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Quasinormal modes in Schwarzschild–de Sitter spacetime:
A simple derivation of the level spacing of the frequencies
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It is known that the imaginary parts of the quasinormal mode~QNM! frequencies for the Schwarzschild
black hole are evenly spaced with a spacing that depends only on the surface gravity. On the other hand, for
massless minimally coupled scalar fields, there exist no QNMs in the pure de Sitter spacetime. It is not clear
what the structure of the QNMs would be for the Schwarzschild–de Sitter~SDS! spacetime, which is charac-
terized by two different surface gravities. We provide a simple derivation of the imaginary parts of the QNM
frequencies for the SDS spacetime by calculating the scattering amplitude in the first Born approximation and
determining its poles. We find that, for the usual set of boundary conditions in which the incident wave is
scattered off the black hole horizon, the imaginary parts of the QNM frequencies have an equally spaced
structure with the level spacing depending on the surface gravity of the black hole. Several conceptual issues
related to the QNM are discussed in the light of this result and a comparison with previous work is presented.
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I. INTRODUCTION

It is well known that the quasinormal modes~QNMs! are
crucial in studying the gravitational and electromagnetic p
turbations around black hole spacetimes~for comprehensive
reviews and an exhaustive list of references see@1,2#!. The
QNMs also seem to have an observational significance as
gravitational waves produced by the perturbations can
principle, be used for unambiguous detection of black ho
The early studies of the QNMs concentrated on numer
computations~see, for example,@3,4#! as analytical solutions
of the perturbation equations were difficult to obtain. Ess
tially, one solved the perturbation equations numerically
different initial conditions in a given black hole spacetime.
was found that the results were, in general, independen
the initial conditions and depended mostly on the parame
characterizing the black hole horizon. For example, for
Schwarzschild black hole, the spectrum of the QNMs w
found to have the structure@5–10#

kn5 ikS n1
1

2D1
ln 3

2p
k1O~n21/2!, ~1!

which depends only on the surface gravity of the black h
k. Similarly, for charged~Reissner-Nordstro¨m! and rotating
~Kerr! black holes, the spectrum was found to depend o
on the parameters characterizing the horizon, i.e., the m
charge and angular momentum of the black hole@11–23#.

The numerical studies were followed by a series of a
lytical calculations which were mainly based upon some
proximation scheme, such as, for example,~i! approximating
the scattering potential with some simple functions so t
the problem becomes exactly solvable@24–26#, ~ii ! using

*Email address: chou@sissa.it
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WKB-like techniques@27–38#, ~iii ! the Born approximation
@39,40# and~iv! others@41–54#. Nearly all of these scheme
came with their own limitations and rarely reproduced t
exact form of the QNM spectrum as given in Eq.~1!—in
particular, there was hardly any explanation for the ln 3 te
Analytical proofs of Eq.~1! were provided only recently
using the methods of continued fractions@5,12,55,56# and
also by studying the monodromy of the perturbation cont
ued to the complex plane@57,58#.

While most of the analytical work concentrated on t
real part of QNM~due to the interest in the ln 3 factor!, the
structure of the imaginary part is equally intriguing and r
quires physical understanding. In particular, we need to
derstand why the imaginary part ofkn in Eq. ~1! has a
simple, equally spaced structure, withk determining the
level spacing. Physical quantities with a quantized spectr
are always of interest when they have constant spacing
the case of horizon area, for example, one can attemp
relate an equally spaced spectrum~obtained in several inves
tigations, e.g., see@59# and references therein! to the intrinsic
limitations in measuring length scales smaller than Pla
length@60#. But the uniform spacing of QNM frequencies
a purelyclassical result and hence is harder to understa
physically.

It turns out, however, that one can makesomeprogress in
this direction. There are some simple derivations, based
the Born approximation, which reproduce this structure
the imaginary part of the QNM frequencies for a large cla
of spherically symmetric spacetimes such as the Schwa
child black hole @39,40#. The relation obtained, valid fo
largek ~i.e., for largen), has the form

kn5 ink ~ for n@1!. ~2!

@In the imaginary part ofkn , one obtains a factorn instead of
n1(1/2) since the Born approximation is expected to
©2004 The American Physical Society33-1
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valid only for n@1.# The important point to note is that—
though it is not possible to obtain the real part of the QN
frequencies using the Born approximation—this simple d
vation does give the correct level spacing for imaginary v
ues ofkn . Hence the possibility of extending the formalis
to spacetimes with more complicated structure is worth
amining. Following this approach, we use the Born appro
mation to examine the level spacing for spacetimes with
horizons.

The simplest spacetime with two horizons is that of
black hole in a spacetime with a cosmological constant,
scribed by the Schwarzschild–de Sitter~SDS! metric. The
metric is characterized by the presence of a black hole e
horizon and a cosmological horizon. In recent times, stu
ing such a spacetime has acquired further significance
cause of the cosmological observations suggesting the e
tence of a nonzero positive cosmological constant~@61#; for
reviews, see@62,63#!. While the observations can be e
plained by a wide class of models~see, e.g.@64#!, including
those in which the cosmic equation of state can depend
spatial scale@65,66#, virtually all these models approach th
de Sitter~DS! spacetime at late times and at large scales.
in the other cases, the QNMs for the SDS spacetime h
been studied both numerically~see, for example,@67–72#!
and analytically~see, for example,@73–75#!. However, since
the SDS spacetime is characterized by two different surf
gravities ~corresponding to the two horizons!, the depen-
dence of the level spacing of the imaginary part of the QN
frequencies on the surface gravities is not obvious. The
merical studies fail to give a ‘‘clean’’ result like Eq.~1! as
they seem to vary depending on the relative values of the
surface gravities. A calculation based on the monodromy
the perturbation continued to the complex plane@76#, similar
to what is done for the Schwarzschild case, gives a resu
the formkn5 ik2(n1 1

2 )1real part, wherek2 is the surface
gravity of the black hole horizon. The real part has a te
analogous to ln 3 whose actual form depends on the value
the surface gravities. The above result is found to be in qu
tative agreement with numerical results for the near-extre
case~i.e., when the surface gravities are very close to e
other!, although the exact numerical coefficients seem to
fer @72#. It is not clear whether the problem is with the n
merics, or the analytical derivation misses out on some
sues. The above calculation indicates that the QNM spect
is independent of the surface gravity of the cosmologi
horizon k1 . On the other hand the first version of@39#,
based on Born approximation, claimed that the spectrum
the imaginary part of the QNMs should behave askn
5 i (n2k21n1k1) , wheren6 are two integers.~This arXiv
submission has been revised subsequently, after the ap
ance of the current work, removing this claim.! Analytical
calculation based on approximating the scattering poten
by some simple form gives QNMs proportional to both t
surface gravities, depending on the time scale one is in
ested in@75#. Currently, we do not seem to have any gene
consensus on this particular issue!

There are a few more conceptual issues because of w
such a study~using a prototype metric with two horizons! is
important. First is the possible connection between
06403
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QNMs and thermodynamics of horizons. It was pointed o
in @40# that the Born approximation result arises from int
grals which are very similar to those which arise in the ca
of horizon thermodynamics@see e.g., Eq.~23! of @77##. In the
case of spacetimes with multiple horizons~like SDS!, there
is no unique temperature except when the ratio of surf
gravities is a rational number@78#. If the QNMs are related
to the horizon thermodynamics~in some manner which is no
yet clearly understood!, then it would be interesting to se
whether the level spacing in the SDS spacetime can give
idea about the temperature of spacetimes with multiple h
zons. Second, it is well known that thermodynamics of gra
tating systems depend crucially on the ensemble which
used~see e.g.,@79#! which translates into the boundary co
ditions on the horizon~see e.g.,@80#!. If QNMs are related to
horizon thermodynamics, we will expect some similar ki
of dependence on the boundary condition for the wa
modes in the case of SDS spacetime. We shall see that
expectation is indeed borne out. Finally, there were a
some discussions in the literature as to whether the QN
depend on the region beyond the horizons. We will see
we can make some comments regarding this issue.

The structure of the paper is as follows. In Sec. II, w
briefly review the results for the Schwarzschild metric. T
main problem of interest, the SDS metric, is taken up in S
III. We derive the explicit form of the scattering amplitud
using the Born approximation and discuss the structure of
QNM spectrum. The main conclusions are summarized
compared with other results in Sec. IV.

II. WARM UP:
QNMS FOR THE SCHWARZSCHILD METRIC

In this section we review the derivation of the QNMs f
the Schwarzschild metric using the first Born approximatio
Let us start with a general class of spherically symme
metrics of the form

ds25 f ~r !dt22@ f ~r !#21dr22r 2dV2 ~3!

with f (r ) having the simple zero atr 5r 0, i.e., f (r )
. f 8(r 0)(r 2r 0). It was shown in@81# that spacetimes de
scribed by the above class of metrics have a fairly straig
forward thermodynamic interpretation and—in fact—
Einstein’s equations can be expressed in the form o
thermodynamic relationTdS5dE2PdV for such space-
times, with the temperature being determined by the surf
gravity of the horizon:

k5
1

2
u f 8~r 0!u. ~4!

Let us consider a massless scalar fieldf satisfying the
wave equationhf50 in this spacetime. We look for solu
tions to the wave equation in the form

f5
1

r
F~r !Ylm~V!eikt; Re~k!.0. ~5!
3-2



th
o
x
u
on

n

th

io

lu

a
el
e

o
e

en
h
ta
p-

xi-
ial

l;
for
m

in,
a
r-

i-

the
on,

t
to
orn
M

of
the
zs-
he
his
e

nd
e
t
the
b-

QUASINORMAL MODES IN SDS SPACETIME PHYSICAL REVIEW D69, 064033 ~2004!
Straightforward algebra now leads to a ‘‘Schro¨dinger equa-
tion’’ for F given by

F2
d2

dr
*
2

1V~r !GF~r !5k2F~r ! ~6!

where the potential is given by

V~r !5 f ~r !F l ~ l 11!

r 2
1

f 8~r !

r G ~7!

and the tortoise coordinate is defined as

r * [E dr

f ~r !
. ~8!

One can, in principle, solve the differential equation~6!
given a particular set of boundary conditions. However,
equation, in general, does not have an exact solution and
has to solve it either numerically or by using some appro
mation scheme. In this paper, we shall be using one s
approximation scheme, namely, the first Born approximati

For a pure Schwarzschild black hole, we havef (r )51
22M /r and the horizon is atr 052M . The potentialV(r ) in
Eq. ~7! vanishes at the horizon (r * →2`) and at spatial
infinity ( r * →`), which means that the wave function ca
be taken to be plane waves in the two regions. A class
physically acceptable solutions for this system has
asymptotic form

F~r !;H eikr
* ~at r * →2`!,

Aine
ikr

* 1Aoute
2 ikr

* ~at r * →`!.
~9!

The ‘‘incident’’ wave (Aine
ikr

* ) for this class of solutions is
propagating towards the black hole, and hence the solut
of the above form are appropriate for studyingscattering off
the black hole. The scattering amplitude for the above so
tion is simply given by

S~k!}
Aout

Ain
. ~10!

Now, the QNMs are defined to be those for which one h
a purely ingoing plane wave at the horizon and a pur
outgoing wave at spatial infinity, i.e., which satisfy th
boundary conditions

F~r !;H eikr
* ~at r * →2`!,

e2 ikr
* ~at r * →`!.

~11!

It is clear from Eq.~9! that the QNMs actually correspond t
the case whereAin50 and are obtained by calculating th
poles of the scattering amplitudeS(k) @see Eq.~10!#. Obtain-
ing the exact form of the scattering amplitude for the pot
tial ~7! is nontrivial—hence one has to obtain it throug
some approximation scheme. It turns out that one can ob
the explicit form of this amplitude using the first Born a
proximation.
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In general, the scattering amplitude in the Born appro
mation is given by the Fourier transform of the potent
V(x) with respect to the momentum transferq5k f2k i :

S~q!5E dxV~x!e2 iq•x. ~12!

In one dimension,k i andk f should be parallel or antiparalle
further, we can take their magnitudes to be the same
scattering in a fixed potential. Then nontrivial momentu
transfer occurs only fork f52k i so thatq522k i . From Eq.
~9!, the ‘‘incident’’ wave is seen to be of formeikr

* , giving
the scattering amplitude as

S~k!5E
2`

`

dr* V@r ~r * !#e2ikr
*

5E
r 0

`

drF l ~ l 11!

r 2
1

f 8~r !

r Ge2ikr
*

(r ) ~13!

where we have omitted irrelevant constant factors.~Our
original problem was three-dimensional and we arenot
working out the three-dimensional scattering amplitude
say, thes-wave limit. Rather, we first map the problem to
one-dimensional Schro¨dinger equation and study the scatte
ing amplitude in one dimension.! This integral picks up sig-
nificant contribution only near the horizon wherer *
'(1/2)k21ln(r/r021), and it can be shown that the approx
mate form of the scattering amplitude is given by@40#

S~k!'constant factors3GS 11 i
k

k D . ~14!

It is clear from the above expression that the poles of
amplitude are given by the poles of the Gamma functi
which occur at

kn5 ink ~ for n@1!. ~15!

It also turns out that the integral~13! can be solvedexactly
for a pure Schwarzschild metric@40#, and the imaginary par
of the QNM frequencies are found to be exactly identical
what is obtained above. As discussed in Section 1, the B
approximation fails to reproduce the real part of the QN
spectrum.

As an aside, we would like to comment on the issue
whether QNMs depend on the form of the metric inside
horizon and in particular on the singularity of the Schwar
child metric atr 50. ~These comments do not depend on t
Born approximation but it is easy to see the result in t
limit.! The answer is essentially ‘‘no’’ in the sense that if th
Schwarzschild metric is modified in a small region arou
r 50, making it nonsingular, but leaving the form of th
metric unchanged forr>2M , the QNMs do not change; bu
there is subtlety in this issue. It is easy to see that, in
Born approximation, we are dealing with a scattering pro
lem in the r * coordinates with boundary conditions atr *
56`. This scattering problem only depends onV@r (r * )#
3-3
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which—in turn—depends only onf (r ) for r>2M . So if we
modify the f (r ) for r ,2M , it does not change the Bor
approximation results. What happens when we go bey
the Born approximation and consider the real part of QNM
for example? Here we need to analytically continue to
complex values ofr and r * . Now the original definition of
the problem, posed as a Schro¨dinger equation in Eq.~6!,
again cares only for ther * coordinate and is well-defined i
boundary conditions are specified atr * 56`. But the rela-
tion betweenr andr * @which again depends only onf (r ) at
r>2M ] can be analytically continued for all r including
near r50. This leads to a unique analytic structure in t
complex plane and even forr ,2M through analytic con-
tinuation,as thoughthe form of f (r ) is valid all the way to
r 50! More explicitly, this analytical structure is obtained b
~i! defining f (r ) for r>2M ; ~ii ! defining r * using it; ~iii !
analytically continuing this relation to definer * andr in the
complex plane; and~iv! defining f (r ) for all r including near
r 50 by analytic continuation. This is independent of t
actual form of f (r ) for r ,2M , and previous results like
those in@57,58# depend only on this structure. This is gra
fying since we do not know the effects of quantum gravi
which could modify the spacetime structure near the sin
larity.

It might seem that the above formalism can be trivia
applied to the case of a spacetime with a cosmological h
zon, described by the pure DS metric withf (r )512H2r 2.
The potential term for calculating the scattering amplitu
given by Eq.~7!, becomes

V~r !5~12H2r 2!F l ~ l 11!

r 2
22H2G ~16!

which, like in the pure Schwarzschild case, vanishes at
horizon r 5H21. However, in contrast to the Schwarzsch
case, it doesnot vanish at the other boundary, i.e., atr 50. It
is easy to check that near the origin,V(r ).22H2 when l
50, while it blows up asr 22 for l .0. This implies that one
cannot take the boundary conditions as simple plane wa
like in Eq. ~9!. In fact, the set of boundary conditions us
for studying QNMs in the pure DS space is that the wa
function should be outgoing at the horizon, but should van
at the origin, i.e.,

F~r !;H 0 ~at r→0!,

e2 ikr
* ~at r→H21!.

~17!

It turns out that the wave equation can be solvedexactlyfor
the DS spacetime@82,83#, and for scalar fields satisfying th
wave equationhf50, there exist no modes for which th
above boundary condition is satisfied. This result is impl
in @68# and we include the details of the calculation in A
pendix A for completeness.

III. QNMS FOR THE SCHWARZSCHILD –de SITTER
METRIC

We next consider the Schwarzschild–de Sitter~SDS!
spacetime, which is described by a spherically symme
metric of the form~3!, with
06403
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f ~r !512
2M

r
2H2r 2. ~18!

Let us denote the black hole event horizon and the cos
logical horizon byr 2 and r 1 respectively. The correspond
ing surface gravities are denoted ask2 andk1 respectively.
Note that, by definition, bothk2 and k1 are positive defi-
nite. The tortoise coordinate is given by

r * 5
1

2k2
lnU r

r 2
21U2 1

2k1
lnU12

r

r 1
U

2
1

2 S 1

k2
2

1

k1
D lnU r

r 21r 1
11U. ~19!

With this definition, the regionsr<r 2 and r>r 1 are
mapped tor * <2` andr * >` respectively, and we will not
require the regions beyond the two horizons.@In particular,
the form of f (r ) inside the Schwarzschild horizon and th
singularity atr 50 are irrelevant in what follows.# The po-
tential in Eq.~7! reduces to

V~r !5 f ~r !F l ~ l 11!

r 2
1

2M

r 3
22H2G ~20!

which, because of thef (r ) factor, vanishes at both the hor
zons. Thus one can take the boundary conditions to
simple plane waves at the two horizons. The usual se
solutions used in a scattering problem is identical to Eq.~9!
which, as mentioned earlier, is appropriate for studying sc
tering off the black hole. Let us assume that the bound
conditions which define the QNMs are still given by E
~11!, which imply that one has purely ingoing plane waves
the black hole horizon (r 5r 2) and purely outgoing waves a
the cosmological horizon (r 5r 1). One should realize tha
this set of boundary conditions implies that the waves
propagating ‘‘into’’ the horizons at both the boundaries and
probably the most reasonable set of conditions to be use

We now apply the first Born approximation, with the ‘‘in
cident’’ wave being taken aseikr

* as before. The scatterin
amplitude is then given by

S~k!5E
2`

`

dr* V~r !e2ikr
* ~21!

which can be simplified to

S~k!5E
r 2

r 1

drF l ~ l 11!

r 2
1

2M

r 3
22H2G S r

r 2
21D ik/k2

3S 12
r

r 1
D 2 ik/k1S 11

r

r 11r 2
D ik(1/k121/k2)

.

~22!

As in the pure Schwarzschild case, this integral will pick
a contribution only near the horizons. However, there
some crucial differences which need to be taken care
Near the black hole horizon, we have the usual relat
3-4
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r * '(1/2)k2
21ln(r /r 221), and the contribution is exactl

similar to Eq.~14!. On the other hand, near the cosmologic
horizon, we haver * '2(1/2)k1

21ln(12r /r 1), which dif-
fers from the other case in the sign of the surface gra
term. The scattering amplitude will then be a sum of tw
contributions given by

S~k!'constant factors3GS 11 i
k

k2
D

1constant factors3GS 12 i
k

k1
D . ~23!

In this case, the poles of the amplitude are given by the p
of both the Gamma functions:

kn5 ink2 , kn52 ink1 ~n@1!. ~24!

The fact that the amplitude would pick up contributions fro
both the horizons was pointed out earlier in@39#, and—in the
first version of@39# that appeared in the arXiv—it was sug
gested that the poles would occur atkn5 i (n2k21n1k1).
However, we have shown by the explicit calculation abo
that this is not correct; summing up two contributions to g
the value of an integral is not the same as adding the a
ments for poles.~We note that@39# has since been revise
and this particular claim has been withdrawn.! Further, there
is a crucial sign difference in the surface gravity of the co
mological horizon.

This conclusion can be explicitly verified since, fort
nately, one can evaluate the integral in Eq.~22! exactly. Es-
sentially we have to solve integrals of the form

I n5E
r 2

r 1

drr 2nS r

r 2
21D ik/k2S 12

r

r 1
D 2 ik/k1

3S 11
r

r 11r 2
D ik(1/k121/k2)

~25!

with the scattering amplitude being given by the sum

S~k!52MI 31 l ~ l 11!I 222H2I 0 . ~26!

The expression forI n turns out to be@84# an integral repre-
sentation of the Appell hypergeometric functionF1,

I n5~r 12r 2!12 ik(1/k121/k2)~r 11r 2! ik(1/k221/k1)

3r
2

2 ik/k2r
1

ik/k1~r 112r 2! ik(1/k121/k2)

3

GS 11
ik

k2
DGS 12

ik

k1
D

GS 21 ikF 1

k2
2

1

k1
G D

3r 2
2nF1S 11

ik

k2
,n,ikF 1

k2
2

1

k1
G ,2

1 ikF 1

k2
2

1

k1
G ;2 r 12r 2

r 2
,2

r 12r 2

r 112r 2
D . ~27!

This expression can be further simplified and written
terms of the usual hypergeometric function2F1 for n
06403
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50,2,3—we give the relevant expressions in Appendix B
completeness. The pole structure ofI n can, however, be de
termined from Eq.~27! itself. The combinations of the form

F1S a,n,b,21 ikF 1

k2
2

1

k1
G ;r 1 ,r 2D

GS 21 ikF 1

k2
2

1

k1
G D ~28!

which occur in the expression forI n , do not have any poles.
~Even though both the denominator and numerator h
poles, the ratio does not.! The only poles ofI n occur at the
poles of the two Gamma functionsG@11( ik/k2)# and
G@12( ik/k1)#. It is then straightforward to see that th
poles of the scattering amplitudeS(k) are given by Eq.
~24!—exactly identical to what we obtained by evaluatin
the integral near the horizons.

Let us now discuss the QNM spectrum as obtained in
~24!. Note that the QNMs are identified as the positi
imaginary values ofk, which implies that the QNMs in this
case are given bykn5 ink2 ; the modes which are depende
on k1 correspond to negative imaginary values ofk and
hence donot represent QNMs.@In general, the poles given
by negative imaginary values ofk correspond to bound state
of the system. However, since the potential forl .0, Eq.
~20!, is positive everywhere and vanishes at the boundar
it can be shown that there cannot exist any bound states
the system@85#. Thus, the poles given bykn52 ink1 are
physically irrelevant as far as this problem is concerned.#

The above analysis indicates that the QNMs obtain
through the first Born approximation are independent of
cosmological horizon. This conclusion agrees, in the largn
limit, with the imaginary part of the QNM spectrum obtaine
through the monodromy of the perturbation continued to
complex plane@76#. In view of the fact that there exists n
QNMs for the pure DS spacetime, ‘‘adding’’ a black ho
near the origin merely introduces the QNMs correspond
to the black hole. Interpreted in the above manner, this re
should not be surprising. It is also clear that this result giv
the two correct limits, i.e., whenH→0, the level spacing
reduces to that corresponding to a Schwarzschild black h
while for M→0, we havek2→`, and hence there exist n
QNMs for the pure DS spacetime.

As an aside, one can also consider a different set
boundary conditions, where the incident wave is scattered
the cosmological horizon. It turns out that such conditio
will give QNMs proportional tok1 ~the details of the calcu-
lation are given in Appendix C!. However, these boundar
conditions may not be physically relevant and are conside
here just as a mathematical possibility.

IV. DISCUSSION

We have used the first Born approximation to obtain
QNM spectrum for the SDS spacetime. The approximat
gives the correct level spacing for the imaginary values
the QNM frequencies for the Schwarzschild black hole, a
the spacing is related to the temperature corresponding to
3-5
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horizon. On the other hand, there exist no QNMs for a ma
less minimally coupled scalar field in a pure DS spacetime
turns out that the situation is more complicated in the S
spacetime and depends on the type of scattering one is i
ested in, i.e., on the type of boundary conditions one
poses. One can start with the usual set of conditions wher
incident wave is propagating towards the black hole and
culate the scattering amplitude. The poles of the amplit
will then represent boundary conditions appropriate
QNMs. It turns out that for this case the QNM level spaci
depends only on the surface gravity of the black holek2 , as
expected. Thus the introduction of a black hole in the
spacetime brings along the appropriate QNMs.

However, there exists another set of boundary conditi
in which one starts with an incident wave propagating
wards the cosmological horizon. As shown in Appendix C
is possible to choose the boundary conditions and the d
nition of the scattering amplitude such that the QNM lev
spacing in this case depends only on the surface gravit
the cosmological horizonk1 . We do not believe these
boundary conditions are physically relevant.

It was found earlier, based on the monodromy of the p
turbation continued to the complex plane@76# that the imagi-
nary part of the QNM frequencies has an equally spa
structure, with the spacing dependent only onk2 . It is not
clear whether there exist any extensions of the above pr
dure for obtaining the other set of QNMs which are dep
dent onk1 . Analytical calculations, based on approximati
the potential by a Poschl-Teller form@75#, gave a QNM
spectrum which depends onboth the surface gravitiesk2

and k1 depending on the time-scale one is interested
Since we are studying a time-independent situation, it is
ficult to comment on time-dependence of the QN
spectrum—however, our analysis indicates that if one st
with an incident wave packet which is composed of mon
chromatic waves propagating in both directions~i.e., terms
of the formeikr

* ande2 ikr
* ), then one might obtain a QNM

spectrum which depends on both the surface gravities. T
is one more crucial difference between our results and th
obtained by the Poschl-Teller potential@75#—the level spac-
ing in the latter case is 2k6 rather thank6 . Such a differ-
ence was noted in the case of QNMs obtained by the B
approximation for the Schwarzschild black hole@40# while
comparing with results obtained by approximating the pot
tial @43#; the difference is probably related to the incorre
use ofq5ki rather thanq52ki for momentum transfer in
the Born approximation.

Most of the numerical computations regarding the S
spacetime concentrate on the near extremal case~wherek1

'k2), and it is found that the imaginary part of the QN
frequencies has an equally spaced structure with the spa
given by either of the surface gravities~which are anyway
equal to the lowest order! @69,70,72#. This means that, to the
lowest order, we do not find any disagreement between
results and numerical computations. In other numerical co
putations, where the values of the two surface gravities
taken to be widely different@67,68#, one obtains two sets o
QNM spectra proportional to the two surface gravities, ea
valid at different time-scales. At this stage, we are unable
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make any direct comparison with such results since the is
of time-scales is difficult to settle in our approach.

In future studies for the SDS spacetime, it would be
teresting to calculate the scattering amplitude using so
more rigorous technique~like, say, what is done for the pur
Schwarzschild case@58#! and see how the real parts of th
QNM frequencies depend on the different surface gravi
and on the type of scattering.

APPENDIX A: QNMS FOR THE PURE de SITTER
METRIC

In this appendix, we give the details of the calculatio
for calculating the QNMs for the DS spacetime. Althoug
most of the mathematical apparatus already exists in the
erature@68,82,83,86–88#, we include the details for com
pleteness and for emphasizing the conclusion.

The radial wave equation for the DS metric@see Eqs.~6!
and ~7!#

F2H ~12H2r 2!
d

drJ 2

1~12H2r 2!H l ~ l 11!

r 2
22H2J GF~r !

5k2F~r ! ~A1!

can be reduced to the hypergeometric form by introducin
new variablez5r 2H2. The solution,which is regular at the
origin, can be written as

F~r !5r l 11~12H2r 2! ik/2H

32F1S l

2
1

ik

2H
,

l

2
1

3

2
1

ik

2H
,l 1

3

2
;H2r 2D

~A2!

where the normalization is arbitrary. The behavior of th
solution near the horizonr 5H21 is given by

F~r !}GS l 1
3

2DF ~12H2r 2!2 ik/2H

3

GS ik

H D
GS l

2
1

ik

2H DGS l

2
1

3

2
1

ik

2H D 1~12H2r 2! ik/2H

3

GS 2
ik

H D
GS l

2
2

ik

2H DGS l

2
1

3

2
2

ik

2H D G . ~A3!

According to the boundary conditions~17!, the solution
should be purely outgoing near the horizon, i.e.,F(r );(1
2H2r 2) ik/2H. @This follows from the fact that r *
5H21tanh21(Hr) for the DS metric which, near the horizon
3-6
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gives 12H2r 25sech2(Hr * );e22Hr
* .# This implies that

the QNMs are given by the poles of the expression

GS l

2
1

ik

2H DGS l

2
1

3

2
1

ik

2H D
GS ik

H D . ~A4!

The numerator has two sets of poles atkn,l5 iH (2n1 l ) and
kn,l5 iH (2n1 l 13) for n50,1,2, . . . . However, each of
these poles is canceled by a similar pole of the Gamma fu
tion in the denominator@68#. Hence, there exist no QNM
for the pure DS spacetime which obey the boundary con
tion ~17!.

Note that this conclusion is only true for amassless, mini-
mally coupled scalar field with wave equationhf50.
There do exist well-defined QNMs for a massive scalar fie
or for a scalar field coupled to the Ricci scalar.

APPENDIX B: SIMPLIFIED EXPRESSIONS
FOR THE SCATTERING AMPLITUDE

In this appendix, we shall write the scattering amplitu
given by Eqs.~26! and ~27! in terms of the more familiar
hypergeometric functions. For notational convenience, le
define

ak[
k

k2
, bk[

k

k1
,

ck[ak2bk5kS 1

k2
2

1

k1
D . ~B1!

Also define

Ak5~r 12r 2!11 ick~r 11r 2! ick

3r
2

2 iakr
1

ibk~r 112r 2!2 ick. ~B2!

Then we have a much simpler expression,

I n5Ak

G~11 iak!G~12 ibk!

G~21 ick!

3r 2
2nF1S 11 iak ,n,ick,21 ick ;

2
r 12r 2

r 2
,2

r 12r 2

r 112r 2
D . ~B3!

For calculating the scattering amplitude, we are only int
ested in the three quantitiesI 0 ,I 2 ,I 3. For n50, use the re-
lation

F1~a,0,b,c,x,y!5 2F1~a,b,c;y! ~B4!

to obtain
06403
c-

i-

,

s

-

I 05AkG~11 iak!G~12 ibk!

3

2F1S 11 iak ,ick,21 ick ;2
r 12r 2

r 112r 2
D

G~21 ick!
. ~B5!

Similarly, for n52, use the relation

F1~a,c2b,b,c,x,y!5~12x!2a
2F1S a,b,c;

y2x

12xD
~B6!

to write

F1S 11 iak,2,ick,21 ick ;2
r 12r 2

r 2
,2

r 12r 2

r 112r 2
D

5S r 1

r 2
D 212 iak

2

F1S 11 iak ,ick,21 ick ;
r 1

2 2r 2
2

r 1~r 112r 2!
D

~B7!

and hence

I 25AkG~11 iak!G~12 ibk!r 2
22S r 1

r 2
D 212 iak

3

2F1S 11 iak ,ick,21 ick ;
r 1

2 2r 2
2

r 1~r 112r 2!
D

G~21 ick!
. ~B8!

Finally, use

F1~a,c2b11,b,c,x,y!

5~12x!2aF 2F1S a,b,c;
y2x

12xD1
a

c

x

12x

3 2F1S a11,b,c11;
y2x

12xD G ~B9!

to obtain

F1S 11 iak ,3,ick,21 ick ;2
r 12r 2

r 2
,2

r 12r 2

r 112r 2
D

5S r 1

r 2
D 212 iakF

2F1S 11 iak ,ick,2

1 ick ;
r 1

2 2r 2
2

r 1~r 112r 2!
D 2~11 iak!

r 12r 2

r 1

3

2F1S 11 iak ,ick,31 ick ;
r 1

2 2r 2
2

r 1~r 112r 2!
D

21 ick

G
~B10!

and hence
3-7
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I 35AkG~11 iak!G~12 ibk!r 2
23S r 1

r 2
D 212 iak

3F 2F1S 11 iak ,ick,21 ick ;
r 1

2 2r 2
2

r 1~r 112r 2!
D

G~21 ick!

2~11 iak!
r 12r 2

r 1

3

2F1S 11 iak ,ick,31 ick ;
r 1

2 2r 2
2

r 1~r 112r 2!
D

G~31 ick!
G .

~B11!

To determine the pole structures of the three quanti
I 0 ,I 2 ,I 3, note that all of them contain combinations of th
form

2F1~11 iak ,ick ,n1 ick ;r 1!

G~n1 ick!
. ~B12!

One might notice that both the quantities2F1(1
1 iak ,ick ,n1 ick ;r 1) andG(n1 ick) have poles at negativ
integral values ofn1 ick—however, their ratio turns out to
be regular everywhere@84#. This implies that the poles o
I 0 ,I 2 ,I 3 occur only at the poles of the Gamma functio
G(11 iak) andG(12 ibk), which is what we have been us
ing in the main text.

APPENDIX C: QNMS FOR A DIFFERENT SET
OF BOUNDARY CONDITIONS

One should note that the solutions~9! used are appropri
ate for describing scattering off the black hole. As a ma
ematical possibility, it might be interesting to see what ha
pens if one uses a different boundary condition in the form
the solutions which represent thescattering off the cosmo
logical horizon, i.e.,

F~r !;H Āine
2 ikr

* 1Āoute
ikr

* ~at r * →2`!,

e2 ikr
* ~at r →`!.

~C1!
*

06403
s
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-
f

Note that in this case, the ‘‘incident’’ wave is propagatin
towards the cosmological horizon. For the pure black h
case, these solutions are irrelevant as they correspond to
physically unacceptable case where the incident wa
propagate towards spatial infinity. These solutions are
relevant for the pure DS case too; this is because the po
tial is nonzero atr 50 and hence it is never possible to ha
an ingoing plane wave at this region. However, in the case
the SDS spacetime, one might consider the above case
studying scattering off the cosmological horizon atr * →`.
Clearly, the scattering amplitude in this case will be exac
like Eq. ~10!, i.e., S(k)}Āout/Āin , and the QNMs, still de-
fined by the boundary conditions~11!, are given by the poles
of the scattering amplitude. SettingĀin50 in Eq. ~C1! leads
to the same boundary condition~11! as obtained by setting
Ain50 in Eq.~9!. In that case, we will obtain the same pol
for the scattering matrix as before. If, on the other hand,
also change the sign ofk i in the definition of the scatterin
gamplitude when we consider the ‘‘incident’’ wave travelin
in the opposite direction, then poles flip sign. In this case,
scattering amplitude in the first Born approximation is giv
by

S~k!5E
2`

`

dr* V~r !e22ikr
* . ~C2!

Note that because of the different form of the ‘‘inciden
wave, the sign ofk in the above equation is different from
the corresponding equation~21! in the previous case. The
analysis of Sec. III goes through identically, except thatthere
is a crucial difference in the sign of k. The explicit form of
S(k) can be calculated exactly as in Sec. III, and becaus
the change in the sign ofk, one would find that the poles
occur at

kn52 ink2 , kn5 ink1 ~n@1!. ~C3!

This shows that the QNMs, given by positive imaginaryk,
are now determined by the surface gravity of the cosmolo
cal horizon, as expected. While this is certainly a mathem
cal possibility, the boundary conditions in Eq.~C1! seems
artificial from the physical point of view.
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