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We utilise a form for the Hubble parameter to generate a nurabsolutions to the Einstein field
equations with variable cosmological constant and vagigpavitational constant in the presence of a
bulk viscous fluid. The Hubble law utilised yields a consteaitie for the deceleration parameter. A
new class of solutions is presented in the Robertson-Walbacetimes. The coefficient of bulk vis-
cosity is assumed to be a power function of the mass densitya Elass of solutions, the deceleration
parameter is negative which is consistent with the supeeda observations.

1. Introduction

Einstein proposed his General Theory of Relativity as a gagdmtheory. He introduced
a cosmological constant into his field equations in orderlitaion a static cosmological
model as without the cosmological term, the field equationald/admit only non-static
solutions. The Einstein field equations are a coupled sysférighly nonlinear differential
equations and we seek physical solutions for applicatiom®smology and astrophysics.
In order to solve the field equations we normally assume a forrthe matter content or
suppose that spacetime admits Killing vector symmeﬂiesolutions to the field equa-
tions may also be generated by applying a law of variatiorHobble’s parameter. It is
interesting to observe that this law yields a constant vidu¢he deceleration parameter.
The variation of Hubble’s law assumed is not inconsisterthwbservation and has the
advantage of providing simple functional forms of the sdaltor. In the simplest case
the Hubble law yields a constant value for the decelerataameter. In earlier literature
cosmological models with a constant deceleration pararhate been studied by Berman
H, Berman and Gomid@: Johri and DesikaE, Singh and DesikaE, Pradhan et :ﬂ and
others.

Models with a relic cosmological constafithave received considerable attention re-
cently among researchers for various reasons (seeﬂ?&and referencestherein). Some
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of the recent discussions on the cosmological constanbtena’ andﬁn@osmology with a
time-varying cosmological constant by Ratra and Peebledolgovid—Ed and Sahni and
Starobinskytd point out that in the absence of any interaction with matteadiation, the
cosmological constant remains a “constant”, however, énpitesence of interactions with
matter or radiation, a solution of Einstein equations ardatsumed equation of covari-
ant conservation of stress-energy with a time-varyingan be found. For these solutions,
conservation of energy requires decrease in the energytglefishe vacuum component
to be compensated by a corresponding increase in the enengitylof matter or radiation.
Earlier researchers on this topic, are contained in Ze , Weinbergﬂ and Carroll,
Press and Turnedl. Recent observations by Perimutétal E and Riesst al E1 strongly
favour a significant and positive. Their finding arise from the study of more thahtype

la supernovae with redshifts in the rafgyeé0 < z < 0.83 and suggest Friedmann models
with negative pressure matter suc@as a cosmological aanstamain walls or cosmic
strings (Vilenkinkd, Garnavichet al E4. The main conclusion of these works is that the
expansion of the universe is accelerating.

Sever%gi'ﬁz have been proposed in which theterm decays with time (see Refs.
éasperin B, Freeseet al B4, ()zer and Tahad, Peebles and Ratfd, Chep and Hu
, Abdussattar and Viswakarntd, Gariel and Le Denmatd, Pradharet al B4 ). Of
the special interest is the ansdfzx S—2 (wheresS is the scale factor of the Robertson-
Walker metric) by Chen and , which has been considered/maodified by several authors
( Abdel-Rahamahd, Carvalhoet al E Waga@, Silveira and Wag@, Vishwakarmad).

In most treatments of cosmology, cosmic fluid is considereplaafect fluid. However,
bulk viscosity is expected to play an important role at darséages of expanding universe
~Ed. It has been shown that bulk viscosity leads to inflationdwy $olutiontd, and acts
like a negative energy field in an expanding univetse A number of authors have dis-

cussed cosmological solutions with bulk viscosity in vasia»ontex—@.

It has been shown by Berm%and Berman & Gomida that all the phases of the
universe, i.e., radiation, inflation and pressure-freey bmconsidered as particular cases
of the deceleration parametgr= constant type, as

SS

q= _Ev
where dots stand for time derivatives. We extend this deimito the Robertson-Walker
cosmological models. In the past few decades there haverheearous modification of
general relativity in which gravitational consta@tvaries with tima@. Considering the
principle of absolute quark confinement, Der Sarkis%lnas suggested that gravitational
and cosmological constants may be considered as functfdinseoparameter in Einstein’s
theory of relativity. A number of autho*@ have considered time-varying and A
within the frame work of general relativity.
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Maharaj and Naido@ utilised a form of the Hubble parameter to generate a nuniber o
solutions to the Einstein field equations with variable cokgical constant and variable
gravitational constant in presence of a perfect fluid as tluiece of matter. These authors
have extended the results obtained by BerEwE,rBerman and Gomicﬂ by obtaining so-
lutions to Einstein field equations, with variable gravdatl and cosmological constants,
in the Robertson-Walker spacetime. Explicit forms for thavifational constant, cosmo-
logical constant, scale factor, energy density and presawr obtained for various cases.

Motivated by the situations discussed above that bulk gisgogravitational and cos-
mological “constants”, are more relevant during early sgagf the universe, our intension
in this paper is to extend the results obtained by Beréhamllaharaj and Naido@d by
including a bulk viscous fluid as a source of matter in the gmemomentum tensor. This
paper is organized as follows. In section 2, the solutiolsmaain results of Bermﬁ] Ma-
haraj and Naidogd are reviewed. In section 3, the corresponding solutiong famiverse
filled with a bulk viscous fluid are found. In section 4, a numbfclasses of new solutions
for all cases of : 0,1, —1 for variableG andA are presented. Our results are discussed in
section 5.

2. Robertson-Walker Spacetime-Revisited

In the standard coordinatés®) = (¢,r, 6, ¢) the Robertson-Walker line element has
the form
dr?

2 32 2
ds* = —dt* + 5°(t) | 1=

+72(d6* + sin*0d¢?) | , (1)

where S(t) is a cosmic scale factor. Without loss of gengrtéile constant is related to the
spatial geometry of a 3-dimensional manifold generated byconstant. The Robertson-
Walker spacetimes are the standard cosmological modelsi@ndonsistent with obser-
vational results. For the case of variable cosmologicaktanmt A(¢) and gravitational
constant7(t) the Einstein field equations

Gab + Agab = 87TGTab (2)
yield
3 .
§(52 +k)=8rGu+ A ()
S (S?+k)

for the line element (1). From Eqsﬂ 3) ar[<]j (4) we obtain theegalised continuity equa-
tion
- G A
M+3§(M+P)+5M+%—O- (5)
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This reduces to the conventional continuity equation farstantA andG. If the clas-
sical conservation Iav(l“f;)b = 0, also holds, then Eq[|(5) implies two relationships

i35+ p) =0, ©

8ruG + A =0, 7

which facilitate the solutions of the field equations. Thsulie@) is just the conventional
continuity equation, ancﬂ(?) simply relatésand A and does not explicitly contain the
scale factoiS(t).

Maharaj and Naidoa considered the generalised Einstein field equaltiﬂns[[)m(rzvr
variable gravitational constaGtand variable cosmological consta() for the Robertson-
Walker metric (1). They assumed the variation of the Hublslameter as given by the
equation

S m
=5= DS (8)
whereD andm are constants. Then this imply that the deceleration paemes constant
i.e.gq=m— 1.

The form of the Hubble parameteﬂ (8) was first utilised by Baarmﬂ1and Berman and
é;omid for the case of classical Einstein field equations with- 0 andG = 0. Berman

presented a solution to the field equatitﬂs (2) forithe 0 Robertson-Walker spacetime:

S = (C+mDt)/™, (9)
A= BS?m, (10)
G = BSmB/(élrrA)7 (11)
A m—m ™
p=gsemmmBlana, (12)
A B
_ 9 _ —2m—mB /(4w A) 13

whereA, B, C, 3 are constants and are subject to the following condition

3D?>=8rA+ B

It is worth noting that Eq. @6) given by Bermgncorresponding to Maharaj and
Naidoo@ equation ), has an incorrect coefficient on the right rsadel. Equations[kg)—
([3) comprise the general solution to the generalised &imdield equationg[3)(4) with
variableG andA for the Hubble law[(8).
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3. Bulk Viscous Solutions of the Field Equations

In this section bulk viscous models of the universe are dised. Weinbergg has
suggested that in order to consider the effect of bulk visgohe perfect fluid pressure
should be replaced by the effective pressuby

p=p—&0, (14)
whereg is the coefficient of bulk viscosity arlis the expansion scalar given By= 3H.
Here¢ is, in general, a function of time.

Therefore, from Eq.|E3), we obtain

p— 69 _ i m(2 -3 S—2m—mB/(47rA) (15)

+ b )
4T A
For complete determinacy of the system, we assume an equditate of an ideal gas
given by
p=vp, 0<y<1, (16)
wherey is a constant. Thus, giveiit) we can solve for the cosmological parameters. Itis
standard to assun@@ the following widely acceptedd hoc law

£(t) = &op" (17)

If n =1, Eq. ) may correﬁond to a radiating fluid, whereas 3/2 may correspond
to a string-dominated univergg. However, more realistic mod@ are based on lying
the regimed) < n < 1/2. On using Eq.[(37) in Eq[(IL5), we obtain

A B
_ ng — = ) _ —2m—mB /(4w A) 18
p—&optl =35 {m( + 1) 3} S (18)

3.1. Model I: (¢ =¢&)
Whenn = 0, Eq. (I]) reduces to = &, = constant and hence E{.|18) with E[.](16) gives

S—m A B
w=— [3D§0 + — {m(?-ﬁ-
vy 4

3 ﬂ,A) _ 3:|:| S—2m—mB/(47rA) (19)

3.2. Model II: (¢ = &op)
Whenn = 1, Eq. (1]) reduces t6 = &u and hence Eq[(IL8) with Ed[. {16) gives

B A
 36(y —3D& S

Itis possible to avoid the harizon and. monopole problem #ithabove variablé/(¢) and
A(t) solutions as suggested by BermarOther models are also considered by Berrean
al b4 and Bertolami&d which have the relationship

1

B —zm—m vy
m ] [m(2+m)—3] §—2m—mB/(4nA) (20)



6 Bulk Viscous Solutions to the Field Equations and Decelaration Parameter Revisited

This form of A is physically reasonable as observations suggestAhatvery small

in the present universe. A decreasing functional form perrito be large in the early
universe. A partial list of cosmological models_in which tyavitational constantr is
decreasing function of time are contained in G@nHelIingset al B, Rowan-Robinson

, Shapircet al 3 and Van Flander@. The possibility ofG increasing with time, at least
in some stages of the development of the universe, has besstigated by Abdel-Rahman

, Chowtd, Levitttd and Milneli. In these models, by selecting proper signs of different
constants, one can makepositive and decreasing function of time

4. Other Solutions-Revisited

Maharaj and Naidoa presented a number of classes of new solutions for all dasise
k : 0,1, —1 for variable cosmological constahntand variable gravitational constagtfor
Hubble law ES). These solutions covered both the cases of 0 andm # 0 for the scale

factor S:
[C +mDt]Y/™  whenm # 0

S(t) = Eebt whenm = 0

(21)

where C, D, E are constants. To solve the Einstein field emn’a@)-ﬂi) they adopted the
ansatz

2
z% —A=K, (22)
3k
81Gu — i K (23)

where K is constant. This ansatz has the advantage of providingdudiasses of solu-
tions. Maharaj and Naid(ﬂ obtained the expressions for cosmological constaenergy
densityu in terms of the gravitational consta@itand the scale factdf

2
A:Z%—K (24)
1 3k
H_%[ﬁw} (25)

On substituting Eq.[(35) and the derivative of Efj] (24) withprect to time coordinate

t into Eq. ﬁ) we obtain the differential equation

G S 1

— =6mD?* 26

G m S2m+1 (g_lg + K) ( )
relatingG to S. Thus the scalar facta¥ is specified by our assumed form of the Hubble
parameter, the gravitational constahis known in principle. The ansatz (22)-{23) enables
to integrate all the Einstein field equations for a numberafies ofm, k and K. In the
remainder of this section we present a variety of classeslafiens to the Einstein field
equations for each of these cases considered in the presEbuglx viscosity. We list the
form of the scale facto§, the variable cosmological constahtthe variable gravitational
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constant’7, the energy density and the effective pressuge There are other classes of
solution possible for other values of. However the integration becomes extremely com-
plicated for generak, we present only some simple cases in the following.

41. Case I : m=0,K #0,k #0.

In this case we obtain

S = Eel?, (27)
A=3D*-K, (28)
G = A, (29)
1 [3k
M:87T—A|:§+K:|7 (30)
) 1 [k
—— [§ 4 K] . (31)

4.1.1. Model I : (£ = &)
Whenn = 0, Eq. (I]) reduces to = &, = constant and hence E{. 31) with E[.](16) gives

1 1 k
In this model, if we setd < 0 and¢y, D, K,k > 0 theny is always positive and de-
creasing function with time.

4.1.2. Model II : (€ = Eop)
Whenn = 1, Eq. (1F) reduces t6 = &p and hence EJ.(B1) with Eq. {16 gives

1 k
"7 T8rA(y — 3D&) [ﬁ " K] ‘ (33)

In these de Sitter-type solutiomsand G are strictly constant because of the restric-
tion m = 0. The cosmological constant vanishes wherd = 3D? and is positive for
K < 3D2. The scale factof is exponential i, so that if D > 0 then the universe is
exponentially expanding always. Such models are not phlydiescription of our present
universe but could be applicable in the early universe initifilationary scenario. For
m = 0, we get the deceleration paramejer —1 for these class of solutions which is con-
sistent with the recent observations of supernovae la wieighire that the present universe
is acceleratin@@. In model II, if we setd < 0, and&y, D, K,k > 0 andy > 3D¢,
theny is always positive and decreasing function with time.
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42. Case Il : m#0,K =0,k # 0.

In this case we obtain

S =[C +mDt]"/™, (34)
A= (35)

G=a exp{%52—2m}7 (36)
= ;;T—kas-?ewp{%SQ—?m}, (37)

1 [4mD3 3k mD

2

p=  87a

4.2.1. Model I : (€ = &)
Whenn = 0, Eq. (I]) reduces t = &, = constant and hence E{.}38) with Ef.](16) gives

o= % [3D§05—m §2=2my| - (39)

 8ra

1 [4mD? n % ( mD?
gsm T g2 | PV )

4.2.2. Model II : (€ = Eop)

Whenn = 1, Eq. (1}) reduces t6 = &p and hence EJ.(B8) with EQ. {16) gives

1 {ZlmD3 3k mD
1

— Sta(y —3DE&5—m) | Som + ?] ea:p{k(75272m}' (40)

2
K= “m)

This case shares the common feature ¢hatay be increasing in time in certain regions of

spacetime with the model proposed by Abdel-Rahgtan

43. Case III : m#0,K #0,k=0.

In this case we obtain

S =[C + mDt]*/™, (41)
A= ZTDj , (42)
G=a exp{I?TD;m}, (43)
p= % ap{ %}7 (44)

(45)
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4.3.1. Model I : (€ = &)
Whenn = 0, Eq. (I]) reduces t = &, = constant and hence E{. [45) with Ef.](16) gives

w=21|3Dgsm -

1 2mD?3
y 8Ta

3D?
o + K} e:vp{——KSQm }} . (46)
4.3.2. Model II : (£ = &p)

When n = 1, Eq.[(47) reduces §o= & p and hence Eq[(#5) with Ed._(16) gives

1 2mD? —3D?
S K — 1 47
K= " 8ra(y - 3DES5—™) { gzt ] M o gam | S
44. Case IV : m=2,K # 0,k # 0.
In this case we obtain
S =[C +2Dt]'/?, (48)
2
A= % _K, (49)
_ 2D?/k
G o [BES 24 K)K/® (50)
exp{S—?} ’
1 _ exp{S—?} 2D/
= —[BkST?4+ K 51
= Sra BRS + K] {(31482 T K)K/R ’ (1)
_ 1 _ exp{S~2} 2D%/k
- [3kST24+ K
P= " grgBhS T+ K] [(31@-2 + K)K/F x
ADSH(2K —3kS7%) (1, kST [ eap{S~) 2D%/k 52
k(3kS—2 + K) drae | (BkS—2+ K)K/k

Unlike the cases considered thus far we have a specific vatue.fThis gives a value
q = 1 for the deceleration parameter. A wide range of behaviopossible for the gravi-
tational constant.

4.4.1. Model I : (£ = &)
Whenn = 0, Eq. ) reduces t9 = £, = constant and hence E(ﬂSZ) with EE(lG) gives

X

3D¢yS 2 1
p= -

exp{S~2} 2D%/k
vy 8ma ]

3kS™2 4+ k
7[ A [(3%—2 + K)K/k

(53)

AD?SH2K —3kS7?) | 2kS 2
k(3kS—2 + K) (BkS2+K)|
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4.4.2. Model II : (€ = Eop)
Whenn = 1, Eq. (1F) reduces t6 = & u and hence Eq[ (b2) with Ed[- {16) gives

1 _ exp{S—?} 2D*/k
— ES24+ K
K= " Sraly — 3D€,52) (3657 + K] {(31@32 T K)K/* %
AD?STH2K —3kS) | 2kS7 (54)
k(3kS—2 + K) (BkS2+K)|
45. Case V:m=-2,K #0,k#0.
In this case we obtain )
[ 55
VC —2Dt (55)
3D?
3kS? S*
_ €TP\ kg2 T 3K
G =« _9 _9 gkz/Ks 9 (57)
[S=2(3kS~2 + K)]
G-18k*/K? 2 s 54 3kS?

_ k —2 K 9k* /K~ +1 >~ 58
J 5o BRSTT + K] exp{sp — b (58)

g-18k*/K? 2 s [6k2 3k — S6 1

_— ES—2 4 K9k /K1 | 28 _ -

i e L K° 352@BkS 21 K) 2

54 3kS2

exp{ﬁ - W}' (59)

4.5.1. Model I : (€ = &)
Whenn = 0, Eq. (I]) reduces t = &, = constant and hence Eq. |59) with E[.](16) gives

3DENS2 S—l8k2/K3 5 3
= o n [3k52 +K]9k KL
¥ drary
6k2 3k — S 1 S* 3kS?
or - 2 2Rty 60
& a2 Mo T we ) (60)

4.5.2. Model II : (£ = &p)
Whenn = 1, Eq (1) reduces t6 = &yu and hence Eq[ (b9) with EQ. (16) gives

S8k /K 2 9k2 /K3 +1
= 3kS™ K
K dra(y — 3DEyS?) | + K] X
6k> RY 1 S 3kS?

IR R O s T O (61)
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Form = —2, we get the deceleration paramejer —3 for these class of solutions which
is consistent with the recent observations of supernovaleh require the present uni-
verse is acceleratingh

4.6. Case VI : m = %,K#O,k;&().
In this case we obtain

S = [C+%Dt]2, (62)

2
A=k (63)

S
_ [ 3 2 | K
G = aexp{ kKD arctan( % S)}, (64)
P 3 pe JE
p=g— [3kS™% + K] exp{ kKD arctan( 3kS)}, (65)

p= —% [(k: — D?8)S7? + K] exp{—4/ %DQarcmn(\/gS)}. (66)

For this class of solutions the deceleration parametertfeagadiuey = —% asm = %
4.6.1. Model I : (£ = &)

Whenn = 0, Eq. (1}) reduces o = &, = constant and hence E{. 66) with Ef.](16) gives

_ 3D& 1 2 ¢y g2

exp{—/ %Dzarctan(\/gS)}. (67)

4.6.2. Model II : (€ = Eop)
Whenn = 1, Eq. (1]) reduces t6 = & p and hence Eq[ (p6)with Eq|_(16) gives

1
" 8ra(y — 3DES1/?)

exp{—1/ %Dzarctan(\/gS)}. (68)

For these class of solutions, it is observed that the uravieraccelerating.

[(k— D*S)S™ + K] x

’LL:

47. Case VII : m=2,K # 0,k #0
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In this case we obtain

3D?
A= — K (70)
D?/Ka?
(8*3 +a) 252%/3 _ ¢
G=a [54/3 — a5 T a2 exp{6 arctcm(w)} ; (71)
2/ Ka?
1 L, S4/3 _ 362/3 4 42 992/3 _ o4 1P
K= %[3]{35 + K] [ (5275 + a)? exp{—6 arctan(w)} 7
(72)
- S0 —a8?0 + a2€x {-6 arctan(w)} e «
p= 8o (52/3 +a)? p J3a
2D? (S2/3 + a)?
{kS R 3Ka(3k8 +K) 473 — 462/3 + a2” X
§2/3 _ ¢4 - 4/3(SY3 — aS?/3 + a2) 73
(S2/3 1 a)3  (S2/3 + a)2{3a2 + (252/3 — a)2}

Here the deceleration parameter has the vqlue—% asm = % For these class of solu-
tions, it is observed that the universe is accelerating.

471, Model I : (€ = &)
Whenn = 0, Eq. (I}) reduces to = &, = constant and hence E{. 73) with E[.](16) gives

3D§0 1 54/3_a52/3+a2 252/3_@ D2/I(a2
W= 752/3 - 8ray { (S2/3 + a)? exp{—6 arct(m(w)}] x
2D? (52/3 +a)2
[ks TR 3 BRS T B) | gim e a2”
52/3 _ ¢ 4V/3(SY3 — aS?/3 + a2) -
(S2/3 1 a)  (S2/3 + a)2{3a2 + (25273 —a)2} |

4.7.2. Model II : (£ = &p)
Whenn = 0, Eq.[1}) reduces t¢ = & p and hence Eq[(73) with Ed|._(16) gives

1 S4/3 _ 62/3 4 42 ; 952/3 _ 4 D?/Ka?
=- —6 arctan(2———
H Sma(y — 3D S—2/3) [ (523 1 a)2 exp{—6 arctan( 75 )}] X
2D? (S2/3 + q)?
_92 _9
[ks R S BRSO g s 1 a2”
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S52/3 _ g B 44/3(843 — aS?/? 4 a?) (75)
(S23 1 a2 (S23 +a)2{3a2 + (25273 —a)2} |

In the above we have presented a number of new solutions tBitiséein field equa-
tions with variable cosmological constant and gravitadla@onstant which satisfy the Hub-
ble variation law given by Eq [|(8). It remarkable that thimple law leads to a wide class of
solutions. It is interesting to observe that solutions amiéted in which the gravitational
constant may be increasing with time (cf. Abdel-Rahman,0)199he anstaz utilised to
solve the Einstein field equations (3)-(4) is very simplemight be worthwhile to investi-
gate other possibilities that lead to solutions to the Ein& field equations with interesting
behaviour of the gravitational constant and cosmologioaktant.

5. Conclusions

In this paper we have investigated Einstein’s equationémtiesence of a viscous fluid,
for the Robertson-Walker universe within the framework ehgral relativity, where the
gravitational constan® and the cosmological parameteare variables. We utilize a form
for the Hubble parametefd = DS~™) to generate a number of solutions to Einstein field
equations. For these class of solutions where= 0, -2, 1, 2, we find the decelerating

192930
parameters as tive. These class of solutions are nsisth the recent observations
of supernovae I&8%Ed which require the present universe is accelerating. Fronmesults

we observe that: is decreasing with time with suitable choice of constantenghsG
is increasing fupction of time. The passibility of an incsgsy G has been suggested by
Abdel-Rahamagd, Arbabtd and Mass&3.

Assuming arad hoc law of the formé&(t) = & u™, wherep is the energy density and
n is the positive index, we have obtained exact solutions. mbdels discussed here are
isotropic and homogeneous and, in view of the assumptiosatfapy the sheer viscosity
is absent. The effect of the bulk viscosity is to produce angkan the perfect fluid. We
observe that Murphy’s conclusi@ about the absence of big bang type singularity in the
finite past in models with bulk viscous fluid is, in generalt trae.
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