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Abstract

We study large—scale dynamo action due to turbulence in the presence e&adirear flow. Our treat-
ment is quasilinear and equivalent to the standard ‘first order smootpprgxmation’. However it is non
perturbative in the shear strength. We first derive an integro—diffiateequation for the evolution of the
mean magnetic field, by systematic use of the shearing coordinate transforiaadidghe Galilean invari-
ance of the linear shear flow. We show that, for non helical turbulenegintie evolution of the cross—shear
components of the mean field do not depend on any other componentsiregthpmselves; this is valid
for any Galilean—invariant velocity field, independent of its dynamics.ddeto all orders in the shear pa-
rameter, there is no shear—current type effect for non helical turbeli@ a linear shear flow, in quasilinear
theory in the limit of zero resistivity. We then develop a systematic approximatite integro—differential
equation for the case when the mean magnetic field varies slowly comparedttotihience correlation
time. For non-helical turbulence, the resulting partial differential equaibam again be solved by making
a shearing coordinate transformation in Fourier space. The resultingpsslare in the form of shearing
waves, labeled by the wavenumber in the sheared coordinates. Teasmghlwaves can grow at early and

intermediate times but are expected to decay in the long time limit.
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. INTRODUCTION

The origin of large—scale magnetic fields in astrophysigatesns from stars to galaxies is
an issue of considerable interest. The standard paradigmves dynamo amplification of seed
magnetic fields due to turbulent flows which have helicity bomed with shear. Shear flows and
turbulence are ubiquitous in astrophysical systems afthdbe turbulence in general may not
be helical. However the presence of shear by itself may opgnpathways to the operation of
large—scale dynamos, even if the turbulence lacks a cohleeéaity [1-5]. The evidence for such
large—scale dynamo action under the combined action of rboah turbulence and background
shear flow comes mainly from several direct numerical sitria [1,/2]. How such a dynamo
works is not yet clear. One possibility is the shear—curedigct [4], in which extra components
of the mean electromotive force (EMF) arise due to shearchvbouple components of the mean
magnetic field parallel and perpendicular to the shear floawétver there is no convergence yet
on whether the sign of the relevant coupling term is such asbtain a dynamo; some analytic
calculations![6, 7] and numerical experiments [1] find theg sign of the shear—current term is
unfavorable for dynamo action.

In an earlier paper [8] (Paper 1), we had outlined briefly asijireear theory of dynamo action
in a linear shear flow of an incompressible fluid which has camdelocity fluctuations due either
to freely decaying turbulence or generated through extéon@ng. Our analysis did not put any
restrictions on the strength of the shear, unlike earliahaic work which treated shear as a small
perturbation. We arrived at an integro—differential ecprafor the evolution of the mean magnetic
field and argued that the shear-current assisted dynameeastesly absent in quasilinear theory
in the limit of zero resistivity. In the present paper we gikailed derivations of the main results
of Paper I. We also extend our work further by deriving deigiial equations for the mean field,
in the limit when the correlation time of the turbulence isanismaller than the time-scale over
which the mean field varies. This allows us to solve for the m#ald evolution in terms of
the velocity correlation functions. We can draw some gdreaclusions on the shear dynamo
independent of the exact velocity dynamics. In particulamate that the shear dynamo can lead
to transient growth of large-scale fields in the form of shrepwaves, but these waves ultimately
decay, even in the absence of microscopic diffusion.

In the section Il we formulate the shear dynamo problem. @eoty is ‘local’ in character: In

the laboratory frame we consider a background shear flow etelecity is unidirectional (along



the X, axis) and varies linearly in an orthogonal direction (tkie axis). Section Ill outlines a
guasilinear theory of the shear dynamo. Systematic useeddtiparing transformation allows us
to develop a theory that is non perturbative in the strendgitth@® background shear. However,
we ignore the complications associated with nonlinearawions, hence magnetohydrodynamic
(MHD) turbulence and the small-scale dynamo; so our theopguasilinear in nature, equivalent
to the ‘first order smoothing approximation’ (FOSA) [9, 10The linear shear flow has a basic
symmetry relating to measurements made by a special subsébbservers, who may be called
comoving observers. This symmetry is the invariance of tipgagons with respect to a group
of transformations that is a subgroup of the full Galileaouyr. It may be referred to as ‘shear—
restricted Galilean invariance’, or Galilean invarian@d)( It should be noted that the laboratory
frame and its set of comoving observers need not be ineraahds; in fact one of the main
applications of Gl is to thshearing sheetvhich is a rotating frame. We introduce and explore
the consequences of Gl velocity fluctuations in section D¢iSvelocity fluctuations are not only
compatible with the underlying symmetry of the problem, tthety are expected to arise naturally.
This has profound consequences for dynamo action, bedaasensport coefficients that define
the mean EMF become spatially homogeneous in spite of ther $losv. The derivation of an
integro-differential equation for the mean magnetic fisldiven in section V. We discuss a number
of ways of approximating this equation in section VI, fornglp varying mean fields, all of which
lead to the same set of partial differential equations ferrttean-field. The mean field dynamics
is further studied in section VII, and section VIl preseatdiscussion of the main results and the

conclusions.

. THE SHEAR DYNAMO PROBLEM

Let (e, es, e3) be the unit vectors of a Cartesian coordinate system in therdadry frame,
X = (Xj, Xy, X3) the position vector, andthe time. The fluid velocity is given bf-2AX; e, +
v), whereA is the shear parameter (Oort’s first constant) atX , 7) is a randomly fluctuating

velocity field. The total magnetic field3’'( X, 7), obeys the induction equation:

0 0 / / _ / 2/
(E - 2AX16—X2)B + 2ABle; = Vx (vxB') + nV>B (1)

Theshear dynamo problemay be stated as follows: given some statistics of veloaitt@lations,



what can be said about the magnetic field? More specific quesstnay be posed: does the
combined action of the background shear and random vededitiad to the growth of a large—
scale component of the magnetic field (i.etuebulent dynamy® In particular, is there turbulent
dynamo action when the velocity fluctuations possess misgonmetry (i.e. when the velocity
fluctuations areon helica)?

A common approach to the problem is through the theomedn—field electrodynamicslere,
the action of zero—mean velocity fluctuatios = 0) on some seed magnetic field is assumed

to produce a total magnetic field with a well-defimadan—field B) and afluctuating—field b):

B =B+b, (B)=B, (b =0 )

where( ) denotes ensemble averaging in the sense of Reynolds. AggRegnolds averaging to
the induction equation{1), we obtain the following equasigoverning the dynamics of the mean

and fluctuating magnetic fields:

d 3,
— — 24X,— | B + 2AB = ’B
(87' 18X2> + 1€9 VXE + UV (3)

ﬁ — 2AX1i b + 2Abie; = VX (vxXB) + VX (vxb—E&) + nV?b
or (9X2

(4)

where€ = (v xb) is the mean EMF. The first step toward solving the problem saloulate€
and obtain a closed equation for the mean—fi&d X, 7). In the general case, it is necessary to

specify the dynamics af which could be influenced by Lorentz forces due to bBtlandb.

. QUASILINEAR THEORY

To calculate the mean EMF we make some simplifying assumgtid/e first make thquasi-
linear approximation in solving equatiohl(4) férby dropping terms that that are quadratic in the
fluctuations. Note that the dynamicsw®is not prescribed; it does not imply absence of velocity
dynamics. For instance, the fluid can be acted upon by Lofentes due to the magnetic field,
Coriolis force as in the case of tlsbearing sheebr buoyancy in a convective flow. In this paper

we will not specify any particular dynamics for the velodityld. We also drop the resistive term
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in the interests of simplicity of presentation. Setting- 0 may seem like a drastic step, but we
would like to assure the reader that the theory can be rewdariibout this limitation and that our
main conclusions carry through, even fpe£ 0. In particular we recover the results of this paper
in the limit » — 0. We note that the limit) — 0 is also compatible with the physical situation
in which the correlation times are small compared to the @ddy-over timescale; so our theory
is applicable when the ‘first—order—-smoothing—approxiomt(FOSA) is valid. The fluctuating
velocity field is assumed be incompressip¥é- v = 0). This restriction is not crucial and may
be lifted without much difficulty.

The quasilinear approximation is equivalent to neglecthng effects of magnetohydrodynamic
turbulence and small-scale dynamo action, for the detetiom of £. With these assumptions,

the equation fob we will solve is

0 0
<E — 2AX18—AX,2) b + 24Abje; = VX (’UXB)

= (B-V)v — (v-V)B (5)

A. The shearing coordinate transformation

Equation[(b) is inhomogeneous in the coordindte It is convenient to exchange spatial inho-
mogeneity for temporal inhomogeneity, so we get rid of thgd/0.X,) term through a shearing

transformation to new spacetime variables:

T =Xy, Ty = Xy + 2A7X,, x3 = X3, t=r1 (6)
Then partial derivatives transform as
0 0 0 0 0 0 0 0 0 0

9 _ 9 on _ _ 9 _
ox,  0m  “Mon, 09X, 01y’ 0Xs 01s’ Oor ot D2y

We also define new variables, which are component—wise éqgtia old variables:

H(z,t) = B(X,7), h(xz,t) = b(X,7), u(z,t) = v(X,7) (8)

It is important to note that, just like the old variables, th@w variables are expanded in the

fixed Cartesian basis of the laboratory franfeor example H = H e, + Hse, + Hzes, where
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H;(x,t) = B;(X,7), and similarly for the other variables. In the new variableguation [(b)

becomes,

ot ox 8x2 ox 81’2
Equation[(9) forh(x,t) does not contain spatial derivativesiafso it can be integrated directly.

We are interested in the particular solution which vanisities= 0. The solutions foh, (x,t) and

hs(x,t) are:
t t
hy = / dt' uy, [H] + 2At' 6o H,] — / dt' [u; + 2At'§puy] Hy, (10)
0 0

t t
hy = / d ul, [H! + 2A¢ S H!| — / 0’ [u] + 2A¥ St ] H, (11)
0 0

where primes denote evaluation at spacetime paint’). We have also used notation,, =
(8um/8xl) andel = (8Hm/8xl)

The equation foh,(x, t) involvesh, (x, t); the solution is

t t t
hy = / dt' ol [H! + 241 S H!| — / 4 [u] + 241 Sl H}y — 24 / W (12)
0 0 0

We need to evaluate the integral

/t dt' b, = /t dt /t " ), [Hl +2At”(5,2H1’} B /t dt’ /t dat’ [Uz +2At"552uﬂ Hy,

0 0 0 0 0 (13)
where the double—primes denote evaluation at spacetinmé (agit” ). We now note that, for any
function f(x, t), the double—time integral

t t t t t
/dt’/ dt” f(z,t") = / dt”f(:c,t”)/ dt' = / dt’" (t—t") f(a,t")
0 0 0 " 0

= /Ot dt' (t —t') f(x,t")

reduces to a single—time integral, where in the last equalt have merely replaced the dummy

integration variable” by t'. Then



t t t
/ dt B, — / dt' (t — ¢, [H] + 2415 H!] — / A (t— 1) [u, + 2460, ], (14)
0 0 0

can be used in equation (12) to get an explicit solutionidte, t). Combining equations (10),

(A1) and [IR) we can writk(x, t) in component form as

t

h(x,t) = dt' [u, — 2A(t — )0 uy] [H + 2At' 6, Hy|

S~

t

|
S~

B. The mean EMF

The expression in equation (15) farshould be substituted i = (v xb) = (uxh). Follow-
ing standard procedure, we allgw) to act only on the velocity variables but not the mean field;
symbolically, it is assumed thatwu H) = (uu) H. Interchanging the dummy indicés m) in

the last term of equatiof (1L5), the mean EMF is given in corepbform as

(2(%, t) = €ijm <Ujhm>

= / dt’ azl @, t, 1) — 2A(t — ) By(w, t,t)| [H + 2At'8, H))
0

/ dt’ [Dimi(x, t, 1) + 2A 02 iy (e, ¢, t)] [H),, — 2A(t —t")02 Hy,,]
0
(16)

where theransport coefficientg @, 3, n ), are defined in terms of thewu velocity correlators by

ail(ma t7 t/) = 6ijm <Uj(33, t) uml(ma t/)>
Bil(wa tt') = o (uj(x, t) uy(a,t))
ﬁiml(wv L, t/) = &l <uj (m7 t) um(mv t/)> (17)
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To obtain more specific expressions for the transport coexffis, we need to provide information
on theuwwu velocity correlators. However, it is physically more trpasent to consider velocity
statistics in terms ofv velocity correlators, because this is referred to the latooy frame instead

of the sheared coordinates. By definition (¢dn. 8),

Um(@,1) = vp(X (2, 1), 1) (18)

where

X1 = I, X2 = I2—2AtI1, X3 = I3, T =1 (19)

is the inverse of the shearing transformation given in eqondg). Using

0 0 0
= 24765 — 2
al‘l 8Xl 7—511 8X2 ( O)

the velocity gradient.,,,; can be written as

0 0
Uml = (a—)(l — 2A7’511 a—)(z> Um — Uml — 2/47—511 Um2 (21)

wherev,,, = (0v,,/0X;). Then the transport coefficients are given in terms ofdhevelocity

correlators by

Qu(z,t,t") = €jm [(0;( X, ) v (X' 1)) — 24" 01 (0 (X, 1) V(X' 1))
Bulw,t,t)) = €ijo [(0; (X, t) vy (X', 1)) — 24t 0 (vj( X, 1) v12( X', t))]
Dimi(2,1,17) = e (v (X, 1) v (X', 1)) (22)
whereX and X’ are shorthand for
X = (w1,m9 — 2Atxy ,23) , X' = (x1,79 — 2AU 7y, 13) (23)

Equation[(16), together with (1.7) dr(22), gives the mean EMgeneral form.X and X' can
be thought of as the coordinates of the origin, at timesd¢’ respectively, of an observeomoving
with the background shear flow. Therefore the transportficbexiits depend only on the velocity
correlators measured by such an observer at the origin afdoedinate system. This fact will have

profound consequences for dynamo action, when we consid@v&iant velocity correlators in
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the next section. Before discussing the Galilean invariari¢ke linear shear flow, we derive the

form of the mean EMF for a special case, when the velocity feefdelta—correlated—in—time”.

C. delta—correlated—in—time velocity correlator

Although somewhat artificial, it is not uncommon to study agmo action due to velocity fields
whose correlation times are supposed so small that the muat-gorrelator taken between space-
time points(R, 7) and(R’, 7’) is assumed to be

(vi(R,7)v;(R, 7)) = 6(r—7")T;;(R,R,7) (24)

Incompressiblility implies that

% - 0: o1

We define
aT..
T(R.7) = ( ) (26)
’ OR) ) R_-R

The delta—function ensures th&t and X’ defined in equatioi (23) are equal to each other. Then

the velocity correlators

<Ui(X7t)Uj(X,7t/)> = 5(t_t/)Tij(X>X7t)
(X, ) (X' 1)) = ot —t) Tiu(X, 1) (27)

Substitute equation_(27) in equatidni22) for the transpoefficients;

&il(a:, t, t/) = 5(t — t/) €ijm [erml — 2A¢t 511 Tme]
Ba(,t, 1)) = 8t —t) ey [Ty — 2At 6 Tjol
Nimi(x, 6, ) = 0t —t") € Tim (28)

and use these expressions in equafioh (16). The deltaidarerisures that the integrals over time

can all be performed explicitly, so the mean EMF is
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Ei = €ijm [ Tjmu — 2400 Tjo| [Hi + 2At 01 Hi] — €iji [Tjm + 2At6me Ti1] Hie  (29)

It is useful to write the EMF in terms of the original variabland laboratory frame coordinates.

To this end we transform

0 0
Hlm = (ﬁ — QAT(Sml a—)(g> Bl — Blm - 2AT 5m1 Bl2 (30)

whereB,,, = (0B;/0X,,). Then the explicit dependence &fon the shear parametdrcancels

out, and the mean EMF assumes the simple form,

& = €jm Tjmu Br — €t Tjm Bim (31)

which is identical to the familiar expression in the absentéarkground shearTherefore we
conclude that, to obtain non trivial effects due to the sfieav, it is necessary to consider velocity
correlators with non zero correlation times. Hencefortrsiall consider the general case of finite

velocity correlation times.

IV. GALILEAN INVARIANCE

The linear shear flow has a basic symmetry relating to meammes made by a special subset
of all observers. We define a comoving observer as one whaseityawith respect to the labora-
tory frame is equal to the velocity of the background sheav, famd whose Cartesian coordinate
axes are aligned with those of the laboratory frame. A conmpwbserver can be labeled by the
coordinatesg = (&1, &2, &3) with respect to the laboratory frame, of her origin at time= 0.
Different labels identify different comoving observersdarice versa. As the labels run over all
possible values, they exhaust the set of all comoving obs&rhe origin of the coordinate axes
of a comoving observer translates with uniform velocitg;pbsition with respect to the origin of

the laboratory frame is given by

X (1) = (&,% — 2476, 63) (32)

An event with spacetime coordinatéX', 7) in the laboratory frame has spacetime coordinates

(X ,7) with respect to the comoving observer, given by

X =X - X.(7), T =7T—"T (33)
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where the arbitrary constanf allows for translation in time as well.
Let |B'(X,7),B(X,7),b(X,7) ,i)(X,%)] denote the total, the mean, the fluctuating mag-
netic fields and the fluctuating velocity field, respectiyaly measured by the comoving observer.

These are all equal to the respective quantities measutéd laboratory frame:

B'(X.7),B(X,7),b(X,7),9(X,7)| = [B'(X,7),B(X,7),b(X,7),v(X,7)] (34)
That this must be true may be understood as follows. Magrfetlds are invariant un-
der non-relativistic boosts, so the total, mean and fluictgamagnetic fields must be the
same in both frames. To see that the fluctuating velocity Sieldist be the same, we note
that the total fluid velocity measured by the comoving obseng, by definition, equal to
(—QAXleg + @(X,%)). This must be equal to the difference between the velocithénlab-
oratory frame,(—2AX e, +v(X, 7)), and (—2A¢& e,), which is the velocity of the comoving
observer with respect to the laboratory frame. Usthe: X —¢;, we see thab (X, 7) = v(X, 7).

The Galilean coordinate transformatiogiven in equation(33) implies that partial derivatives
are related through

0 0 0 0 0

X~ ox’  or o TSGR (35)

Note that the combinatiof®/0r — 24X,0/0X,) = (8/0% — 2AX18/8X2> is invariant in form.
The other partial derivatives occurring in equatids (3),and [(4) are spatial derivatives which,
by the second of equations {35), are the same in both framiestefore equation§](1),1(3) and
(@) are invariant under the simultaneous transformatiansngin equations(33) and_(34). We
note that this symmetry property is actually invariancearal subset of the full ten—parameter
Galilean group, parametrized by the five quantities &, &s, 70, A); for brevity we will refer to
this restricted symmetry as Galilean invariance, or singlly

There is a fundamental difference between the coordinatesformations associated with
Galilean invariance (equatidnlI33) and the shearing tramsfion (equationl6). The former re-
lates different comoving observers, whereas the lattasrdes a time—dependent distortion of the
coordinates axes of one observer. Comparing equdtidn (3B)({@), we note that the relation-
ship between old and new variables is homogeneous for thke&@atransformation, whereas it is

inhomogeneous for the shearing transformation.
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It is important to note that the laboratory frame and its $&toomnoving observers need not be
inertial frames. Indeed, one of the main applications oftbapory is to theshearing sheewhich
is a rotating frame providing a local description of a diffietially rotating disc; in addition to
other forces, the velocity field is affected by the CorioliscEa The only requirement is that the

magnetic field satisfies the induction equatian (1).

A. Galilean—invariant velocity correlators

Naturally occurring velocity fields are Galilean—invatigand this has a strong impact on the
velocity statistics. We consider the-point velocity correlator measured by the observer indbe |
oratory frame. Let this observer correlate at spacetime locatioR,, 7 ), with v;, at spacetime
location (R, 72), and so on upte;, at spacetime locatiofiR,,, 7,,). Now consider a comoving
observer, the position vector of whose origin is givenX¥y(7) of equation[(3R). An identical ex-
periment performed by this observer must yield the samdtseslie measurements now made at
the spacetime points denoted (@, + X .(71),71); (R + X (72),72) ;- - 5 (Rp + X o(70), Tn)-

If the velocity statistics is G, the—point velocity correlator must satisfy the condition

(U (R1,m1) .0, (R, 7)) = (v (R +Xce(m),11) -0, (R + X (1), 7)) (36)

forall (Ry,...R,;7,...7,;&). In quasilinear theory we require only the two—point vetpci
correlators, for which

(vi(R,7)v;(R, 7)) = (ui(R+ X(7),7) v;(R + X(7'), 7)) (37)

for all (R, R',7,7',£). We also need to work out the correlation between velocéies their

gradients:

<Ui(R7 7-) 'Ujl(R/v 7/)> = apr <Ui(R’ 7_) vj<R/’ 7_/)>

0 / N
= a—R;<vi(R+Xc(T>7T)Uj(R +Xc<7—)77—>>

= ((R+ X.(7),7)vu(R + X (7),7)) (38)
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If we now set

R=R =0, T = t, T =1, (£1,6,83) = (21,22, 23) (39)

we will have

X (1) = (21,29 — 2At21 ,23) , X (") = (x1,19 — 2A 21, 73) (40)

Comparing equatior_(40) with equatidn (23), we see Katr) and X .(7’) are equal taX and
X', which are guantities that enter as arguments in the vglacitrelators of equation$ (22)
defining the transport coefficients. Hence, reading egnat{@7) and[(38) from right to left,

the velocity correlators,

<Ui<X7 t) Uj (X/7 t/)> = <Ui(0= t) Uj (07 t/)> = Rij <t7 t/)
<Ui<X7t) Ujl(let/» - <Ui(07t> Ujl(()?t/» = ijl(tvtl) (41)

are independent of space, and are given by the functi®pé;, t') and S, (¢, t'). Symmetry and
incompressiblity imply thak;;(¢,t") = R;;(t',t) andS;;;(¢,t') = 0. Note that the turbulence will,
in general, be affected by the background shear and theigyetmerelators will not be isotropic.

In particular,R;;(t, ') will not be proportional to the unit tensa,,.

B. Galilean—invariant mean EMF

The transport coefficients are completely determined byfah@ of the velocity correlator.

Using equationd (41) in equations{22), we can see that thea@dport coefficients,

&il (t, t/) = Eijm [Sjml<t7 t/) — 2At/ 511 Sjmg (t, t/)]
Bat, 1) = e [Siut,t) — 2At 6y St )]
Nimi(t, 1) = €1 Rim(t, 1) (42)

are independent of space. Galilean invariance is the fuedtahreason that the velocity corre-

lators, hence the transport coefficients, are independesgaxe. The derivation given above is
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purely mathematical, relying on the basic freedom of chofggarameters made in equatién](39),
but we can also understand the results more physicXllgnd X', as given by equatiofi (23), can
be thought of as the location of the origin of a comoving obseat timest andt’, respectively.
Thus when the observer correlates velocitieXat X .(t) and X' = X ('), it will be the same
as correlating the velocities at her origin, but at differ@mes. Then Gl implies that the velocity
correlators must be equal to those measurearycomoving observer at her origin at times
andt’. In particular, this must be true for the observer in the tabmry frame, which explains
equations[(41), consequently equatidns (42).

We can derive an expression for the G—invariant mean EMF mguejuations[(42) for the

transport coefficients in equatidn (16). The integrandsbeasimplified as follows:

Qu(t,t') [H) + 2At 00 H]] = €ijm [Sjmi(t,t') — 2At 01y Sjma(t, )] [H, + 2At 015 H{ ]
= Eiijjml(t7 t/)Hl/
Ba(t, ') [H + 246 HY] = €2 [Sju(t,t) — 2At 6y Sina(t,t)] [H + 2At 6, HY]

= eijQSjll(t7 t/>Hl/

[Tt (8, 1) + 2A8 02 Niu (8, 0) Hy,, = €3 [Rjm(t, 1) + 2A 000 Rj1 (¢, )] Hy,
[Dima(t, ') + 2A 02 a2 (t, 1) Hy,, = €ijo0u [Rjm(t, 1)) + 2A 0,0 Ry (t,t))] Hy,,
Define
Cimi(t,t) = Sjm(t,t") — 2A(t — )02 Sju(t,t')
Djm(t,t") = Rjm(t,t'") + 2At 0,0 Rj1(t, 1) (43)

The mean EMF can now be written compactly as

t t
(2(%, t) = €ijm / dt/ ijl(t, t/)Hl/ - / dt/ [Eijl - 2A(t — t/)(sllqu] D]’m<t, t/)Hl/m (44)
0 0

where thex dependence of comes about only through the mean field{x, ¢), and its spatial

gradients, because the G—invariant transport coefficametsndependent aé .
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V. MEAN-FIELD INDUCTION EQUATION

Applying the shearing transformation given in equatidisaiéd [7) to the mean—field equa-
tion (3), we see that the mean—fieM,(x, t), obeys

0H;

o T 240 = (VXE), + nV>H, (45)
where
0 0 0
= = — 2A — 4
V), 0X, Oz, - t(spl@xg (46)

It may be verified that equatioh (45) preserves the condRierid = 0;

0H,
0X,
We now use equations (44) and|(46) to evall&te £.

V-H =

— H,, + 24tH;; = 0 (47)

(VXE), = %y _ (i + 2At5pli) &,

“mox, ~ "\ o, Oy
t
= Cipg€qim /0 dat ijl(t>t/) [Hl/p +2At 5P1Hll2]

t
- /0 dt’ Dy (t,t') [€ipg€qii — 2A(t — ') 01 €ipgeqse] [Hllmp + 24t 6P1Hl/m2}

Expandinge;pqeqim = (9ij Omp — dim J;,), the contribution from the' term is

t
(VXE)C = / dt' [Copt — Cout] [H}, + 2At6,1 H}y] (48)
0

Evaluating theD term is a bit more involved. Again, we begin by expandinge,; =

(045 0 — 01 65,). Then we get

+ 2At6, Hy,,, — 2A(t — )62 [H]

1pm

+ 2At6, Hyy, | }

ipm

t
(VxE)P = /O dt' Dy { H!

ppm

t
- / dt' Dy, [H), ., + 2At HY,, | (49)
0
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The second integral vanishes because the factpr imultiplying D, is zero: to see this, dif-
ferentiate the divergence—free condition of equation @it respect tor,,. Gathering together
equations[(418) and (49), we have

t
(VXE), = / dt’ [Cot — Cont] [HL + 2At6,1 Hly) +
0

1jm + 2At5j1H{2m:| } (50)

t
+ / dt' Dy, { H}j,p, + 2At6; Hy,,, — 2A(t — )63 [ H
0

Thus the mean field (x, t) satisfies the mean—field induction equation,

H, !
am + 240,,H, = nV?H; + / dt' [Cimi — Crnat] [H},, + 2A0,1 Hpy| +
0

t
+ / dt' D, {ngm + 2At6;1 H},,, — 2A(t — )02 [HY,,, + 2At6;1 Hyy, )b (B1)
0

1jm

Equation [(511) gives a closed set of integro—differentialamns governing the dynamics of

the mean—fieldH (x, t), valid for arbitrary values ofl. Some of its important properties are:

1. Only the part of”;,,,;(¢,t’) that is antisymmetric in the indicé€s, m) contributes.

2. TheD;,,(t,t') terms are such thaWV x &), involves onlyH, for i = 1 andi = 3, whereas
(V X&), depends on botlt/, and ;. This means that the mean—field induction equa-
tions (51) determining the time evolution &f, (x,t) and H;(x, t) are closed, whereas the
equation forH,(x,t) involves bothH,(x,t) and Hy(x,t). Thus H,(x,t) (or Hs(x,t))
can be computed by using only the initial ddia(x,0) (or H3(x,0)). The equation for
H, involves bothH, and H;, and can then be solved. The implications for the origi-
nal field, B(X, 7), can be read off, because it is equalBb(x,t) component-wise (i.e
B,(X,7) = H;(z,t)). Thus, theD,,,(t,t') terms do not couple eithds; or B; with any
other components, excepting themselves. In demonstrétiagwe have not assumed that
either the shear is small, or thB(x, ¢) is such a slow function of time that it can be pulled

out the time integral in equatioh (50).

3. When the turbulence is non helicél,,,;(t,t') = 0, butD;,,(¢,t") # 0. In this case, there
is no shear—current type effect, in quasilinear theory aliimit of zero resistivity. This

result should be compared with earlier work discussed if®[#], where there is explicit
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coupling of B, and B, in the evolution equation foB;. A generalization of equation (b1)
to the case of non zero resistivity has been worked out in [k1$ interesting to note that
the corresponding generalization @f,,, that appears in this case need not vanish for non
helical turbulence. However, it is expected to vanish infdrenal limit of zero resistivity,

consistent with our result given above.

VI. THE INDUCTION EQUATION FOR A SLOWLY VARYING MEAN-FIELD
A. Mean EMF

The mean EMF given in equatioh_(44) idunctionalof H; and H;,,. When the mean—field
is slowly varying compared to velocity correlation timese wxpect to be able to approximate
& as afunctionof H, and H,,,,. In this case, the mean—field induction equation would reduc
to a set of coupled partial differential equations, instethe more formidable set of coupled
integro—differential equations given by {45) and]|(50). &kd coordinates are useful — perhaps
indispensable — for calculations, but physical intergretais simplest in the laboratory frame.
Hence we derive an expression for the mean EMF in terms th@altivariablesB;, andB,,,. The

result may be stated simply:

0B,
0Xm

& = ail(T) BI(X;T) - 77'iml<7—>
ay(T) = eijm/ dr" [Cipu(T,7") + 2A(T — 77)01 Clma (7, 7')]
0

Nimi(T) = €1 /OT dr’ [Rjm(7,7") — 2A(T — 702 Rj1 (7, 7)] (52)

which is derived below by two different methods.

1. Method I: use of a perturbative solution f&f (x,t')

Consider the mean-field equatidn|(45) wh&rcan be considered small. We introduce an
ordering parameter < 1 and conside€ to beO(e). Then a perturbative solution of equatiéni(45)

in then — 0 limitis
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Hl(iﬂ,t/) = Hl(ar;,t) + 2A(t—t’)(5lng(m,t) + 0(5) (53)

We can also consider perturbative solutions with non zgtaut using them in equation_(44) for

&€ would not be correct, because equatibnl (44) was derivedetitttit » — 0. We now use

equation[(5B) in[(44):

t t
Ez-(a:, t) = Hl Eijm / dt, ijl(t, t/) + 2AH1 eijm / dt/ (t — t/>ij2(t, t,)
0 0

t
— Hip e / 4t Dyn(t,1) + O() (54)
0

Transform to the original field variables, usiify = B; and H,,, = By, — 2Atd,,1 B2, Which is
given in equation(30). Thé' terms remain unaltered and can be seen to combine to equl

Work out theD term using the expression far;,,, given in equation(43):

t t
H,,, / dt' Djy, = [Bim — 2At0,1 Bya)] / dt' [Rjm + 2At 0o Rj1]
0 0

t t
= Blm / dt, ij — 2AB[2 / dt/ (t — t/)le
0 0

Using the above result, and ignoridc?) terms in equatior (34), we obtain the result stated in
equation[(5PR).

2. Method II: Taylor expansion dB( X', 7/ = t')

This is the standard approach, although not as short as thegiwan above. We express
H(z,t) = B(X',7 = t') and Taylor expandB inside the integral in equatioh (44). As in
equation[(2B),

X = (z1,79 — 2Atxy ,3) ; X' = (1,19 — 2At 21, 23)

Writing X' = X + 2A(t — t')z, e, we Taylor—expand:
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H = Hx,t) = B(X',t) = Bi(X +2A(t — t')z1e0, )

0B
= Bi(X,t) + 2A(t —t)a1 By — (t—t’)a_tl o

We now use the mean—field induction equatidn (3) to eval(@ts/0t). As earlier we drop the

contributions from'V x £) and the, term and get

B
% = 2Ax1Bjy — 2A0pB; + ... (55)

Then

Hl/ = BZ(X,t) + 2A(t — t/)iL'lBlQ — (t - t/) [2141}13[2 - 2A51281] + ...

= B + 2A(t—t)0pB1 + ... (56)

Note that the inhomogeneous terms proportionattanutually cancel. It is clear, on physi-
cal grounds that they must, because the mean EMF given byiequyd4) is Gl, and any valid
approximation of a Gl expression must preserve this synymeir particular, this implies that
transport coefficients cannot dependagn We now use equatioh (b6) inside the time integrals of
(44). B, = B|(X,t) is a function of(x, t) and can be pulled out of the integrals oveMork out
theC' and D terms separately:

t
EZC = €ijm / dt/ ijl(t, t/)Hl/
0
t
= €ijm / dt/ ijl [Bl + 2A(t - t,)(slgBl]
0

t
= €ijm / dt’ [ijlBl + QA(t — t/)ijgBl]
0
= ay B

To calculate theD terms, we note thall;,, = (0H,;/0x,,). Since the integral ovef is performed
at constante, the (0/90z,,) can be pulled out of the integral:

ep — 9

! 0T,

t
/ dt/ [Eijl — 2A(t — t/)éllﬁjz] Djm(t, t/)Hl/
0
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Work out

[eijl — 2A(t — t')éllem] Hl/ = [Ez’jl — QA(t — t/)511€ij2] [Bl + 2A(t — t,)(slgBl]

= Eilel(X,t)
Then
0B, [!
EZD = _eijl%/(;dt/Djm(tvt/)
The quantity
0B, 0 0
— = | =— — 2A4tép,1—— | B, = By, — 2At6,.,B
oz <3Xm 1(9X2> l l 1D12

can be regarded as a function(dX , ¢) (or equivalently(x, t)), and we are free to takeiitsidethe

t’ integral. When this is done and the expressionfigy, given in equation(43) is used, we have

(2

t
EP = —e / Q" (B — 2415, B [Rim + 2416, ;1]
0

t
= _‘Eilelm / dt/ [ij — 2A(t - t/)(stle]
0

B. Calculationof Vx&

We need to calculat® x £ for the mean EMF of equation (62). Work out theandr terms

separately.
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(ng)? = eipqailBlp = Blpeipqeqjm/ dT/ [ijl+2A<T—T,)5llcjm2]
0

= Blm / CZT/ [Ciml + QA(T — T/)(Sllcimg]
0

— Blj / dT/ [Cju + QA(T - T’)éllCm]
0

_ B, / 07 {Cot — Con -+ 2A(r — )81 [Coma — Con]} (58)
0

Note that only the part aof’;,,,; that is antisymmetric in the indicés m) contributes.

(ng)? = —€ipgNgmiBipm = Blpmeipqeqjl/ dr’ [Rj _QA(T_T/>5m2Rj1]
0

= Bijm /0 dT/ [ij — 2A(T — T/)5m2Rj1] (59)

where we have usefl; = V- B = 0. We note that equations (58) aind|(59) can also be derived
directly from the expression fo¥ x £, given in equation(30). This is an interesting exercise as
it allows us to formulate an alternate criteria on when thegral equation folB can be approxi-

mated by differential equations. We examine such an apmprabton further below.

C. Approximating the integral equation directly

It is convenient to work with the Fourier transform B (x, ¢):

H(k,t) = /d3xH(w,t)eXp(—z'k-ac) (60)

We also define the vectdK (k,t) = (ki + 2At ky, ko, k3) and K? = |K|> = (ky + 2Atk,)* +
k3 + k2: note thatK - X = k - z. The magnetic field in the original variableB,(X, 7), can

be recovered by using the shearing transformation, equédp to write (x,t) in terms of the

21



laboratory frame coordinatésX, 7):
3 ~
B(X,7) = H(x,t) = /%H(k,t)exp(ik-w)

= / (g:))T];BIN{(k,T) exp (iK(k, 1) X) (61)

From equation[(31), the Fourier transformed induction égndbecomes
OH;
ot

t
+ 2A0upH, = —nK*H; + i / dt' [Cimi — Cril] [ﬁ[l’km+2At5m1ﬁl’k2
0

t
- / At' Dy { Bk + 24165 HlRs e |
0

t
+ / At Dy {24(8 = )00 [ kb + 2415 Hikok |} (62)
0

Let us again simplify the integrals corresponding to héerm, say7’“ and D term, sayT?,

separately. Using the definition & (k, ¢), theC' term simplifies to

t
TC — iK, (k1) / 0t (Cot — Co] ! (63)
0

)

We now assume that the mean field is slowly varying comparedeaorrelation time-. of the
turbulence and Taylor exparfé],(k, t') aboutt (this assumption can later be checked for its self-

consistency). We get

. - OH,
ik, t) = Hik,t) — (t—t’)a—tl TR
7 / ¥ / a]:—,l 7
- [Hl(k,t)+2A(t—t)512H1} —(t—t) | + 240 | + ... (64)

where in the second line we have added and subtracted a&téfim- t’)élgfll. Substituting this

expansion in equation (63), tlie-term becomes

7

t
TC = iK,,(k,t)H, / dt' {Cimi — Crnit + 2A(t — )01 [Cimz — Crmiz] }
0

OH — | [
~ iRl t) | 240000 | [t (ot~ Co (65)
0
Now consider theD-terms. Again using the definition o (k,t) and D;,,, = Rj, +
2At6,,0R 1, we can simplify this to
t
TP = —K;K, / dt' [H] — 2A(t — )0 H}|[Rjm — 2A(t — t')0maRj1] (66)
0
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Again assume that the mean field is slowly varying compareithé¢ocorrelation timer. of the

turbulence and Taylor exparid (k, ') aboutt. To first order in(t — '), we have

oH; 4 246, H,

[H —2A(t —t)0,H]] = H, — (t—1) o + ...
Substituting this expansion in equatiénl(66) gives
TP = —K;K,H, / t dt' [Rjm — 2A(t — )62 Rj1]
0
+ KK, aa—l? + 246, H,y /O t dt' (t — t')[Rjm — 2A(t — t')6maRj1] (67)

The expressions fofl” and7” given in equations(65) an@(67) can be simplified. In both
equations, the second terms are proportional to the LHSeahttuction equation (62). As before
we ignore microscopic diffusion and write

o1,
ot
Then equations (65) and (67) can be written as,

+ 2A(522[~{1 ~ Tic + ED

t
TC — ik, (k) / 4t {Cipt — Cont + 2A(t — 1511 [Cimna — Conio]}
0

t
— iKu(k,t) [I° +T"] / dt' (t — t")[Cimi — Crnat]
0

t
TP = —K,K,.H, / dt' [Rjm — 2A(t —t')0ma Rj1]
0

t
+ KK, [TF +TP] / dt' (t —t)[Rjm — 2A(t — )02 Rj1] (68)
0

When these equations are added together, they result in &tbe¢® coupled linear equations for
the unknown quantitie§T” + 7], [T¥ + T] and[T¥ + T.P] . Itis straightforward to solve
this system of equations, but the solutions assume a formhafineedlessly complicated for our
purposes. We are interested in the limit of short velocityr&ations timesy. . In this case both
T¢ andTP are well approximated by their respective first terms:

t
TC = iK,(k,t)H, / dt' {Cimi — Crnit + 2A(t — )01 [Cimz — Crnia]}

0
t
TP = —K,K, H; / dt' [Rjm — 2A(t — t')0maRj1] (69)
0
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These are exactly the Fourier transforms of equafioh (58)Yox £)¢, and equation[(59) for
(VX&)

We now state the conditions under which the approximatidrengn equationd (69) are valid.
Let us define the quantitites, and 1, as typical values of the time integrals of the velocity
correlatorsS;,,, and R;,,, respectively (for homogeneous and isotropic turbulengés of order
the magnitude of the usuateffect, andy,;, would be comparable to the magnitude of the usual
turbulent diffusion coefficient). For any wavenumh&r,we can define time scales, = (Kag) !

andt,, = (K*nu.) ', associated withy andn,.,. Whenr, is small enough such that
To LK to,ty; A, < 1
AT? L to oty At >1 (70)

then bothT” and 7" are well approximated by their respective first terms, agmin equa-
tions (69). The time scales, = (Kap) ! andt, = (K?n..b) ', depend on the spatial scale,
K1, which is a time—dependent quantity floy # 0; at late timesK ~ |2Atk,| and this makes
the quantities,, andt, decreasing functions of time. With this fact taken into asuo the in-
equalities given in equatioh (I70) translate into uppertéron the time over which the expressions

in equation[(6P) serve as good approximationgtoand7;”.

D. Mean-field induction equation

We gather together here the results obtained in this sectidinen the mean—field is slowly

varying, it satisfies the following partial differential @agion:

0B; 0?B;

-7 h. - =t 2p.
ox. gy VB (D)

9 0 .
(E _ 2AX18—X2> B + 246581 = Gimy(7)

where
O~éim]’(7’) = / dTI {sz] — Cmij + 214(7' — T/)(Sj [szz — lez]}
0

~ ]- 4 /
njm(T) = 5 /0 dT {ij -+ ij - 2A(T - T/) [5m2Rj1 —+ 6j2Rm1]} (72)
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In the above integral§’;,,,; = Ci,; (7, 7'), Rjm = Rjn (7, 7') €tc. Some comments:

1. Note thaty;,,; is antisymmetric in the indicg$, m), whereas;,, is symmetric in the indices

(4, m).

2. 1;m terms do not lead to coupling of any componenfith any other component.

VIl. MEAN-FIELD DYNAMICS FOR NON HELICAL VELOCITY STATISTICS

When the velocity fluctuations are non helicél,,;(r,7") = 0, so that bothC;,,,;(, 7") and
&, (7) vanish (in specific models of the velocity dynamics we find th& generated velocity
fluctuations are indeed non-helical, if the forcing is nolda¢even in the presence of shear). Then
the evolution of the mean—field, (over times when the ineétj@slof equations 710 are satisfied), is
determined by

2
B
(3 — 2Axli) B; + 240181 = ijjm(7) OB + nV?2B; (73)

or 0Xs m
Note thaty;,,, depends on the nature of the stirring and will, in generah henction of time; this
will be the case, say, for decaying turbulence. Howeverstatistically stationary stirringj;,
will become time—independent, after an initial transiamletion.
Equation[(7B) is inhomogeneous in the spatial coordinaieasbefore, we find it convenient

to work with the new variableH («x, ¢), and transform equatiof (73) to the shearing coordinates
(x,t):

OH, 0’ H;
i QAo H: — 7. _ 2q. 74
o T 240t n]m(T)anaXm + nV°H; (74)
where (see eqf. 46)
0 0 o ., [0 0\’
%, " o Mg Vo (g ) 09

Equation [[74) is homogeneous inbut not in¢, so we take a spatial Fourier transform defined
earlier in equatior{(80). TheHl (k, t) satisfies

OH;
ot
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where the vectoK (k,t) = (ki + 2At ky, ks, k3) andK? = |K|* = (ki + 2Atky)* + k2 + k3,
as before. It may be verified that this equation preserves-tluier version of the divergence
condition of equatior({47), nameli{- H (k,t) = 0. The solution is

Hy(k,t) = Hi(k,0)G(k,t)

Hy(k,t) = |Hy(k,0) — 2At Hy(k,0)| G(k, 1)

Hs(k,t) = Hs(k,0)G(k,t) (77)
whereH (k, 0) are given initial conditions satisfyink: H (k,0) = 0, ensuring thak - H (k,t) =

0. The Green'’s functiong (k, t), is zero fort < 0 and is defined fot > 0 by

G(k,t) = exp {—/0 ds (ﬁjm(s)Kij+nK2) (78)

In the integrand KX; = k; + 2Asd,1k, should be regarded as a functionfind s, and thes—
integral performed at fixed. ThenG(k, t) can be written as the product ofi@croscopicGreen’s
function, G, (k, t), and aturbulentGreen’s functiong (k. t) :

g(kvt) - g77<k>t) ’ gt(k:>t)
G,(k,t) = exp {—n <k2 t+2Akiky t* + %A%g ti”)]

Gi(k,t) = exp [=Qjm(t)k;kn] (79)

where the time—dependent symmetric madpix, () is given by

Qjm(t) = /0 ds {7jm(s) + 248 [62 Tm (5) + Omaz i1 ()] + 442052 6ma s> 7 (s) ) (80)

in terms of time integrals of;,,,(7), which are assumed to be known functions depending on the
velocity correlatorsR;,, (7, 7’), as given in equation (72).
The solution in the original variable3(X, ), can be recovered by using the shearing trans-

formation, equation’(6), to writéx, t) in terms of the laboratory frame coordinateX, 7) (see
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equatiori 61):

B(X,7) = H(x,t) = /%f{(k,t)exp(ik-m)

= / (;Z:;?’ H(k,7)exp (iK (k, 1) X) (81)

Equivalently, the solution is given in component form as

Bi(X,7) = /%Bl(k,o)g(k,r) exp (iK (k,7) X)
By(X,7) = /(g—?jg [Bg(k,O)—ZATél(k,O) Gk, 7) exp (iK (k,7) X)
B3(X,T1) = / (62{;];3 Bs(k,0)G(k,7) exp (iK (k,7)- X) (82)

where we have written the initial conditio®f (k, 0) = B(k, 0), with k- B(k,0) = 0.

Some comments:

1. The above solution foB(X, 7) is a linear superposition cfhearing wavesof the form
exp (1K (k,7)- X) = exp [i(k1 + 2ATk2) X; + ko X2 + 1k3 X5], indexed by the triplet of
numbergky, ko, k3).

2. Whether the waves grow or decay depends on the time depmndetihe Green'’s function,
G(k,7) =G,(k,7) - Gi(k,7). The firsttermg,, is known explicitly and describes the ulti-

mately decay of the shearing waves (on the long resistivestoale), although these could be

transiently amplified. The second teréh, depends on the properties of the time—dependent

symmetric matrix@),,(7). Shearing waves can grow@;,,(7) has at least one negative
eigenvalue of large enough magnitude. To translate thisiregent into an explicit state-
ment on dynamo action requires developing a dynamical yhefothe velocity correlators,

R;.(1,7"), becausé);,,(T) depends on time integrals ov&y,,, (7, 7’).

In specific cases it is possible that the velocity dynamissich thatj;,,,(7) becomes indepen-

dent of, in the long time limit (this is generic when steady forcirapgetes with dissipation).

27



Taking the zero of time to be after this stationary state leghlveached, we can do thentegrals

in equation[(8D) explicitly and write

_ _ Z _

We can now make further statements on the dynamo growth esjngtion[(88). Note that the
linear shear of the form that we have adopted is likely to leaanon-zeraj,,, but is not expected

to couple theX; component with other components, and thus we expgct 7,3 = 0. Then

. . . . . . 4 .
— Qjmkjkm = —t [7711]6% + 77221{3% + 27712]€1k2 + 7733]{3??)] — 2At2 [7711]{71]{}2 + 7’]12]{?%} - §At3 7711]{3%
(84)
The term linear irt will dominate at early times while the term proportionalttowill dominate

eventually. Thus at early times we need one of the eigensaifithe matrix

i Tz 0O
M2 722 0
0 0 733

to be negative for dynamo growth. These eigenvalues are

1/2

- - L 9
Ay = (M1 + 722) 4 7711 — T2z 14+ 4— 7712~ : s = T3 (85)

2 2 (71 — 7l22)?

Nonzero values ofj;, or negative values of the diagonal elements of the turbulfiuision tensor
favour growth at early times. Preliminary work on simple ralsdof velocity dynamics that we
are exploring suggests that, can become negative biit; andrj;3 remain positive; this happens
because the turbulence is strongly affected by the backgrehear and the velocity correlators
are not isotropic. Thus a non-zerg seems to be required for growth initially.

At intermediate times, when thé term dominates we can always choose shearing waves with
an appropriate sign and magnitudekok, such thaR At?(7,, ki ks + 712k3) is negative, and there
is growth of the mean field. On the other hand, all shearingeaanith non-zerd: will eventually
decay, in the long time limit — oo, if 77;; > 0, as then the?® term is negative definite. Thus it
seems likely that the shear dynamo can have shearing wawgoss! which grow for some time
if they have non-zerd(, dependence, but which will eventually decay. As already leasjzed
above, one needs to develop a dynamical theory of the vglooitrelators, for deriving more

explicit results on dynamo action, due to non-helical tlgbce and shear. It is, in general, not
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an easy task to make analytical progress on a dynamicalthidowever, in the limit of low fluid
Reynolds numbers, a perturbative analysis is possible @&wktbcity correlators can be computed
explicitly. Such an analysis has been undertaken by SinghSainlhar, and preliminary results
for non—helical forcing indicate that the turbulent diffus coefficientr,, can indeed become
negative. Also our conclusions are based on the diffedeatjpation approximation, which is
valid for a finite period and thus we need to solve the integgalation for the mean field evolution

directly, to firm up the above results.

VIII. CONCLUSIONS

We have studied here large—scale dynamo action due to é&ndilin the presence of a linear
shear flow. Systematic use of the shearing coordinate tranation and the Galilean invariance
of a linear shear flow allows us to develop a quasilinear thebthe shear dynamo which, we
emphasize, is non perturbative in the shear parameter.eB# is an integro—differential equation
for the evolution of the mean magnetic field. We showed ughigye¢quation that for non helical
turbulence, the time evolution of the cross—shear compgsnainthe mean field do not depend
on any other components excepting themselves. This imhlagsthere is essentially no shear—
current type effect in quasilinear theory in the limit of aeesistivity. Our result is valid for any
Galilean—invariant velocity field, independent of its dgmes.

We then derived differential equations for the mean-fiel@on, by developing a systematic
approximation to the integro-differential equation, asswg the mean field varies on time scales
much longer than the correlation times of the turbulencer rfem-helical velocity correlators,
these equations can be solved in terms of shearing wavese Weves can grow transiently at
early and intermediate times. However it is likely that telf eventually decay at asymptotically
late times. More explicit statements about the behaviouh@fshearing wave solutions requires
developing a dynamical theory of velocity correlators irahflows. Itis also important to directly
solve the integral equation for the mean field as the diffemerquation approximation is valid
only for a limited period.

Growth of large—scale magnetic fields in the presence ofrsr@hnon—helical turbulence has
been reported in some direct numerical simulations![1, 2]eilvér we can understand these nu-
merical results through our quasilinear theory dependfierxistence (or otherwise) of growing

solutions to the integral equation {51) for the mean fieldisTh turn relies on the form of the
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velocity correlators, which will be strongly affected byesin and highly anisotropic; hence it is
difficult to guess their tensorial fornespriori, and it is necessary to develop a dynamical theory
of velocity correlators. We cannot discount the possipiliat effects we have ignored may also
play a role. Perhaps the initial growth of the shearing wavthe mean field, for large enough
shear, is sustained by an effect which breaks one of our gagum. One possibility is that he-
licity fluxes arising due to shear, turbulence and an inha@negus mean magnetic field [10] 12]
induce a nonlinear alpha effect when the Lorentz forcesiinecstrong. Another is the possible
presence of an incoherent alpha-shear dynamo [1, 13] ie tigsulations. A third possibility is
that if even transient growth makes non—axisymmetric medasfistrong enough, they themselves
might drive motions which could lead to sustained dynamiagthis seems remniscent of some
of the subcritical dynamos discussed by [14]. Clearly furtstedies of various aspects of the

shear dynamo, particularly incorporating velocity dynesrean only be more fruitful.
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