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ABSTRACT
In the local Universe, the masses of supermassive black holes (SMBHs) appear to correlate

with the physical properties of their hosts, including the mass of the dark matter haloes. At

higher redshifts, we observe the growth of SMBHs indirectly through the identification of

high-redshift quasars. However, information on their hosts is more difficult to obtain. In this

paper, we determine the masses of the haloes that host the high-redshift quasars (at z > 4) by

comparing the rate of growth of quasar density with that predicted by the Press–Schechter mass

function. The host mass determined depends on how the ratio between the SMBH and the host

halo mass evolves with redshift. Under the assumption that the ratio between the SMBH and

the halo mass does not evolve with redshift, we find a host halo mass of M = 1011.7±0.3 M�.

Even if the quasars shine at their Eddington limit, this host mass is significantly smaller than

that seen at lower redshifts in the local Universe. Indeed, we find that the null hypothesis, of a

constant ratio between the SMBH and the halo mass at all redshifts, can be ruled out at greater

than a 5σ level. SMBHs must therefore have contributed a larger fraction to the host mass in the

past. This finding is consistent with expectations from models of self-limiting SMBH growth.

When we include the redshift evolution of the ratio between the SMBH and the halo mass, we

find larger halo masses of M ∼ 1012.4±0.3 M�, in combination with a ratio between the SMBH

and the host halo mass that increases with redshift in proportion to ∼(1 + z)1.5, are required to

be consistent with both local and high-redshift observations. We also investigate the restrictions

placed on the critical linear overdensity of quasar hosts at their epoch of virialization, and find

that it cannot exceed the traditional value of δc = 1.69 by more than a factor of 2. Finally, we

find that the high-redshift quasars are hosted by fluctuations on scales that have a variance of

δM/M = 2–3, corresponding to (3–4.5)σ fluctuations in the density field.
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1 I N T RO D U C T I O N

The Sloan Digital Sky Survey (SDSS) has discovered luminous

quasars at redshifts as high as z ∼ 6.4, i.e. when the Universe was

only a billion years old. The supermassive black holes (SMBHs)

powering these quasars have been estimated to have a mass of

about 109 solar masses. However, questions regarding the galaxies

that host these high-redshift quasars have remained largely unan-

swered. To understand the formation and evolution of quasars and

the SMBHs that power them, one needs to determine several im-

portant physical parameters (such as the quasar lifetime, the ratio of

black hole mass to halo mass and the efficiency and rate of accre-

tion during the luminous phase), as well as the evolution of these
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parameters with time. Attempts to answer these questions generally

consider the quasar luminosity function, as it provides a tracer of the

density of quasars with different luminosities as a function of cos-

mic epoch (e.g. Haehnelt, Natarajan & Rees 1998; Haiman & Loeb

1998; Kauffmann & Haehnelt 2000; Volonteri, Haardt & Madau

2003; Wyithe & Loeb 2003). However, all these analyses are model

dependent and implicitly assume either (a) the quasar lifetime and its

evolution with redshift and/or (b) the form, normalization and evo-

lution of a relation between the SMBH mass and the characteristic

velocity of the host galaxy. The exceptions are studied at low redshift

that utilize the quasar two-point correlation function (Haiman &

Hui 2001; Martini & Weinberg 2001; Croom et al. 2005). At high

redshift, dynamical estimates have been made in a few individual

cases (Barkana & Loeb 2003; Bertoldi et al. 2003).

Locally, direct estimates of the SMBH and the host mass can be

made through observations of galaxy dynamics. These observations

reveal a correlation between the SMBH mass and the characteristic
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velocity of the surrounding stellar spheroid (e.g. Merritt & Ferrarese

2001; Tremaine et al. 2002), and by extension of the host dark mat-

ter halo (Ferrarese 2002). These characteristic velocities determine

the dynamical mass, so that there are also corresponding correla-

tions between the SMBH and the host mass. Any proposed scenario

for the SMBH evolution must reproduce this behaviour, and hence

the correlations provide important clues regarding the physics of

formation of SMBHs.

However, at higher redshift, objects collapse out of a denser back-

ground. The characteristic velocity of a virialized object of a given

halo mass is therefore larger if it formed at higher redshift. This

raises the question of whether the fundamental correlation is be-

tween the SMBH mass and the hosts’ characteristic velocity, or

between the SMBH mass and the dynamical host mass. Obviously,

knowledge of which correlation is fundamental is critical for our

understanding of the astrophysics of SMBH evolution. Unfortu-

nately, since these dynamical observations can only be made for

relatively nearby galaxies, this question cannot be resolved via direct

observation.

Here, within the paradigm of standard concordance cosmology,

we show that by associating halo mass with quasar luminosity, the

formation rate of luminous quasars in the high-redshift Universe

can be used to constrain the mass of the dark matter haloes that host

them. We thus provide a framework within which one can attempt to

answer the question of whether the host mass or the velocity is the

determining factor in the evolution of a SMBH. We believe that this

procedure holds significant promise for the future when the observa-

tions improve. Our approach differs philosophically from previous

semi-analytic studies, which generally hypothesize a model that en-

capsulates various assumptions for the relevant astrophysics (such

as the nature of feedback). These models are then used to generate

a quasar luminosity function which may be compared with obser-

vations. In this paper, we limit our assumptions to standard linear

cosmology, and derive statistical constraints on the parameters of

halo mass and lifetime for high-redshift quasars. These constraints

have statistical as well as systematic uncertainties. The latter are

quantified via the dependence of the results on parameters describ-

ing the unmeasured trends of variation of SMBH occupation fraction

and quasar lifetime with redshift, and that of SMBH to halo mass

ratio with redshift.

The optical quasar luminosity function shows a peak in its evo-

lution at z ∼ 2–3. At higher redshifts, the quasar population grows

with time, and it is natural to relate the rise of the quasar population

to the rise of the dark matter halo population (e.g. Haehnelt et al.

1998; Haiman & Loeb 1998; Volonteri et al. 2003; Wyithe & Loeb

2003). However, near a redshift of z ∼ 2–3, the non-linear mass-

scale moves from galaxy mass to group and cluster mass objects. It

is thought that the rapid fall in the density of bright quasars below

z ∼ 2 is due to a combination of a dwindling supply of cold gas at

late times (Kauffmann & Haehnelt 2000) with an injection of feed-

back from the quasars into the surrounding intergalactic medium

that prevents further gas accretion on to collapsing systems (Scan-

napieco & Oh 2004). Following the peak of quasar evolution, one

can no longer relate the growth of the quasar (or galaxy) population

directly to that of the dark matter halo population in any direct or

model independent way. For these reasons, we restrict our attention

to quasars at redshifts beyond z ∼ 3.7, where we can relate the evo-

lution in the quasar luminosity function directly to evolution of the

Press & Schechter (1974) mass function.

In Section 2, we begin with the null hypothesis that the ratio

between the masses of SMBH and the halo does not evolve with

redshift. Under this assumption, we find the host mass to be about

1011.7±0.3 M�. Estimates for SMBH mass powering the luminous

SDSS quasars yield ∼109 M� assuming output at the Eddington

limit (the Eddington limit provides a lower limit on SMBH mass,

and hence a lower limit on the mass ratio). The resulting SMBH

to halo mass ratio is therefore much larger for the SDSS quasars

than for local galaxies. Indeed, the null hypothesis can be rejected

at a significance greater than 5σ , i.e. SMBHs in the past contributed

a larger fraction of galaxy mass than that of today. This is one

main conclusion of the paper. Next, we allow for the SMBH to

halo mass ratio to evolve with redshift (Section 2.6). In this general

case, we estimate a halo mass for high-redshift quasar hosts, M ∼
1012.4±0.3, and find that the ratio between the SMBH and the host

halo mass should increase with redshift as ∼(1 + z)1.5 in order to

be consistent with extrapolation from local observations. Estimates

for the high-redshift quasar lifetime are discussed in Section 3. We

also investigate variance of the linear power spectrum on the scale

of density fluctuations corresponding to the high-redshift quasar

hosts in Section 4. Finally, we discuss the implications of the rate

of high-redshift quasar density evolution for the value of the critical

linear overdensity at host virialization in Section 5. Some concluding

discussion is given in Section 6.

Throughout the paper, we adopt the set of cosmological param-

eters determined by the Wilkinson Microwave Anisotropy Probe
(WMAP; Spergel et al. 2003), namely mass density parameters of

�m = 0.27 in matter, �b = 0.044 in baryons, �� = 0.73 in a cosmo-

logical constant and a Hubble constant of H 0 = 71 km s−1 Mpc−1.

For the primordial power spectrum of density fluctuations, we adopt

a power-law slope n = 1, and the fitting formula to the exact trans-

fer function of Bardeen et al. (1986). It turns out that our results

are most sensitive to the cosmological parameter σ 8, which is the

amplitude of the linearly extrapolated power spectrum on scales of

8 h−1 Mpc. We present results for different σ 8 wherever appropriate

to illustrate the range of this dependence.

2 E VO L U T I O N I N QUA S A R D E N S I T Y

The Press & Schechter (1974) mass function [with the modifica-

tion of Sheth & Torman (2002) that will be adopted throughout our

discussion] yields the number density N [>M(z), z] of dark mat-

ter haloes above some mass M(z) at redshift z. If luminous quasars

reside in a fraction ε of such dark matter haloes, then the observed

number density of quasars is given by the product of two factors:

N [>M(z), z] and τ ≡ ε min{t q/H−1(z), 1}, where tq is the (un-

known) quasar lifetime and H−1(z) is the Hubble time (see e.g.

Efstathiou & Rees 1998). As a measure of the rate at which lu-

minous quasars appear, we use the logarithmic derivative (B) of

τ N [>M(z), z], defined as

B = d log τ

dz
+ ∂ log N (> M, z)

∂z
+ γ

(1 + z)

d ln N (> M, z)

d ln M
. (1)

Here, we have assumed that the halo mass varies as M ∝ (1 + z)γ

at fixed luminosity M1450. This choice is convenient for our discus-

sion because observations do reveal an exponential decline in the

quasar population with redshift suggesting approximate constancy

of B. Our analysis, of course, relies on the applicability of the Press–

Schechter mass function (as modified by Sheth & Torman 2002). It

has been shown that this analytic formalism provides an excellent

description of the halo mass function found from numerical sim-

ulations (Jenkins et al. 2001). In particular, if the numerical mass

function is expressed in the appropriate variables then it is indepen-

dent of epoch, which is a defining feature of the Press–Schechter

formalism. Evaluation of B using the Press–Schechter mass
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function therefore provides an accurate description of the redshift

evolution of massive dark matter haloes in a Lambda cold dark

matter (�CDM) cosmology.

Many modern formulations of model quasar luminosity functions

include major galaxy mergers as the trigger for luminous quasar

activity (e.g. Kauffmann & Haehnelt 2000; Volonteri et al. 2003;

Wyithe & Loeb 2003). An alternative approach to equation (1) could

therefore be to replace the quantity N (>M) with an integral over the

product of the halo mass function with the number of major merg-

ers per quasar lifetime. This approach would require an additional

hypothesis relating quasar activity to major mergers, whereas we

prefer to limit ourselves to a single physical hypothesis; that SMBH

masses are related to their host dark matter haloes. However, we

note that within a merger-driven formulation, the number density of

quasars is proportional to the number of major mergers and to the

ratio between quasar lifetime and the Hubble time. Broadly speak-

ing, the effect of major mergers can therefore be absorbed within

the evolution of τ .

The mass function N (>M , z) leads to a steeper slope B as M
is increased. This is illustrated by the grey dot–dashed lines in the

left-hand panel of Fig. 1 which shows the evolution of N (>M , z)

(arbitrarily normalized at z = 4.8) for masses of 1010, 1011, 1012

and 1013 M�. These curves should be compared with the observed

evolution in the density of luminous (M 1450 < −26.7) quasars be-

tween redshifts of z ∼ 3.7 and 6 from the SDSS (Fan et al. 2001a,

2003, 2004), which is also summarized in the same panel. Here, we

are assuming that the identification of luminosity M1450 with halo

mass M does not vary (i.e. γ = 0). This forms the null hypothesis

in this work. The effects of relaxing this assumption are discussed

in Section 2.6.

The curves corresponding to 1011 and 1012 M� have logarithmic

slopes that lie at the extremes of the range allowed by the data. It

is therefore clear that if we can measure the exponential slope in

the formation of high-redshift quasars, then we can determine the

mass of their host dark matter haloes. By using only the logarithmic

slope B, we have removed the dependence on the absolute value
of quasar lifetime. However, B does depend on the form of the

redshift evolution of τ (and on γ ). While ε could also change with

z due to various effects (dust obscuration, beaming angle, etc.), we

expect the dominant additional contribution to B to come from tq.

The z dependence of tq can be handled by using two physically

motivated forms for the evolution – which bracket the reasonable

range of possibilities – and can be parametrized by τ ∝ (1 + z)α with

0 � α � 3/2. First, if the quasar lifetime is determined by the mass

Figure 1. Constraints on the evolution of the density of high-redshift quasars. Left-hand panel: the density of quasars with M 1450 < −26.7 as a function of

redshift (Fan et al. 2001a, 2003, 2004). The solid line shows the best-fitting exponential decline �(< 26.7, z) ∝ 10Bobs×z to the full data set, with B obs =
−0.49. For comparison, the evolution in the density of haloes (normalized to unity at z = 4.8) with masses of 1010, 1011, 1012 and 1013 M� are shown by

the grey dot–dashed curves in order to decreasing steepness. Right-hand panel: the corresponding a posteriori differential (grey lines; left axis) and cumulative

(black lines; right axis) probability distributions for Bobs.

e-fold time-scale of the SMBHs, then tq is independent of redshift,

τ ∝ 1/H−1(z) and α ≈ 3/2. Secondly, if the quasar lifetime is

determined by the dynamical time-scale at z, then t q ≈ H−1(z)

making τ independent of redshift and α � 0. [This is also true if

t q > H−1(z).]

2.1 Evolution constraints

The evolution shown in Fig. 1 is well fitted by an exponential decline

(Fan et al. 2001a) of the form

�(M1450 < −26.7, z) ∝ 10Bobs×z . (2)

The right-hand panel of Fig. 1 shows the a posteriori differential

(grey curves) and cumulative (black curves) probability distribu-

tions for the observed exponential slope Bobs. These distributions

were computed as follows. For each value of Bobs, we find the nor-

malization which maximizes the product of probabilities from each

redshift bin (assuming Gaussian error bars). This product represents

the likelihood for Bobs. A flat prior probability for Bobs was then as-

sumed, allowing calculation of a posteriori distributions for Bobs.

Distributions were estimated using (i) the whole data set and two

subsets of the data, (ii) data with z < 5 and (iii) data with z > 4.5.

We find that B obs ∼ −0.49 ± 0.07, −0.52 ± 0.15 and −0.53 ± 0.20

describe the evolution within the full data set and two subsets, re-

spectively, showing internal consistency. The best fit is also plotted

in the top left-hand panel to guide the eye.

2.2 Mass constraints

From equation (1), there is a one-to-one monotonic correspondence

between halo mass M and exponential slope B. The a posteriori

probability distributions for host halo mass, M, may therefore be

found by noting that

dP

dM
∝ dB

dM

∣∣∣∣
B=Bobs

dP

dBobs

, (3)

where dB/dM was computed using equation (1) at the central red-

shift within the luminosity function data. The differential (grey lines)

and cumulative (dark lines) a posteriori distributions for M are plot-

ted in the left-hand panel of Fig. 2. If α = 3/2 (solid lines), the

observed evolution in the density of bright quasars implies host

haloes with masses of 1011.9±0.2 M�. If α = 0 (dashed lines), then

the halo mass estimates and their upper bounds are about a factor of

2 smaller; we get 1011.6±0.2 M�. Thus, under the null hypothesis of a
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Figure 2. Constraints on the mass of the halo that hosts a high-redshift quasar. Left-hand panel: the a posteriori differential (grey lines) and cumulative (dark

lines) probability distributions for M (solid lines α = 3/2, dashed lines α = 0; γ = 0). The upper axis shows the corresponding values for fraction of halo mass

contributed by a 109 M� black hole. Right-hand panel: the corresponding differential (grey lines) and cumulative (dark lines) probability distributions for εt q.

All curves in this figure were evaluated for σ 8 = 0.84.

fixed γ = 0, the exponential slope of the high-redshift quasar lumi-

nosity function leads to the determination of masses of haloes that

host high-redshift quasars to within a factor of a few. In particular,

we stress that the result does not rely on any a priori assumptions

about the relation between the quasar luminosity and the SMBH

mass, about the relation between the SMBH and the halo mass, or

about the halo density profile.

As an aside, we note that an alternative approach to equa-

tions (3) and (5) for calculation of dP/dM [and dP/d(εt q)] would

be to choose prior probabilities for M and εt q that are flat in the

logarithm, and likelihoods for M and εt q based on the comparison

of the corresponding slope with the data. We find that this approach

gives nearly identical results to those presented in this paper.

2.3 SMBH to halo mass ratio

We now explore several further consequences. For the estimation of

SMBH mass, it is usually assumed that quasar emission is isotropic,

and that emission is at the Eddington rate, resulting in SMBHs pow-

ering the highest-redshift quasars having inferred masses (Fan et al.

2001b) of ∼109 M�. These estimates are consistent with dynam-

ical estimates based on emission-line profiles (Willott, McLure &

Jarvis 2003). We have therefore labelled the upper axis of the left-

hand panel in Fig. 2 with the fraction of halo mass contributed by a

109 M� black hole, allowing the curves in this panel to represent the

a posteriori probability distributions for this fraction as well as M.

We find that the full data set implies SMBHs contribute a fraction

of about 10−2.9±0.2 (M bh/109 M�) and ∼10−2.6±0.2 (M bh/109 M�)

of the halo mass for α = 3/2 and 0, respectively. These fractions are

larger than those found by Ferrarese (2002) for local ∼1012 M�
galaxies, which are M bh/M = 10−5.6, 10−5 and 10−4.2, respec-

tively, under the assumptions of singular isothermal haloes, Navarro,

Frenk & White (1997) (NFW) haloes and halo masses derived from

galaxy–galaxy lensing (Seljak 2002). The difference between the

inferred SMBH to halo mass ratio at high redshift is significantly

larger than the scatter in the local estimate of the SMBH–halo mass

relation of ∼0.5 dex (Ferrarese 2002).

This result has two possible interpretations. First, the SMBHs are

accreting at well above their Eddington rate and/or with high effi-

ciency, so that the black hole mass has been overestimated (this dis-

agrees with dynamical studies, Willott et al. 2003). Secondly, more

agreeable interpretation is that SMBHs may contribute a larger frac-

tion of the halo mass at higher redshifts. Indeed, this latter scenario

is independently supported by observations of quasar host galaxies

at z ∼ 2 which suggest black hole masses that are significantly larger

with respect to their hosts than in the case of local galaxies (Croom

et al. 2004).

2.4 Sensitivity to σ8

Of the observable cosmological parameters, the relationship be-

tween B and M is most sensitive to σ 8. To illustrate the extent of

this dependence, we have repeated our analysis using values of σ 8 =
0.76 and 0.92. (These values bound the 2σ range of the best-fitting

constraints derived from WMAP plus large-scale structure and Lyα

forest data Spergel et al. 2003.) We find that the constraints on the

quasar host halo mass vary by a factor of ∼4 within the 2σ range

for σ 8 (see Fig. 3).

2.5 Marginalized distributions

One can also marginalize over systematic uncertainty in dP/dM
due to α and σ 8:

dP

dM
∝

∫ 3/2

0

dα

∫ ∞

0

dσ8 exp

[−(σ8 − 0.84)2

2(0.04)2

]
dP

dM
(α, σ8), (4)

where (dP/dM)(α, σ 8) was determined using equation (3), and we

have used a flat prior probability for α in the range 0 � α � 3/2

combined with a Gaussian probability distribution for σ 8. We find

(left-hand panel of Fig. 4) a value of M = 1011.7±0.3 M�, which

is our best estimate for the halo mass of the high-redshift galaxies

that host the quasars under the null hypothesis of γ = 0. Assum-

ing a 109 M� central black hole, corresponding to accretion at the

Eddington limit (Willott et al. 2003), this corresponds to a black

hole to halo mass ratio of 10−2.7±0.3, which is inconsistent with lo-

cal estimates (Ferrarese 2002; ∼10−5 assuming an NFW profile) at

greater than 7σ . If luminous quasars shine near their Eddington rate

over a range of redshifts, we therefore conclude that the SMBH to

halo mass ratio must increase with redshift.

2.6 Mass estimates assuming an evolving SMBH
to halo mass ratio

In evaluating the derivative B, we have thus far assumed a luminos-

ity M1450 to be associated with a fixed halo mass (γ = 0). However,

if the halo mass M housing quasars of luminosity M1450 varies with

redshift, then the evaluation of B must include the extra term in
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Figure 3. Constraints on the mass of dark matter haloes which host quasars. The a posteriori differential (grey lines) and cumulative (dark lines) probability

distributions for M obtained using values of σ 8 = 0.76 and 0.92. These correspond to the 2σ range for σ 8 determined from WMAP (Spergel et al. 2003). The

solid and dashed curves in these panels correspond to α = 3/2 and 0. In each panel, the upper axis shows the corresponding values for the fraction of halo mass

contributed by a 109 M� black hole.

910

10
8.5

Figure 4. Constraints on the mass of dark matter haloes which host quasars. Left-hand panel: a posteriori probability distributions for M that have been

marginalized over α and σ 8 (see equation 4). The upper axis shows the corresponding values for the fraction of halo mass contributed by a 109 M� black hole.

Right-hand panel: the 2.5, 16, 50, 84 and 97.5 percentiles of the cumulative marginalized probability for mass M as a function of γ . The grey regions represent

masses outside the 1σ range for each γ . For comparison, we show curves (dashed lines) representing quasar host halo mass at high redshift derived assuming

the local black hole halo mass ratio (Ferrarese 2002; for a 108.5 and 109 M� SMBH, and the NFW profile) plus an evolution of this ratio with redshift that is

proportional to (1 + z)−γ .

equation (1) of the form [γ M(z)/(1 + z)] [d log10 N (>M , z)/dM]

[where we have assumed that the halo mass varies as M ∝
(1 + z)γ at fixed luminosity M1450]. In the right-hand panel of Fig. 4,

we show the 2.5, 16, 50, 84 and 97.5 percentiles of the cumulative

marginalized distribution (equation 4) for the halo mass as a func-

tion of γ . The grey regions represent the masses outside the 1σ

range for each γ . Smaller values of γ lead to larger estimates of the

mass (note that the y-axis is reversed with γ decreasing from bottom

to top). If the evolution of halo mass M housing a fixed black hole

mass follows M ∝ (1 + z)γ between the local and high-redshift

Universe, then we can estimate M at high redshift as a function of

γ , by extrapolating the local relation (Ferrarese 2002) between the

halo mass and the black hole mass. The resulting curves (taking the

case of an NFW profile) are plotted for black hole masses of 108.5

and 109 M� (dashed lines from left to right). By comparing the two

constraints, we find γ ∼ −(1.5–2), leading to estimates of halo mass

that are ∼3–6 times larger than our evolution-free (γ = 0) estimate.

Note that these larger masses do not weaken our result that SMBHs

comprised a larger fraction of galaxy mass at high redshift, as this

behaviour is explicit when γ < 0. Interestingly, values of γ < 0

follow naturally from models where SMBH growth is self limiting

through feedback on galactic gas (e.g. Haehnelt et al. 1998; Wyithe

& Loeb 2003).

We see from Fig. 4 that if the evolution of the ratio between the

SMBH and the halo mass (or more correctly, the ratio between the

quasar luminosity and the halo mass) can be described as a power law

in redshift, then an extrapolation from local observations combined

with our evolution analysis implies a value of γ ∼ −3/2. In the

left-hand panel of Fig. 5, we plot the differential and cumulative

probability distributions for M assuming γ = −3/2. As mentioned

in the previous paragraph, we find larger masses than that were

derived in Fig. 2 under the assumption of non-evolving ratio; we get

M = 1012.5±0.2 (α = 3/2) and 1012.3±0.2 M� (α = 0).

3 QUA S A R L I F E T I M E

If a fraction ε of dark matter haloes contains SMBHs, then the

total lifetime of the quasar can be estimated (Haiman & Hui 2001;

Martini & Weinberg 2001) by dividing the quasar number density

�(M 1450 < −26.7, z) by ε times the number density N (>M) of

haloes larger than M, and then multiplying by the Hubble time (for

t q < H−1). The a posteriori probability for the product εt q is

dP

d(εtq)
∝

[
d

dM

∫
d�

dP

d�
εtq(�, M)

]−1
dB

dM

∣∣∣∣
B=Bobs

dP

dBobs

, (5)
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Figure 5. Constraints on the mass of the halo that hosts a high-redshift quasar. Left-hand panel: the a posteriori differential (grey lines) and cumulative (dark

lines) probability distributions for M (solid lines α = 3/2, dashed lines α = 0; γ = −1.5). The upper axis shows the corresponding values for fraction of halo

mass contributed by a 109 M� black hole. Right-hand panel: the corresponding differential (grey lines) and cumulative (dark lines) probability distributions

for εt q. All curves in this figure were evaluated for σ 8 = 0.84.

where dP/d� is the observed Gaussian probability for �. Under

the assumption of a SMBH to halo mass ratio that does not evolve

with redshift (see Fig. 2, right-hand panel), we find lifetimes of

104.8±0.3 ε−1 and 104.3±0.4 ε−1 yr, respectively, for α = 3/2 and 0,

in a cosmology where σ 8 = 0.84 (note that any evolution of ε with

redshift is degenerate with that of tq and is therefore implicit in the

value of α). In addition (not shown), we have computed distributions

for εt q corresponding to σ 8 = 0.76 and 0.92. We find constraints

that vary by a factor of 2 relative to the case of σ 8 = 0.84. These

results imply that if all dark matter haloes contained SMBHs at high

redshift (ε = 1) then the preferred quasar lifetime of 104–105) yr

is significantly shorter than both the Salpeter time [about 4 ×
107(ε eff/0.1)η−1 yr] for accretion at the maximal rate (η = 1) with

ε eff = 10 per cent efficiency of conversion from mass to energy as

well as estimates of the quasar lifetime at lower redshifts [106–108

yr; see Martini (2003) for a summary]. The small value of εt q might

therefore indicate that not all dark matter haloes at high redshift

contain SMBHs, in contrast to the situation locally (Kormendy &

Richstone 1995). Indeed, if the high-redshift quasar lifetime were

106–108) yr, as seems to be the case (Yu & Tremaine 2002) at z ∼ 2,

this would imply that only 1 in 10–103) dark matter haloes at z > 4

contained a SMBH. Alternatively, there could be a larger number of

obscured quasars at high redshift, giving the impression of a smaller

quasar lifetime.

On the other hand, we have suggested that a situation, where

the SMBH to halo mass ratio does not evolve with redshift, will

be inconsistent with local observations. As a result, it should not

be surprising that the lifetime derived when γ = 0 is inconsistent

with other observations. In Section 2.6, we derived results for the

halo mass under the assumption that the SMBH to halo mass ratio

evolves as a power law in redshift [∝ (1 + z)−γ ] and found that

larger masses of M ∼ 1012.4±0.3 M� are obtained for γ = −1.5. We

have also derived the a posteriori probability distribution for quasar

lifetime in this case (right-hand panel of Fig. 5), and found that the

larger halo mass leads to a longer inferred lifetime. In the case of a

quasar lifetime that is constant with redshift (α = 3/2), we find t q =
105.9±0.4 ε−1 yr. For occupation fractions of unity (ε = 1), this life-

time is consistent with the lifetime inferred at lower redshift. In

scenarios where feedback limits SMBH growth, the quasar lifetime

is thought to be proportional to the host’s dynamical time (α = 0).

In this case, we find t q = 105.5±0.5 ε−1 yr, which again compares

favourably with the lifetime inferred at z ∼ 2 when the factor (1 +
z)3/2 in the extrapolation from z ∼ 2 to 4.3 is accounted for.

Before leaving this section, we comment on the possibility that

ε increases towards low redshift (since ε ∼ 1 at z = 0, it cannot

decrease towards low redshift). As mentioned in Section 2, the evo-

lution of ε is degenerate with tq. Evolution of ε may therefore be

described by a value of α that is smaller than the α = 0 or 3/2 that

describe the evolution of lifetime. The adoption of smaller values

of α leads to smaller estimates of mass, and hence strengthen the

prime result of this paper, that quasar hosts were smaller in the past

than today.

4 T H E VA R I A N C E O F D E N S I T Y
F L U C T UAT I O N S C O R R E S P O N D I N G
TO H I G H - R E D S H I F T QUA S A R H O S T S

An alternative way of studying the hosts of the high-redshift quasars

is to compare the evolution of their density with the evolution of the

density of haloes that correspond to scales with a fixed variance in

the linearly extrapolated power spectrum. In Fig. 6, we show curves

of density [τ N (>M(σ ), z)] against redshift for values of variance

σ = 2, 2.5 and 3. Since we are interested in the deviation of the ob-

served results from the theoretical curves for a constant σ , we have

normalized both the theoretical curves (from Press–Schechter) and

the data to unity at an intermediate redshift z = 4.8, and thus ex-

press the evolution in terms of a dimensionless density parameter

[�(z)/�(4.8)]. The left- and right-hand panels correspond to values

of α = 3/2 and 0, respectively. We find that the values of σ = 2–3

bracket the range of evolution, implying that for a linearly extrap-

olated critical overdensity of δc ∼ 1.69(1 + z), the high-redshift

quasar dark matter host galaxies formed from ∼3σ to 4.5σ density

fluctuations. The rareness of these fluctuations is consistent with the

large masses (well in excess of the non-linear mass-scale) which

were inferred in Section 2.6.

5 T H E L I N E A R OV E R D E N S I T Y
F O R QUA S A R H O S T S

When calculating the Press–Schechter mass function, we have so far

adopted the conventional value for the linear overdensity at halo viri-

alization of δc = 1.69, which is appropriate for a spherical collapse

at the time when shells evolve to zero radius. This value of δc, which

corresponds to a non-linear overdensity of about 178, agrees with

results from N-body simulations (Jenkins et al. 2001). However, in

general, non-spherical top-hat models virialize at a time when the
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Properties of high-redshift quasars 1035

Figure 6. The evolution of density with redshift for different values of linear variance σ corresponding to haloes that host high-redshift quasars. The curves

correspond to σ = 2 (solid line), σ = 2.5 (dashed line) and σ = 3 (dotted line). Both the model and quasar densities have been normalized to unity at z = 4.8.

Left-hand panel: curves for α = 3/2. Right-hand panel: curves for α = 0.

–2.0

–1.5

–1.0

–0.7

–0.3

–0.1

–0.1

–0.3
–0.7
–1.0

–1.5
–2.0

Figure 7. Contours of the exponential slope B as a function of the linear overdensity for quasars δc,q and host halo mass M (we assumed α = 3/2). The shaded

regions are excluded by the requirement that δc,q > 1.69, and by the limits on Bobs derived from the redshift evolution in the quasar luminosity function. The

dashed line shows the most likely value for the slope, and the dotted line corresponds to δc,q = 1.69. Left-hand panel: curves for γ = 0. Right-hand panel:

curves for γ = −1.5. All curves in this figure were evaluated for σ 8 = 0.84.

linear overdensity reaches a value greater (Engineer, Kanekar &

Padmanabhan 2000) than δc = 1.69.

As we showed in Section 4, luminous quasars are rare systems

forming from greater than 3σ fluctuations. It is therefore possible

that they form only in hosts of unusual overdensity. In Fig. 7, we

have plotted contours of B as a function of δc and M. [For the case of

α = 3/2 and σ 8 = 0.84, and assuming γ = 0 (left-hand panel) and

γ = −3/2 (right-hand panel).] The shaded grey regions show the

excluded values of δc < 1.69 and B (68 per cent range). The most

likely value of the variance is plotted as a thick dashed line. We see

that δc cannot be too different from 1.69, or else the host dark matter

haloes would be unacceptably small. This indicates that collapse to

an unusually overdense halo is not taking place in haloes that host

SMBH formation and quasar activity. An absolute upper limit on δc

can be obtained by noting that if the mass of the SMBH is 109 M�,

then host masses must be larger than about 1010 M�. In this case,

values of δc � 3 are not allowed. If the SMBH were restricted to

contain less than 10 per cent of the gas component, then δc � 2.

6 D I S C U S S I O N

In this paper, we have estimated the mass of high-redshift quasar host

dark matter haloes by comparing the rate of quasar evolution with

the Press–Schechter mass function. We have found in the case of the

null hypothesis, where the SMBH to halo mass ratio does not change

with redshift, that the implied halo mass is M = 1011.7±0.3 M�.

This mass is significantly smaller than the mass of local haloes

that house a 109 M� SMBH, the mass believed to be powering the

SDSS quasars. Indeed, our results rule out the null hypothesis at a

significance greater than 5σ . We therefore conclude that the SMBH

to halo mass ratio must increase towards higher redshift, i.e. SMBHs

contained a larger fraction of the host galaxy mass at earlier times.

Having demonstrated that SMBHs at high redshift must have con-

tained a larger fraction of the host mass than SMBHs observed today,

we allowed the SMBH to halo mass ratio to vary with redshift. In

this case, it is possible to achieve consistency between observations

of high-redshift quasars and local SMBH masses. We find that these

combined constraints imply high-redshift quasar host halo masses

of M = 1012.4±0.3, with a SMBH to halo mass ratio that varies with

redshift approximately as (1 + z)3/2.

A scenario, where SMBHs formed at high redshift contain a

greater fraction of the host galaxies mass, is consistent with models

of SMBH evolution in which SMBH growth is limited by feed-

back during the quasar phase (e.g. Haehnelt et al. 1998; Silk &

Rees 1998; Wyithe & Loeb 2003). These models predict a rela-

tion between SMBH mass and the characteristic velocity of the

host which is redshift independent. As a result, feedback-regulated

growth of SMBHs leads naturally to a ratio of SMBH to halo mass

that increases with redshift. Our results therefore support feedback-

regulated schemes, where SMBH growth is dominated by accretion

during the luminous quasar phase.

Upon completion, the SDSS will have identified much larger

numbers of high-redshift quasars than are currently published. The

more accurate luminosity functions which will be available should

then allow a similar and more precise analysis using the model-

independent technique introduced in this work. Such an analysis

may allow the variation of host mass with redshift to be determined

directly for the high-redshift quasars.
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