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Abstract

In this paper we discuss the primordial Hawking’s evaporation of the masses
of ‘variable-charged’ Reissner-Nordstrom and Kerr-Newman, black holes em-
bedded into the de Sitter cosmological universe by considering the charge to
be function of radial coordinate. It has been shown, by incorporating primor-
dial Hawking’s evaporation of radiating black holes in the form of classical
spacetime metric, that every electrical radiation of variable-charged rotating
or non-rotating cosmological black holes may produce a change in the mass
of the body without effecting the Maxwell scalar and the de Sitter cosmolog-
ical constant. It is also shown that during the Hawking’s radiation process,
after the complete evaporation of masses of both variable-charged non-rotating
Reissner-Nordstrom-de Sitter and rotating Kerr-Newman-de Sitter black holes,
the electrical radiation may continue indefinitely creating negative mass naked
singularities embedded into de Sitter cosmological spaces

PACS number: 0420, 0420J, 0430, 0440N.

1 Introduction

In the paper [1], which is referred here to as paper I, a number of rotating solutions,
known and unknown have been derived by applying Newman-Janis algorithm to a
spherically symmetric ‘seed’ solution. The physical interpretations of those rotating
solutions may be discussed in various aspects in general relativity. This present paper
would be dealing Reissner-Nordstrom and Kerr-Newman black holes embedded into de
Sitter space in the study of relativistic aspect of primordial Hawking’s evaporation of



masses due to the electrical radiation. Such study of black hole radiation may consider
as an extension of the earlier work [2] based on the standard Reissner-Nordstrom and
Kerr-Newman black holes.

The Hawking radiation [3] suggests that black holes which are formed by collapse
are not completely black but emit radiation with a thermal spectrum. Hawking [4]
stated that ‘Because the radiation carries away energy, the black holes must presum-
ably lose mass and eventually disappear’. In an introductory survey Hawking and
Israel [5] have discussed the black hole radiation in three possible ways with creative
remarks —So far there is no good theoretical frame work with which to treat the
final stages of a black hole but there seem to be three possibilities: (i) The black
hole might disappear completely, leaving just the thermal radiation that it emitted
during its evaporation. (ii) It might leave behind a non-radiating black hole of about
the Planck mass. (iii) The emission of energy might continue indefinitely creating a
negative mass naked singularity’. In the earlier paper [2] we have shown that Hawk-
ing radiation could be expressed in classical spacetime metrics, by considering the
charge e of the electromagnetic field to be function of the radial coordinate 7 of non-
rotating Reissner-Nordstrom as well as rotating Kerr-Newman black holes. Such a
variable charge e with respect to the coordinate r in Einstein’s equations is referred
to as an electrical radiation of the black hole. Every electrical radiation e(r) of the
non-rotating as well as rotating black holes leads to a reduction in its mass M by
some quantity. If we consider such electrical radiation taking place continuously for a
long time, then a continuous reduction of the mass may take place in the black hole
body whether rotating or non-rotating, and the original mass of the black hole may
evaporate completely. At that stage the complete evaporation may lead the gravity
of the object depending only on the electromagnetic field, and not on the mass. We
refer to such an object with zero mass as an ‘instantaneous’ naked singularity - a
naked singularity that exists for an instant and then continues its electrical radia-
tion to create negative mass [2]. So our naked singularity is different from the one
mentioned in Steinmular et al [6], Tipler et al [7] in the sense that an ‘instantaneous’
naked singularity, discussed in [6,7] exists only for an instant and then dnisappears.

We note that the time taken between two consecutive radiations is supposed to
be so short that one may not physically realize how quickly radiations take place.
Thus, it seems natural to expect the existence of an ‘instantaneous’ naked singularity
with zero mass only for an instant before continuing its next radiation to create
a negative mass naked singularity. This suggests that it may also be possible in
the common theory of black holes that, as a black hole is invisible in nature, one
may not know whether, in the universe, a particular black hole has mass or not,
but electrical radiation may be detected on the black hole surface. Immediately
after the complete evaporation of the mass, if one continues to radiate the remaining
remnant, there may be a formation of a new mass. If one repeats the electrical
radiation further, the new mass might increase gradually and then the spacetime



geometry may represent the ‘negative mass naked singularity’. The classical spacetime
metrics, for both stationary rotating and non-rotating, which represent the negative
mass naked singularities have given in [2]. Here the variable-charge e(r) with respect
to the coordinate r is followed from Boulware’s suggestion 18] that the Hawking’s
radiation may be expressed in terms of the stress-energy tensor associated with field
whose quanta are being radiated. In order to examine Hawking’s radiation in classical
spacetime metrics, the Boulware’s suggestion makes the author of [2] and this paper,
to consider the stress-energy tensors of electromagnetic field of different forms or
functions from those of Reissner-Nordstrom, as well as Kerr-Newman, black holes as
these two black holes do not seem to have any direct Hawking’s radiation effects.
Thus, it appears that (i) the changes in the mass of black holes, (ii) the formation of
‘instantaneous’ naked singularities with zero mass and (iii) the creation of ‘negative
mass naked singularities’ in Reissner-Nordstrom as well as Kerr-Newman black holes
[2] may presumably be the correct formulations in classical spacetime metrics of the
three possibilities of black hole evaporation suggested by Hawking and Israel [5].

The aim of this paper is to extend our earlier results of [2] based on the relativistic
aspect of Hawking’s radiation in standard non-rotating Reissner-Nordstrom as well as
rotating Kerr-Newman black holes. That is, we examine in this paper the relativistic
aspect of Hawking’s radiation in ‘non-rotating’ Reissner-Nordstrom-de Sitter as well
as Kerr-Newman-de Sitter black holes. Our extended results are summarized in the
forms of theorems as follows:

Theorem 1. Every electrical radiation of ‘variable-charged’ Reissner-Nordstrom-
de Sitter and rotating Kerr-Newman-de Sitter black holes may produce a change
in the mass of the bodies without affecting the Maxwell scalar and the de Sitter
cosmological constant.

Theorem 2. The ‘non-rotating’ and ‘rotating’ charged de Sitter metrics may de-
scribe an ‘instantaneous’ de Sitter naked singularity during the primordial Hawking’s
evaporation process of electrical radiation of ‘non-rotating’ Reissner-Nordstrom-de
Sitter and ‘rotating’ Kerr-Newman-de Sitter black holes.

Theorem 3. During the primordial radiation process, after the complete evapo-
ration of masses of both variable-charged non-rotating Reissner-Nordstrom-de Sitter
and rotating Kerr-Newman-de Sitter black holes, the electrical radiation may con-
tinue indefinitely creating negative mass naked singularities in de Sitter cosmological
spaces.

Theorem 4. Once an electrically radiating object, rotating or non-rotating, is
embedded into a de Sitter cosmological space, it may continue to embed into the same
space forever.

It seems that the theorems 1, 2 and 3 are in favour of the first, second and third
possibilities of the suggestions made by Hawking and Israel [5]. But theorem 3 pro-



vides a violation of Penrose’s cosmic-censorship hypothesis that no naked singularity
can ever be created [9]. Classical spacetime metrics describing theorem 3 have been
derived below. Theorem 4 suggests that, once an electrically radiating black hole
is embedded into the de Sitter cosmological universe, in principle it would continue
to embed forever during its radiation process. It may happen because it does not
seem to have any possible mathematical method to remove the de Sitter cosmological
constant from the radiating universe, unless some external forces apply to it.

Here, as in [2] we use the phrase ‘change in the mass’ rather then ‘loss of mass’ as
there may be possible of creation of mass after the exhaustion of the original mass, if
one repeats the same process of electrical radiation. This may be seen latter in this
paper. Hawking radiation is being incorporated, in the classical general relativity
describing the change in mass appearing in the classical space-time metrics, without
quantum mechanical aspect as done by Hawking [3] or the path integral method used
by Hurtle and Hawking [10] or thermodynamic viewpoint [11]. In section 2 we present
classical spacetime metrics affected by the change in the mass of the ‘variable charged’
black holes embedded into de Sitter spaces after electrical radiation. In Section 3 the
properties of the metrics formed after the electrical radiation is discussed with regards
to the Kerr-Schild form and Chandrasekhar’s relation [9]. The NP (Newman and
Penrose [12]) version of original ‘rotating’ de Sitter, Reissner-Nordstrom-de Sitter and
Kerr-Newman-de Sitter solutions are presented in the appendices. The NP quantities
used here in the next section are readily recovered from the general solutions presented
in the paper I [1]. Essentially, we present the results in Newman-Penrose formalism
[12] based on the differential form structure developed by McIntosh and Hickman [13]
in (—2) signature throughout the paper.

2 Changing masses of variable-charged black holes
embedded in de Sitter space

In this section we consider the wvariable-charged black holes embedded in de Sitter
cosmological space with the charge e(r). By solving Einstein-Maxwell field equations
with the variable-charge e(r) of Reissner-Nordstrom as well as Kerr-Newman, black
holes embedded in de Sitter space, we develop the relativistic aspect of Hawking
radiation in classical spacetime metrics. It is to mention that in the formulation of
the relativistic aspect of Hawking’s radiation, we do not impose any condition on the
field equations except considering the charge e to be function of polar coordinate 7
and the decomposition of the Ricci scalar into two parts, without loss of generality,

as follows
A=AC £ A®) (2.1)

where A(©) is the non-zero Ricci scalar related to the de Sitter cosmological space, and
A®) is the zero Ricci scalar of electromagnetic field for the rotating as well as non-



rotating black holes, which could be seen in the equation (C9) of appendix cited below.
This decomposition of Ricci scalar A may be possible because the cosmological object
and the electromagnetic field are two different matters of different physical nature,
though they are supposed to exist on the same spacetime coordinates here. For our
purpose of the paper, this type of decomposition of Ricci scalars A may serve well
in the study of primordial Hawking’s radiation of black holes embedded into the de
Sitter cosmological space. Otherwise, it may not be possible to discuss the electrical
radiation of variable-charged black holes in this embedded space..

2.1 Variable-charged Reissner-Nordstrom-de Sitter solution

We consider the non-rotating variable-charged de Sitter solution with the assumption
that the charge e of the body is a function of coordinate 7 :
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When we set e = constant initially, the metric will recover the ‘non-rotating’ charged
Reissner-Nordstrom-de Sitter solution given in the appendix B. Here A* is the cos-
mological constant of the de Sitter universe. The complex null tetrad vectors for this
metric are chosen as
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where £,, n, are real null vectors and m, is complex null vector. Using these null

tetrad vectors we could calculate the spin coefficients, Ricei scalars and Weyl scalars
as follows:
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where a prime denotes the derivative with respect to r. The Weyl curvature scalar
1, Ricci scalars ¢1; and A for the metric (2.2) are defined by
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We have seen from above that there is no A* term in ¢;; and v,. So the Ricci scalar
¢y, is purely for electromangetic field. Hence, using the decomposition (2.1) of A in

equation (2.5) we obtain

*
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A®) = — s () + ) (1), 29)
For an electromagnetic field we must have the Ricci scalar A®) = 0 leading to the
solution
e2(r) =2rm; +C (2.10)
where m; and C are real constants. Then the Ricci scalar becomes
C

Thus, the Maxwell scalar ¢; = %Fab(f“ nb 4+ m®) takes the form, by identifying the

real constant C = €2,
1 2

¢ = % EF
This shows that the Maxwell scalar ¢, does not change its form by considering the

charge e to be a function of r in Einstein-Maxwell field equations. Here, by using
equation (2.10) in (2.4) and (2.6), we have the changed NP quantities

(2.12)
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and the metric (2.2) becomes
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}du? + 2dudr — r*(d6? + sin®0 dg?).  (2.15)

We observe that the mass M of non-rotating black hole (2.2) is lost a quantity m, at
the end of the first electrical radiation. This loss of mass is agreeing with Hawking’s
discovery that the radiating objects must lose its mass [4]. On this losing mass,
Wald [14] has pointed that a black hole will lose its mass at the rate as the energy
is radiated. If one considers the same process for second time taking e in (2.15) to
be function of 7 with the mass M — m; in Einstein-Maxwell field equations, then the
mass may again be decreased by another constant my (say); that is, after the second
radiation the total mass might become M — (m; +my). This is due to the fact, that
the Maxwell scalar ¢; does not change its form after considering the charge e to be
function of r for the second time as A®) calculated from the Einstein-Maxwell field
equations has to vanish for electromagnetic fields with e(r). Hence, if one repeats the
same process n times, everytime considering the decomposition of A and the charge
e to be function of r, then one would expect the solution to change gradually and the
total mass becomes M — (my + my + m3 + ... +m,) and therefore the metric (2.15)
may take the form:
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where the mass of the black hole after the radiation for n times would be

M:M~(m1—l—m2+m3+...+mn). (217)

So, accordingly the changed NP quantities are
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This means that for every electrical radiation, the original mass M of the non-
rotating black hole (2.2) may lose some quantity. Thus, it seems reasonable to expect
that, taking Hawking’s radiation of black holes into account, such continuous lose
of mass may lead to evaporate the original mass M. In the case the black hole has
evaporated down to the Planck mass, the mass M may not exactly equal to the
continuously lost quantities m; + my + m3 + ... + m,. That is, according to the
second possibility of Hawking and Israel [5], a small quantity of mass may be left,
say, Planck mass of about 107° g with continuous electrical radiation. Otherwise,

7



when M = mq + ms + ms + ... + m, for a complete evaporation of the mass, M
would be zero, rather than leaving behind a Planck-size mass black hole remnant. At
this stage the non-rotating black hole geometry would have the electric charge e and
the cosmological constant A*, but no mass; so that the line element would take the
following form:

2 %2
2 e N7
ds _(1+T_2—

) du? + 2du dr — r*(d6? + sin’0 dg*). (2.21)

That is, the black hole embedded into de Sitter cosmological space might radiate
away all its mass completely, just leaving the electrical radiation and the unchanged
cosmological constant A*. At this stage the gravity of the surface would depend only
on electric charge, i.e. ¥ = €2/r*, and not on the mass of black holes. The metric
(2.21) describes a non-rotating charged de Sitter cosmological solution. Thus, we
may consider this non-rotating charged de Sitter solution to be the left out remnant
of the primordial Hawking’s evaporation due to the electrical radiation of Reissner-
Nordstrom black hole embedded into the non-rotating de Sitter space. The metric
(2.21) shows that the presence of the cosmological constant A* during Hawking’s radi-
ation process could not prevent the formation of an ‘instantaneous’ naked singularity.
The formation of ‘instantaneous’ naked singularity - a naked singularity that exists
for an instant and then continues its electrical radiation to create negative mass, in
standard Reissner-Nordstrom and Kerr-Newman, black holes is unavoidable during
the Hawking’s evaporation process, as shown in [2]. That is, if we set the cosmolog-
ical constant A* = 0, the metric (2.21) would certainly represent an ‘instantaneous’
naked singularity with zero mass, However, the Maxwell scalar ¢ is still unaffected.
Thus, from (2.21) with A* # 0 it seems natural to refer to the non-rotating charged
cosmological metric as an ‘instantaneous’ naked singularity in de Sitter space - a sin-
gularity that ewists for an instant and then continues its electrical radiation to create
its negative mass, during the primordial Hawking’s evaporation process of electrical
radiation of Reissner-Nordstrom-de Sitter black hole. This completes the proof of the
first part of theorem 2 cited in the introduction.

It is suggested that the time taken between two consecutive radiations is supposed
to be so short that we may not physically realize how quickly radiations take place.
Thus it seems natural to expect the existence of ‘instantaneous’ naked singularity
with zero mass in de Sitter cosmological space only for an instant before continuing
its next radiation to create new mass. Immediately, after the exhaustion of the
Reissner-Nordstrom mass, if one continues the remaining solution (2.21) to radiate
electrically with e(r), there may be a formation of new mass mj (say). If this electrical
radiation process continues forever, the new mass might increase gradually as

M =mi +mi+mi+my+ ... (2.22)
and then the metric with the new mass would become
2 2 A* 2
ds? = (14 = M* + 5 — =) du? + 2du dr — r2(d6” + sin’0 dg?). (2.23)
r T



However, it appears that this new mass M* would never decrease, rather it might
increase gradually as the radiation continues forever. Then the changed NP quantities
for the metric (2.23) are

1 2 e A2
u——§{1+;/\4*+r—2— ; 3 (2.24)
1 e A*r?
7= g (M- L (2.25)
Yo = = {Me+ Z) (2.26)
2T 3 rt’ ’

But the Maxwell scalar ¢, is still remained the same as in (2.12). Thus, we have
shown the changes in the mass of the ‘non-rotating’ Reissner-Nordstrom-de Sitter
black hole after every electrical radiation. Hence, it follows the theorem 1 cited above
in the case of ‘non-rotating’ variable-charged black hole. This also indicates the
incorporation of Boulware’s suggestion [8] that ‘the stress-energy tensor may be used
to calculate the change in the metric due to the radiation’. The classical spacetime
metrics (2.16), (2.21) and (2.23) would certainly represent the relativistic aspects of
Hawking’s radiation in Reissner-Nordstrom black hole embedded in ‘non-rotating’ de
Sitter space.

Comparing the metrics (2.16) and (2.23), one could observe that the classical
spacetime (2.23) may describe a non-rotating spherical symmetric star with a negative
mass M*. Such objects with negative masses are referred to as naked singularities
[3,4,5]. The metric (2.23) may be regarded as a representation of the incorporation of
the third possibility of Hawking and Israel [5] in the case of non-rotating singularity.
Here it is noted that the creation of negative mass naked singularity is mainly based on
the continuous electrical radiation of the variable charge e(r) in the energy momentum
tensor of Einstein-Maxwell equations under the decomposition (2.1) of A.

2.2 Varwable-charged Kerr-Newman-de Sitter solution

Here, we may incorporate the relativistic aspect of Hawking’s radiation in rotating
variable-charged black hole when the electric charge e is taken as a function of 7 in
the Einstein-Maxwell field equations. The line element with e(r) is

A* 4
ds? = [1 — R_2{2M7" —e(r) + 3T H du® + 2du dr
A 4
+2aR‘2{2M7" —e(r) + " } sin®0 du d¢ — 2asin®0 dr d¢
—Rd6* — {(r* + a*)? - A*d? sin?0} R~25in% d¢?, (2.27)
where
R? =1 +a%cos®0, A* =12 —2Mr +a®+eX(r) — A*rt/s. (2.28)



This metric would recover the rotating Kerr-Newman-de Sitter solution [1] when e
becomes constant. The null tetrad vectors are chosen as

l, = 6} — asin®d;,

A* AF

L 29 o4
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o 1 . . 1 2 ¢3 ) 2\ ¢ 4
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1
M, = — _{iasin95;+R252—i(r2+a2)sin053}.
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where R = r + iacosf. Then we solve the Einstein-Maxwell field equations for the
metric (2.27) and write only the changed NP quantities

p=— 23132{7" — 2Mr +d® + €(r) — A;r 3 (2.30)

7= g (=Ml ¢r)- 27 VR {2 —2Mr+a+eX(r) - 2], (2.31)

Py = E—R}RQ {—MR+€2(T) —e(r)e'(r) R+ A’;r a? cos%}—ké{e'g(r)%»e(r) e"(r)},
1 1 (2.32)

P11 = SRR {62(7')—27‘ e(r)e/(r)—A*r’a 00520}—%@{ e?(r)+e(r) e"(r)}, (2.33)

= /6\22 - 121R2 {6’2(7“) + e(r) e”(r)}, (2.34)

where a prime denotes the derivative with respect to . We have seen that in each
expression of ¢; and v there is a cosmological A* term coupling with the rotation
parameter a. In the case of ‘non-rotating’ Reissner-Nordstrom-de Sitter black hole,
such A* term does not involve in the expression of ¢1; and ), as seen in (2.4) and (2.6).
Hence, without loss of generality, it would be convenient here to have a decomposition
of ¢y, into two parts - one for the cosmological Ricci saclar qbu and the other for the
electromagnetic field d)&l) as in the case of A in (2.1), such that

1

©) _ %2 2 2
i1 57 12 A*r* a® cos“ (2.85)
(E) _ 1 2 / 1 2 "
O = 57 (€0 —2re(e )} + g {2 +e(r)e ("} (2.36)
Simmilarly, we also have the decomposition of A as in (2.1)
A*r?
A = 2.37
6 R? (2:37)
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A® — _ 12132 {e2(r) + e(r) e"(r)). (2.38)

Now, the scalar A® for electromagnetic field must vanish for this rotating metric.
Thus, the vanishing A® of the equation (2.38) yields that

e*(r) =2rmy +C (2.39)

where m; and C are real constants of integration. Then, substituting this result in
equation (2.36) we obtain the Ricci scalar for electromagnetic field

®_ C

however, the cosmological Ricci scalar ¢§‘f) remains the same form as in (2.35). Ac-
cordingly, the Maxwell scalar takes, after identifying the constant C' = €2,

e
b= (241
This is the same Maxwell scalar of the electrovac Kerr-Newman black hole with
vanishing cosmological constant A* = 0 (see appendix C) where the charge e is

constant. Hence, the changed NP quantities

ph=— - {rQ—ZT(M—m)+a2+e2—A*T4} (2.42)
2R R? ! 3 I '
y = —_1— [{7‘ — (M - ml)}ﬁ— {7"2 —2r(M —my) +a® + €% — A*TA}
2R R? 3
1 A*r?
Py = e { — (M —m))R+e*+ a’ COSZH}, (2.43)
P11 = L {62(7”) — A*r?a? 00820} (2.44)
2 R? R? ’
A*,r,Z
A=A9 = — 2.45
Thus, the rotating solution (2.27) with a new constant m; becomes
2 2 o, At 2
ds® = [1 -R {QT(M— my) — e’ + —3—~}] du” + 2du dr
A* 4
+2aR~*{2r(M —m,) — & + TT} sin?0 du d¢ — 2a sin?6 dr dé
—R*d#* — {(T2 +a?)? — A*a? sin29} R™?sin6 d¢?, (2.46)
where
A* =7?—2r(M —my) + a® + €% — A*rt/3. (2.47)
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This suggests that the first electrical radiation of rotating black hole may reduce the
original gravitational mass M by a quantity m; with the same Maxwell scalar ¢; and
A©) . If we consider another radiation by taking e in (2.46) to be a function of r
with the mass M — m,; and the decomposition (2.1), then the Einstein-Maxwell field
equations yield to reduce this mass by another constant quantity ms (say); i.e., after
the second radiation, the mass may become M — (m; +my). Here again, the Maxwell
scalar ¢; and the constant A(®) remain the same form after the second radiation also.
Thus, if we consider n radiations everytime taking the charge e to be function of r
with the decomposition of A, the Maxwell scalar ¢; will be the same, but the metric
may change as follows:

A* 4
de* = [1 — R'Q{Qr/\/l —e?+ —T—}] du® + 2du dr
A*34
+2aR_2{2rM — e+ —SL} sin0 du dé — 2asin®0 dr d¢
~R2d0? — {(r* + a?)* - A’a®sin®8} R™’sin’0 d¢?, (2.48)
where the total mass of the black hole, after the n radiations may take the form
M =M~ (my+mg+mz+mg+..+my). (2.49)

Taking Hawking’s radiation of black holes, we might expect that the total mass of
black hole may be radiated away just leaving M equivalent to Planck mass of about
107° g, that is, M may not be exactly equal to m; + mg + mz + my + ... + My,
but has a difference of about Planck-size mass, as in the case of non-rotating black
hole. Otherwise, the total mass of black hole may be evaporated completely after
continuous radiation when M = 0, that is, M = m; + mg + m3 + myg + ... + Mp.
Here the rotating variable-charged black hole might completely radiate away all its
mass just leaving the electrical charge e and the cosmological constant A*. We could
observe this situation in the form of classical space-time metric as

ds® = {1 + (62 — é;) R_2} du? + 2du dr
A*T'4

g (62 — ) sin0 du dé — 2asin’0 dr d¢
—R%d6* — {(7“2 + a%)? — A*d® sin29} R ?%sin%0 d¢?, (2.50)

with the charge e and the cosmological constant A*, but no mass, where A* = r? +
a? + ¢ — A*r*/3. The metric (2.50) may describe a rotating ‘instantaneous’ naked
singularity with zero mass in de Sitter space. At this stage, the Weyl scalar vy takes
the form Arp2

Py = _ﬁ%]{—?{eQ 4- TT a? COSQQ} (2.51)
showing the gravity on the surface of the remaining solution depending only on the
electric charge e and the cosmological constant A*; however, the Maxwell scalar ¢,
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and the Ricci scalar A“) remain the same as in (2.41) and (2.37) respectively. This
completes the other part of the theorem 2 cited above. For future use, we cite other
changed NP quantities

po= —2E1R2{r2+a2+62——A;T4}, 4
¥ = %m[rﬁ—{rz—i-a?%-&—/\; }],
d11 = 21:; 72 {62 — A*r?g? cosQQ}, (2.52)

It means that there may be rotating black holes in the universe whose masses are
completely radiated; their gravity depend on the electric charge of the body and the
cosmological constant A*, and their metrics appear similar to that in (2.50). Here
the idea of this complete evaporation of masses of radiating black holes embedded in
the de Sitter space may be in agreement with that of Hawking’s evaporation of black
holes. It is worth studying the nature of such rotating black holes (2.50) or in the
case of non-rotating (2.21). This might give a different physical nature, which one
has not been studied in common theory of black holes embedded into the de Sitter
space.

Here, we may consider again the charge e to be function of radial coordinate r for
next radiation in (2.50), so that we must get, from the Einstein’s field equations, the
scalar A(®) as given in equation (2.38) and the same scalar A(©) as in (2.37) Then the
vanishing of this A®®) for electromagnetic field, there may be creation of a new mass
(say m7) in the remaining space-time geometry. If this radiation process continues
forever, the new mass may increase gradually as

M =mi+mi+mi+mj + ... (2.53)

Then one may have the spacetime metric

* .4
ds? = [1 + R {orM" +e? - %T—}] du® + 2du dr
A* 4
—2aR™{2rM" + & - —37"—} sin®0 du dé — 2a sin0 dr dé
—R*d§* — {(r2 +a*)? — A*a? sin20} R™?sin’0 d¢?, (2.54)

where A* = r24+2r M*+a?+e?— A*r* /3. The Weyl scalar ¢, and other NP coefficients
are calculated from the Einstein-Maxwell field equations as

A
b= {T2+2TM*+CL2+62— L }, (2.55)

" 9RR?

Arrt }]’

¥ [(r+/\/l*)§—{r2+2rj\/l*+a2+e2—~ =

T ORR?
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- 1
C2R?2R?
%,.2
Wy = ﬁ{M*R+eQ+A :
with ¢, given in (2.41) and A(®) in (2.37). Comparing the metrics (2.48) and (2.54),
we could observe that the classical spacetime (2.54) may describe a rotating negative
mass naked singularity embedded into the de Sitter cosmological space. Thus, from
the above one could conclude the completion of the proof of the rotating part of
theorem 3. We have also shown the possible changes in the mass of the rotating
charged de Sitter black hole without affecting the Maxwell scalar ¢, as well as the
cosmological constant, and accordingly, metrics are cited for future use. Thus, this
completes the proof of other part of the theorem 1 for the rotating charged de Sitter
black hole. Also since there is no effect on the cosmological constant A* during
Hawking’s evaporation process, it would always remain unaffected. That is, unless
some external forces apply to remove the cosmological constant A* from the spacetime
geometies, it would certainly continue to exist along with the electrically radiating
objects, rotating or non-rotating forever. This may lead to the proof of the theorem 4
cited above for both the rotating as well as non-rotating spaces. It is noted that all the
calculations of NP quantities for both the rotating as well as non-rotating variable-
charged black holes embedded into the de Sitter cosmological space are based on the

b1 {62 - A*r?a® 00829}, (2.56)

a? cos®0}. (2.57)

general rotating solutions presented in the paper I [1].

3 Conclusion

In the above section, we have shown that the Hawking’s radiation could be expressed
in classical spacetime metrics, by considering the charge e to be the function of the
radial coordinate r of non-rotating Reissner-Nordstrm-de Sitter as well as rotating
Kerr-Newman-de Sitter black holes. That is, every electrical radiation could produce
a change in the mass of the charged objects. These changes in the mass of black
holes embedded in de Sitter space, after every electrical radiation may describe the
relativistic aspect of primordial Hawking’s evaporation of masses of black holes in the
classical spacetime metrics. This follows from the statement of theorem 1. It appears
from the results discussed in the paper, that the black hole evporation in de Sitter
space is mainly based on the decomposition of the Ricci scalar A into two parts - one
for the cosmological object and other for the electromagnetic field. That is, the Ricci
scalar for the cosmological de Sitter space is generally non-vanishing whereas that for
the electromagnetic field is always vanished. Thus the decomposition of Ricci scalar
A for the black holes embedded in de Sitter space may, without loss of generality
be possible, because the cosmological objects and the electromagnetic fields are two
different matter fields possessing different physical properties. So the vanishing Ricci
scalar for electromagnetic field with the charge e(r) makes the change in the mass
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of black holes embedded in the de Sitter space. One could observe that the black
hole radiation process in de Sitter space is based on the electrical radiation of the
variable-charge e(r) in the energy-momentum tensor describing the change in mass
in classical spacetime metrics which may be in agreement of Boulware’s suggestion
[8] mentioned above. The Hawking’s evaporation of masses and the creation of nage-
tive mass naked singularities are also due to the continuous electrical radiation. The
formation of naked singularity of negative mass is also Hawking’s suggestion [4] men-
tioned in the introduction above. This suggests that, if one accepts the continuous
electrical radiation to lead the complete evaporation of the original mass of black
holes, then the same radiation might also lead to the creation of new mass to form
negative mass naked singularities embedded into the de Sitter space. This clearly
suggests that an electrically radiating black hole, rotating or non-rotating would not
disappear completely, which might be against the suggestions made in [3,4,5.6]. The
disappearance of such a black hole during the radiation process would be for an in-
stant, thereby the formation of ‘instantaneous’ de Sitter naked singularities. This
follows the statement of the theorem 2 above for both rotating and non-rotating black
holes.

Now the spacetime metric (2.54) representing the rotating negative mass naked
singularity in de Sitter space could be written in the Boyer-Lindquist coordinates
(t,r,0,¢) for future use as

* .4 2
ds® = [1 - R"Q{ZT M+ e? — A—;—” dt* — -i—*dTQ — R?*dp?
—{(r* + a*)? — A*a®sin%0} R%sin?0 dg>

* .4
—2a(27’ M* +e? — A—;~) R™?sin%0 dt dg. (3.1)

where A* =72 4+ 2r M* + a? + €2 — A*r*/3.
The metric (2.54) describing rotating negative mass naked singularity might be
written in two Kerr-Schild forms on different backgrounds as follows:

ab' > = Gay + 2Q(r,0)Lall (3.2)
where Q(r,0) = (rM* 4+ €2/2)R™2, and
o = ga” +2Q(r,0) Lo b, (3.3)

where Q(r,0) = —(A*r*/6)R™2. g3M is the metric tensor for rotating negative mass
naked singularity derived in [2] whose the line element is given below
ds* = [1 + R? <2TM* + 62)] du® + 2du dr
—2aR™? (27“./\/(* + 62) sinf du d¢ — 2asin®0 dr d¢
—R%d§? - {(r2 +a*)? — A*a® sin29} R™%sin%0 d¢?, (3.4)
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where A* = 724-2r M*+a?+e%. The Kerr-Schild (3.2) provides the classical spacetime
metric representing negative mass naked singularity embedded into the rotating de
Sitter universe and the Kerr-Schild form (3.3) shows that the rotating de Sitter space
is embedded into the negative mass naked singularity background. The null vector £,
appearing in (3.2) and (3.3) is one of the repeated principal null directions of i el
gNM and g98 which are Petrov type D spacetime metrics. Also £, is geodesic, shear
free, expanding as well as rotating null vector.

As the negative mass naked singularity metric g% (2.54) describes Petrov D
spacetime, it is worth mentioning that Chandrasekhar [15] has established a relation
of spin coefficients p, p, 7, 7 in the case of an affinely parameterized geodesic vector,
generating an integral which is constant along the geodesic in a vacuum Petrov type

D space-time

p B T
This relation has been derived on the basis of the vacuum Petrov type D space-time
with ¥y # 0, th = ¢ = 93 = thy = 0 and ¢o1 = dog = P10 = P20 = P12 = P21 = doo =
by = 11 = A = 0. In [16] ( also vide [2]) for non-vacuum Petrov type D spacetimes,
the Killing-Yano (KY) scalar x1 = 1 fa(£* n’ +m*m®) has been introduced in (3.5)

as

p_p_T_ T
— __7_'

(3.5)

p_ T

Xi
= —== 3.6
X1 ( )

p BT
where f,;, is KY tensor satisfying the KY equations

S

fab;c s fac;b = 0. (37)

The relation (3.6) could also be found in equation (31.63) of Kramer, et al. [17], if
one puts x; = A + iB with a little calculation. The importance of KY tensor in
General Relativity seems to lie on Carter’s remarkable result [18] that the separation
constant of Hamilton-Jacobi equation (for charged orbits) in the Kerr space-time gives
a fourth constant. In fact, this constant arises from the scalar field Kqpv® v® which
has vanishing divergent along a unit vector v* tangent to an orbit of charged particle.
Here Ko = frmafi"

It is emphasized that the KY equations in NP formalism given in [16] for non-
vacuum Petrov type D could be solved for the negative mass naked singularity em-
bedded into the de Sitter spacetime metric (2.54) to obtain the KY scalar x; as

x1 = 1C(r —iacosb), (3.8)
where C is a real constant. Ultimately, the relation (3.6) takes the form

Y. R
L A (3.9)
T X1 R

AT
where R = r+iacos @ and the spin coefficients p, u, 7, m are unchanged quantities for
the negative mass naked singularity except u. So they are presented in the appendix

v
7 T
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C and p is given in (2.55) above. Then the Killing-Yano tensor for the metric (2.54)
1s

fap = 4a cosb n[a&} +4ir M- (3.10)
and accordingly the Killing tensor K,y = fne fi"

K = —-8{ a’cos’f Liatigy r? m(amb)}. (3.11)

Thus, it concludes that the negative mass naked singularity embedded into the de
Sitter cosmological space satisfies the extended version of Chandrasekhar’s relation
(3.6).

We have seen from above that the change in the mass of de Sitter black holes, ro-
tating or non-rotating, takes place due to the Maxwell scalar ¢; and the cosmological
Ricci scalar A both remaining unchanged in the field equations. So, if the Maxwell
scalar ¢; is absent from the spacetime geometry, there would be no electrical radia-
tion and, consequently, no change in the mass of the black hole. Therefore, one could
not expect, in principle to observe such relativistic change in the mass in the case
of uncharged Schwarzschild-de Sitter as well as Kerr-de Sitter black holes. Taking
Hawking radiation into account, it emphasizes that the time taken of one radiation
to another would be very short that one may not, practically realize after losing m;
from the mass how quickly ms is being reduced and so on, as seen above in Section 2.
It observes that the metric (2.21) or (2.50) without mass may occur only for a very
short period, as the electrical radiation continues further. Thus, we have incorporated
Hawking radiation in relativistic viewpoint in classical curved spacetime geometries
which would describe the possible life style of electrically radiating black holes em-
bedded into the de Sitter universe during their radiation process. One may expect
that the metrics with mass M* in equations (2.23) and (2.54) might have different
physical feature from the Reissner-Nordstrom-de Sitter as well as Kerr-Newman-de
Sitter solutions.

Corrections

There are some minor typographical errors in the paper [2]. That is, the coefficients
of the metric components of du d¢ of both metrics (2.44) and (2.48) of [2] are having
+ signs, but these must be — signs as shown below:

Equation (2.44):

ds? = (1 + eZR_Q) du® + 2du dr
—2a R™? €*sin®0 du d¢ — 2a sin0 dr do
—R*d6” — {(r* + a*)* — A*a?sin®0} R~2sin’0 dg?,
and equation (2.48) of [2]:
ds* = [1+R2(2r M’ + €*)] du? + 2du dr
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—2aR72(2r M” + €?) sin®0 du d¢ — 2asin’6 dr d¢
—R*d§* - {(r2 +a?)? — A*a® sin26} R™?sin’0 d¢°.
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Appendix

Here we present the rotating de Sitter, non-rotating Reissner-Nordstrom-de Sitter as
well as rotating Kerr-Newman-de Sitter metrics in NP formalism for a quick refer-
ence. It is quite natural to recover rotating de Sitter (M = 0,a # 0,e = 0) and
non-rotating Reissner-Nordstrom-de Sitter (M # 0,a = o,e # 0) metrics from the
rotating Kerr-Newman-de Sitter solution (M # 0,a # 0,e # 0). It is also worth
mentioning that from the rotating Kerr-Newman-de Sitter metric, we could recover
a rotating charged de Sitter cosmological universe (M = 0,a # 0,e # 0) which has
been referred in section 2.

A. The rotating de Sitter solution:

The rotating de Sitter solution is derived by using Wang-Wu function in general
rotating solutions in [1]. The line element is given as

A* 7'4

2 _ _ 2
ds® = {1 3Rz}du + 2du dr
At )
+2a R™“sin“0 dudp — 2asin“0 dr d¢
—R¥d6? — {(r* +a’)* — A%a® sin’} R~%sin®0 dg”, (A1)

where R? = r2 4 a%cos®0, A* = r? — A*r?/3 + a?. Here A* denotes the cosmological
constant of the de Sitter space. The null tetrad vectors are
l, = 8! — asin?®6 4,

a_

A* li'y

_ 1, §2 20 o4
n“_2R25a+5a 5 e 05in 04,,
1
ma:—\/—QE{—z’asin@é}l+R252+i(72+a2)sin063}, (A2)
- Lo gl 2¢3 002 2y i sd
M = — _{msm05a+R 6. —i(r —+—a)sm95a}.

V2R
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where R = r 4+ {acosf. Then the NP quantities are

k=oc=v=A=¢e¢=0,

I A* (2ai — Rcos®)
p = -5 HUF o=, A=
R 2RR 2y/2R Rsinf
cot 1 asinf tasinf
= e = e A3
b= shm T V2RR T TR (A3)
SN {(1 Ly 2)TE+A*}
T TRR 30" ’
11 = — ! A*r?a® cos®d, oy = —_—i——A*rzaQCOSZH (A4)
TR R © 7?7 3RRR? ’
A*TQ
== (A5)

From these NP quantities we could certainly observe that the rotating de Sitter cos-
mological metric is a Petrov type D gravitational field whose one of the repeated
principal null vectors, ¢, is geodesic, shear free, expanding as well as rotating. The
rotating cosmological space possesses an energy-momentum tensor

Ty = 2 p" Lia ) + 2 pmaTiy), (A6)

where K p* = 2¢1; +6A and Kp = 2¢1; — 6 A. are related to the the density and
the pressure of the cosmological matter which is, however not a perfect fluid.

B. Reissner-Nordstrom-de Sitter solution:

This is a spherically symmetric non-rotating solution

2M e A*r?
ds? =(1- 22 1% _
y ( r +r2 3

) du? + 2du dr — r2d6? + r? sin?0 d¢?, (B1)

where M and e are the mass and charge respectively. For this metric one chooses the
null tetrad vectors the covariant complex null tetrad vectors take the forms

1 2m e A*r?
by =0, M= —al="=4l- 6L 4 62 B2
ar Ta 2{ T+T2 3 }a+a7 ( )
ma:—vré{éz—kisin@é;‘}.
The NP quantities are
1
k=o=yv=A=ag=7=¢=0, p:~;, b8=- :2\/2rC0t0’



1 QM €2 A*r? 1
1 27"( roor? 3 )’ i 2r3( r—e); (B3)
/ 2\ ,.—4 - A
U)QZ—(MT—G)’F 5 (]511:56 oo, :F (B4)

We have seen that there is no A* terms in ¢ and 1) for this non-rotating metric. The
energy momentum tensor for the non-rotating Reissner-Nordstrom-de Sitter metric

takes the form
Tab = Ta((};j) + A*gaby (BE))

where the energy-momentum tensor for the non-null electromagnetic field is given as

T(E) . 462

b = ﬁ{ﬁ(a Np) + m(a'ﬂ_’tb)} (BG)

The EMT (B5) may be treated as Guth’s modification of energy momentun tensor
for early inflationary universe [19].

C. Kerr-Newman-de Sitter solution:

The line element of the Kerr-Newman-de Sitter solution is given in [1] as

A* 7"4
2 _ ~2 2 2
ds® = {1—R (QMT e —i—A* 34 )}du + 2dudr
+2aR™*(2Mr — € + —?)L) sin?6 du dé — 2asin?8 dr d¢
—R*d0* — {(7“2 +a?)? — A*a® sin29} R™%sin%0 d¢*, (C1)

where R? = r? + a2cos?, A* = r2 —2Mr — A*r*/3+ a® + ¢, The null tetrad vectors
are

b= 6; — asin®f 53,
A 2 A 020 54

2

Ng 5 25a+5a 5 2@51n96a, (C2)

1

-\/—2]%{ — iasinf o} + R? 62 +i(r* + az)sineéi},

Mg =

where R = r + tacosf. Then the NP quantities are

BEge=y=A=g=(

1 A* (2ai — Rcosf)
p = —=, W= ———=>-C 29 Q0 — e ’
R 2R R 2y/2R Rsinf
cot 6 1asinf 1asin 6
— ) = - C3
b= 3 hr J2RR | 2R’ (C3)



7:2£W{O_M_§Nﬁm_Aﬂ’
¢11 = > Ri 7 (62 — A*r26? 60829), (C4)
Py = R—R1R2 {62 - MR+ A azcos29}, (C5)
= 2;;2_ (C6)

The energy-momentum tensor for the Kerr-Newman-de Sitter solution could be writ-
ten in the form

Ty + T4y,

= 4"l ny + maTg } +2{0") by + 20O mmy},  (CT)

Tab

Il

where the energy densities and pressures for the electromagnetic field as well as the
cosmological matter field are given below:

2

M = @ &

AR —A*r?
*(C _ C) _ 2 2 2
"= e PO = g (o).

From this we observe that the EMT (C7) for the rotating metric (C1) with a # 0
could not be written in Guth’s modification form [19] as in (B5). This is because
p©) £ —p(© with non-zero parameter a. This suggests that one could not extend
Guth’s modification [19] form of EMT in rotating black holes in de Sitter spaces.

One might, without loss of generality, have a decomposition of the Ricci scalar
A = g R (C6) into two parts — one for the non-zero cosmological scalar A(©) and
other for the zero Ricci scalar A®) of electromagnetic field as

A=AO L A®) (C8)
such that Arp2
A© = 6}; and A® =. (C9)

This decomposition would be used in the section 2 above. The derivation of these
rotating de Sitter solution and rotating Kerr-Newman-de Sitter black hole could be
seen in paper [ [1]. One could find that the solution (C1) is different from the rotating
black holes in de Sitter universe derived by Carter [18], Mallett [20] and Xu [21].
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