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T h e m a jo r c o n t r ib u t io n o f K e p le r w a s in d is -

c o v e r in g h is la w s o f p la n e t a r y m o t io n , o n e o f

w h ic h s t a t e s t h a t p la n e t s m o v e in e llip t ic a l o r b it s

a r o u n d t h e S u n w h ic h is lo c a t e d a t o n e o f t h e fo c i

o f t h e e llip s e . T h e m o t io n o f a t e s t p a r t ic le in a n

in v e r s e s q u a r e fo r c e la w is u s u a lly c a lle d t h e K e -

p le r p r o b le m . W e w ill e x a m in e s e v e r a l a s p e c t s o f

t h is m o t io n in t h is la s t in s t a llm e n t o f S n ip p e t s in

P h y s ic s .

It is a te x tb o o k e x erc ise to sh o w th a t th e b o u n d o rb its
in N e w to n ia n g ra v ity u n d e r th e in ° u en c e o f a n in v e rse
sq u a re la w fo rc e a re ellip se s. W e h a v e a lre a d y d isc u sse d
se v e ra l fe a tu res o f su ch a m o tio n in p re v io u s a rticle s [1 ,

2 ]. In p a rtic u la r, th is m o tio n h a s th e fo llo w in g fe a tu res,
w h ich a re sp e cia l to th is p ro b lem a n d d isa p p ea r if y o u
ch a n g e th e p ro b le m ev e r so slig h tly !

² T h e tra je cto ry o f th e p a rtic le in th e v e lo c ity sp a ce
(u su a lly c a lle d a h o d o g ra p h ) u n d e rg o in g su ch a m o tio n ,
is a c irc le [1 ]. T h e v e lo c ity v o f th e p a rticle c a n b e
e x p re ssed in th e fo rm v (t) = v 0 + u (t) w h ere v 0 is a
v e c to r c o n sta n t in m a g n itu d e a n d d ire c tio n w h ile u (t)
h a s c o n sta n t m a g n itu d e b u t v a ry in g d ire c tio n .

² In a d d itio n to th e a n g u la r m o m e n tu m a n d e n erg y,
w h ich w o u ld b e co n se rv e d in a n y sta tic c en tra l fo rce
p ro b le m , w e h a v e a n ex tra co n se rv e d q u a n tity c a lle d th e

R u n g e { L e n z v e cto r. T h e m a g n itu d e o f th is v e cto r c a n
b e a rra n g ed to g iv e th e e cc e n tric ity o f th e o rb it w h ile
its d ire ctio n is a lo n g th e m a jo r a x is o f th e e llip se . T h e
c o n se rv a tio n o f th is v ec to r en su res th a t th e d ire ctio n o f
th e m a jo r a x is d o e s n o t ch a n g e a n d th e e llip se sta y s in
p la c e.
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T h e ¯ rst ca su a lty w h e n w e m o d ify th e p ro b lem is th e R u n g e { L e n z v e c to r. T h is
m ea n s th a t ev e n w h e n th e m o d ī c a tio n is sm a ll, th e d irec tio n o f th e ellip se is n o t
p ro te c ted b y a c o n serv a tio n la w . T h is c a u ses th e e llip se to p re ce ss a n d it is o ften

o f in te re st to c o m p u te th e ra te o f th is p rec e ssio n . W e sh a ll n o w d isc u ss h o w th is
c o m es a b o u t in d i® e re n t co n te x ts a n d w h a t it im p lie s.

T h e stu d y o f o rb its in e x tern a l ¯ e ld s is m o st e c o n o m ic a lly d o n e u sin g th e H a m ilto n {
J a c o b i e q u a tio n . S o lv in g th e re le v a n t H a m ilto n { J a c o b i e q u a tio n in th e c o n te x t

o f a ce n tra l fo rc e p ro b lem lea d s to a n a ctio n w h ich c a n b e e x p re sse d in th e fo rm

A (t; r ; E ; L ) = ¡ E t + L µ + S (r ; E ; L ); (1 )

w h e re (r; µ ) a re th e sta n d a rd p o la r c o o rd in a te s in th e p la n e o f o rb it, L is th e

a n g u la r m o m e n tu m , E is th e e n e rg y a n d S (r ;E ; L ) h a s to b e d ete rm in e d b y
in te g ra tin g th e H a m ilto n { J a co b i eq u a tio n . T h e o rb ita l e q u a tio n r = r (µ ) c a n b e
o b ta in e d b y d i® e re n tia tin g A w ith re sp ec t to L a n d e q u a tin g it to a c o n sta n t:

µ +
@ S

@ L
= µ 0 = co n sta n t : (2 )

T h e d i® e re n t co n te x ts w e w o u ld b e in te re ste d in o n ly d i® e rs in th e n a tu re o f
H a m ilto n { J a c o b i e q u a tio n ; o n c e w e o b ta in th e o rb ita l eq u a tio n in (2 ) o n e c a n
c o m p a re th e d i® e ren t m o d e ls fa irly e a sily .

L e t u s sta rt w ith th e sta n d a rd N e w to n ia n th e o ry . If th e p a rtic le is m o v in g in a

c en tra l p o ten tia l V (r ), th e n fro m th e H a m ilto n { J a c o b i eq u a tio n @ A = @ t + H = 0 ,
it is ea sy to sh o w th a t S sa tis¯ es th e e q u a tio n

Ã
d S

d r

!2

= 2 m (E ¡ V ) ¡ (L 2 = r 2 ): (3 )

T h is, in tu rn , a llo w s u s to w rite th e o rb ita l e q u a tio n in (2 ) in th e fo rm

µ ¡ µ 0 =
Z

d r (L 2 = r 2 )

[2 m (E ¡ V ) ¡ (L 2 = r 2 )]
1 = 2

: (4 )

C o n v ertin g th is in to a n e q u a tio n fo r d r = d µ a n d in tro d u c in g th e sta n d a rd su b sti-
tu tio n u ´ (1 = r ) w e ca n o b ta in th e d i® ere n tia l eq u a tio n sa tis¯ e d b y u (µ ):
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u 00+ u = ¡
m

L 2

d V

d u
; (5 )

w h e re th e p rim e d en o te s d i® ere n tia tio n w ith re sp ec t to µ . In th e sta n d a rd K ep le r
p ro b le m , V = ¡ G M m = r = ¡ G M m u so th a t th e rig h t-h a n d sid e o f (5 ) b e c o m es
a co n sta n t a n d w e g e t th e so lu tio n u = ® + ¯ c o s µ w h ich rep re se n ts a n e llip se.

L e t u s n o w a sk w h a t h a p p e n s to th e K e p ler p ro b le m w h e n w e in tro d u ce p h y sica lly
re le v a n t m o d ī c a tio n s. T h e ¯ rst g e n e ra liz a tio n th a t y o u m ig h t th in k o f w ill b e to
in tro d u c e th e e® ec ts o f sp ec ia l rela tiv ity. T h is tu rn s o u t to b e m o re n o n -triv ia l
th a n o n e m ig h t h a v e im a g in ed fo r th e fo llo w in g re a so n .

In th e n o n re la tiv istic c o n te x t, th e m o tio n o f a p a rtic le u n d er th e a ctio n o f a
p o ten tia l V is g o v e rn e d b y th e eq u a tio n d p ® = d t = ¡ @ ® V , w h e re ® = 1 ; 2 ; 3
d e n o te s th e th re e sp a tia l c o m p o n en ts o f th e m o m e n tu m p a n d @ ® d e n o te s th e
d e riv a tiv e w ith resp e ct to th e c o o rd in a te x ® . O n e m ig h t h a v e th o u g h t th a t th e
n a tu ra l g e n era liz a tio n o f th is N e w to n ia n re su lt in to th e sp e c ia l re la tiv istic d o m a in

w o u ld in v o lv e th e fo llo w in g re p la c em e n ts: C h a n g e th e th ree m o m e n tu m p ® to th e
fo u r m o m e n tu m p i (w ith i = 0 ; 1 ; 2 ; 3 ), th e co o rd in a te tim e t in to th e p ro p e r tim e
¿ o f th e p a rtic le a n d th e th ree -d im en sio n a l g ra d ie n t @ ® to th e fo u r-g ra d ien t @ i.
T h is w o u ld h a v e led to th e e q u a tio n d p i = d ¿ = ¡ @ iV . U n fo rtu n a te ly , th ere is a
p ro b le m w ith th is g̀ en e ra liza tio n '. T h e fo u r-v elo city u i sa tis¯ e s th e c o n stra in t:

u iu i =
d x id x i

d ¿ d ¿
= ¡

d ¿ 2

d ¿ 2
= ¡ 1 ; (6 )

w h e re w e h a v e in tro d u ce d th e su m m a tio n c o n v en tio n w h ich req u ires u s to su m
a ll rep ea ted in d ic es o v e r th e ra n g e i = 0 ; 1 ; 2 ; 3 a n d u i = ´ ij u j w ith ´ ij =
d ia [¡ 1 ; 1 ; 1 ; 1 ]. S in c e th e fo u r-m o m en tu m p i = m u i is p ro p o rtio n a l to fo u r-
v e lo c ity u i, w e h a v e th e c o n stra in t

u i d p i

d ¿
= m u i d u i

d ¿
=

m

2

d

d ¿
(u iu i) = 0 ; (7 )

w h e re w e h a v e u sed (6 ). T h is im p lie s th a t o u r p o te n tia l V h a s to sa tisfy th e

c o n stra in ts u i@ iV = 0 ; th a t is, th e p o ten tia l sh o u ld n o t ch a n g e a lo n g th e w o rld
lin e o f th e p a rtic le w h ich is n o t p o ssib le in g en e ra l. T h is is o n e rea so n w h y
v e lo c ity -in d e p e n d e n t fo rce s lik e @ iV c a n n o t b e in tro d u ce d in sp e cia l re la tiv ity .
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S o th e g e n e ra liz a tio n to sp e c ia l re la tiv ity h a s to co m e fro m so m e o th e r d irec tio n .
O n e p o ssib ility is to n o te th a t th e K e p ler p ro b le m a lso a rises in ele ctro d y n a m ics
w h e n w e c o n sid e r th e m o tio n o f a te st ch a rg e in th e C o u lo m b ¯ eld o f a n o th e r

ch a rg e . S in c e w e h a v e a fu lly sp e cia l rela tiv istic fo rm u la tio n o f e le c tro d y n a m ic s,
w e ca n a tte m p t to stu d y th e m o tio n o f a p a rtic le u n d e r th e a c tio n o f a fo u r-v ec to r
p o ten tia l A i = (V (r ); 0 ; 0 ; 0 ) w h ich w o u ld co rresp o n d to a c en tra lly sy m m etric
e le ctro sta tic p o ten tia l. W e c a n o n c e a g a in w rite d o w n th e H a m ilto n { J a c o b i e q u a -
tio n fo r th is ca se a n d o b ta in , in a n a lo g y w ith (3 ), th e d i® e re n tia l e q u a tio n fo r S

g iv e n b y

Ã
d S

d r

!2

=
1

c 2
(E ¡ V )2 ¡

L 2

r 2
¡ m 2 c 2 : (8 )

It is fa irly stra ig h tfo rw a rd to sh o w th a t, in th is c a se , (5 ) g e ts m o d ī e d to th e
fo rm

u 00+ u = ¡
(E ¡ V )

L 2 c 2

Ã
d V

d u

!

= ¡
E = c 2

L 2

d V

d u
+

1

2

1

L 2 c 2

d V 2

d u
: (9 )

C o m p a rin g (9 ) w ith (5 ) w e se e th a t th e ¯ rst term in v o lv e s re p la c em e n t o f m b y
E = c 2 w h ich , o f co u rse , m a k es sen se th o u g h it b rin g s in a v e lo c ity d ep en d en c e ; th e
se co n d te rm sh o w s th a t th e p o te n tia l p ick s u p a V 2 te rm a s a co rrec tio n w h ich
c a n b e tra ce d b a ck to th e fa c t th a t w h ile p 2 / E in th e n o n -re la tiv istic c a se ,
p 2 = (E = c )2 ¡ m 2 c 2 in sp e c ia l rela tiv ity. M o re fo rm a lly , w e c a n a ttem p t to d e ¯ n e

a N e w to n ia n e ® e c tiv e p o ten tia l V e ® in w h ich w e w ill o b ta in th e sa m e eq u a tio n o f
m o tio n . In th e c a se o f m o tio n in a C o u lo m b ¯ e ld w ith V (r ) = ¡ ® = r = ¡ ® u , th is
re q u ire s u s to sa tisfy th e co n d itio n

m

L 2

d V e ®

d u
= ¡

® E

L 2 c 2
¡

® 2

L 2 c 2
u (1 0 )

w h ich in teg ra te s to g iv e

V e ® = ¡
µ

E

m c 2

¶

® u ¡
® 2

m c 2

u 2

2
: (1 1 )

S in ce E = m c 2 is ° , w e c a n th in k o f th e ¯ rst te rm a s th e o rig in a l p o te n tia l tra n s-
fo rm ed to th e re st fra m e o f th e m o v in g b o d y . T h e se c o n d te rm is a p u rely
re la tiv istic c o rre ctio n .
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In th is c a se o f rela tiv istic m o tio n in a C o u lo m b ¯ e ld , th e o rb it e q u a tio n b ec o m e s:

u 00+ ! 2 u =
® E

L 2 c 2
; ! 2 ´ 1 ¡

® 2

L 2 c 2
; (1 2 )

w h ich is a g a in esse n tia lly a h a rm o n ic o sc illa to r eq u a tio n . T h e tra je c to ry o b ta in ed

b y so lv in g (1 2 ) ca n b e ex p re sse d in th e fo rm

1

r
=

1

R
co s(! µ ) +

E ®

c 2 L 2 ! 2
; (1 3 )

w h e re

R ´
L ! 2

m c

"µ
E

m c 2

¶2

¡ 1 +
® 2

c 2 L 2

#¡ 1 = 2

(1 4 )

is a c o n sta n t. In a m o re fa m ilia r fo rm , th e tra jec to ry is l= r = (1 + e c o s ! µ ) w ith

l =
c 2 J L 2 ! 2

E j® j
; e 2 =

L 2 c 2

® 2

"

1 ¡
m 2 c 4 ! 2

E 2

#

: (1 5 )

It is e a sy to v e rify th a t, w h e n c ! 1 , th is re d u c e s to th e sta n d a rd e q u a tio n fo r

a n e llip se in th e K ep le r p ro b lem . In term s o f th e n o n -rela tiv istic e n e rg y E n r =
E ¡ m c 2 , w e g e t, to le a d in g o rd e r, ! ¼ 1 ; l ¼ L 2 = m j® j a n d e 2 ¼ 1 + (2 E n r L 2 = m ® 2 ),
w h ich a re th e sta n d a rd re su lts.

In th e fu lly re la tiv istic c a se, a ll th e se e x p re ssio n s ch a n g e b u t th e k e y n ew e ® e c t
a rise s fro m th e fa c t th a t ! 6= 1 . D u e to th is fa c to r, th e tra je cto ry is n o t c lo sed
a n d th e e llip se p re c esses. W h e n ! 6= 1 , th e r in (1 3 ) d o es n o t retu rn to th e
v a lu e a t µ = 0 w h en µ = 2 ¼ ; in stea d , w e n ee d a fu rth er tu rn b y ¢ µ (th e à n g le
o f p re ce ssio n ') fo r r to re tu rn to th e o rig in a l v a lu e. T h is is d e te rm in e d b y th e

c o n d itio n (2 ¼ + ¢ µ )! = 2 ¼ . F ro m E q . (1 3 ) w e ¯ n d th a t th e o rb it p re ce sses b y
th e a n g le

¢ µ = 2 ¼

2

4

Ã

1 ¡
® 2

c 2 L 2

!¡ 1 = 2

¡ 1

3

5 '
¼ ® 2

c 2 L 2
(1 6 )

p e r o rb it w h e re th e se co n d e x p ressio n is v a lid fo r ® 2 ¿ c 2 L 2 . T h is is a p u rely
re la tiv istic e ® e ct a n d v a n ish e s w h e n c ! 1 .
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T h e re is a n o th e r p e c u lia r fea tu re th a t a rises in th e sp ec ia l rela tiv istic c a se w h ich
h a s n o N e w to n ia n a n a lo g u e. Y o u w o u ld h a v e n o tic ed th a t ! 2 in (1 2 ) h a s tw o
te rm s o f o p p o site sig n a n d in o b ta in in g o u r re su lt in (1 3 ), w e h a v e ta c itly a s-

su m e d th a t ! 2 > 0 . B u t in p rin c ip le , o n e c a n h a v e a situ a tio n w ith v ery lo w
b u t n o n -ze ro a n g u la r m o m e n tu m m a k in g ! 2 < 0 . T h is is a fe a tu re w h ich th e
n o n -rela tiv istic K e p ler p ro b le m sim p ly d o e s n o t h a v e a n d { u n d er su ch d ra stic
ch a n g e o f c ircu m sta n ce s { o n e c a n n o lo n g e r th in k in te rm s o f p re c essin g e llip se s.
E q u a tio n (1 2 ) n o w h a s th e so lu tio n

³
® 2 ¡ c 2 L 2

´ 1

r
= § c

q

(L E )
2

+ m 2 c 2 (® 2 ¡ L 2 c 2 ) co sh

0

@ µ

s
® 2

c 2 L 2
¡ 1

1

A ¡ E ® : (1 7 )

In th is ex p re ssio n , w e ta k e th e p o sitiv e ro o t fo r ® > 0 a n d th e n eg a tiv e ro o t
fo r ® < 0 . It is o b v io u s th a t, a s µ in c re a se s, (1 = r ) k e ep s in c re a sin g in th e ca se
o f a ttra c tiv e m o tio n so th a t th e test p a rtic le sp ira ls to th e o rig in . T h is d o es
n o t h a p p e n in th e K e p le r p ro b lem in N e w to n ia n p h y sics. A s is w ell k n o w n , th e
a n g u la r m o m en tu m te rm g iv e s a re p u lsiv e L 2 = r 2 c o n trib u tio n to th e e ® ec tiv e

p o ten tia l in a n y c en tra l fo rc e p ro b le m . In th e c a se o f ¡ (1 = r ) p o te n tia l, th e
a n g u la r m o m en tu m te rm p re v e n ts a n y p a rtic le w ith n o n -z e ro L fro m re a ch in g
th e o rig in . T h is is n o t th e c a se in sp e c ia l rela tiv istic m o tio n u n d er a ttra c tiv e
C o u lo m b ¯ e ld . If th e a n g u la r m o m e n tu m is le ss th a n a critic a l v a lu e, ® = c , th en
th e p a rtic le sp ira ls d o w n to th e o rig in . Y o u w ill ¯ n d it u sefu l to re -a n a ly se th is
situ a tio n in te rm s o f su ita b le e ® ec tiv e p o ten tia ls.

If w e th in k o f ® a s G M m , th e sec o n d te rm in (1 2 ) g iv e s a co rrec tio n to th e
p o ten tia l (¡ G 2 M 2 = 2 c 2 )(m = r 2 ). T h is te rm w ill lea d to a p re ce ssio n o f th e e llip se
b u t th e m o d e l is to ta lly w ro n g . O n e ca n n o t rep re se n t g ra v ity u sin g a v ec to r

p o ten tia l; in su ch a th e o ry , lik e ch a rg e s re p e l w h ile th e g ra v ity h a s to b e a ttra ctiv e .
T h e p ro p er w a y o f g en era lizin g th e g ra v ita tio n a l K e p le r p ro b le m , ta k in g in to
a c c o u n t th e e® e cts o f re la tiv ity , is o f c o u rse to u se g e n era l re la tiv ity to d e sc rib e
th e g ra v ita tio n a l ¯ e ld [3 ]. In th e ca se o f a te st p a rticle m o v in g in th e g ra v ita tio n a l
¯ e ld o f a p o in t m a ss a t th e o rig in , w e h a v e to ta k e in to a c co u n t th e e ® e c t o f th e

c u rv a tu re o f th e sp a ce w h ich is d e sc rib ed b y th e m o d ī c a tio n to th e lin e in te rv a l
in th e fo rm

d s 2 = ¡ f (r )c 2 d t2 +
d r 2

f (r )
+ r 2

³
d µ 2 + sin 2 µ d µ 2

´
; (1 8 )
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w h e re f (r ) = [1 ¡ (2 G M = c 2 r )]. W e h a d a lre a d y d iscu ssed th is in a p rev io u s
in sta llm e n t [3 ] w h e re it w a s p o in ted o u t th a t o n e c a n o b ta in th e co rrec t eq u a tio n
b y re p la cin g c o o rd in a te in terv a ls b y th e p ro p e r g eo m e tric a l q u a n tities. F o r a

re la tiv istic free p a rticle , th e re la tio n sh ip b etw e en en erg y a n d m o m en tu m is g iv en
b y E 2 = p 2 c 2 + m 2 c 4 . W h e n ex p re sse d in p o la r c o o rd in a te s, th is ta k es th e fo rm

E 2 = m 2 c 4 +

µ
E

c

¶2
Ã

d r

d t

!2

+
c 2 L 2

r 2
: (1 9 )

W e n o w h a v e to re p la c e in (1 9 ), d r b y th e p ro p e r le n g th (d r =
p

f ); d t b y th e

p ro p er tim e
p

f d t a n d th e e n e rg y b y th e re d sh ifte d o n e E =
p

f . T h e ex p re ssio n
fo r c o n serv ed a n g u la r m o m e n tu m w ill a lso ch a n g e fro m L = m r 2 (d µ = d t) to L =
m r 2 (d µ =

p
f d t). M a n ip u la tin g th e se e q u a tio n s, it is e a sy to o b ta in a n ex p re ssio n

fo r d r = d µ , d i® e ren tia tin g w h ich w e w ill g e t th e e q u a tio n fo r th e o rb it in th e
sta n d a rd fo rm :

d 2 u

d µ 2
+ u =

G M m 2

L 2
+

3 G M

c 2
u 2 : (2 0 )

T h e ¯ rst te rm o n th e rig h t-h a n d sid e is p u re ly N e w to n ia n a n d th e se c o n d te rm is
th e co rrec tio n fro m g en e ra l re la tiv ity . T h e ra tio o f th ese tw o te rm s is (L = m r c )2 ¼
(v = c )2 , w h e re r a n d v a re th e ty p ic a l ra d iu s a n d sp e e d o f th e p a rticle.

T h is c o rre c tio n te rm ch a n g e s th e n a tu re o f th e o rb its in tw o w a y s. F irst, it
ch a n g e s th e re la tio n sh ip b e tw e e n th e p a ra m e ters o f th e o rb it a n d th e e n e rg y a n d
a n g u la r m o m e n tu m o f th e p a rticle . M o re im p o rta n tly , it m a k es th e e llip tic a l
o rb it o f N e w to n ia n g ra v ity to p re c ess slo w ly w h ich is o f g re a te r o b se rv a tio n a l

im p o rta n c e .

T h e ex a c t so lu tio n to (2 0 ) ca n b e g iv en o n ly in te rm s o f ellip tic fu n c tio n s a n d
h e n ce is n o t v e ry u se fu l. A n a p p ro x im a te so lu tio n to (2 0 ), h o w e v e r, c a n b e o b -

ta in e d fa irly e a sily w h en th e o rb it h a s a v e ry lo w e cc e n tric ity a n d is n e a rly circu la r
(w h ich is th e c a se fo r m o st p la n e ta ry o rb its). T h en th e lo w est o rd e r so lu tio n w ill
b e u = u 0 = c o n sta n t a n d o n e c a n ¯ n d th e n e x t o rd e r c o rre c tio n b y p e rtu rb a -
tio n s th e o ry . T h is c a n b e d o n e w ith o u t a ssu m in g th a t 2 G M u 0 = c 2 = 2 G M = c 2 r 0 is
sm a ll, so th a t th e resu lt is v a lid e v e n fo r o rb its c lo se to th e S ch w a rz sch ild ra d iu s,

a s lo n g a s th e o rb it is n ea rly c irc u la r.

L e t th e ra d iu s o f th e c irc u la r o rb it b e r 0 fo r w h ich u = (1 = r 0 ) ´ k 0 . F o r th e a ctu a l
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o rb it u = k 0 + u 1 , w h e re w e e x p e c t th e sec o n d te rm to b e a sm a ll co rrec tio n .
C h a n g in g th e v a ria b le s fro m u to u 1 , w h ere u 1 = u ¡ k 0 , e q u a tio n (2 0 ) c a n b e
w ritten a s

u 00
1 + u 1 + k 0 =

G M m 2

L 2
+

3 G M

c 2

³
u 2

1 + k 2
0 + 2 u 1 k 0

´
: (2 1 )

W e n o w ch o o se k 0 to sa tisfy th e c o n d itio n

k 0 =
G M m 2

L 2
+ k 2

0

3 G M

c 2
; (2 2 )

w h ich d e te rm in e s th e ra d iu s r 0 = 1 = k 0 o f th e o rig in a l c irc u la r o rb it in te rm s o f
th e o th e r p a ra m ete rs. N o w th e eq u a tio n fo r u 1 b e c o m e s

u 00
1 +

Ã

1 ¡
6 k 0 G M

c 2

!

u 1 =
3 G M

c 2
u 2

1 : (2 3 )

T h is eq u a tio n is e x a c t. W e sh a ll n o w u se th e fa ct th a t th e d e v ia tio n fro m circu la r
o rb it, ch a ra c te riz e d b y u 1 is sm a ll a n d ig n o re th e rig h t-h a n d sid e o f (2 3 ). S o lv in g
(2 3 ), w ith th e rig h t-h a n d sid e se t to z ero , w e g et

u 1
»= A c o s

"µ

1 ¡
6 G M

c 2 r 0

¶1 = 2

µ

#

: (2 4 )

W e se e th a t r d o e s n o t re tu rn to its o rig in a l v a lu e a t µ = 0 w h e n µ = 2 ¼ in d ic a tin g
a p rec e ssio n o f th e o rb it. W e en c o u n te re d th e sa m e p h e n o m en o n in th e ca se o f
m o tio n in a C o u lo m b ¯ e ld a s w e ll. A s d escrib e d in th a t c o n te x t, th e a rg u m e n t o f
th e c o sin e fu n c tio n b e c o m es 2 ¼ w h e n

µ c ¼ 2 ¼ [1 ¡ (6 G M = c 2 r 0 )]¡ 1 = 2 (2 5 )

w h ich g iv es th e p re ce ssio n (µ c ¡ 2 ¼ ) p e r o rb it.

W e ca n m a k e a n a iv e c o m p a riso n b e tw e e n th is p re ce ssio n ra te a n d th e co rre-
sp o n d in g o n e in th e C o u lo m b p ro b lem b y n o tic in g th a t, in th e la tte r c a se , w e c a n
su b stitu te ® = G M m a n d L 2 ¼ G M m 2 r 0 (w h ich fo llo w s fro m (2 2 ) a t th e lo w est
o rd e r) to o b ta in
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! 2
e l ! 1 ¡

G M

c 2 r 0

(2 6 )

w h ich d i® ers b y a fa c to r 6 in th e c o rre sp o n d in g te rm in g e n e ra l rela tiv ity .

If w e a tte m p t to re p ro d u ce th e g e n era l rela tiv istic re su lts b y a n e ® e c tiv e N e w -
to n ia n p o te n tia l, w e n e ed to ¯ n d a V e ® w h ich sa tis¯ e s th e e q u a tio n

¡
m

L 2

d V e ®

d u
=

G M m 2

L 2
+

3 G M

c 2
u 2 (2 7 )

w h ich in teg ra te s to g iv e

V e ® = ¡
G M m

r
¡

G M L 2

m c 2

1

r 3
: (2 8 )

T h e tro u b le w ith th is e ® e c tiv e p o te n tia l is th a t th e c o rre ctio n te rm d ep e n d s o n

th e a n g u la r m o m e n tu m L o f th e p a rtic le w h ich is so m e w h a t d i± c u lt to m o tiv a te
p h y sic a lly . B u t if y o u a re w illin g to liv e w ith it, th en o n e ca n in tro d u c e a p se u d o
N e w to n ia n d e sc rip tio n o f th e g en e ra l re la tiv istic K ep le r p ro b lem b y ta k in g th e
e q u a tio n s o f m o tio n to b e m (d 2 r = d ¿ 2 ) = F w ith

F = ¡ r̂
G M m

r 2

Ã

1 +
3 (r̂ £ u )2

c 2

!

; u =
d r

d ¿
; (2 9 )

w h e re ¿ is th e p ro p e r tim e a n d r̂ is a u n it v e cto r in th e ra d ia l d ire c tio n . Y o u
c a n co n v in c e y o u rse lf th a t th e co n se rv e d a n g u la r m o m e n tu m n o w is L = m r £ u

w h ich w ill e n su re th a t th e a b o v e fo rc e re p ro d u ce s th e c o rre ct re la tiv istic o rb it
e q u a tio n . U n fo rtu n a te ly , th is fo rc e la w d o es n o t see m to lea d to a n y o th e r u se fu l
c o n c ep t.


