n,ﬁ,2+ik

(28)

'l 2+ik

K_  Ki

case are given blg,=in«_ ; the modes which are dependent

the value of an integral is not the same as adding the arg2n «+ correspond to negative imaginary values loand
ments for poles(We note thaf39] has since been revised hence donot represent QNMslin general, the poles given

and this particular claim has been withdrawiRurther, there

by negative imaginary values &fcorrespond to bound states

is acrucial sign difference in the surface gravity of the cos- of the system. However, since the potential forO, Eq.

mological horizon.

(20), is positive everywhere and vanishes at the boundaries,

This conclusion can be explicitly verified since, fortu- it can be shown that there cannot exist any bound states for

nately, one can evaluate the integral in E2R) exactly Es-
sentially we have to solve integrals of the form

r r iki ke o\ ikl
In:f drr”(——l) (1——)
r_ r- ri

ik(Uk . — k)

x| 1+

(29)

ro+r_
with the scattering amplitude being given by the sum
S(k)=2MIz+1(1+1)l,—2H2l,. (26)

The expression fok, turns out to bg84] an integral repre-
sentation of the Appell hypergeometric functibn,

In:(r+_r_)l—ik(1/K+—1/K,)(r++r_)ik(1/K,_1/K+)

—ik/k__ik/ i _
><r7' K r|+ K+(r++2r7)|k(1/K+ 1/k_)

ik ik
rl1+—|T|1-—
K_ K4
F2+ik———)
K_ Ki
B ik [1 1
Xr-"Fy| 1+ —,n,ik| ———|,2
K_ K_ Ki
11 1 r,—r_ r,—r_
A P e e g DR L

the system{85]. Thus, the poles given blg,= —ink, are
physically irrelevant as far as this problem is concerhed.

The above analysis indicates that the QNMs obtained
through the first Born approximation are independent of the
cosmological horizon. This conclusion agrees, in the large
limit, with the imaginary part of the QNM spectrum obtained
through the monodromy of the perturbation continued to the
complex plang76]. In view of the fact that there exists no
QNMs for the pure DS spacetime, “adding” a black hole
near the origin merely introduces the QNMs corresponding
to the black hole. Interpreted in the above manner, this result
should not be surprising. It is also clear that this result gives
the two correct limits, i.e., wheidl—0, the level spacing
reduces to that corresponding to a Schwarzschild black hole,
while for M—0, we havex_—, and hence there exist no
QNMs for the pure DS spacetime.

As an aside, one can also consider a different set of
boundary conditions, where the incident wave is scattered off
the cosmological horizon. It turns out that such conditions
will give QNMs proportional tox, (the details of the calcu-
lation are given in Appendix I However, these boundary
conditions may not be physically relevant and are considered
here just as a mathematical possibility.

IV. DISCUSSION

We have used the first Born approximation to obtain the
QNM spectrum for the SDS spacetime. The approximation
gives the correct level spacing for the imaginary values of

This expression can be further simplified and written inthe QNM frequencies for the Schwarzschild black hole, and

terms of the usual hypergeometric functiofF; for n

the spacing is related to the temperature corresponding to the
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horizon. On the other hand, there exist no QNMs for a massmake any direct comparison with such results since the issue
less minimally coupled scalar field in a pure DS spacetime. Iof time-scales is difficult to settle in our approach.

turns out that the situation is more complicated in the SDS In future studies for the SDS spacetime, it would be in-
spacetime and depends on the type of scattering one is intéeresting to calculate the scattering amplitude using some
ested in, i.e., on the type of boundary conditions one im-more rigorous techniquéike, say, what is done for the pure
poses. One can start with the usual set of conditions where apchwarzschild casgs8|) and see how the real parts of the
incident wave is propagating towards the black hole and calQNM frequencies depend on the different surface gravities
culate the scattering amplitude. The poles of the amplitud@nd on the type of scattering.

will then represent boundary conditions appropriate for

QNMs. It turns out that for this case the QNM level spacing APPENDIX A: QNMS FOR THE PURE de SITTER

depends only on the surface gravity of the black heole as METRIC
expected. Thus the introduction of a black hole in the DS ] ) ) ) ]
spacetime brings along the appropriate QNMs. In this appendix, we give the details of the calculations

However, there exists another set of boundary conditionér calculating the QNMs for the DS spacetime. Although
in which one starts with an incident wave propagating to-most of the mathematical apparatus already exists in the lit-
wards the cosmological horizon. As shown in Appendix C, itérature[68,82,83,86—8B we include the details for com-
is possible to choose the boundary conditions and the defRl€téness and for emphasizing the conclusion.
nition of the scattering amplitude such that the QNM level ~ The radial wave equation for the DS metfiee Eqs(6)
spacing in this case depends only on the surface gravity gnd(7)]
the cosmological horizork, . We do not believe these
boundary conditions are physically relevant.

It was found earlier, based on the monodromy of the per-
turbation continued to the complex plajs] that the imagi-
nary part of the QNM frequencies has an equally spaced =k2F(r) (A1)
structure, with the spacing dependent onlysn. It is not
clear whether there exist any extensions of the above procean be reduced to the hypergeometric form by introducing a
dure for obtaining the other set of QNMs which are depennew variablez=r?H2. The solutionwhich is regular at the
dent onk , . Analytical calculations, based on approximating origin, can be written as
the potential by a Poschl-Teller forf¥5], gave a QNM

2
F(r)

—[(1—H2r2)%

+(1—H2|r2)[M ZHZ]

r2

spectrum which depends doth the surface gravities _ F(r)=r""H(1—H?rz)k

and k., depending on the time-scale one is interested in. Ik 1 3 ik 3

Since we are studying a time-independent situation, it is dif- % — 4 ol + 4+ < [+ =-H22

. . 2 l 1 1 1

ficult to comment on time-dependence of the QNM 2 2H'2 2 2H" 2
spectrum—however, our analysis indicates that if one starts (A2)

with an incident wave packet which is composed of mono-
chromatic waves propagating in both directidng., terms \yhere the normalization is arbitrary. The behavior of this
of the forme'*"+ ande™'"), then one might obtain a QNM  gg|ytion near the horizon=H ! is given by

spectrum which depends on both the surface gravities. There

is one more crucial difference between our results and those
obtained by the Poschl-Teller potentj@b|—the level spac-

ing in the latter case is 2. rather thank. . Such a differ- F(r)«l’
ence was noted in the case of QNMs obtained by the Born
approximation for the Schwarzschild black h¢#0] while

comparing with results obtained by approximating the poten- i
tial [43]; the difference is probably related to the incorrect F(ﬁ)
use ofq=k; rather thang=2k; for momentum transfer in

(1_H2r2)7ik/2H

I+3
2

H

2,.2\ik/2H

the Born approximation. Xk 71 3k TR

Most of the numerical computations regarding the SDS I'iz+ —)F —+ -+

. 2 2H 2 2 2H

spacetime concentrate on the near extremal oaberex
~k_), and it is found that the imaginary part of the QNM ik
frequencies has an equally spaced structure with the spacing H
given by either of the surface gravitiéahich are anyway X . (A3)

equal to the lowest ordgf69,70,73. This means that, to the T I__ K) F(I_ I § _ i)

lowest order, we do not find any disagreement between our 2 2H) \2 2 2H

results and numerical computations. In other numerical com-

putations, where the values of the two surface gravities aréccording to the boundary conditiongl?7), the solution
taken to be widely different67,68, one obtains two sets of should be purely outgoing near the horizon, if(r)~(1
QNM spectra proportional to the two surface gravities, each- H2r?)?H  [This follows from the fact thatr,
valid at different time-scales. At this stage, we are unable to=H ™~ ‘tanh (Hr) for the DS metric which, near the horizon,
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gives 1-H?r2=secl(Hr,)~e 2""«.] This implies that lo=A T (1+ia )l (1—iby)
the QNMs are given by the poles of the expression

L . ry—r-
SF | 1+iay,ic,2+icy;— ———

r I N ik r I +3+ ik « ro+2r_ (E5)
2 2H/ 272" 2H I'(2+icy) '
T (A4)
T ﬁ) Similarly, for n=2, use the relation
j 1y X
The numerator has two sets of polekat=iH (2n+1) and Fi(a,c—b,b,c.x,y)=(1=-x) %F,| ab,c;—
Kn,=iH(2n+1+3) for n=0,1,2... . However, each of (B6)
these poles is canceled by a similar pole of the Gamma func-
tion in the denominatof68]. Hence, there exist no QNMs to write
for the pure DS spacetime which obey the boundary condi-
tion (17). . . N Sl ro—r_
Note that this conclusion is only true fomaassless, mini- Fa| 1+iag2ick2+ick; — r r++2r)
mally coupledscalar field with wave equatiofil¢=0. - y o
There do exist well-defined QNMs for a massive scalar field, —_(F+| = " El1tia ic 24ic.: re—r-
or for a scalar field coupled to the Ricci scalar. e , ! 11l e T T )
(B7)
APPENDIX B: SIMPLIFIED EXPRESSIONS
FOR THE SCATTERING AMPLITUDE and hence
In this appendix, we shall write the scattering amplitude o\ —1-iay
given by Eqgs.(26) and (27) in terms of the more familiar I2=AkF(1+iak)F(1—ibk)r_2(—+>
hypergeometric functions. For notational convenience, let us r-
define 2 .2
Fi| 1+iay,icy,2+ic e
><2 1 k1'% ks k1r+(r++2r_) (BS)
akEZ' bkEZ' I'(2+icy) .
Finally, use
B 1 1 y
Ck=ax— b=k PR (B1) F.(a,c—b+1b,c,x,y)
) B y—x| a X
Also define =(1—x)"2 P DT,
(1-x)7° 2F1| a,b,c; 1% T 1=«
Ak:(r+_r7)1+ick(r++r7)ick y—X
o _ X ,Fq| a+ 1,b,c+1;—” (B9)
xr Py +2r )ie (B2) 2t 1-x
Then we have a much simpler expression, to obtain
) i . ) ) r+_r_ r+_r_
I'1+ial'(1—iby) Fq| 1+iay,3icy,2+icy; — ; T o
TR (2 icy) B T
Xr-"Fy| 1+iay,n,ic,2+ic; o)t o
-+ &M Gl 1CK =<—+) oF1| 1+iay,icy,2
r_
ry—r_ ry—r_
B +r ’_r++2r ) B3 +icy: ry=r- 14ia)—
- T e 2r ) (1+iay) ry
For calculating the scattering amplitude, we are only inter- r2 2
ested in the three quantitiég,|,,l5. Forn=0, use the re- LFi| 1+iay,icy,3+ic,; ——————
: ro(ryo+2r_)
lation X
2+icy
Fi(a,0b,c,x,y)=;Fi(a,b,ciy) (B4) (B10)
to obtain and hence
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) T Note that in this case, the “incident” wave is propagating
|3:Akr(1+iak)r(l_ibk)r3(r_) towards the cosmological horizon. For the pure black hole
B case, these solutions are irrelevant as they correspond to the
r2—r? physically unacceptable case where the incident waves
2F1 1+iak'ick:2+ick;r(r—+2r)) propagate towards spatial infinity. These solutions are not
+h+ - e
X . relevant for the pure DS case too; this is because the poten-
I'(2+icy) tial is nonzero at =0 and hence it is never possible to have
an ingoing plane wave at this region. However, in the case of
the SDS spacetime, one might consider the above case for
+ studying scattering off the cosmological horizonrgt—oo.
r2 —r2 Clearly, the scattering amplitude in this case will be exactly
2F1 1+iak,ick,3+ick:m) like Eq. (10), i.e., S(k)xA./A;r, and the QNMs, still de-
X e A fined by the boundary conditiori41), are given by the poles
(3+icy of the scattering amplitude. Settidg,=0 in Eq.(C1) leads
(B11)  to the same boundary conditidfil) as obtained by setting
Ai,=0 in Eqg.(9). In that case, we will obtain the same poles
Yor the scattering matrix as before. If, on the other hand, we
also change the sign & in the definition of the scatterin-
gamplitude when we consider the “incident” wave traveling
in the opposite direction, then poles flip sign. In this case, the
(B12) scattering amplitude in the first Born approximation is given

by

ro.—r_
—(1+ia)—

To determine the pole structures of the three quantitie
lo,12,l3, note that all of them contain combinations of the
form

SF(1+iay,icy,n+icy;ryq)
I'(n+icy)

One might notice that both the quantitiesF,(1 .
+iay,icy,n+icy;ry) andI'(n+ic,) have poles at negative S(k)=f dr, V(r)e 2ikr«, (C2)
integral values oh+ic,—however, their ratio turns out to o

be regular everywherf84]. This implies that the poles of

lo,1,,15 occur only at the poles of the Gamma functionsNote that because of the different form of the “incident”
I'(1+ia,) andI'(1—ib,), which is what we have been us- wave, the sign ok in the above equation is different from

ing in the main text. the corresponding equatioi2l) in the previous case. The
analysis of Sec. lll goes through identically, except thate
APPENDIX C: QNMS FOR A DIFFERENT SET is a crucial difference in the sign of. Khe explicit form of
OF BOUNDARY CONDITIONS S(k) can be calculated exactly as in Sec. Ill, and because of

] ~ the change in the sign &, one would find that the poles
One should note that the solutio(® used are appropri- qccur at

ate for describing scattering off the black hole. As a math-
ematical possibility, it might be interesting to see what hap- ky=—ink_, Kk,=ink. (n>1). (C3)
pens if one uses a different boundary condition in the form of

the_ squtio.ns vvhich represent tiseattering off the cosmo- This shows that the QNMs, given by positive imaginry
logical horizon i.e., are now determined by the surface gravity of the cosmologi-
cal horizon, as expected. While this is certainly a mathemati-

A ik * N ik * — iy ey L. .
Ane Nx+ A€ (atr, —— ), (C1) cal possibility, the boundary conditions in E¢C1) seems

F(r)~

e K (atr, — ). artificial from the physical point of view.
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