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We use the modified propagator for quantum field based on a “principle of path integral
duality” proposed earlier in a paper by Padmanabhan to investigate several results
in QED. This procedure modifies the Feynman propagator by the introduction of a
fundamental length scale. We use this modified propagator for the Dirac particles to
evaluate the first order radiative corrections in QED. We find that the extra factor of
the modified propagator acts like a regulator at the Planck scales thereby removing the
divergences that otherwise appear in the conventional radiative correction calculations
of QED. We find that: (i) all the three renormalization factors Z1, Z2, and Z3 pick up
finite corrections and (ii) the modified propagator breaks the gauge invariance at a very
small level of O(10−45). The implications of this result to generation of the primordial
seed magnetic fields are discussed.

1. Introduction

The spacetime structure at Planck scales LP ≡ (G~/c3)1/2 will be drastically

affected by the quantum gravitational effects and it is generally believed that LP

acts as a physical cutoff for spacetime intervals. The two main approaches to quan-

tum gravity, Superstring theory and Loop quantum gravity, incorporates the funda-

mental length scale by considering extended structures, rather than point particles,

as fundamental blocks.

The existence of a fundamental length implies that processes involving energies

higher than Planck energies will be suppressed, and the ultraviolet behavior of the

theory will be improved. This could arise naturally in String theories; several other

models also incorporate a Planck length cut-off in a suitable manner to improve

the ultra violet behavior of the theory.1 One direct consequence of such improved

behavior will be that the Feynman propagator (in momentum space) will acquire

damping factor for energies larger than Planck energy. However, this propagator —

which arises in the standard formulation of quantum field theory — does not take
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into account of the existence of any fundamental length in the spacetime. On the

other hand, such a fundamental length scale was introduced into the Feynman

propagator in a Lorentz invariant manner by invoking the “principle of path-integral

duality”.2 According to this postulate, the weightage given for a path in the path

integral should be invariant under the transformation R → L2
P/R, where R is the

length of the path and the fundamental length scale LP is assumed to be of the order

of the Planck length (G~/c3)1/2. [In this paper, when we say that the fundamental

length is LP, we actually mean that it is of O(LP).] Padmanabhan2 has shown by

rigorous evaluation of the path integral by lattice techniques that the effect of the

duality principle is to modify the weightage given to a path of proper time s from

exp(−im2s) to exp[−i(m2s − L2
P/s)], where m is associated with the mass of the

particle. For example, the Feynman propagator for a free scalar field of mass m,

propagating in the flat (3 + 1) spacetime, in Schwinger’s proper time formalism, is

described by the integral

GF(x, x′) =
1

(4πi)2

∫ ∞
0

ds

s2
exp(−im2s) exp

[
i
(x− x′)2

4s

]
. (1)

The duality principle modifies the Feynman propagator to the form

GPF (x, x′) =
1

(4πi)2

∫ ∞
0

ds

s2
exp(−im2s) exp

[
i
((x− x′)2 + L2

P)

4s

]

=
m

4π2

K1(im
√
x2 − L2

P − iε)√
x2 − L2

P − iε
, (2)

where K1(z) is the modified Bessel function of order 1. [The metric signature we

follow is (+,−,−,−).] In momentum space, the modified propagator is

GPF (p) = −i
∫ ∞

0

dz exp

[
i
L2
P

4z
+ i(p2 −m2 + iε)z

]
. (3)

The presence of a fundamental length scale is a feature that is expected to arise

in a quantum theory of gravity. Hence, the modification of the weightage factor as

mentioned above can be interpreted as being equivalent to introducing quantum

gravitational corrections into standard field theory. The ultraviolet divergences in

quantum field theory arise from the singularities of the propagator functions on

the light cone, and a smearing out of the light cone due to the quantum gravita-

tional corrections, using the principle of “path integral duality”, will lead to the

suppression of these divergences.

In an earlier work,3 the implications of the modified propagator to certain con-

ventional nonperturbative quantum field theoretic results were discussed in detail.

It was found that the essential feature of this prescription of path integral duality

is to provide an ultra-violet cutoff at the Planck energy scales, thereby obtaining a

Lorentz invariant finite results. Encouraged by this fact, we would like to estimate

the renormalization factors in QED, and other radiative correction terms which

cannot be obtained in the conventional QED calculations.
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The standard definition of Feynman propagator for Dirac particles is

S(x) = −(−iγµ∂µ +m)GF(x) , (4)

where, GF(x) is the usual Feynman propagator for the scalar particles. In our

analysis of evaluating quantum gravitational corrections to the standard QED cal-

culations, we assume that the effect of “principle of path integral duality” on the

Dirac propagator is defined as

SP (x) = −(−iγµ∂µ +m)GPF (x) . (5)

Hence, the effect of summing over the quantum fluctuations of the spacetime struc-

ture, in the low energy scales, can be realized in any field theoretic calculations

where the propagator of the scalar particles appear explicitly.

There is a similar approach in the literature by Ohanian,4 who had used a

smeared propagator which is Poincaré invariant, to calculate the radiative correc-

tions in QED. The modified Feynman propagator in our case is obtained by rig-

orous evaluation and the duality principle introduces the fundamental length scale

in a Lorentz invariant manner. We also comment on the differences between our

approaches and results at the appropriate sections below.

Before proceeding to the technical aspects, it is necessary to outline certain

conceptual issues related to this approach. In the conventional approaches to quan-

tizing a field based on some classical Lagrangian, one will invariably obtain quan-

tum corrections to the classical Lagrangian. When these corrections are local in

the configuration space and contain terms which are of the same form as those in

the classical Lagrangian, it is necessary to absorb them into the parameters of the

original Lagrangian. This process of renormalization, has — a priori — nothing to

do with divergences. Usually, however, the quantum corrections to the theory —

calculated by perturbative methods — lead to divergent expressions. If the new

(divergent) terms are not of the form of the original terms, then the theory cannot

be interpreted perturbatively. However, if the divergent terms have the same struc-

ture as the terms in the original Lagrangian, it is possible to use the procedure of

renormalization (which, a priori, has nothing to do with divergences) to give mean-

ing to the theory. To do this properly, it is necessary to first evolve a procedure

(called regularization) which allows the divergent expressions to be recast as the

limit of some finite quantities. After performing the renormalization subtractions,

one is free to take the required limit, leading to finite corrections.

The above approach gets modified in two essential aspects when the modi-

fied propagator is used. Firstly, when quantum gravitational corrections lead to a

cutoff, the quantum corrections will not have any divergent terms; that is, the reg-

ularization is now built into the theory with Planck length acting as regulator. But

renormalization of the theory is still needed and the physical and bare coupling con-

stants will differ by a finite amount. Secondly, the regularization procedure is now

fixed by our ansatz. This is important because, it is well known from standard work

in quantum field theory that different regularization procedures are not equivalent.

For example, dimensional regularization and momentum space techniques are not



April 27, 2001 13:41 WSPC/142-IJMPD 00090

354 S. Shankaranarayanan and T. Padmanabhan

completely equivalent as regards their treatment of the symmetries of the system.

Since we have no freedom in choosing a regularization, it is necessary to accept and

investigate the final results arising from the ansatz. The use of modified propagator

to the field theoretic calculation is a more realistic approach towards the removal of

the divergences in field theory based on the relevant physics, rather than a formal-

istic approach based on improper mathematical manipulations. In an earlier work,3

it was shown that the physical parameters in this system like mass and coupling

constant have additive finite terms, that are proportional to the powers of LP by

calculating the effective potential for a self-interacting scalar field theory using the

modified propagator.

In this paper, we evaluate the second order radiative corrections in QED using

the modified propagator. The three corrections are to the vacuum polarization,

electron self-energy, and vertex function. In the conventional QED calculations

the divergent terms are absorbed into the physical parameters like mass, charge

and spin. The modified propagator here again acts as a regulator to the ultra-

violet divergences in the theory. The modified propagator introduces two kinds of

regulators in the radiative correction calculations, which are logarithmic and power

law. In the three radiative corrections the leading order power law regulator is

O(L2
Pm

2) and this is very small when compared to the other nondivergent terms in

the conventional QED results. The three renormalization factors has the logarithmic

corrections which is of the O(ln(LPm)).

The following point needs to be stressed regarding the actual values of the cor-

rections. In pure QED, the perturbative expansion is in a series in α and corrections

are of the order of α ' 10−2, α2 ' 10−4 etc. in successive orders. The lowest order

quantum gravitational corrections are, by and large, of order L2
Pm

2 ' 10−45. Since

α22 ≈ (LPm)2, the first 22 order corrections of QED will dominate over the quan-

tum gravitational corrections computed here! Much before this, electroweak cor-

rections will start modifying the results. Thus the finite corrections computed here

are only of conceptual significance — providing the lowest order corrections from

quantum gravity — rather than of any operational significance. The only exception

to this general situation is when quantum gravitational effects break a symmetry

originally present in the theory, which — as we shall see — does happen.

In Secs. 2 and 3, we evaluate the second order radiative corrections in QED,

and we discuss the results and present other applications in Sec. 4.

2. Vacuum Polarization and Electron Self Energy

2.1. Vacuum polarization

The interaction of the photon field with electron field modifies the free photon

propagator. The photon propagator of momentum q, with the one loop radiation

correction included, is given by

iD′Fµν(q) = iDF
µν + iDF

µρ

iΠρσ(q)

4π
iDF

σν ,
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where Πµν is the vacuum polarization tensor, and DF
µν is the free photon propa-

gator. The free photon propagator, DF
µν , in the above relation is the conventional

QED propagator. We concentrate here on the corrections to Dµν arising from the

modification of Πµν rather than from direct modification of Dµν due to our ansatz.

Using the Feynman rules of QED in the momentum space, we can write the vacuum

polarization tensor as

Πµν(q) = 16πie2

∫
d4k

(2π)3
(kµ(k − q)ν + (k − q)µkν − gµν(k2 − qk −m2))

×GPF (k)GPF (k − q) . (6)

Substituting for the propagator from Eq. (3), and following similar calculations

as in conventional QED, the vacuum polarization tensor can be separated into

gauge invariant and gauge noninvariant part.5 The resultant gauge invariant part

is given by

Π1
µν(q

2) = −4e2

π
(qνqµ − gµνq2)

∫ 1

0

dzz(1− z)K0(ξ) , (7)

where

ξ2 = L2
P

m2 − q2z(1− z)
z(1− z) .

The series expansion of K0(z), about the origin, is given by

K0(z) = −γ − ln(z/2)− z2

4
[1− γ − ln(z/2)] + · · · . (8)

Hence, Eq. (7) takes the form

Π1
µν(q

2) = (qνqµ − gµνq2)

[
(Z3 − 1)− 2e2

π
A1 −

e2L2
P

π

×
(
q2

2
A1 +

1

2

(
1− γ − ln

(
LPm

2

))(
m2 − q2

6

))]
, (9)

where

A1 =

∫ 1

0

dzz(1− z) ln

(
m2

m2 − q2z(1− z)

)
(10)

to the lowest order of K0(ξ). The term A1 is the familiar conventional QED nondi-

vergent term and the remaining terms (of the order O(L2
P)) are the leading order

quantum gravitational power law corrections/regulators to the conventional QED

terms. The contribution of the quantum gravitational corrections to the vacuum

polarization is extremely small as compared to the conventional nondivergent QED

term, i.e. they are of the order 10−45 which is much smaller compared to the next

order radiative corrections of QED. But as we can notice the quantum gravita-

tional corrections to the conventional QED nondivergent terms become important

when LPq ' 1. In this high momentum transfer limit, the propagation effects of
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the virtual photons will probe the small scale quantum gravitational effects and

the corrections will be of the same order as the conventional QED nondivergent

terms. The charge renormalization factor, Z3, which is divergent in the usual QED

calculations is now finite and is given by

Z3 − 1 =
2e2 ln(LPm/2)

π

[
1

3
+

6γ − 5

18 ln(LPm/2)
+O(L2

Pm
2)

]
. (11)

The estimate of this factor comes out to be

Z3 − 1 =
2e2

3π
ln(LPm) ' −0.1 . (12)

In the earlier work,3 authors have calculated charge renormalization factor using

Effective action approach, which is a nonperturbative technique. In this approach,

they calculated the effect of the classical electro-magnetic background on the quan-

tum charged scalar fields, propagating in the flat spacetime, using the above mod-

ified propagator. The charge renormalization factor they obtain using the effective

action approach is of the form ZP = (q2/6π)K0(2LPm). On expanding K0(z) using

Eq. (8), their estimate of the charge renormalization factor was also of the order

of 0.1.

In the standard QED calculations, there does arise a gauge noninvariant part

of the vacuum polarization tensor which is divergent and is renormalized to zero

(for instance, see Hatfield6). Even though, this is a standard result and can be

found in textbooks we have given the relevant steps in the Appendix for the sake

of completeness. By retracing the steps given in Appendix, we now obtain a finite

quantity to the gauge noninvariant part of the vacuum polarization tensor using

the modified propagator. The gauge noninvariant part comes out to be

Π2
µν(q) =

iL2
Pe

2
0

(4π)2
gµν

∫ ∞
0

dz

z

∫ ∞
0

dz′

z′
1

(z + z′)2
exp

[
iL2

P

4
(z−1 + z′−1)

]
× exp i

[
q2zz′

z + z′
−m0(z + z′)

]
. (13)

In Eq. (13), transforming the variables z and z′ to a new set of variables by the

relation z = 1/t and z′ = 1/t′ leads to

Π2
µν(q) =

iL2
Pe

2
0

(4π)2
gµν

∫ ∞
0

tdt

∫ ∞
0

t′dt′
1

(t+ t′)2
exp

[
iL2

P

4
(t+ t′)

]
× exp i

[
q2

t+ t′
−m0(t

−1 + t′−1)

]
. (14)

Using the standard identity,

1 =

∫ ∞
0

dβ

β
δ(1− β(z + z′))

and scaling ti → ti/β, as in the conventional QED calculations, we get

Π2
µν(q) = − 2ie2

0

(4π)2
gµνL

6
P

∫ 1

0

t(1− t)K2(ξ)

ξ2
dt , (15)
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where

ξ2 = L2
P

(
m2

0

t(1− t) − q
2

)
.

The expansion of K2(z) near the origin is given by

K2(z) =
2

z2
− 1

2
+

(
3− 4γ

32
+

ln(2)− ln(z)

8

)
z2 + · · · .

Substituting the series expansion of K2(ξ) in Eq. (15), we obtain

Π2
µν(q) = gµν

−2ie2
0

(4π)2

[
2L2

P

∫ 1

0

dt
(t− t2)3

(m2
0 − q2t(1− t))2

−L
4
P

2

∫ 1

0

dt
(t− t2)2

(m2
0 − q2t(1− t)) + · · ·

]
. (16)

This clearly shows that the gauge noninvariant part is nonzero for LP 6= 0 and

vanishes as LP → 0. While the term which breaks the gauge invariance is small

to be of operational significance, it does have certain conceptual importance. The

following points need to be noted regarding this result:

(i) Mathematically speaking, this result arises from the fact that our ansatz is

equivalent to a momentum space regularization procedure in conventional

QED. It is known that, momentum space regularization, in contrast to

dimensional regularization, can lead to gauge breaking terms. Usually, this

is considered as an argument in favor of dimensional regularization. In our

approach, of course, we have no choice and the result arises automatically.

In fact, it is very likely that any quantum gravitational cutoff will appear

like a momentum space regulator and will break the gauge symmetry.

(ii) Previously, Ohanian4 had obtained a gauge breaking term using a gravita-

tionally smeared propagator. There is however one vital difference between

our result and the one obtained by him. Note that, in our approach, the

propagator reduces to that of conventional field theory when LP → 0. If

the procedure is to be consistent, the gauge breaking term should vanish

when the limit of LP → 0 is taken. This is true as regards our result in

Eq. (16) showing that this is indeed a quantum gravitational effect. How-

ever, Ohanian4 obtains a gauge breaking term which does not vanish in

the corresponding limit. This suggests that, our approach does allow a

consistent interpretation of the results.

(iii) It is the extra term L2
P(z + z′)−2/(4zz′) which breaks the gauge invari-

ance of the electromagnetic field. This extra factor can be associated to

the current in the charge conservation relation and hence, implying that

the charge conservation is no more valid. There have been — more dras-

tic! — attempts in the literature to break even the Lorentz invariance by

introducing a coupling of the photon to charged scalar field, through grav-

itational couplings to the photon, etc.7 The basic aim in the process of
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breaking the conformal symmetry of the electromagnetic field is allowing

for the possibility of generating large scale magnetic fields within inflation-

ary scenarios. Most of these studies have used ad-hoc interaction potential

to break the conformal invariance. The breaking of gauge invariance of the

electromagnetic field in our case is from a much more deeper “principle of

path integral duality”. The connection to the cosmological seed magnetic

field is still under investigation.

2.2. Electron self-energy

The interaction of the electron field with photon field modifies the free electron

propagator. The electron propagator of momentum p, with the one-loop correction

included, is given by

iS′F (p) = iSF (p) + iSF (p)(−iΣ(p))iSF (p) ,

where Σ(p) (a 4-spinor) is the self-energy function, and SF (p) is the free electron

propagator. Using the Feynman rules in the momentum space, we get

Σ(p) = −4πie2

∫
d4k

(2π)4
γµ(γνpν − γνkν +m)γµG

P
F (k)GPF (p− k) . (17)

Substituting the propagator from the Eq. (3), the above equation reduces to

Σ(p) =
e2

4π2

∫ 1

0

dz(2m0 − γµpµz)K0(ξ) , (18)

where

ξ2 =
L2

p

z(1− z) [m2
0z − p2z(1− z)] .

On expanding K0(ξ) using Eq. (8) we obtain, the lower order terms corresponding

to the conventional QED results and the higher order terms as contributions of the

quantum fluctuations of the spacetime to the self energy of electron. The electron

wave function renormalization, and the shift in the mass are obtained by recasting

the interacting field propagator to look like the free field propagator i.e. we set

Z2(γ
µpµ −m0 − Σ(p)) = γµpµ −m+ finite terms .

The electron wave function renormalization factor is obtained by equating terms

proportional to p in the above equation. This results in

Z−1
2 − 1 =

e2

8π2
[γ + ln 2− ln(Lpm0) +O(1)] . (19)

[Note that we have neglected the higher order terms of K0(ξ) as these have the

dependence as L2
Pm

2
0 whose contributions are negligible.] The last term in the above

expression is a finite quantity and is of the order one and it has the dependence of

the electron momentum. The shift in the mass is given by

δm

m0
= − e2

8π2

[
3 ln

(
LPm0

2

)
+ 3γ +O(1)

]
. (20)
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The estimate of the scale factor Z2 comes out to be

Z−1
2 − 1 = −α

π
lnm0LP ' 0.1 , (21)

and the fractional shift in the mass is

δm

m
' −α

π
lnm0LP ' 0.1 . (22)

The usual infrared divergences is ignored in the calculation of the renormalization

factor Z2. Here again, we see that both the mass renormalization factor and the

mass shift are also of the same order as the charge renormalization factor i.e. 0.1.

3. Vertex Correction and Anomalous Magnetic Moment

3.1. Vertex correction

For a free Dirac field, the current density is defined as

Jµ = ψ̄γ0γµψ .

Thus, in the low energy QED processes the current transfer is related by γµ, which

is the low energy vertex function. The radiative corrections will modify the vertex,

to the one-loop correction, as

−ieΛµ = −ieγµ − ieΓµ , (23)

where, Γµ is the vertex function. Using the Feynman rules, we obtain

Γµ(p
′, p) = (−ie0)

2

∫
d4k

(2π)4
[γµ(γρp

′ρ − γρkρ +m0)γµ(γσp
′σ − γσkσ +m0)]

×GPF (k)GPF (p′ − k)GPF (p− k) . (24)

Substituting for the propagator from the Eq. (3), the above equation reduces to

Γµ(p
′, p) = (Z−1

1 − 1)γµ +
(−ie0)

2

(4π)2

∫ 1

0

dz

∫ 1−z

0

dz′
ξ

T1

× [2γµ(p
′ − p)2(1− z′)(1− z)− 4imz(1− z − z′)(p′ − p)µσµν ] , (25)

where

ξ2 = L2
PT1T2 , T1 = (zp′ + z′p)2 − zp′2 − z′p2 + (z + z′)m2

0 ,

and

T2 = (1− z − z′)−1 + z−1 + z′−1 .

The vertex renormalization factor Z1 is given by

Z−1
1 − 1 = i

(−ie0)
2

(4π)2

∫ 1

0

dz

∫ 1−z

0

dz′

×
[
4K0(ξ) + 2m2

0

ξ

T1
K1(ξ)(−2 + 2(z + z′) + (z + z′)2)

]
. (26)
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Substituting for K0(ξ) using Eq. (8), and using the series expansion of K1(ξ) as

K1(z) =
1

z
+
z

2

(
ln(z/2) +

2γ − 1

2

)
+
z3

16

(
ln(z/2)− 5− 4γ

4

)
, (27)

in the Eq. (26), the vertex normalization factor comes out to be

Z−1
1 − 1 = i

(−ie0)
2

(4π)2

∫ 1

0

dz

∫ 1−z

0

dz′

×
[
−4 ln(ξ/2)− 4γ +

2m2
0

T1
(−2 + 2(z + z′) + (z + z′)2)

]
(28)

∼= −
α

π
ln(m0LP) , (29)

which is roughly of the order of 0.1. The estimated renormalization factors Z1 and

Z3 using the modified propagator are not equal unlike in conventional QED.

3.2. Anomalous magnetic moment

The triumph of QED has been the precision test of electron anomalous magnetic

moment. The experimental value of the anomalous magnetic moment of an electron

is in excellent agreement with the predicted perturbative calculations up to the

4th order to the 15th decimal place. It is therefore of interest to compute the

quantum gravitational corrections to the magnetic moment of an electron using the

modified propagator.

The vertex correction contribution to scattering of an electron in an external

field is given by ū(p′)Γµ(p′, p)u(p)Acµ(p
′ − p), where ū and u are the spinor wave-

functions. Since, our interest is in calculating the radiative and the quantum grav-

itational corrections to the gyro-magnetic ratio of an electron, the term involving

σµν in the Eq. (25) is of our concern. The correspondingM matrix for this process

is given by,5

M = ū(p′)γMµ u(p)

= ū(p′)4m0
(ie0)

2

(4π)2

∫ 1

0

dz

∫ 1−z

0

dz′z(1− z − z′)(p′ − p)ν σµνξ
T1

K1(ξ)u(p) . (30)

In the limit of small momentum transfer, (p′−p)2 � m2
0, one obtains by expanding

K1(ξ) from the Eq. (27), we get

M = −ū(p′) α

mπ
(p′ − p)µσµν

∫ 1

0

dz

∫ 1−z

0

dz′
z(1− z − z′)

(z + z′)2
u(p)

− ū(p′) α

mπ

L2
Pm

2
0

24
(p′ − p)µσµν

∫ 1

0

dz

∫ 1−z

0

dz′z(1− z − z′)T2

× ln(LPm
2
0(z + z′)2T2/4)u(p) . (31)

The first term in the above equation corresponds to the usual QED radiative vertex

correction of the gyro-magnetic ratio (g) to the order e2
0. The second term in the
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above equation is the quantum gravitational corrections to the gyro-magnetic ratio

of an electron. The integral in the second term of the Eq. (31) is convergent. The

contribution of the quantum gravitational correction to the gyro-magnetic ratio to

the first order in α is of the order L2
Pm

2 ' 10−45. Obviously, this is not of practical

significance.

4. Conclusions and Discussion

In this paper, we evaluated the quantum gravitational corrections (QGC) to three

radiative corrections, in the first order of α, in QED using the “principle of path

integral duality”. The modified propagator is able to remove all the divergences

which usually crop up in the conventional QED calculations. The main features of

the modified propagator in QED are as follows:

(a) The three renormalization factors (Z1, Z2, and Z3), and the mass shift are

all of the same order, O(ln(mLP)) ' 0.1. The charge renormalization factor

Z3 using the nonperturbative methods in scalar QED is also of order 0.1.3

The renormalization factors Z1 and Z3 are different in our case as opposed

to the conventional QED calculations.

(b) The modified propagator makes the gauge noninvariant part of the vacuum

polarization tensor to be nonzero for LP 6= 0 vanishes and in the limit

LP → 0. This breaking of the gauge symmetry is also related to also the

difference between the two renormalization factors. We have briefly indicated

the possible effect of this breaking of gauge invariance, to the generation of

large scale magnetic fields within inflationary scenarios.

(c) The contribution of the QGC to the gyro-magnetic ratio is very small i.e. of

the order of L2
Pm

2 ' 10−45. The contribution of the quantum gravitational

correction to the vacuum polarization and the electron self energy is also of

the same order.
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Appendix A. Evaluation of Gauge Noninvariant Part

For the sake of completeness, we outline the essential steps leading to the gauge

noninvariant part of the vacuum polarization tensor in standard QED and how it

is regularized to zero. The vacuum polarization tensor in the conventional QED

calculations in 2n dimensions is given by

Πµνreg(q) = (eµ2−n)2

∫
d2nk

(2π)2n

i

k2 −m2 + iε

i

(k − q)2 −m2 + iε

× 2n(kµ(k − q)ν + kν(k − q)µ − ((k2 −m2)− k · q)gµν) , (A.1)
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where µ has the dimension of mass. Using the integral representation of the prop-

agator, i.e.

i

k2 −m2 + iε
=

∫ ∞
0

dz exp(iz(k2 −m2 + iε)) (A.2)

in Eq. (A.1) and completing the squares in the exponential, we obtain

Πµνreg(q) = (eµ2−n)2

∫ ∞
0

dz1dz2

∫
d2nk

(2π)2n

× 2n(kµ(k − q)ν + kν(k − q)µ − ((k2 −m2)− k · q)gµν)

× exp

(
i(z1 + z2)

(
k − z2q

z1 + z2

)2

+ i
z1z2q

2

z1 + z2
− i(m2 − iε)(z1 + z2)

)
.

(A.3)

Shifting the variable of integration and using the relations,∫
d2np

(2π)2n
p2 exp(iap2) = − n

(4πa)n
1

a
exp(inπ/2) ,∫

d2np

(2π)2n
pµpν exp(iap2) = − gµν

(4πa)n
1

2a
exp(inπ/2) ,

we get

Πµνreg(q)

(eµ2−n)2
=

exp(inπ/2)

(4π)n
[gµνQ(q2,m2) + (qµqν − gµνq2)P (q2,m2)] , (A.4)

where

Q(q2,m2) =

∫ ∞
0

dz1

∫ ∞
0

dz2
2n

(z1 + z2)n

(
n− 1

(z1 + z2)
+ im2 − iq2 z1z2

(z1 + z2)2

)
× exp

(
iq2 z1z2

z1 + z2
− i(m2 − iε)(z1 + z2)

)
, (A.5)

and

P (q2,m2) = −i2n+1

∫ ∞
0

dz1

∫ ∞
0

dz2
z1z2

(z1 + z2)n+2

× exp

[
iq2 z1z2

z1 + z2
− i(m2 − iε)(z1 + z2)

]
. (A.6)

Global gauge invariance of the action leads to current conservation, ∂µj
µ = 0. This

implies qµΠ
µν(q) = 0. The factor proportional to gµν is the gauge noninvariant part

of the vacuum polarization tensor and does not seem to satisfy the gauge invariance

condition.
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We summarize here the standard argument [see Hatfield6] to show that the

first term, Q(q2,m2), in Eq. (A.4) can be shown to vanish and hence the regular-

ization preserves the gauge symmetry. Consider only the first term of the gauge

noninvariant part and define

I(q2,m2) ≡
∫ ∞

0

dz1dz2
1

(z1 + z2)n+1
exp

[
iq2 z1z2

z1 + z2
− im2(z1 + z2)

]
. (A.7)

Rescaling the integration variables, z1 and z2, in the above equation by β, i.e. z1 →
βz1 and z2 → βz2, we obtain

I(β, q2,m2) =
1

βn−1

∫ ∞
0

dz1dz2
1

(z1 + z2)n+1

× exp

(
iβ

(
q2 z1z2

z1 + z2
−m2(z1 + z2)

))
. (A.8)

The quantity I(β, q2,m2) is of course independent of the integration variables z1

and z2, and hence is also independent of the parameter (β), i.e. ∂I(β, q2,m2)/∂β

= 0. Differentiating the above expression w.r.t. β and regrouping terms, we get

0 = −β ∂I
∂β

=

∫ ∞
0

dz1dz2
β2−n

(z1 + z2)n

(
n− 1

(z1 + z2)
+ im2 − iq2 z1z2

(z1 + z2)2

)
× exp

(
iβ

(
q2 z1z2

z1 + z2
−m2(z1 + z2)

))
. (A.9)

Rescaling the variables z1 and z2 by β−1, i.e. zi → zi/β, in the above expression,

we get

0 = −β ∂I
∂β

=

∫ ∞
0

dz1dz2
2n

(z1 + z2)n

(
n− 1

(z1 + z2)
+ im2 − iq2 z1z2

(z1 + z2)2

)
× exp

(
i

(
q2 z1z2

z1 + z2
−m2(z1 + z2)

))
= Q(q2,m2) . (A.10)

Thus, the gauge noninvariant part of the vacuum polarization tensor in the standard

QED vanishes. Hence, qµΠ
µν(q) = 0.

In the rest of this appendix, we retrace the above steps for the modified propa-

gator. The gauge noninvariant part of the vacuum polarization tensor gets modified

to the form,

Π(2)
µν (q2, LP) = (eµ2−n)2 exp(inπ/2)

(4π)n
gµνΠ

(2)
0 (q2, LP) , (A.11)

where

Π
(2)
0 (q2, LP) =

∫ ∞
0

dz1dz2
2n

(z1 + z2)n

[
n− 1

(z1 + z2)
+ im2 − iq2 z1z2

(z1 + z2)2

]
× exp

[
iq2 z1z2

z1 + z2
− i(m2 − iε)(z1 + z2) +

iL2
P

4
(z−1

1 + z−1
2 )

]
,

(A.12)
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when the modified propagator is used. We now show that the gauge noninvariant

part is a finite quantity and is of the order L2
P. Here again, we consider the first

term of the gauge noninvariant part and define

I(q2,m2, LP) ≡
∫ ∞

0

dz1dz2
1

(z1 + z2)n+1
exp

(
iq2 z1z2

z1 + z2
− im2(z1 + z2)

)
× exp

(
iL2

P

4
(z−1

1 + z−1
2 )

)
. (A.13)

Rescaling the variables z1 and z2 by β, i.e zi → βzi, and differentiating the resultant

of the above expression w.r.t. β and regrouping terms, we obtain

−β ∂I(β, q
2,m2, LP)

∂β
≡ Q(β, q2,m2, LP)−R(β, q2,m2, LP) , (A.14)

where

Q(β, q2,m2, LP) =

∫ ∞
0

dz1dz2
β2−n

(z1 + z2)n

×
(

n− 1

(z1 + z2)
+ im2 − iq2 z1z2

(z1 + z2)2

)
× exp

[
iβ

(
q2 z1z2

z1 + z2
−m2(z1 + z2)

)
+
iL2

P

4β
(z−1

1 + z−1
2 )

]
,

(A.15)

and

R(β, q2,m2, LP) ≡
∫ ∞

0

dz1dz2
iL2

P

4z1z2

β−n

(z1 + z2)n

× exp

[
iβ

(
q2 z1z2

z1 + z2
−m2(z1 + z2)

)
+
iL2

P

4β
(z−1

1 + z−1
2 )

]
.

(A.16)

The term I(β, q2,m2, LP) is independent of β (by the arguments stated earlier in

this appendix) and hence, the partial differential ∂I/∂β vanishes. Hence,

Q(β, q2,m2, LP) = R(β, q2,m2, LP) .

Rescaling the variables z1 and z2 by β−1, i.e. zi → zi/β, in Eq. (A.14), we get

Qrescaled(q
2,m2, LP) = Rrescaled(q

2,m2, LP) = Π
(2)
0 (q, LP) , (A.17)

where

Rrescaled =
iL2

P

4

∫ ∞
0

dz1

z1

∫ ∞
0

dz2

z2

1

(z1 + z2)n
exp

(
iL2

P

4
(z−1

1 + z−1
2 )

)
× exp i

(
q2z1z2

z1 + z2
−m0(z1 + z2)

)
, (A.18)
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and Π
(2)
0 (q, LP) is the quantity proportional to the gauge noninvariant part of the

vacuum polarization tensor defined in Eq. (A.11). Using our ansatz, we have shown

that the gauge noninvariant part of the vacuum polarization tensor is a finite quan-

tity and vanishes as LP → 0.

References

1. D. V. Ahluwalia, Wave-Particle duality at the Planck scale: Freezing of neutrino oscil-
lations gr-qc/0002005; Achim Kempf, Gianpiero Manjaro and R. B. Mann, Phys. Rev.
D52, 1108 (1995).

2. T. Padmanabhan, Phys. Rev. Lett. 78, 237 (1992); Phys. Rev. D57, 6206 (1998).
3. K. Srinivasan, L. Sriramkumar and T. Padmanabhan, Phys. Rev. D58, 044009 (1998).
4. H. C. Ohanian, Phys. Rev. D55, 5140 (1997).
5. W. Greiner and J. Reinhardt, Quantum Electrodynamics (Springer-Verlag, Berlin, Hei-

delberg, 1994).
6. B. Hatfield, Quantum Field Theory of Point Particles and Strings (Addison-Wesley,

California, 1992), p. 392.
7. M. S. Turner and L. M. Widrow, Phys. Rev. D37, 2743 (1988); B. Ratra, Ap. J.

Lett. 391, L1 (1992); O. Bertolami and D. F. Mota, Primordial Magnetic Fields via
Spontaneous Breaking of Lorentz Invariance, gr-qc/9811087.


