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1 INTRODUCTION

Turbulent mean field dynamos are thought to be at the hearagf m
netic field generation and maintenance in most astropHylsozh
ies, like the sun or the galaxy. A particularly importantseriof the
mean field dynamo (MFD) is the-effect which, in the kinematic
regime, depends only on the helical properties of the terme. It
is crucial to understand how theeffect gets modified due to the
backreaction of the generated mean and fluctuating fields.
Using closure schemes or the quasi-linear approximation it

has been argued that, due to Lorentz forces, dheffect gets
“renormalized” by the addition of a term proportional to tber-
rent helicity of the generated small scale magnetic fieldu@@et
et al. 1976; Gruzinov & Diamond 1994; Kleeorin et al. 1995bSu
ramanian 1999; Kleeorin & Rogachevskii 1999; Blackman &dFie
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The backreaction of the Lorentz force on theffect is studied in the limit of small magnetic
and fluid Reynolds numbers, using the first order smoothipgagmation (FOSA) to solve
both the induction and momentum equations. Both steadyiameldependent forcings are
considered. In the low Reynolds number limit, the velocitgl anagnetic fields can be ex-
pressed explicitly in terms of the forcing function. The hioear a-effect is then shown to be
expressible in several equivalent forms in agreement wittn&lisms that are used in various
closure schemes. On the one hand, one can exgressipletely in terms of the helical prop-
erties of the velocity field as in traditional FOSA, or, aftatively, as the sum of two terms,
a so-called kinetiev-effect and an oppositely signed term proportional to tHechlepart of
the small scale magnetic field. These results hold for bethdst and time dependent forcing
at arbitrary strength of the mean field. In addition, thepproximation is considered in the
limit of small fluid and magnetic Reynolds numbers. In thisiti ther closure term is absent
and the viscous and resistive terms must be fully includéé.dnderlying equations are then
identical to those used under FOSA, but they reveal inteigggifferences between the steady
and time dependent forcing. For steady forcing, the caiogldetween the forcing function
and the small-scale magnetic field turns out to contributedrucial manner to determine the
neta-effect. However for delta-correlated time-dependentifay, this force—field correlation
vanishes, enabling one to writeexactly as the sum of kinetic and magneitieffects, similar
to what one obtains also in the large Reynolds number regirtteeir-approximation closure

hypothesis. In the limit of strong imposed fields;, we finda o« By “ for delta-correlated

forcing, in contrast to the well-knowa o Bg?’ behaviour for the case of a steady forcing.
The analysis presented here is also shown to be in agreentarmuwmerical simulations of
steady as well as random helical flows.
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presence of such an additional term is uncontroversial élacél
small scale magnetic field is present even in the absence eam
field. However, it has been argued that, in the absence ofsspod
existing small scale magnetic field, theeffect can be expressed
exclusively in terms of the velocity field, albeit one whicha so-
lution of the full momentum equation including the Lorentzde
(Proctor 2003; Radler & Rheinhardt 2007). In the latterecaisis
not obvious that the helicity of the small scale magnetidfighys
any explicit role in the backreaction te It is important to clarify
this issue, as it will decide how one should understand theaa
tion of turbulent dynamos, as well as the possibility of sataphic
guenching of thex-effect and ways to alleviate such quenching.
Here and below, “catastrophic” means thais quenched down to
values on the order of the inverse magnetic Reynolds number.

2000; Radler et al. 2003; Brandenburg & Subramanian 200%e) In order to clarify these conflicting views, we examine here

an exactly solvable model of the nonlinear backreactiormémt
effect, where we assume small magnetic and fluid Reynolds num
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rectly, but it allows us to make novel and unambiguous stetes
that help clarifying the nature of magnetic saturation. Vileskiow
that, at least in this simple context, both the above viemscare
consistent, if interpreted properly.

2 MEANFIELD ELECTRODYNAMICS

In mean field electrodynamics (Krause & Radler 1980; Moffat
1978), any fieldF is split into a mean field and a ‘fluctuating’
small scale fieldf, such thatF’ = F + f. The fluctuating veloc-
ity (or magnetic) field is assumed to possess a correlatiogtld
small compared to the length scdleof the variation of the mean
field. The magnetic field obeys the induction equation,

0B
v @)

whereU represents the fluid velocity, = (uoo) ™' is the mag-
netic diffusivity (assumed constang),is the electric conductivity,
and po is the vacuum permeability. Averaging Eg. (1), we obtain
the standard mean-field dynamo equation

oB
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This averaged equation now has a new term, the mean electromo
tive force (emf)€ = u x b, which crucially depends on the statis-
tical properties of the: andb fields. The central closure problem
in mean field theory is to find an expression for the correl&tan
terms of the mean fields.

To find an expression f&, one needs the evolution equations
for both the fluctuating magnetic fietdand the fluctuating velocity
field w. The first follows from subtracting Eq. (2) from Eq. (1),

ob 3)

ot
HereG = V x (u x b)" with (u x b)’ = u x b—u x b. In what
follows, we will set the mean field velocity to zero, ilg.= 0 and
focus solely on the effect of the fluctuating velocity.

The evolution equation for can be derived in a similar man-
ner by subtracting the averaged momentum equation fromuthe f
momentum equation. We assume the flow to be incompressible
with V - u = 0. We get

Ju \Y (p+

ot
1 — —
+u—p (B-V)b+(b-V)B] + f +T. (4)
0
Herep is the mass density,is the perturbed fluid pressurejs the
kinematic viscosity taken to be constayfitis the fluctuating force,
and

=nV’B+Vx(UxB), V-B=0,

VPB+Vx(UxB+E), V-B=0.

nWVb+VxUxb+uxB)+G, V-b=0.

1

p

1
Ho

B-b) +vViu

’ 1 / 1 2\/
T (u - Vu) o [(b-Vb) — 1V (b%)]
contains the second order termadmndb. Here, primed quantities
indicate deviations from the mean, i¥! = X — X. We will also
redefineb/,/op — b, by settinguop = 1, so that the magnetic
field is measured in velocity units.

In order to find€ under the influence of the Lorentz force
one has to solve Eqgs (3) and (4) simultaneously and compute
u X b. In general this is a difficult problem and one has to take
recourse to closure approximations or numerical simulatido
make progress we assume hetg ul/n < 1 and Re =
ul/v < 1; that is both the magnetic and fluid Reynolds numbers

©)

are small compared to unity. In this case there is no smalesca
dynamo action and so the small scale magnetic field is solety d
to shredding the large scale magnetic field. Herndb (see be-
low) are typical strengths of the fluctuating velocity andgmetic
fields respectively. In the low magnetic Reynolds numbeitlifre
ratio of the first nonlinear term iG¥ to the resistive term in Eq. (3)
is ~ (ub/l)/(nb/1?) ~ Rm < 1. So this part ofG' can be ne-
glected compared to the resistive term. (Note that the sktarm

in G vanishes automatically when taking the averages to ewaluat
the mean emf.) Neglecting the nonlinear term, the generatite

of b is ~ uB/l, while its destruction rate is- nb/I%. Equating
these two rates, this also implies that~ R., B and the fluctu-
ation field is only a small perturbation to mean fields. Sinhjla
the ratio of the nonlinear advection term to the viscous term
Eq. (4), is~ (v?/1)/(vu/i*) ~ Re < 1 and the ratio of the
parts of the Lorentz force nonlinear i to that linear inb is

~ (b*/1)/(bB/l) ~ Rm < 1. SoT can also be neglected in
Eqg. (4). In this limit, one can therefore apply the well knofinst
order smoothing approximation (FOSA). It is sometimes aéso
ferred to as the second order correlation approximatioiS@CA;
see, e.g., Krause & Radler 1980). This approximation ctasf
neglecting the nonlinear ternG andT’, to solveboth the induc-
tion and momentum equation. Since FOSA is applied to the mo-
mentum equation as well, we will refer to this as “double FQSA
In order to make the problem analytically tractable, we tdke

B = B, = const. This also allows us to isolate theeffect in a
straightforward fashion. In the next section we begin bysatder-
ing for simplicity the case of steady forcing. It is then pbksto
also neglect the time derivatives in Egs (3) and (4). We retar
consider time dependent forcing in detail in Section 4.

3 COMPUTING € FOR STEADY FORCING

Under the assumptions highlighted above, one can solvetljire
for w andb in terms of the forcing functiorf. This in turn allows
the calculation of the mean emf in four ways.

A. We use the induction equation to solve foin terms ofu.
Then one can write the emf completely in terms of the velocity
field, as in normal FOSA and then substitute éoin terms of f.

B. We compute€ = u x b directly.

C. We use the momentum equation to solvedoin terms ofb
and the forcing functiorf, and then substitute fdrin terms of f.

D. Compute £ from the 9&/0t 0 relation, as inr-
approximation closures.

We will show that all four methods give the same answer for the
mean emf in terms of the forcing functigh The first Method A
gives the traditional FOSA result for theeffect being dependent
on the helical properties of the velocity field, while MethGdcan

be interpreted to reflect the idea of a renormalizedue to the
helicity of small scale magnetic fields. But we show that thelfi
answer in terms of the forcing is identical.

Before going into the various methods as highlighted above,
we solve foru andb in terms of the forcing functiorf. In the low
conductivity limit, neglecting the time variation &fin Eq. (3) we
have,

—nV?b= By - Vu. (6)
Similarly, in the limit of low Re andR, Eq. (4) becomes,
—vVu =By - Vb+ f — Vpen, (7)
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wherep.s combines the hydrodynamic and the magnetic pressure. At this stage one can put the emf completely in terms of theois|

Using the incompressibility condition, one can eliminatg. We field and recover the usual FOSA expression that in the low con
will solve these equations in Fourier space. Throughoust plaper ductivity and isotropic limit, thev-effect is related to the helicity of
we will be using the convention the velocity potential (Krause & Radler 1980; Radler & Riardt
1 2007). This can be shown in the following manner: sifce: = 0,
u(k) = —3/ (x)e ™ da (8) the velocity field can be expressedwas= V x v, wheres is the
(2m) velocity vector potential with the gauge conditi&h- ¢ = 0. We
which satisfies the inverse relation then havei (q) = igperpiti(q). Substituting this expression in
) Eqg. (20), and using the fact that the velocity field is diveige
u(x) = /ﬂ(k)elk‘zdk. 9) less, we get
In Fourier space, Egs (6) and (7) become BO iy ( )1[) (q)d
nkbi(k) = (ik - Bo) @i (k), (10) BO , _
vk (k) = (i - Bo) bi(k) + fu(h), an ‘/ y o (k=) da =

where we have chosen the forcing to be divergence free, with
ik - f = 0. We can therefore solve the above two equations si-
multaneously to express andb completely in terms off,

For homogeneous and isotropic turbulence, @hék — q)v;(q)
correlation is proportional t6° (k). Since the first term in Eq. (21)
is « k;, it does not contribute t6. Therefore,

_ fi(k) -

i = s 12 5 Bm m ~ 7

W) = S (B Ry W s = [ P G i) da 22)
b.(k fi(k) ik’BO_ (13) Again, for homogeneous and isotropic turbulence, the

i(k) =

k2 4+ (Bo - k)2/nk? nk? = . . .

vk? + (Bo-k)*/n K w(k —q)i(q) correlation is <  §%(k)g(|q|). One can
We can use these solutions to calcul&iteFor getting an explicit then carry out the angular integral in Eq. (22) using

expression, we also need the equal time force correlatioctifan. f(qui/q2)(dQ/4ﬂ—) = (1/3)0m: to get &(xz) = aBoi,
For isotropic and homogeneous forcing, this is given by whereq is given by
fi(p,t) fela.t) = 8°(p + @) Fjr(q)- (14) a=-L%u (23)
Here, F};;, is the force spectrum tensor which is given by 3
. which is identical to the expressions obtained by Krauseatl|Br’
Fji(k) = ij&kjg + €jkm 1ka(f)7 (15) (1980); see also Réadler & Rheinhardt (2007). (Note thatrwhe
drk 8k the Lorentz force becomes important the assumption ofapgtr
whereP;, = 6;1 — k;ki/k? is the projection operator, anbl(k) in the above derivation breaks down and thesffect becomes
andyx (k) are spectra characterizing the mean squared value and theanisotropic, as calculated below and detailed in Sectibr) 3.
helicity of the forcing function, normalized such that Since we have already solved for the velocity field explitl
oo we can now derive an expression for the mean emf in this approa
/ ®(k) dk = %f =147 (16) Substituting the velocity in terms of the forcing functighe mean
0 emf in coordinate space is given by
/ x(k) dk = F-(V x f) = Hs. A7) ga) m ey [ B Fii(@) dg.  (24)
0 ") na® [vg? + (Bo-q)?/ng)’

The mean emf can be written as Here F;;, the spectrum tensor for the force-field given by Eqg. (15).

Ei(z) = QMW _ €~i(k:) ek, (18) Note that only the antisymmetric part 6f, contributes_toﬁ‘, due
to the presence af;;, on the RHS of the above equation. We can
also write€ as

() — e Bo-qg Fjr(q)
&ile) ”k/(an)(wa 1+ NJ? dg. (25)

where the Fourier transfordi is given by

Ei(k) = Eijk/ﬂj(k — q)bi(q) dg. (19)

_ 2 4 H H
We now turn to the calculation of the nonlinear mean emf aed th Where N = (Bo - q)"/(nvq") determines the importance of the

resulting nonlinean-effect in the four different methods outlined ~ Lorentz forces on the mean emf. It is to be noted that the lrhit
above. small Lorentz forces corresponds to takiNg< 1 above.

3.1 Method A: expressb in terms of u and then solve for £ .
3.2 Method B: compute £ directly

In this approach we use the induction equation to solvebfor
terms ofu. Using Eq. (10) to expregsin terms ofu in Eq. (19)
gives

In this approach, we directly compu& = u x b by substituting
w andb in terms of f, using Egs (12) and (13). We then get

Bo-q fi(k—a)fi(a)
ng®>  y(k—q)v(q)

e . B : -~ /7. N~ 7 N =4 .
k) = ieijk / noqu u;(k — q)ur(q) dq. (20) Ei(k) = ieijk dq, (26)

© 2006 RAS, MNRASD00, 1-13
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where we have defined(q) = vq* + (Bo - q)*/ng®. Substituting
for the force correlation, the mean emf in coordinate spagéven
by
. By - F;
i 0 2!1 - ik(q) - — dq,

nq= [vg® + (Bo - q)*/nq?]
which is identical to Eq. (24) fo€ obtained by Method A.

Ei(x) = (27)

3.3 Method C: expressu in terms of b and then solve for £

Note that one could also start from the momentum equatioarte ¢
pute&. In this approach, we first solve far in terms ofb and the
forcing function f, and then substitute fdr in terms of f using
Eqg. (13). The difference from the earlier treatments willamead-
ditional term containing aif x b-like correlation, which turns out
to be essential for calculating tt& correctly. Using Eq. (11) one
can write

1

wi(k) =~ [(ik - Bo) bi(k) + fi(K)] - (28)

From Eq. (19) the mean emf can then be written as

Eik) = eijk/ﬁfj(k_Q)Bk(q) dgq
+le”k/ Bo "’_q bi(k — q)bi(q) dg.  (29)

Here the first term involves thﬁ x b-like correlation. To elucidate

the meaning of the second term it is useful to define the magnet

field asb = V x a, wherea is the small scale magnetic vector
potential in the Coulomb gaug&/(- a = 0). Then, for isotropic
small scale fields, following the approach in Method A, theosel
termin Eq. (29) gives a contribution &of the forméan Bo, where

1
3u

So this contribution is proportional to the magnetic hgjiaf the
small scale magnetic field (analogous to the helicity of thetor
potential of the velocity field).

If we substituteb in terms of f from Eg. (13) and then inte-
grate over the delta function, the mean emf in coordinateespan
be expressed as

—a-b. (30)

oM =

_ .. [ Bo-q  Fiulg)
bilw) = le”k/ e ) L+ N7 (3D
Bo-q FJk(Q) N

—l€ijk

d
n® w)? 1+N 1+N 7

total a-effect. This is reminiscent of the suppression of the kinet
alpha due to the addition of a magnetic alpha (proportiomakti-
cal part ofb) found in several closure models (Pouquet et al. 1976;
Kleeorin & Ruzmaikin 1982; Gruzinov & Diamond 1994; Black-
man & Field 2002; Brandenburg & Subramanian 2005b).

When adding the two terms in Eq. (31), the mean emf turns
out to be

Bo-q Fir(q)

n9*  [vg®> + (Bo - q)%/ng*)’
which is identical to the expressions obtained in Methodsi&B;
see Eqgs (24) and (27), respectively.

gz(il:) =

dq, (32)

i€k

3.4 Method D: compute € from the 9€ /0t = 0 relation

In recent years the so-callecrapproximation has received in-
creased attention (Kleeorin et al. 1996; Blackman & Fiel@20
Radler et al. 2003; Brandenburg & Subramanian 2005a;dral
Rheinhardt 2007). This involves invoking a closure whergiple
correlations which arise during the evaluationa# /ot, are as-
sumed to provide a damping term proportional&atself. In the
present context there is no need to invoke a closure for tpke tr
correlations, because these terms are small for low fluidnaagh
netic Reynolds numbers. It turns out that the correct espragor
£ can still be derived in the same framework, where one eveduat
the € /Ot expression.

The expression fod€ /ot is governed by two termsy x b

and u x b, where dots denote partial time differentiation. Of
course, bothz and vanish in the present case, but this is the result
of a cancellation of driving and dissipating terms. In thegant
analysis both terms will be retained, because the dissigpagirm,
which is related to the desirefl, can then just be written as the
negative of the driving term.

We perform the analysis in Fourier space and begin by defin-

ing E(k, q) = a(k — q) x b(q). Note the required

E= /E(k,q)eik'zdkdq.

(33)

To calculate the time derivative€ /9t, one needs to evaluae =
FEx + Ey\i, where
Ex(k.q) = a(k —q) x b(q), (34)

Ev(k, q) = u(k — q) x b(q). (35)

The two terms on the RHS of the above equation have an interest For & andb we restore the time derivatives in Egs (10) and (11),

ing interpretation. As mentioned above, the limit of smair&ntz
forces corresponds to takil§ = (Bo - q)?/nvq* < 1. In this
limit the second integral vanishes while the first one [he.f x b-
like correlation in Eq. (31), which is really @ 2 f) x b correla-
tion] goes over to a kinematie-effect. [One can see by comparing
Eqg. (25) and the first term in Eqg. (31) that the two are idehtita
the limit N < 1]. In fact, this part of thex-effect can be obtained
from Eqs (12) and (13) by neglecting the Lorentz force in the e
pression fori; (k). In the following we refer to the contribution of
the field-aligned component of this term divided By, as thear
term, because it comes from tifex b-like correlation.

As N is increased the contribution from the first term de-
creases. In the same limit, the second term, which depentiseon
magnetic helicity, gains in importance. Since it has theosfip
sign, it partially cancels the first term and further suppessthe

and obtain

(@)l — nd’E, (36)

Ex = ig-Bolu(k—q)xa
Ev = i(k—q) Bolbk—q) xb(q)] —v(k—q)’E
+f(k —q) x b(q).

Since all time derivatives are negligible, we can simpliig RHS

of the above equations by using Egs (12) and (13) to expresxd

b in terms of the forcing function. Adding the two Egs (36) and
(37) yields

@7

iq - Bo _eijk Fir(q)

[a” vk = a)°] B = 57 (K) ne> y(g@)v(k—q)
2 ((k —q) - Bo)?
ng +v(k—q)— CEr (38)

© 2006 RAS, MNRASD00, 1-13
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where the functiony was defined just below Eq. (26). The expres-
sion in the squared brackets on the right hand side of theeegjum

above exactly reduces tg* +v(k —q)? and so, in the steady state
limit, 9/9¢ = 0, we have 10-1

100

ig- Bo €k Fik(q) 102

Ei(k,q) = 8" (k)=—3 : (39) g
ne®> v(q)v(k —q) < 10-3

Using this expression in Eq. (33), and integrating dvewe again 5]
recover the form of identical to Methods A, B and C. 104

Thus, in this simple example where one can apply FOSA to 10-5
both the induction and momentum equations, one gets idegtie
pression for€ in terms of the correlation properties of the forcing 10-6
function £, in all the four methods. 0.01 0.10 1.00 10.00 100.00

BO / Bcr

35 Thenonlinear a-effect

Figure 1. Variation of o, &g, and—ay; with Bg from the analytical the-
ory. Note the mutual approach 6f- and —ay; (asymptotic slope-2) to
produce a lower, quenched value (asymptotic slepg

We now compute the nonlineareffect explicitly from the expres-
sion of £ as obtained in the four methods discussed above. As has
been mentioned earlier, only the antisymmetric parfpf con-
tributes to€ in Eq. (15), so Eq. (32) takes the simple form

If we expressa = ar + éwm, Wherear is computed from the

Bg - i m jm .
0 9 {9 €1jmx(q) (40) (V72f) x bterm anda from the(V~2b) x b term in Eq. (31),

2 4 2 2 212 dq,
na® 8mq* [vg* + (Bo - q)?/ng?]

gi (ll:) = ieijk

we have
Contraction between the twes and solving fora = £ - By /B3 b By \ 2 tan~'(Bo/Ber)
leads to o =3 (B ) {1 - W] ) (47)
x(q) (Bo - 4)° dq
a= —/ 56 -~ 5 T3 (41) anm Bo\ ?[3tan"'(Bo/Ba) 3/2+ B3/B2
v .6)232]° 4m M 2 - 0/ er |
e [1 + (BO q) ﬁ } 4 [e74] 3 (Bcr) 2 BO/Bcr 1 + Bg/BCQr (48)
. 9 9 .
where we have '”t.VOdl.JCG@Z = Bg/(nvq”) and hats denote unit e hats on thes indicate that a special choice has been made to
vectors. The solution involves an angular integral wittpees ©0 gjyide o up into different contributions. A different choice with-
the cosine of the polar angle,= Bo - g, out hats that had been derived under thapproximation, will be
1 2 -1 discussed in Section 4.5.
d 1 [ tan 1
F(B) = / % =5 < 3 E_ T +ﬂ2) , (42) We plot in Fig. 1 the variation of with By. This shows that
-1 a ~ ap for By < B and in the asymptotic limitx decreases
so that o By *. This figure also shows the variations@f andaw with
1 * () P64 43) Bo as predic2ted from Eqgs (47) qnd _(48). Both decrease_ asymptoti
- 2012 ¢ q cally like B, © because here, unlike in Eqg. (45), the term in squared
0 brackets remains constant. Their sum decreas&jdsOne could
Note that for small values of we haveF () ~ 2/3 — 45°/5. In also define a kinetié from the(V~2u) x u term in Eq. (25). In
the limit of large values of3, and3 we haveF'(8) — w/(23%), this case, for steady forcing we hawe= Gx = ar + dur.
so the expression af reduces to
a— _L3 n x(a) dg (for By — ). (44) 3.6 Comparison with simulations
4Bg V v g

Simulations allow us to alleviate some of the restrictionpased
So, in the asymptotic limit of larg&,, we havea: — B ®. This by the analytical approach such as the limit of low fluid andyma
is a well-known result that goes back to the pioneering warks  netic Reynolds numbers, but they also introduce additicesttic-
Moffatt (1972) and Rudiger (1974); see also Rudiger & Kétinov tions related for example to the degree of anisotropy. Wettere

(1993). Note thaf x By = 0, because the corresponding angular 3 simple and frequently used steady and monochromaticnfprei
integral would be over the product of a sine and cosine terietwh  fynction that is related to an ABC flow, i.e.

vanishes. )

To illustrate further the dependence @fon B, we need to . [ Sinkez + coskey
adopt some form for the spectruptq). We assume that the forcing fz) = 3\ o kex + coskez |,
is at a particular wavenumbe,, and choose (q) = Hd(q — qo) sin ey + cos ke
where H; is the helicity of the forcing. Then the integration of the  whereA¢ denotes the amplitude a&dthe wavenumber of the forc-
delta function simply gives ing function. This forcing function is isotropic with resgeo the
three coordinate directions, but not with respect to otlirections.

(49)

-2 -1
o _3 (BO ) [tan (Bo/Bex) 12 ~|, 45 The helicity of this forcing function iy = ktAZ. We use the
a0 2 \ B Bo/Bex 1+ By /Be PENCIL CoDE,! which is a high-order finite-difference code (sixth
where we have defined
a0 = —Hy/(3n°qS),  Ber = /0q0. (46) L http://ww nordita. dk/ sof t war e/ penci | - code

© 2006 RAS, MNRASD00, 1-13
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~ 0.0100¢
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0.0010

0.0001F x/ , , 0 3

0.001  0.010 0.100  1.000 10.000

BO / Bcr

Figure 2. Variation of o, &, and—ay with By for the ABC flow at low
fluid and magnetic Reynolds numbers (Re Ry, = 10~%), compared
with the analytic theory predicted for a fully isotropic floNote that the
numerically determined values 6f= are smaller and those efa), larger
than the corresponding analytic values. However theyaill up to satisfy
the relationar + &y = «, predicted by analytic theory. In all cases the nu-
merically determined values afx agree with the numerically determined
values ofa.

order in space and third order in time) for solving the corapitgle
hydromagnetic equations. We adopt a box siz¢2af)® and take
Af = 1074, kr = 1, and determinex = £, /By, as well asixk,
ar, andaw, which are given respectively by the three integrals in
Eqgs (20) and (29). The result is shown in Fig. 2. For these auns
resolution of jusB23 meshpoints is sufficient, as demonstrated by
comparing with runs witl§4®> meshpoints.

For Bo/B.: < 1 the resulting values ok agree in all cases
perfectly with bothak andar + éan. However, forBo/Bey > 1
the numerically determined values @fare smaller than those ex-
pected theoretically using, = k. As in the analytical theory, the
guenching is explained by an uprise-efi. Note, however, that
in the simulations this quantity attains a maximum at sonawh
weaker field strength than in the analytical theory; cf. thshid
line and crosses in Fig. 2. We believe that this discrepas@xi
plained by an insufficient degree of isotropy of the forcingdtion.

Finally, itis interesting to address the question of theriddys
number dependence of the quenching behaviour. In Fig. 3 owg sh
the results forx, ak, ar, and —am. Since the velocity is of the
order ofu,.s = As/(vk?), we have defined the fluid and magnetic
Reynolds numbers as Re u,er/(vke) and Rm = urer/(nke),
respectively. For all runs we have assumedRéand By = uyes.

Again, we see quite clearly the approach-at\ towardér,

S0 as to make their sum diminish towaxdvith increasing values
of Rm. For R, < 1the numerical data agree well with the analytic
ones, whilst forR,, > 1 the numerical values for all alphas lie be-
low the analytic ones (not shown here). In particular, s > 1
the value ofak, based on the integral in Eq. (20), begins to exceed
the value ofw. This apparently signifies the break-down of FOSA.
However, one may expect that the relevant inverse time scale
rates are no longer governed by just the resistive ratek?, but
also by a dynamical rate; u,.tk¢. This leads to a correction factor,
1/(1 4+ aRw), wherea = 1 is an empirically determined coeffi-
cient quantifying the importance of this correction. In F&ywe
show that bothér + éanm as well asik /(1 + aRm) Witha = 0.7
are close tax for R, < 30. Note that no correction is necessary

for ar or &, because these quantities are determined by the mo- i(k,

1.00 F ak <

:

g 0.105- E

3 E -~ ]

' [ Qk/(1+aRm)]

=0.7
001F ./ —&y o =
0.1 1.0 10.0 100.0  1000.0
R

Figure 3. Dependence of the-effect onR,, for fixed field strengthBy =
uref, for ABC-flow forcing at Re= 1. Note the agreement betwearand
G + v as well asik /(1 + aRm) for Ry < 30.

mentum equation and hence the viscous time scale. Howéavee, s
Re is small, no correction is necessary here. Again, a nealeri
resolution of32® meshpoints was used except @, > 10, where
we useds4® meshpoints.

4 TIME-DEPENDENT FORCING

We now consider the case whg¢rdepends on time, but is neverthe-
less statistically stationary. In that case, bb#nd< are finite, and

hence alsa: x b and@ x b can in general be finite, even though
their sum might vanish in the statistically steady statéetae spe-
cialize to one case of particular interest, when the caiogldime

of the forcing is small. This was the case, for example, insihe
ulations of Brandenburg (2001) and Brandenburg & Subraamani
(2005b). As in Section 3, we will assume here small magnetit a
fluid Reynolds numbers and neglect the nonlinear terms innthe
duction and momentum equations, but retain the time depeede
We will also now take a Fourier transform in time and define

ik, w) = ﬁ / w(m, e *FeHtgg dr, (50)
which satisfies the inverse relation

u(z,t) = /a(k,w)ei’“‘”*i“’tdk dw. (51)
In Fourier space, Egs (10) and (11) become

(—iw + nk*)b;i (k,w) = (ik - Bo) @;(k,w), (52)
(—iw + vk (k,w) = (ik - Bo) bi(k,w) + fi(k,w). (53)

In order to simplify the writing of the equations below, itdenve-
nient to define complex frequencies

I, = —iw+nk?®, T, =—iw+ vk’ (54)

As before, we can solve equations (52) and (53) simultamgéois
express: andb completely in terms off,

. _ fi(k,w)
ui(kvw) - T, + (BO . k)Q/F"v (55)
- _ fi(k,w) ik - By

“) = T (Bo BT, T, (56)
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We can use these solutions to calcul&teFor getting an explicit
expression, we also need the force correlation functionowrier

space. For isotropic, homogeneous and statisticallyostaty forc-

ing, this is given by

fip,w) fe(g,w’) =8P + @)d(w + w') Fjn(q,w),

where we can still takd”;;, to be of the form given by Eq. (15),
with spectral functions now changed to say, a frequency roigre
O (k,w) andyx(k,w).

Note that in the limit where the correlation time of the foigi
function is short (delta-correlated in time) the Fourieasp spec-
tral function F;, is nearly independent of the frequency How-
ever if one evaluates the helicity of the forcing, one gets

(67)

/x(k:,w) dkdw = f-(V x f) = Hg, (58)
where thek integral is from0 to co, while thew integration goes
from —oo to +00. Fory independent ab this would be infinite. So
we still keep a spectral dependence and wite, w) = x(¢)g(w),
whereg is an even function ob, satlsfylngfg )dw = 1. [The
property thatg is even is a consequence of the forcing function
being real; see Eq. (7.44) of (Moffatt 1978).] For a forcinighvsay
a correlation timer, g(w) will be nearly constant fowr ~ 1 and
decay at largev. In the limit of small+ the range for whicly(w)

is nearly constant will be very large. We will need oml(0) ~ 7
in most of what follows. Note that the other extreme limit tefady
forcing corresponds to takinglw) — é(w). The mean emf can be
written as

Ei(x,t) = eijpu by = /E‘i(k,ﬂ) s XS (O) (59)
where the Fourier transford is given by
Ei(k, Q) = Giﬂc/ﬂj(k —q,Q — w)br(q,w) dg dw. (60)

We now turn to the calculation of the nonlinear mean emf and
the resulting nonlinean-effect. We focus on Method A, the di-
rect Method B and also Method C to illustrate the similasiténd
differences from the case when the time evolution is negtbdt/e
also discuss in detail the result of applying-approximation type
method in the subsequent section.

4.1 Computing £ from theinduction equation

As before, we first start from the induction equation to sdbweb
in terms ofu using Eq. (52), so

IEZJK /BO k q, Q- w)Uk (q7w)

—jw + nq2
We can then express in terms of f using Eg. (55). Substituting
from Eq. (57) for the force correlation in a time dependent/fibe
mean emf in coordinate space is then given by

lﬁk/Boq
) A VR T

As usual, we define = £ - By /B2. Since only the antisymmetric
part of F};;, contributes in the above integral, we have,

oo [ Bo 2’ x(a) g(w) (iw +ng*) dgdw
Tng? | Ty + (Bo @) F

dgdw. (61)

Jk(qv )
+ (Bo - q)%/Ty|?

dgdw. (62)

(63)
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In the following we refer to this expression faralso asik, since

itis seen to arise purely from th&("%u x u)-type velocity correla-
tion, generalized to the time dependent case. Note thatethend-
inator of Eq. (63) is even in and so is the spectral functigriw).
Therefore the term in the above integral, which hadwarnn the
numerator, vanishes on integration owefby symmetry). So the
mean emf is a real quantity as it should be. Before evaluatiag
above integral explicitly, let us ask if we get the same esgitn

for Eq. (62) using Methods B and C, even in the time-dependent
case.

4.2 Computing € directly

Let us directly compute€ = w x b by substitutingu and b

in terms of f, using Eqs (55) and (56). We also substitute from
Eq. (57) for the force correlation in a time dependent flowe Th
mean emf in coordinate space is then given by Eq. (62), so we do
not repeat it here.

4.3 & from the momentum equation

As before we start from the momentum equation, solvexfan
terms ofb and the forcing functionf, and then substitute fds

in terms of f using Eq. (56). We particularly wish to examine if
the (V™2 f) x b-like correlation is essential for calculating tife
correctly, even for the time dependent case. Using Eqg. (88)an
write

i (ke,w) = = [(ik - Bo) bi(k,w) + fi(k,w)] . (64)
From Eq. (60) the mean emf can then be written as
_ fJ k q, —w)bk(q7 )
5( = €z]k/ 0= o)t ok - q) dgdw
. Bo - (k—q)
+167.jk/ SO —w) vk —q)7
X B(k —-q,0— w)Bk(q,w) dgdw. (65)

Here the first term involves th&Z ~2 f) x b-like correlation, gen-
eralized to the time-dependent case. Substitubirig terms of f
from Eq. (56) and integrating over the delta functions in @raym-
bers and frequencies, the mean emf in coordinate space @a be

pressed as
BO Fk(q7 )
E; 1€; J — dg dw 66
(@) ]k/”F'HN}q (66)
162Jk/B0 g ;k (4, w), = dq dw.
Ly 02 1+N] 1+N

Here we have define® = (Bo - q)?>/T',I',. Now the limit of
small Lorentz forces corresponds to taking| < 1. Again in
this limit the second integral vanishes while the first one.[ihe
generalized V=2 f) x b-like correlation in Eq. (66), goes over
to a kinematica-effect. In fact, this part of thev-effect can be
obtained from Egs (55) and (56) by neglecting the Lorentzdor
in the expression foii; (k, w).

On adding the two terms in Eq. (66), the mean emf turns out to
be identical to Eq. (62), obtained when starting from theuoibn
equation or in the direct Method. Therefore, one could eitioen-
pute the mean emf starting from the induction equation, ractly,
or from the momentum equation, by the addition of a genezdliz
(V~2f) x b-like correlation and a purely magnetic correlation.
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We can again definér and & for the time dependent forc-

ing, from the first and the second terms on the r.h.s. of Eq. (66

respectively. We have

br = — (Bo - a)* x(9) 9(w) [[21 + (Bo - @)°] dgdw 67
F = drgt Ty | Wy + (Bo - q)? |2 )
2 (. 4
an = [ Bo (Bo-@)" x(g) g(w) dgdw -
g T3 | Ty + (Bo - q)2 |2

In terms of the totaky, we haven: = Gar + aw. It is now explicitly
apparent that in the time dependent case; ax = ar + Gwm Iin
agreement with what is obtained for steady forcing. Furtinethe
limit of steady forcing whereg(w) — d(w), the above general-
ized expressions reduce to this obtained from Eqgs (25) and (31)
respectively.

4.4 Thenonlinear a-effect

Let us return to the explicit computation of the nonlineaeffect
for the delta-correlated flow. Solving fer = € - Bo/B3 from
Eq. (63) leads to

dq

qu (69)

a= —/x(q) (Bo-4)” (ng”) 1(q)

wherel is the integral ovew given by

g(w)dw / dw
I = = . (70
/ T, + (Bo P ) oty + B0 aF O

where the latter expression fdrobtains in the limit of a delta-
correlated forcing, wherg(w) = 7 is almost constant through the
range where the rest of the integrand contributes significaive
now focus on the special casewf= n for the explicit evaluation
of the above integral. Note that calculatidgs then straightfor-
ward but tedious. We briefly outline the steps and then quate t
result. First the denominator of Eq. (70) can be expandedtzerd
factorized to give

DTy + (Bo- @) = (w2)(wtz")(w=2)(w=2"),  (71)
wherez = (By - q) + ivg®. Then the integral can be rewritten as

=~ Tdw z z z* z"
/ 2(2*2 — 22)|2|? [w—z*_w+z*_w—z+w+z]'(72)

—o0

Grouping the term having — z* with the one havingu — z and
likewise the two terms witv+2z* andw+ z, we get

o Tdw
I = 7 73
/,oo PP PR (73)
—w+QBo~q w—I—QBO~q
(w—=Bo-q)*+v%¢*  (w+Bo-q)*+v2¢*

where the last expression is explicitly real. A change ofaldes
allows the above integral to be done easily to give

== T
- 2vg?[(Bo - q)* + v2¢Y’

Substituting! into Eq. (69), and carrying out the angular integral
overu = By - 4 then gives

(74)

2 We thank K.-H. Radler for pointing out to us that this resisih be gen-
eralized forn # v, to giveI = 77 /{(n + v)¢*[(Bo - @) + nvg*]}.

a=-37 /0 fﬁ;’i G(8) d, (75)
where3 = By /vq for ther = 7 case, and

1 tan~!g8
G(5) = 3 (1 - anﬂ ) : (76)

So for the time dependent delta-correlated flow, in the asgtitp
limit of large Bo, we havea — B 2. If we further assume that
the forcing is at a particular wavenumbes, and choose((q) =
H:é(q — qo), we have

a Bo\ 2 tanfl(Bo/Bcr)
[e74] =3 (Bcr) |:1 BO/Bcr ’ (77)
where we have now defined
T TH¢
Qo = _E m7 Bcr = Vqo- (78)

45 Comparison with 7-approximation

Note that in the case of time dependent forcing, consideoed f
example in the simulations of Brandenburg (2001) and Brande
burg & Subramanian (2005b), bothand<. are finite, and hence

alsou x b and@ x b can in general be finite, even though their
sum would vanish in the statistically steady state. So takitime
derivative of€ and then examining the stationary situation, could
break the degeneracy betweén andar in the kinematic limit,
and also lead to novel insights. Indeed, if one were not atdelve

for u andb explicitly in terms of the forcing this would be the prac-
tical route to follow.

We now examine the time-dependent case in a manner analo-
gous to the so-called-approximation. As mentioned earlier, the
approximation closures involve invoking a closure wheréiple
correlations which arise during the evaluationa# /dt, are as-
sumed to provide a damping term proportional&atself. In the
present context there is no need to invoke a closure for tpke tr
correlations, because these terms are small for low fluidnaagh
netic Reynolds numbers. It turns out that the correct espragor
€ can still be derived in the same framework, where one evalu-
ates thed€ /0t expression. Further, it allows us to define a new set
of a’s for the time dependent forcingyk, am and ar, i.e. with-
out hat, which respectively incorporate the kinetic ¢), magnetic
(b,b) and the force-field £, b) correlations (see below). These
a’s have properties very similar to those which arise in the
approximation closure for largR,, systems.

For example, we showed above that for steady forcing, the
V~2f x b correlation is non-zero and essential to calculatethe
correctly in Method C. We also showed above that such a eorrel
tion is important to include even for a time-dependent foyciif
one starts with the explicit solution of the momentum edurafor
. On the other hand, inaapproximation type approach one first
evaluates thé€& /ot expression, which involvesa x b type cor-
relation, instead of solving first faw. It is then interesting to ask,
is the correspondingf, b) correlation, or thexr term defined be-
low, which arises in the evaluation &f x b, still non-zero for the
time-dependent, delta-correlated forcing? Or does itskaim the
T-approximation type approach, as assumed in earlier wddckB
man & Field 2002; Radler et al. 2003; Brandenburg & Subrdaran
2005a)? In particular, does one then recaver ax + awm, a re-
lation which one obtains in the-approximation at largé.,? We
examine these issues in detail below.
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We write the time derivative of the emf & = £x + &,

where€x = u x band&y = @ x b. From the induction equa-
tion for b and the momentum equation far we now have

SK:qu:uxBo~Vu+anV2b,

Em=uxb=fxb+ By -Vbxb+vV3uxb,

(79)
(80)

where the perturbed pressure term vanishes for divergeeee f
forcing. We can evaluate each of these terms in Fourier spame
we have the Fourier space solutions for batandb completely in
terms of f.

In the time dependent case, we define by analogy to Eq. (33),

E(k,q,Qw) =a(k — q,2 —w) x b(q,w), (81)
so that the emf in coordinate space is,

£ = /E(k, q,Q,w) 74k dg dQ dw. (82)
We also define, analogous to Eqgs (34) and (35),

B (k,q,Qw) = a(k - q,2—w) x [-iwb(q,w)], (83

E(k,q,Qw) = [-i(Q —w)i(k — q,Q2 — w)] x b(q,w).(84)

Note thatEﬁf) + Eﬁj) = —iQQE. Using the induction and momen-
tum equations, we have explicitly,

EY
(%)
EI\/I

ig-Bola(k —q,Q —w) x u(q,w)] —ng°E  (85)

i(k—q)-Bo[b(k —q,Q —w) x b(q,w)]
+ Flk—q,Q—w)xblqw)—v(k—q)’E

We add Eq. (85) and Eg. (86), to write

E

Teff

(86)

—iQFE + = ig-Bo®(u,a) +i(k — q) - Bo®(b,b)

+®(f,b), (87)

where we have defined, for any pair of vector fiefdsand f,,

@(}17}'2) :fl(k_q7Q_w) X f2(q7w)7

andr;' = n¢® + v(k — q)*. We note in passing that the above
equation is similar to the corresponding equation whiclaioistun-
derr-approximation in the large Reynolds number case, excapt th
Tes Would then correspond to a relaxation time for triple caxrel
tions (cf. Brandenburg & Subramanian 2005a). So we have,

E = % [ig- Bo®(a,%) +i(k — q) - Bo®(b,b) + ®(f,b)] .(89)

(88)

where we defineg = 7en/[1 — i Test].
Letus definex = (£-Bo)/B3 as before. Then in coordinate space,

(90)

a = ak + am + ar,

where

ak = /iq By ®(a, @) - By 70 ¥ dk dgdQ dw, (91)
am = /iq By ®(b,b) - By 725 ¥ "dk dgdQdw, (92)

aF = /iq -Bo ®(f,b) - Bo 0z €* " Ak dgdQdw (93)

correspond respectively to the terms containing(tagu), (b, b)
and(f, b) correlations on the RHS of Eq. (89).
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Substitutingiz andb in terms of f from Eq. (55) and (56), and
integrating over the delta functions in wavenumbers angquiee-
cies which arises in taking tr(gﬂ f) correlations, we then have in
the coordinate space,

_ (Bo-)® x(¢) 9w) | Ty |* dgdw
e — — , (94)
47Tq4 | Fyrn + (BO : Q)2 |2 (T] + I/)q2
20 H 4
an = Bj(Bo - q)" x(q) g(w) dgdw 7 (95)
drg* | DTy + (Bo - q)? |2 (n+v)g?

N __/(BO'Q)2X(Q)9(W) [[5T5 + (Bo - )°] dgdw (96)
" drg* | TWTy + (Bo-q)* P (n+v)g®>
On adding Eqgs (94), (95) & (96), the expression dois
_ [(Bo-9)’ x(q) ) Ia
o= [ daa, ©n
where
Iy 2= (Bo-q)?+T:T; + (Bo - q)*
1Ty P~ (Bo-@) + T3T5 + (Bo - q) ©8)

| oIy + (Bo-q) 2

The numerator of this integrand can be simplified to give
I';[ng* + vq?] such that,

1 [ (Bo-9)®x(q) g(w) T
B} ) 4mq* | Ty + (Bo - q) |2
It is apparent from Eq. (99) that the expression doturns out to

be the same as in Eq. (63). Therefore, thapproximation type
treatment also gives the sameas the other methods.

It is interesting to consider what happens to the variqiss
defined in Eqs (94)—(97), in the limit of steady forcing, wder
g(w) — d(w). It is straightforward to check that in this steady
forcing limit « defined in Eq. (99) goes over exactly to the total
a = o® given by the steady state expression in Eq. (41) of Sec-
tion 3.5. Also, in the steady forcing limit, we get

dgdw. (99)

a=—

ak = [n/(n+v)lax = [n/(n+v)]a'®, (100)
om —  [v/(n+v)lom, (101)
arp — [v/(n+v))éar. (102)
In this limit one has therefore

am + ar = [v/(n+v)(dm + ér) = [v/(n+v)]a'®  (103)
and so, once again,

ak +am + aF = a(s), (104)

as expected. It should be emphasized, however, that for erglen
time dependent forcing, there is no simple relation of thenfo
given by the expressions (100)—(102).

Let us consider the case of delta-correlated forcing now in
more detail. It is of interest to check if ther term contributes
in the T-approximation type closures, as it does in the time-
independent case. We have from Eq. (96),

[ x(@)(Bo-g)’ dq
o / e D g (105)
wherelr is the integral ovew given by
* Tk 3 2
Ie L+ Boa) o ya (106)

=) 0T, + (Bo-a)?P?

Here we can simpliff';T; + (Bo - ¢)* = —w® 4+ vng* + (Bo -
q)? + iw(ng® + vg?). The integral over the term odd in again
vanishes, leaving again a refal,
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g(w) dw.

2 4 SN2
IF:/ w_+vng +(Bo-q) (107)

TuIy + (Bo - q)?|?

Let us focus on the case= v as before. We rewrite the numerator

using the identity-w? +vng* +(Bo-q)* = —(w+2)(w—2*) +
w(z — z"), so we have
—(w+2)(w—2")+w(z—2")
Ir = dw. 108
e [H Aol jae. aop

The second term in the numerator of Eq. (108) does not caérib
to the integral, since it is odd i, while the denominator is even.
To simplify the integral further we use the identity in Eq1)for
its denominator, giving

_ oo g(w) dw
fe = /,oo< R (109
1
—/700 24 z* [w w—|—z
_ ”g(w)dw[w—miy B (w+x>+iy]
oo 22 [(w—2)P+y? (W) +y?

where we have defined = By - ¢ andy = v¢?, which are the
real and imaginary parts respectively:0Now changing variables
tou = w — x in the first term and: = w + z in the second term
we see that

IF:_/

Note thatlr — 0 in the limit of a delta-correlated forcing, where

utiy glutz) —glu—z)

=0.
z+ z* u2+y2 u

(110)

g(w) = 7 is almost constant through the range where the rest of the

integrand contributes significantly; thatju+z) = g(u—z) = 7
where the integrand contributes significantly, while. + =) — 0
andg(u — z) — 0 at largeu. This can also be checked by doing
the integral forlx numerically. So, interestinglyyr = 0. Thus, for
a forcing which is random and delta-correlated in time,éhiemo
contribution from thef x b type correlation! Thusy is the sum of
just two terms, a kinetic and a magnetic contribution whiah be
shown explicitly as follows.

We note that Eq. (94) can be expressed as

1 2X(Q)

- ___[(B XY re(q) d 111
K I 1 0B /( 0°q) 4 k(q) dq, (111)
where

W2+n2q4
Ik = d
" / [T.T, + (Bo- a2 "
2 2 4 N2 L \2

_ T/“’ Tra +(Bo-a) —(Bo-a) g, (419)

| T.Ty + (Bo - q)? |?

As before, we focus on the cage= v when the numerator can be

simplified asv® + n%¢* + (Bo - ¢)> — (Bo - q)° = (w + 2)(w —
2*) —w(z+ 2*) — (Bo - g)*. So we have

(w+2)(w—2") —w(z+2") — (Bo-q)
Ik = dw. (113
<=/ [T+ (Bo-a v A9

It is to be noted that the second term in the squared bracket in kt/k1 =

Eqg. (113) does not contribute to the integral. Using the titlem
Eq. (71) for its denominator, we have,

dw

/ (@t 2)(@+27)(w—2)(w—27)

Ix =

T T (Bo-q)?
= — - . 114
vg*  2vg® (Bo-q)? + ¢! (1)
Substituting/k into Eq. (111) and carrying out the angular integral
overu = By - g then gives

__m_[x(@ x(q)
ak = 67—/1/2 dgq + 7B /u2q4 H(p) dq, (115)
where( = By/vq for thev = 7 case, and
1 {1 1 tan™!g
g (=) e
A similar analysis for Eq. (95) yields,
_ 1 N2 X( )
oM = B /(Bo q) s Iv(q) dq, (117)
where
(Bo - q)° dw
I =
YT T I A Bo @ P
7T (By - q)*
= % Bo a1 (118)
Carrying out the angular integral as earlier gives,
T o [ x(a)
av = ZTBO/Z/Qq4 H(ﬁ) dq. (119)

If we further assume that the forcing is at a particular waveber,
go, and choose (q) = H¢d(q — qo), we then have

ak 1 3 (B )’2 tan”'(Bo/Ber)

oK _ 2,3 1 - BP0/ Ber) 120
@0 2 + 2 (Bcr BO/Bcr ’ ( )
am 1 3 /B —2 tanfl(Bo/Bcr)

[e74] N 2 + 2 (Bcr) |:1 BO/Bcr ’ (121)

whereao and B, were defined in Eq. (78). Itis explicitly apparent
thata = ak + awm, in agreement with Eq. (77). The result is plot-
ted in Fig. 4. Note also thatr = 0, as was assumed in the minimal
T-approximation (MTA) type calculations for large fluid andga
netic Reynolds numbers (Brandenburg & Subramanian 2005a).

Itis interesting to note that in the IimBo/Bcr >1,ax —
+a0/2 + O(By?) andan — —ao/2 + O(Bg ?) and so the total
a=ak +au — 0asB; 2. Thisis remlnlscent of the kinetic and
magnetica’s nearly cancelling to leave a small residaaéffect in
EDQNM or MTA type closures. It is also interesting to conside
the limit whenBy /B.: < 1. In this limit axk — ao andan — 0,
and so the net-effect is just the kinetic contribution. Finally, for
any By we note thatax — am)/ao = 1.

4.6 Comparison with smulations

It is appropriate to compare with the simulations of Brarmeqg &
Subramanian (2005b). We have produced additional resurltev
fluid and magnetic Reynolds numbers (ReR,, ~ 2 x 1072).
The forcing consists of helical waves with average waverarmb
1.5. The resulting values of are fluctuating strongly,
so it is important to average them in time. Instead of cateula
ing the full integral expressions, we estimate the contidins to
« from the formulaeak = —27(uzuzy), am = 27(bzbs,y),
ar = 7(f x b) - Bo/B3, whereB, = (0, By, 0) is the imposed
field, andr—! = (v + n)k?.

The result is shown in Fig. 5 and compared with the results
of the previous section. In all cases the resulting valuesroére

© 2006 RAS, MNRAS0D00, 1-13
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Figure4. Variation ofc, ak, and—any with By from the analytical theory
using a delta correlated forcing. Note that= ak + an andayr = 0.
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Figure5. Variation ofa, ac, and—ay; with By for a random flow at low
fluid and magnetic Reynolds numbers (ReRy, ~ 2 x 10~2), compared
with the analytic theory predicted for a fully isotropic floNote that the
numerically determined values afc are smaller and those efay, larger
than the corresponding analytic values, which is similathi® results for
the ABC-flow forcing.

negligibly small and will not be considered further. Likethe case
of the ABC flow, the numerically estimated valuescoéire smaller
than the analytic ones. This might be explicable if for sorason
the relevant normalization in terms af were to depend oi3y.
Alternatively, the discrepancy might be due to us using sittypli-
fied expressions instead of the full integral expressiormsvéver,
the important point is that the main contribution to the geréng
comes from the growing contribution efay such thatvk + am
is quenched to values much smaller thagn. The corresponding
results in the case of largét,, are given by Brandenburg & Sub-
ramanian (2005b).

5 DISCUSSION

We have considered here the nonlineagffect in the limit of small
magnetic and fluid Reynolds numbers, for both steady and-time
dependent (both for general and delta-correlated) fosciigthe
limit of low R, and Re, one can neglect terms nonlinear in the
fluctuating fields and hence explicitly solve for the smadilsanag-
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netic and velocity fields using double FOSA. We can then d¢ateu
the a-effect in several different ways.

For both steady and time dependent forcings, one gets simila
results, provided one starts from the explicit solutionth®induc-
tion and momentum equations. Lets us begin with a summary of
the results for the steady forcing case: To begin with weoolin
Method A, the traditional route of solving the induction atjon
for b in terms ofwu, and then calculating the-effect. For statisti-
cally isotropic velocity fields, this gives dependent on the helicity
of the velocity potential, as already known from previoughvon
addition since we have an explicit solution farin terms of f,
one can relate: directly to the helical part of the force correlation.
In Method B we solved fow: andb in terms of the forcing func-
tion f and compute& directly. This would correspond to what is
done when thev-effect is determined from simulations. However,
in general this cannot be done analytically unless one chm so
for the small scale velocity and magnetic field explicitlye \geta
identical to that obtained in Method A.

More interesting is Method C, where one takes the momentum
equation as the starting point, instead of the inductioragqo. In
the limit of small fluid Reynolds numbers one can solve doin
terms ofb and hence comput. This necessarily involves also the
(V™2f) x b correlation, between the forcing and the small-scale
magnetic field, in addition to thév=25) - b (or a - b) correlation
arising from the Lorentz force. This second term dependsehé-
licity of the small scale magnetic fields. When the Lorentzéois
small, the first term contributes tein a manner closely related to
the usual kinematic alpha-effect, while the second terntritartes
negligibly. Interestingly, as the Lorentz force gains irpiontance
the first term is suppressed, while the second term (whichahas
opposite sign) gains in importance and cancels the first,teom
further suppress the total-effect (Fig. 1). This is similar to the
suppression of the kinetic alpha due to the addition of a reégn
alpha (proportional to the helical part &j found in several clo-
sure models (Pouquet et al. 1976; Kleeorin & Ruzmaikin 1982;
Gruzinov & Diamond 1994; Blackman & Field 2002; Branden-
burg & Subramanian 2005b). When one combines the two terms,
the resultingu-effect is identical to that obtained from the induc-
tion equation (Method A) using FOSA or the direct computatid
Method C. However, it also highlights the fact that in thisagty
case the(V~2f) x b-type correlation does not vanish, and that
there is no tendency for this term to balance the viscous,tasm
one might have expected.

Finally, the results of Method D show that the formalism used
in the T-approximation lead to results that are equivalent to the
usual approach taken in the first order smoothing approxamat
However, this requires that the detailed spectral deparedefithe
diffusion operator be retained until the point where thadyestate
assumption is made. The resulting equations are solvedhéor t
spectral electromotive force of the forBY k, q) in Eq. (39). Other-
wise, one would not recover the correct low conductivityitiras
shown by Réadler & Rheinhardt (2007). We emphasize thatitire
out this paper we have understood the terapproximation only
in this more generalized sense.

The above results are also obtained for statisticallycstaty
but time-dependent forcing. Specifically, we showed thanewn
the time dependent case, one gets identical results foré¢laa emf
if ais computed directly (as in Method B), or from the momentum
equation, by the addition of a generalizeéd > f) x b-like corre-
lation and a purely magnetic correlation. The explicit faofrthe
a-effect differs between delta-correlated and steady fiorciases.

In particular, in the limit of largeB,, and whernv = 7, we have
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Table 1. Summary of the results obtained from FOSA andpproximation
type analysis for steady and random forcings.

steady forcing delta-correlated forcing

FOSA a = &g a = &g
=& + aum = ar + am
T-approximation a=ak +ar +ay o= ag + ar + apm
=ak + am

a « By ? for delta-correlated forcing, in contrastdox B2, for

the case of a steady forcing. The former result has alreagly ble-
tained by Field et al. (1999) and Rogachevskii & KleeorinQ@Q

both of whom assumed the force—field correlation to vanisiwH
ever, their result was derived under the assumption of |He

and magnetic Reynolds numbers.

also borne out in the simulations of Brandenburg & Subraarani
(2005b), where the kinetic part of theeffect is suppressed in a
manner that is independent of the magnetic Reynolds nuraten,
though the totak is catastrophically suppressed. Finally, we also
have shown thatr defined naturally in the approach of Method D,
vanishes for delta-correlated forcing, as was assumedivatiens

of the a-effect inT-approximation type closures.

In the special case of periodic domains it is now clear that
for forced turbulence at larg&,, the steady statev-effect is
catastrophically quenched (Cattaneo & Hughes 1996; Brandg
2001). However, the physical cause of this phenomenon wes lo
controversial. Is it because Lorentz forces cause a sugipresf
Lagrangian chaos (Cattaneo et al. 1996) or is it due to a mesli
addition toa due to helical parts of the small scale magnetic field,
as is argued here? The latter alternative is also suppostetieh
excellent agreement between model calculations and sionga
(Field & Blackman 2002; Blackman & Brandenburg 2002). Fur-

The major difference between the time dependent and steadythermore, the simulations of Brandenburg & Subramania0%ap

forcing cases arise when one follows Method D, the formalised

in the 7-approximation type approaches to computingn large
R systems. We recall that in this approach one starts by aiadua
the time derivative of the emf, and then look at the statiptianit.

We showed that in this limit the-effect can be naturally written
as the sum of 3 termgy = ax + am + ar, for a general time-
dependent forcing. Herex anday are the kinetic and magnetic
contributions tax corresponding respectively to the terms contain-
ing the(u, u) and(b, b) [see Egs (91) and (92)], whiler incorpo-
rates the( f, b) correlation; see Eq. (93). Interestingly, we showed
thatar = 0 in the approach of Method D, for delta-correlated
forcing, and thereforex = ax + aw, just the sum of a kinetic
and magnetic terms. We also computed and oy explicitly for

the case) = v. In the kinematic limitaym — 0, while « — ax.
While in the limit Bo/Be: > 1, ak — +ao/2 + O(B; ?) and
am — —ao/2+O(B;?), so that the totaly = ax +an — 0 as
BO’Q. This is reminiscent of the kinetic and magnetis nearly
cancelling to leave a small residuateffect in EDQNM or 7-
approximation type closures. The results from employingSRO

demonstrate that this quenching is accompanied by an sermefa
—anm towardaxk, and that thisvk itself is unquenched. Subsequent
analysis of their data shows thak remains unquenched regard-
less of whether or not one uses the proper anisotropic esipres
(Brandenburg & Subramanian, unpublished).

Our present results are of course restricted to the case of
small magnetic and fluid Reynolds numbers. This means that we
have not tested any of the actual closure assumptions,Hike-t
approximation. Such tests have so far only been done nuatlgric
(Brandenburg et al. 2004; Brandenburg & Subramanian 2005a)
Clearly, at large magnetic and fluid Reynolds numbers the
approximation can no longer yield exact results. Neveetf®! it
provides a very practical tool to estimate the mean fieldsjart
coefficients in a way that captures correctly some of theceffinat
enter in the case of large magnetic and fluid Reynolds numbers
that respect, it has been quite successful in reproducmgdtas-
trophic quenching result for periodic domains, as well agest-
ing ways to alleviate such quenching.

In Section 2 we outlined the conditions under which double

and r-approximation type analysis is summarized in Table 1 both FOSA is valid as being basically the requirement tRat < 1

for steady and random forcings.

and Re< 1. A subtle point concerns the validity of retaining the

As far as the low Reynolds number case is concerned, our an-linear Lorentz force termB, - Vb, while neglecting the nonlinear

alytic solutions demonstrate quite clearly that one cak lathe

nonlineara-effect in several equivalent ways. On the one hand,

one can expresa completely in terms of the helical properties
of the velocity field (Method A) as advocated by Proctor (2003
and Radler & Rheinhardt (2007). At the same timean be natu-
rally expressed as a sum of a suppressed kinetic part (firatite
Method C) and an oppositely signed magnetic part propatitm
the helical part ob (second term in Method C).

Method D applied to the delta-correlated forcing is particu
larly revealing. As here one can explicitly write= ax + awm, or
as the sum of a kinetiak, which dominates in the linear regime,
and a magnetiexs, which gains in importance as the field be-
comes stronger, and cancelg to suppress the net-effect. This
is similar to the approach that arises from closure modéds li
EDQNM (Pouquet et al. 1976) and theapproximation (Klee-
orin et al. 1996; Blackman & Field 2000; Brandenburg & Subra-

advectionu - Vu, even though nonlinear advection is small com-
pared to the viscous dissipation for R& 1. This assumption is
valid providedBob/l > u? /1, or, usingb ~ Ry Bo, B Rm > u?.
(We thank Eric Blackman for pointing this out to us.) Notettima
terms of the critical field3.. = ,/vnqo, which divides the regimes
where the Lorentz force is importanB{ > B..) and where it
is not By < Bear), this requirement becomd3, /B, > Re'/2,
Therefore, for small fluid Reynolds number our assumptioreef
taining the linear Lorentz force term while dropping noefn ad-
vection is indeed valid for most regimes of interest torsup-
pression. For smaller mean fields, wheBg/B.. < Re'/?, in
any case the Lorentz force has no impact. The interestingt poi
seems to be that for low Reynolds humber systems, the tygtal
erence mean field is not the equipartition fiégdd = w, but rather
By = Ber ~ u/(RmR€)Y? > u.

Throughout this work we have adopted an externally imposed

manian 2005a) or the quasilinear models (Gruzinov & Diamond body force to drive the flow. This is commonly done in many sim-

1994). In all these cases the nonlineaeffect, for largeRm, is
the sum of a kinetic part and an oppositely signed magnetic pa
As noted above, the kinetig-effect is itself suppressed, as seen in
Fig. 4, but this happens only fd8y > B.., and the suppression is
milder than the the strong suppression of the tatalffect. This is

ulations in order to achieve homogeneous isotropic cantiitihat
are amenable to analytic treatment. Clearly, this is notdime
for many astrophysical flows that are driven by convectiog. (@
stars) or the magneto-rotational instability (e.g. in ation discs).
Such flows tend to show long-range spatial correlationschvhi
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means that the alpha tensor should really be treated asgdhte
kernel (see, e.g., Brandenburg & Sokoloff 2002). It is atspre
unclear whether such more natural forcings are closer salgter

to random forcing, and how big is the resultifj, b) correlation.
Given that this correlation represents already a lineagceffit is
likely that thear term can simply be subsumed into an expression
for a modified kineticax. If this is the case, we can continue to
write a ~ ax + an as the sum of a mildly suppressed kinetic part
depending on the velocity field and a magnetic part, so tteit th
sum accounts for the tendency toward catastrophigienching in
the absence of helicity fluxes. We recall that such a splixésein
the limit of delta-correlated forcing.

6 CONCLUSIONS

Our work was motivated in part by the detailed criticism egzed
by Radler & Rheinhardt (2007). In view of our new results we
can now make the following statements for small magnetic and
fluid Reynolds numbers. Firstly, it is true that the that is calcu-
lated under FOSA does indeed capture the full nonlireaffect
— provided it is based on the actual velocity field. Secontiig,
ak that is calculated in the approximation, is not simply re-
lated todax, except in the limit of steady forcing. Thirdly, in the
limit of small magnetic and fluid Reynolds numbers, both FOSA
and ther-approximation give identical results. Indeed, all meth-
ods of calculating the:-effect agree, as they should, given that the
starting equations were the same. However, the force—fmietc
lation cannot be ignored in general. The exception is whes on
analyzes the case of delta-correlated forcing in a manniertak
the r-approximation, where the force—field correlation doesskan
and hencexr = 0 explicitly. In this case one can indeed write
a = ax + am, or the sum of a kinetic and magnetic alpha ef-
fects. Furthermore, due to the spatial non-locality of thredBs
function for small magnetic and fluid Reynolds numbers, the
approximation should be carried out at the level of specivale-
lation tensors, as is done here. Somewhat surprisinglydéfie-
correlated forcing case yields an asymptetiex 352 scaling as
opposed to the well-known o B, ® behaviour for steady forcing.
Although our work is limited to small magnetic and fluid
Reynolds numbers, the calculations of Method C and Method D,
and its agreement with the results of Method A, (for bothdyemd
time-dependent forcings), do suggest one way of thinkirayitthe
effect of Lorentz forces: they lead to a decrease pfedominantly
by addition of terms proportional to the helical parts of maall
scale magnetic field. Hence getting rid of such small scalg-ma
netic helicity by corresponding helicity fluxes, may inddezithe
way astrophysical dynamos avoid catastrophic quenching tof
make their dynamos work efficiently.
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