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Abstract. Certain oscillatory features in the primordial scalar power spectrum are
known to provide a better fit to the outliers in the cosmic microwave background data
near the multipole moments of ¢ = 22 and 40. These features are usually generated by
introducing a step in the popular, quadratic potential describing the canonical scalar
field. Such a model will be ruled out, if the tensors remain undetected at a level
corresponding to a tensor-to-scalar ratio of, say, » ~ 0.1. In this work, in addition to
the popular quadratic potential, we investigate the effects of the step in a small field
model and a tachyon model. With possible applications to future datasets (such as
PLANCK) in mind, we evaluate the tensor power spectrum exactly, and include its
contribution in our analysis. We compare the models with the WMAP (five as well
as seven-year), the QUaD and the ACBAR data. As expected, a step at a particular
location and of a suitable magnitude and width is found to improve the fit to the
outliers (near ¢ = 22 and 40) in all these cases. We point out that, if the tensors prove
to be small (say, r < 0.01), the quadratic potential and the tachyon model will cease
to be viable, and more attention will need to be paid to examples such as the small
field models.
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1. Outliers, inflationary models with a step, and tensors

Inflation continues to remain the most promising paradigm for describing the origin
of the perturbations in the early universe. It has been performing remarkably well
against the observational data, and the challenge before the other competing scenarios
is to match the simplicity and efficiency of inflation. Many models of inflation lead
to an epoch of slow roll lasting for, say, 50-60 e-folds, as is required to resolve the
horizon problem. It is well known that slow roll inflation leads to a featureless, nearly
scale invariant, power law, primordial scalar spectrum. Such a spectrum, along with
the assumption of a spatially flat, concordant ACDM background cosmological model,
provides a good fit to the recent observations of the anisotropies in the Cosmic Microwave
Background (CMB) by different missions such as the Wilkinson Microwave Anisotropy
Probe (WMAP) [1, 2], the QUEST at DASI (QUaD) [3], and the Arcminute Cosmology
Bolometer Array Receiver (ACBAR) [4].

The efficacy of the inflationary scenario also seems to be responsible for an
important drawback. Though, as a paradigm, inflation can be considered to be a success,
it would be fair to say that we are rather far from converging on a specific model or even
a class of models of inflation. There exist a plethora of inflationary models that remain
consistent with the data. We mentioned above that a nearly scale invariant, power law,
scalar spectrum fits the observations of the anisotropies in the CMB quite well. However,
there exist a few data points at the lower multipoles—notably, at the quadrapole (¢ = 2)
and near the multipole moments of / = 22 and 40—which lie outside the cosmic variance
associated with the power law primordial spectrum. Needless to add, statistically, a few
outliers in a thousand or so data points can always be expected. These outliers were
noticed in the WMAP first-year data, and they continue to be present even in the most
recent, seven-year data, making them unlikely to be artifacts of data analysis. It is
possible that they actually indicate certain non-trivial inflationary dynamics. In that
case, these outliers are important from the phenomenological perspective of attempting
to constrain the models from the data, because only a more restricted class of inflationary
models can be expected to provide an improved fit to these outliers. Therefore, it is
a worthwhile exercise to systematically explore models that lead to specific deviations
from the standard power law, inflationary perturbation spectrum, and also provide an
improved fit to the data.

Various efforts towards a model independent reconstruction of the primordial
spectrum from the observed pattern of the CMB anisotropies seem to indicate the
presence of certain features in the spectrum [5]. In particular, a burst of oscillations
in the primordial spectrum seems to provide a better fit to the CMB angular power
spectrum near the multipole moments of ¢ = 22 and 40. Generating these oscillations
requires a short period of deviation from slow roll inflation [6, 7], and such a departure
has often been achieved by introducing a small step in the popular, quadratic potential
describing the canonical scalar field (see Refs. [8, 9, 10]; for a discussion on other
models, see, for instance, Refs. [11, 12]). At the cost of three additional parameters
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which characterize the location, the height and the width of the step, it has been found
that this model provides a considerably better fit to the CMB data with the least
squares parameter x%; typically improving by about 7, when compared to the nearly
scale invariant spectrum that would have resulted in the absence of the step [9, 10].
But, such a chaotic inflation model leads to a reasonable amount of tensors, and these
models will be ruled out if tensors are not detected corresponding to a tensor-to-scalar
ratio of, say, r ~ 0.1.

Our aims in this paper are twofold. Firstly, we wish to examine whether, with
the introduction of a step, other inflationary models too perform equally well against
the CMB data, as the quadratic potential does. Secondly, we would also like to
consider a model that leads to a tensor-to-scalar ratio of r < 0.1, so that suitable
alternative models exist if the tensor contribution turns out to be smaller. Motivated
by these considerations, apart from revisiting the popular quadratic potential, we shall
investigate the effects of the step in a small field model (in this context, see, for example,
Ref. [13]) and a tachyon model [14]. Also, with possible applications to future datasets
in mind (such as the ongoing PLANCK mission [15]), we shall evaluate the tensor power
spectrum exactly, and include its contribution in our analysis. We shall compare the
models with the CMB data from the WMAP, the QUaD and the ACBAR missions. We
shall consider the five as well as the seven-year WMAP data [1, 2|, the QUaD June 2009
data [3] and the ACBAR 2008 data [4] to arrive at the observational constraints on the
inflationary parameters. We find that, as one may expect, a step at a suitable location
and of a certain magnitude and width improves the fit to the outliers (near ¢ = 22 and
40) in all the cases. We point out that, if the amplitude of the tensors prove to be small,
the quadratic potential and the tachyon model will become inviable, and we will have
to turn our attention to examples such as the small field models.

The remainder of this paper is organized as follows. In the following section,
we shall outline the different inflationary models that we shall be considering in this
work. In Section 3, we shall discuss the methodology that we adopt for comparing the
inflationary models with the data, the datasets that we use for our analysis, and the
priors on the various parameters that we work with. In Section 4, we shall present the
results of our comparison of the theoretical CMB angular power spectra that arise from
the various models with the WMAP five-year as well as seven-year data, the QUaD
and the ACBAR data. We shall tabulate and also illustrate the constraints that we
obtain on the background cosmological parameters and the parameters describing the
inflationary models. We shall also explicitly show that the models with the step perform
better against the data because of the fact that they lead to an improvement in the fit
to the outliers around ¢ = 22 and 40. In Section 5, we shall illustrate the scalar power
spectra and the CMB angular power spectra corresponding to the best fit values of the
parameters of some of the models that we consider. Finally, in Section 6, we shall close
with a brief summary, and a few comments on certain implications of our results. The
appendix contains some details concerning the numerical evaluation of the inflationary
scalar and tensor power spectra, and the numerical precision of our computation.
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Note that we shall work in units such that h = ¢ = (8 w G) = 1. Moreover, we shall
assume the background cosmological model to be the standard, spatially flat, ACDM
model.

2. The inflationary models of our interest

In this section, we shall list the different inflationary models that we shall consider, and
briefly outline the parameters involved in each of these cases.

2.1. The conventional, power law case

When the tensor perturbations are also taken into account, the power law, scalar and
tensor spectra are written as (see, for example, Refs. [16, 17])

P.(k) = A, (%)"s_l and P (k)= A (kﬁo)% (1)

respectively. The quantities A, and A, denote the amplitude of the scalar and tensor
spectra, while ny and n, denote the corresponding spectral indices. The quantity ko is
the pivot scale at which the amplitudes of the power spectra are quoted. It is this power
law case that will act as our reference model with respect to which we shall compare
the performance of the other models against the data.

Given the scalar and tensor spectra, i.e. P,(k) and P, (k), the tensor-to-scalar ratio
is defined as

_ Pu(K)

When comparing the power law case with the observations, it is the tensor-to-scalar

ratio r that is usually considered instead of the tensor amplitude A.. Often, the following
slow roll consistency condition is further assumed (see, for instance, Refs. [1, 2, 3, 4])

r=—-8n,, (3)

so that the power law case is basically described by the three parameters A, ng and r.
We should mention here that we shall not impose the above consistency condition
while comparing the power law case with the data, and we shall work with all the
four parameters A, ng, r and n.

2.2. Canonical scalar field models

We shall work with two types of canonical scalar field models. We shall firstly revisit
the large field, quadratic model described by the potential

V(6) = 3m? g

where m represents the mass of the inflaton. The parameter m is essentially determined
by the amplitude of the scalar power spectrum. To achieve the required number, say,
60 e-folds of inflation, in such a model, the field has to start at a suitably large value
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(in units of the Planck mass). The field rolls down the potential, and inflation ends as
the field nears the minimum of the potential (see, for instance, Refs. [16, 17]).
In addition, we shall consider the small field model governed by the potential

V(g)=Vo [1=(¢/p)]. (5)
The field starts at small values in such models, and inflation is terminated naturally as
the field approaches the value p. As is well known (and, as we shall also discuss), the
quadratic potential Eq. (4) leads to a tensor-to-scalar ratio of » ~ 0.1 [10]. The small
field model Eq. (5) can lead to a smaller tensor-to-scalar ratio for suitable values of u
and p (in this context, see Ref. [13]). Also, when p < 4, the model is known to result in
a substantial red tilt. We find that, if we choose p = 4 and p = 15, the model leads to
a tilt that is consistent with observations, and a tensor-to-scalar ratio of r ~ 0.01. So
while comparing with the data, we shall work with these specific values of p and p, and
vary Vj.

2.3. Tachyon model

Tachyonic inflationary potentials are usually written in terms of two parameters, say, A
and ¢., in the following form [14]:

V(¢) = AVi(o/ o), (6)

where Vi (¢/¢.) is a function which has a maximum at the origin and vanishes as ¢ — oo.
The tachyon model that we shall consider is described by the potential
A

V1) = o (o) g
In such a potential, inflation typically occurs around ¢ =~ ¢,. The field rolls down the
potential, and inflation ends at suitably large values of the field. It is found that the
quantity (A¢?) has to be much larger than unity to ensure that inflation lasts for a
sufficiently long time [14]. We find that the amplitude of the scalar perturbations is
more sensitive to ¢, than A. Hence, while comparing with the data, we fix the value
of A\, and vary ¢,. We shall set A = 8.9 x 10~*. We shall then choose the priors on ¢,
such that (A ¢2) is relatively large in order to achieve the required duration of slow roll
inflation.

In fact, we have also considered the following phenomenological model [14]:

A
V(g) = W- (8)

We have compared this model with the WMAP five-year, the QUaD and the ACBAR
data sets. The model generically seems to lead to a larger red tilt and, as a result, it
does not perform as well against the data as the other models. Therefore, we have not
compared it with the WMAP seven-year data. So, we shall not present the results for
this case (say, the constraints on the potential parameters), but restrict ourselves to
brief comments on its performance at one or two places.
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2.4. Introduction of the step

Given a potential, say, V' (¢), we shall introduce the step by multiplying the potential
by the following function:

Vitep(0) = {1 + « tanh <¢ _ %” : (9)

Ag

as is often done in the literature [8, 9, 10]. It should be pointed out that the quantity
« is positive in the case of the quadratic potential Eq. (4), whereas it is negative in
the cases of the small field model Eq. (5), and the tachyon models Egs. (7) and (8).
Evidently, « denotes the height of the step, ¢q its location, and A¢ its width. When
comparing with the data, in addition to the potential parameters, we shall vary these
three parameters, along with the background cosmological parameters, to arrive at the
observational constraints.

3. Methodology, datasets, and priors

We evaluate the inflationary power spectra numerically. In addition to the scalar power
spectrum, we evaluate the tensor spectrum exactly, and include it in our analysis.
In Appendix A, we have discussed, in some detail, the procedures we adopt to compute
the primordial scalar and tensor spectra. In order to arrive at the constraints on the
various background cosmological parameters and the parameters describing the inflaton
potential, we perform a Markov Chain Monte-Carlo sampling of the parameter space.
To do so, we make use of the publicly available CosmoMC package [18, 19], which in
turn uses the CMB anisotropy code CAMB [20, 21] to generate the CMB angular power
spectra from the primordial scalar and tensor spectra. For our analysis, we consider the
following CMB datasets: the WMAP five-year [1] and seven-year data [2], the QUaD
June 2009 data [3], and the the ACBAR 2008 data [4]. We have separately compared
the models with the WMAP five-year and seven-year data. We have also compared the
models with the WMAP five-year data along with the QUaD data, and with the QUaD
as well as the ACBAR data. We have used the October 2009 version of CosmoMC (and
CAMB) while comparing with the WMAP five-year and the QUaD and the ACBAR
datasets. When comparing with the WMAP seven-year data, we have made use of the
more recent version (i.e. the January 2010 version) of CosmoMC and CAMB.

In our analysis, we take gravitational lensing into account. Note that, to generate
highly accurate lensed CMB spectra, CAMB requires #iax scalar =~ (fmax + 500), where
Cmax 18, say, the largest multipole moment for which the data is available. The WMAP
data is available up to ¢ ~ 1200, the QUaD data goes up to ¢ ~ 2000, while the
ACBAR data is available up to ¢ ~ 2700. So, we set {iax scatar = 2500 when dealing
with the WMAP and the QUaD datasets and, when we include the ACBAR data, we
set Lmax scalar = 3300. Since the datasets involve rather large multipole moments (say,
¢ = 1000), we also take into account the Sunyaev-Zeldovich effect, and marginalize over
the A, parameter. For the power law case, we set the pivot scale to be kg = 0.05 Mpc™!
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[cf. Eq. (1)]. We have made use of the publicly available WMAP likelihood code from
the LAMBDA web-site [22] to determine the performance of the models against the
data. Lastly, we should add that we have used the Gibbs option (for the CMB TT
spectrum at the low multipoles) in the WMAP likelihood code to evaluate the least
square parameter 2.

As we had mentioned earlier, we incorporate the tensor perturbations in our
analysis. Recall that, in the power law case, when the consistency condition Eq. (3)
is not imposed, the tensor power spectrum is described in terms of the tensor-to-scalar
ratio r and the tensor spectral index n.. They need to be specified along with the scalar
amplitude A, and the corresponding spectral index ng, in order to completely describe
the primordial spectra. We should emphasize that, in the other inflationary models, once
the parameters that govern the potential have been specified, no further parameters are
required to describe the tensor power spectrum. The potential parameters determine
the amplitude and shape of both the scalar and the tensor spectra.

We shall set the Gelman and Rubin parameter |R — 1| to be 0.1 for convergence.
We find that, for the models that we consider, there is no substantial improvement in
the fit if we choose a smaller value of |R — 1|. For example, for the case of the quadratic
potential Eq. (4), we find that decreasing |R — 1] from 0.1 to 0.05 improves x%; by
about 0.04. We believe that choosing |R — 1] = 0.1 for convergence suffices for our
analysis.

In Table 1, we have listed the priors that we work with for the four parameters
that are usually used to describe the background, spatially flat, ACDM model. Table 2
contains the priors that we choose on the different parameters which describe the various
inflationary models that we consider.

Background | Lower | Upper
parameter limit limit

Oy, h? 0.005 0.1
Q. h? 0.01 0.99
0 0.5 10.0
T 0.01 0.8

Table 1. The priors on the four parameters that describe the background, spatially
flat, ACDM model. The quantities (2, h?) and (Q h?) describe the baryon and CDM
densities (with h being related to the Hubble parameter), ¢ is the ratio of the sound
horizon to the angular diameter distance at decoupling, while 7 is the optical depth
to reionization. We should mention that we keep the same priors on the background
parameters for all the models and datasets that we consider in our analysis.

4. Bounds on the background cosmology and the inflationary parameters

In this section, we shall present the results of our analysis. As we mentioned above, we
have separately compared the models with the WMAP five-year and seven-year data.
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Models Parameter | Lower limit | Upper limit
In [1010 AS] 2.7 4.0
Power law ng 0.5 1.5
case r 0.0 1.0
N, —-0.5 0.5
Quadratic model | In [100m?] -0.77 —0.58
In [1010m?] —0.77 —0.58
Quadratic model « 1.3 x 1073 1.7 x 1073
with a step b0 13.0 15.0
A¢ 0.015 0.03
Small field model | In [10'°V;] 1.50 1.86
In [10%0Vp] 1.50 1.86
Small field model —a 1.0x107% | 2.0x 1074
with a step b0 7.8 8.1
Ao 5.0 x 1073 | 1.0 x 1072
Tachyon model | In [10' ¢, ] 34.506 34.518
In [10'9¢,] 34.506 34.518
Tachyon model -« 1.3 x 1073 1.9 x 1073
with a step oo 7.81 x 10° 7.83 x 10°
A¢ 340 410

Table 2. The priors on the various parameters that describe the primordial spectrum
in the power law case, and the inflationary potential in all the other cases. We work
with these priors when comparing the models with all the datasets.

We have also compared the models with the WMAP five-year data along with the QUaD
data, and with the QUaD as well as the ACBAR data. We shall tabulate below the
constraints that we arrive at on the various background and inflationary parameters in
these different instances. We shall list the mean values, the 1-0 deviations, and the best
fit values that we arrive at for the power law case and for the inflationary models with
the step. We shall also illustrate the behavior of the one-dimensional likelihoods for the
background parameters in the case of the small field model with the step. Moreover, we
shall plot the one-dimensional likelihoods of the three parameters (i.e. «, ¢g and A¢)
that describe the step for all the three inflationary models that we have considered, viz.
the quadratic potential Eq. (4), the small field model Eq. (5) and the tachyon model
Eq. (7). Further, we shall also provide the least squares parameter x2; in all the cases.

4.1. The mean values, the 1-0 deviations, and the best fit values

In Tables 3, 4, 5 and 6, we have listed the mean values, the 1-0 deviations, as well as the
best fit values for the various parameters for the different models. These tables contain
the results that we arrive at upon comparing the models with the WMAP five-year
(denoted as WMAP-5), the QUaD as well as the ACBAR data sets. Note that we have
only presented the results for the power law case, and when the step Eq. (9) has been
introduced in the quadratic potential Eq. (4), the small field model Eq. (5) and the
tachyon model Eq. (7). We find that the values we have obtained upon comparing the
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power law case with the WMAP-five year and the QUaD and the ACBAR data match
well with the results quoted by the WMAP [1] and the QUaD teams [3]. Also, the
results for the quadratic potential with the step agree well with the results quoted in
the recent work [10].

Datasets WMAP-5 WMAP-5+ QUaD WMAP-5+ QUaD + ACBAR

Parameters Mean & 1-0 Best fit Mean & 1-0 Best fit Mean & 1-0 Best fit
Qy, h? 0.023475 5007 | 0.0230 | 0.0234700007 | 0.0230 | 0.02347 5 5007 0.0228
Qc h? 0.10427550°8 1 0.1069 | 0.102270-0577 | 0.1037 | 0.103675 5053 0.1097

0 1.04270002 1.040 1.04270002 1.040 1.04370002 1.042

T 0.0933755075 1 0.0937 | 0.0960T0-0577 | 0.0839 | 0.093775 5072 0.0861

In [10° A,] | 3.06070033 3.057 3.05775:090 3.027 3.05875-520 3.058
ng 09857705205 | 0.9658 | 0.9880700207 | 0.9704 | 0.98407 55157 0.9625

T 0.37407527%% 1 0.1072 | 0.397670 3575 | 0.4420 | 0.364675 3572 0.0741

N 0.2565757550 | 0.2881 | 0.240170-35%5 | 0.4857 | 0.262075 7220 0.4072

Qa 0.772075 5500 1 0.7576 | 0.782370-0315 | 0.7715 | 0.777675 5557 0.7482
Age/Gyr 13.557018 13.65 13.5170-12 13.63 13.51701% 13.64
Om 0.228070 5500 | 0.2424 | 0.217770°0575 | 0.2285 | 0.222475 0580 0.2517

Zre 10.507132 10.75 10.657 155 9.893 10.53713] 10.27

Ho 75.197 552 73.21 76.4075° 01 74.47 75917530 72.53

Table 3. The mean values, the 1-0 deviations, and the best fit values that we arrive
at upon comparing the power law primordial spectra Eq. (1) with the WMAP five-
year, the QUaD and the ACBAR data sets. The first eight rows correspond to the
parameters that describe the background parameters and the power law primordial
spectra, whereas the remaining ones are the derived values. We should point out that
the best fit values that we have arrived at on using the WMAP five-year data match
well with the values quoted by the WMAP team [1]. Similarly, we find that the bounds
we have obtained upon comparing with the WMAP-five year and the QUaD and the
ACBAR data are in good agreement with the results arrived at by, say, the QUaD
team [3]. Note that, while the WMAP team [1] had worked with the pivot point of
ko = 0.002 Mpc™ !, the QUaD team had set the pivot scale to be ko = 0.05 Mpc ™!,
as we do. However, we should clarify that, whereas the WMAP and the QUaD teams
had imposed the consistency condition Eq. (3), we have not done so in our analysis.

In Table 7, we have presented the bounds for the power law case that we obtain
upon comparison with the WMAP seven-year data. Again, we should mention that
the results listed in Table 7 agree well with the ones listed in the recent WMAP
paper [2]. Tables 8 and 9 contain the constraints from the WMAP seven-year data
on the parameters describing the three inflationary models of our interest without and
with the step, respectively.

4.2. The one-dimensional likelthoods and the joint two-dimensional constraints

In Figure 1, as an illustration, we have plotted the one-dimensional likelihoods for the
background parameters in the case of the small field model with the step. In Figure 2,
we have plotted the likelihood curves for the parameters that characterize the step in
all the three inflationary models that we have considered. We find that, while the data
constrain the location of the step quite well in the canonical scalar field models, but
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Datasets WMAP-5 WMAP-5 + QUaD WMAP-5 + QUaD + ACBAR
Parameters Mean & 1-0 Best fit Mean & 1-0 Best fit Mean & 1-0 Best fit
Qy, h? 0.022670 0001 | 0.0227 | 0.0226700055 | 0.0227 | 0.0227750003 0.0229
Qc h? 0.11047550¢2 | 0.1085 | 0.109027550°T | 0.1084 | 0.10987550%0 0.1097
0 1.04079:005 1.040 1.04170052 1.041 1.04270-052 1.042
T 0.086170-0550 | 0.0896 | 0.08707950°7 | 0.0890 | 0.08617500°7 0.0859
In [1010m?] | —0.68097502°2 | —0.6848 | —0.68357503:5 | —0.6834 | —0.68237 00332 —0.6850
ax 104 14.867 152 15.04 14.8477132 15.45 14.807 120 15.68
$o 14.6775 07 14.67 14.677507 14.67 14.677507 14.67
A 0.025070055° | 0.0271 | 0.02497050%°% | 0.0264 | 0.02517500%7 0.0282
a/A¢ 0.060670 507 | 0.0555 | 0.060875 000 | 0.0585 | 0.0601700057 0.0556
Qa 0.73747 0 o | 0.7467 | 0.7459T g 05e7 | 0.7504 | 0.74597 5 055a 0.7486
Age/Gyr 13.7270°0% 13.72 13.6870 0% 13.68 13.657 007 13.62
Om 02626755285 | 0.2533 | 0.2541755557 | 0.2496 | 0.2541750°%3 0.2514
Zre 10.2977°58 10.56 10.3371352 10.51 10.27715% 10.22
Ho 71397228 71.98 72227510 72.46 72.357 05 72.61

Table 4. The mean values, the 1-0 deviations and the best fit values for the various
input and derived parameters corresponding to the quadratic potential Eq. (4) with
the step Eq. (9). We should point out that the best fit values for the parameters that
we have arrived at with the WMAP five-year data above are in good agreement with
the results quoted in the recent work [10].

Datasets WMAP-5 WMAP-5 4+ QUaD WMAP-5 + QUaD + ACBAR
Parameters Mean & 1-0 Best fit Mean & 1-0 Best fit Mean & 1-o Best fit
Qp, h? 0.02267 5 0000 | 0.0228 | 0.0227700602 | 0.0229 | 0.022770 0005 0.0229
Qc h? 0.110175505% | 0.1081 | 0.109270:0527 | 0.1079 | 0.109575 005 0.1097
0 1.04070 003 1.040 1.04170052 1.040 1.04270-002 1.042
T 0.0864755092 | 0.0868 | 0.087770050% | 0.0915 | 0.088470-0071 0.0846
In [1010Vp] | 1.69770055 1.687 1.696 10 o0 1.700 1.698700%° 1.690
—ax 10 | 01417705527 | 0.1114 | 0.1411700%7 | 0.1266 | 0.140975 5557 0.1121
$o 7.88570-000 7.887 7.88670- 002 7.888 7.88770-00% 7.890
) 0.00807 55017 | 0.0085 | 0.008170051 | 0.0084 | 0.00807 00073 0.0080
—(a/A¢) | 001817050 | 0.0176 | 0.017870-00%%F | 0.0178 | 0.017875 5050 0.0178
Qa 0.7398 0 boeg | 0.7495 | 07464700228 | 0.7529 | 0.74787 5 055, 0.7478
Age/Gyr 13.7170-09 13.70 13.687 008 13.66 13.6470-07 13.63
Om 0.26027 55250 | 0.2505 | 0.253670 0300 | 0.2471 | 0.252270023¢ 0.2522
Zre 10.307 158 10.29 10.38773% 10.63 10.437 128 10.10
Hy 71.627230 72.28 72.2072 75 72.74 72.567 199 72.50

Table 5. The mean values, the 1-0 deviations and the best fit values for the various
input and derived parameters corresponding to the small field model Eq. (5) with a
step.

the bounds on the height and the width of the step are not equally tight. In contrast,
the bounds we have arrived at on the parameters of the tachyon model seem prior
dominated.

Interestingly, though neither the height nor the width of the step are well bounded
individually, we find that the data constrains the ratio of the two fairly tightly. In
Figure 3, we have plotted the ratio (a/A¢) for all the three inflationary models of our
interest. (Note that, in Figures 1-3, WMAP-7 refers to the WMAP seven-year data.)
And, in Figure 4, we have plotted the joint two-dimensional likelihood distributions
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Datasets WMAP-5 WMAP-5+ QUaD WMAP-5+ QUaD + ACBAR
Parameters Mean & 1-0 Best fit Mean & 1-0 Best fit Mean & 1-0 Best fit
Qp, h? 0.02277 00007 | 0.0226 | 0.022670000; | 0.0227 | 0.0227740003 0.0229
Qc h? 0.11037000%% | 0.1128 | 0.11007500%Y | 0.1109 | 0.1104F7 5078 0.1104
0 1.04070003 1.040 1.04170-052 1.041 1.042770-052 1.043
T 0.089970-50°% | 0.0858 | 0.09147509%2 | 0.0910 | 0.090675 5075 0.0933
In [10%0 ¢,] 3451175502 | 34.509 | 34.51070°05% | 34.508 | 34.5107550% 34.509
—a 0.001675505% | 0.0016 | 0.0016790505 | 0.0017 | 0.0016750055 0.0017
bo x 10~ 0.782075-505% 1 0.7828 | 0.782070-0507 | 0.7820 | 0.782075-5007 0.7829
Ao 371.07 995 364.5 378.07575 395.9 374.9733% 368.2
—(a/Ad) x 10° | 0.4300700%%7 | 0.4254 | 0.426870 0237 | 0.4218 | 0.422570 035 0.4562
Qa 0.73937 0 0555 | 0.7272 | 0.7418T0 0555 | 0.7401 | 0.74357 50515 0.7465
Age/Gyr 13.7070 0% 13.74 13.69700% 13.68 13.657 007 13.61
Om 0.260775°522% | 0.2728 | 0.258270°0220 | 0.2599 | 0.256575 0519 0.2535
Zre 10.5970° 78 10.38 10.737052 10.73 10.6770°78 10.86
Ho 7157 1% 70.44 71.837 103 71.69 72.157 55 72.53
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Table 6. The mean values, the 1-o deviations, and the best fit values for the various
input and derived parameters corresponding to the tachyon model Eq. (7) with a step.

Parameters Mean & 1-0 Best fit
Qp, h? 0.02317 0000 | 0.0228
Qc h? 0.10637550°0 | 0.1087

0 1.04070 003 1.040

T 0.0913T550%8 1 0.0927

In [100 A,] | 3.07370:032 3.086
ng 09857705702 | 0.9798

T 0.331975201> | 0.2902

N 0.2451752098 1 0.4638
Qa 0.7592755500 1 0.7467
Age/Gyr 13.6370 1% 13.70
Om 0.240775 5250 | 0.2533
Zre 10477753 10.78
Ho 73.6575 13 72.06

Table 7. The constraints on the input and derived parameters in the power law case
obtained upon using the WMAP seven-year data. We should mention that these values
match the ones quoted in the recent WMAP paper [2] rather well. However, we should
point out that there is a difference in our choices of the pivot scales. Also, as we had
mentioned earlier, we have chosen not to impose the consistency condition Eq. (3).

(from the WMAP seven-year data) of o and A¢ with the slope (a/Ag) for all the models.
It is evident from these two figures that the ratio (a/A¢) is rather well constrained in

all the three cases.

4.3. The effective least squares parameter x’s

In Table 10, we have listed the least squares parameter y?%; for the different models and
datasets of our interest. It is clear from the table that the presence of the step leads
to a reduction in x2% by about 7-9 in all the three inflationary models that we have
considered. Also, note that such an improvement is achieved in all the datasets that
we have compared the models with. We should mention that, with the introduction of
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Model Quadratic potential Small field model Tachyon model
Parameters Mean & 1-o Best fit Mean & 1-o Best fit Mean & 1-0 Best fit
Qp, h? 0.02247 0000 | 0.0225 | 0.02247 5 o065 | 0.0225 | 0.0223F0 0005 | 0.0225
Qc h? 0.111279 5055 | 0.1103 | 0.111079:00%8 | 0.1107 | 0.1108755075 | 0.1107
0 1.03970-052 1.039 1.03970-002 1.039 1.03970-052 1.039
T 0.08627550°0 1 0.0881 | 0.086270:0059 | 0.0875 | 0.084775509% | 0.0827
In [1010 Ag] | —0.670970052% | —0.6736 | 1.7087( 033 1.709 | 34.51270-057 | 34.515
Qa 0.729470 0550 | 0.7350 | 0.73107 5 0ees | 0.7339 | 0.7313F0 0500 | 0.7345
Age/Gyr 13.7970°09 13.78 13.78700% 13.76 13.7970-0% 13.76
Om 0.27067552°0 | 0.2650 | 0.269170°0527 | 0.2661 | 0.268775 5707 | 0.2654
Zre 10.407 117 10.54 10.3871°15 10.48 10.2770 72 10.08
Ho 70.417 190 70.77 70.5875 0% 70.77 70.507 33 70.83

Table 8. The constraints on the input and the derived parameters corresponding to
the three different inflationary models arrived at upon using WMAP seven-year data.
Note that the scalar amplitude A actually refers to the quantities m?, Vg, and ¢, in

the quadratic, the small field and the tachyon models, respectively.

Model Quadratic potential +step | Small field model + step Tachyon model + step
Parameters Mean & 1-0 Best fit Mean & 1-0 Best fit Mean & 1-o Best fit
Qp, h? 0.02247 5 g00s | 0.0224 | 0.02247 00005 | 0.0224 | 0.02247 ¢ 005 | 0.0224
Qc h? 0.1120770020 | 0.1129 | 0.1118T5 9028 | 0.1128 | 0.1117F 00077 | 0.1120

0 1.03970-002 1.039 1.03970-052 1.040 1.03970-002 1.039

T 0.08457550°0 | 0.0845 | 0.08577000%% | 0.0842 | 0.085270 5075 | 0.0872

In [1010 AT | —0.669470-0°0% | —0.6644 | 1.71070-0%] 1714 | 3450975005 | 34.507
@ 0.0015755057 | 0.0016 | 0.143170-00%5 | 0.1625 | 0.001675 5002 | 0.0015

$o 14.677007 14.67 | 7.887T0-0052% | 7.889 | 0.78207 50050 | 0.7810

A 0.024975505T | 0.0258 | 0.008270-957% | 0.0086 | 375.1733°0 366.9
a/A¢ 0.060675505% | 0.0636 | 0.017970-00%% | 0.0189 | 0.425370 5270 | 0.4414
Qa 0.725275529% | 0.7214 | 07272700229 | 0.7243 | 07272755757 | 0.7265
Age/Cyr 13.807008 13.80 13.7870-0% 13.78 13.7970-08 13.79
Om 0.274875520% | 0.2786 | 0.27287002%1 | 0.2757 | 02728705500 | 0.2735

Zre 10.277119 10.33 10.377110 10.30 10.347070 10.53

Ho 70.077 155 69.69 70.287 195 70.02 70.227 155 70.10

Table 9. The bounds on the background parameters and the parameters that describe
the inflationary potentials and the step Eq. (9) obtained using the WMAP seven-year
data. Note that the value of the height of the step a which has been quoted above
for the small field and the tachyon models should be multiplied by —10~3 and —1,
respectively, while the location of the step ¢g should be multiplied by 10° in the case
of the tachyon model. Further, the values quoted for (a/A¢) should be multiplied by
—1 in the case of the small field model, while it should be multiplied by —10~° in the
case of the tachyon model.

the step, the second tachyon model Eq. (8) too exhibits a similar improvement in 2.
However, the model leads to a rather large red tilt and, therefore, in the absence of the
step, it does not perform as well against the data as the other inflationary models that
we have considered.

When we compare the contribution to the y2%; at the low multipoles (i.e. up
to ¢ = 32, see Refs. [1, 2]) from the output of the WMAP likelihood code for, say,
the WMAP seven-year data, we find that the introduction of the step in the inflaton
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Figure 1. The one-dimensional likelihood distribution for the background parameters

that we obtain in the case of the small field model with the step.

Datasets WMAP-5 | WMAP-5 | WMAP-5+ QUaD | WMAP-7
Models + QUaD + ACBAR

Power law case 2659.00 2758.36 2780.38 7474.81
Quadratic potential 2658.92 2758.22 2780.02 T7474.78
Quadratic potential 4+ step | 2651.00 2750.33 2771.80 7466.16
Small field model 2658.87 2758.15 2779.99 T474.77
Small field model 4 step 2651.08 2750.50 2772.34 7466.07
Tachyonic model 2658.90 2758.22 2779.90 7474.78
Tachyonic model + step 2651.51 2751.27 2772.53 7465.88

Table 10. The x?; for the different models and datasets that we have considered. Note
that, as we had mentioned earlier, the Gibbs approach in the WMAP likelihood code
has been used to calculate the x2; for the CMB T'T spectrum at the low multipoles
(i.e. for £ < 32) [1, 2]. Without the step, all the inflationary models perform just as
well as the power law case. And, evidently, the introduction of the step reduces x%;
by about 7-9 in all the cases.

potential reduces the y?; for the T'T data over this range by about 5-6 in all the cases. In

Figure 5, we have plotted the difference in x%; with and without the step, as a function



Primordial features due to a step in the inflaton potential 14

\ /

0.0014 0.0016 0.015 0.02 0.025 0.03 14.65 14.7
a A¢ %o

|
1 1 1 A BT B Pl 1 Nl

0.0001 0.00015  0.0002 0.008 0.008 0.01 7.86 7.87 7.88 7.80 7.9
-a Ap %o

AT

PRI BT TR BT BT L L L Lty L L
0.0014 0.0016 0.0018 340 380 380 400 7.82x108
- Ad [

WMAP-5 WMAP-5 + QUAD WMAP-5 + QUAD + ACBAR

Figure 2. The one-dimensional likelihood distribution for the parameters describing
the step in the three inflationary models of our interest. The top, middle and the
bottom rows correspond to the quadratic potential, the small field model, and the
tachyon model, respectively. Note that, for instance, the datasets strongly constrain
the location of the step in both the canonical scalar field models. In contrast, the
bounds are not equally tight on the height and the width of the step. In the case of
the tachyon model, the constraints that we have arrived at seem prior dominated.

of the multipoles when ¢ > 32, for the WMAP seven-year data. We have plotted the
difference in y%; for the cases of the quadratic potential and the small field model. Tt is
clear from the figure that the additional improvement by about 2 arises due to a better
fit near £ = 40. (There also seems to be a ‘loss’ of about unity in xZ; at £ < 40.) In other
words, the step essentially improves the fit to the data at the lower multipoles. This
point will be further evident in the following section, wherein we discuss the resulting
the CMB angular power spectrum.
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Figure 3. The one-dimensional likelihood distribution of the ratio of the height to
the width of the step, viz. («a/A¢), for the three inflationary models that we have
considered. The plots on the left, centre and the right correspond to the quadratic
potential, the small field model, and the tachyon model, respectively. Clearly, while
the datasets do not bound either the height or the width of the step well individually,
they constrain the ratio of the two rather tightly.

5. The scalar and the CMB angular power spectra

As we had mentioned in the introductory section, the introduction of the step leads to
a small deviation from slow roll inflation [9, 10]. We have illustrated this behavior in
Figure 6, wherein we have plotted the evolution of the first two slow roll parameters
¢ and n around the time when the field crosses the step (see, for instance, Refs. [17]
and [14] for the definition of these slow roll parameters in the case of the canonical
scalar field and the tachyon models, respectively). The small deviation from slow roll
inflation leads to a burst of oscillations superimposed on the otherwise nearly scale
invariant scalar power spectrum as we have illustrated in Figure 7. We should add that,
since the deviation from slow roll is relatively small, the introduction of the step does
not affect the tensor spectrum at all. It remains nearly scale invariant in all the cases.
At the point & = 0.05 Mpc ™!, we find the tensor-to-scalar ratio r to be about 0.16, 0.016
and 0.16 in the cases of the quadratic potential, the small field and the tachyon models,
respectively.

The burst of oscillations in the scalar power spectrum in turn results in a feature
in the CMB TT" angular power spectrum, which leads to the improvement in the fit to
the data at the lower multipoles. This behavior is evident in Figure 8 wherein we have
plotted the CMB T'T angular power spectra for the quadratic potential without and
with the step, and for the small field model with the step. In Figure 9, we have plotted
the corresponding T'FE and F'E angular power spectra.
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Figure 4. The joint two-dimensional likelihood distributions of the parameters o and
A¢ with the slope (a/Ag), for the three inflationary models. These constraints are for
the WMAP seven-year data. The top, middle and the bottom rows correspond to the
quadratic potential, the small field model, and the tachyon model, respectively. These
plots again point to the fact that, while the data does not bound either the height or
the width of the step tightly, they constrain the ratio of the two rather well.

6. Summary and discussion

In this work, we have investigated the effects of introducing a step in certain inflationary
models. In addition to revisiting the case of the quadratic potential that has been
considered earlier, we have studied the effects of the step in a small field model and a
tachyon model. The introduction of the step leads to a small deviation from slow roll
inflation, which results in a burst of oscillations in the scalar power spectrum. These
oscillations, in turn, leave their imprints as specific features in the CMB angular power
spectrum. Actually, we have also evaluated the tensor power spectrum exactly, and
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Figure 5. The difference in x%; for the WMAP seven-year data with and without the
step has been plotted as a function of the multipole moment for £ > 32. The plot on the
left corresponds to the quadratic potential, while the one on the right is for the small
field model. The two figures are strikingly similar, and it is clear that the improvement
in x24 occurs near £ ~ 40 in both the cases. We find that the corresponding result for
the tachyon model behaves in essentially the same fashion.
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Figure 6. Typical evolution of the first two slow roll parameters ¢ and n with the
introduction of the step for the three inflationary models that we have considered. We
have plotted the evolution of the slow roll parameters as a function of the e-folds N
for the quadratic potential (on the left), the small field model (in the middle), and the
tachyon model (on the right), around the time when the field crosses the step in the
potential.

have included it in our analysis. We believe that this is a timely effort considering the
fact that results from, say, the ongoing PLANCK mission might necessitate such an
analysis. Upon comparing the inflationary models with the WMAP, the QUaD and the
ACBAR data, we find that, with the step, all the models lead to an improvement in y2¢
by about 7-9 over the smooth, nearly scale invariant, slow roll spectrum, at the expense
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Figure 7. The scalar power spectra corresponding to the best fit values of the WMAP
seven-year data for the inflationary models with the step. The solid blue, the solid
red, and the dashed green curves describe the scalar power spectra in the cases of
the quadratic potential, the small field model, and the tachyon model, respectively.
Evidently, the three spectra are hardly distinguishable. And, obviously, the oscillations
will not arise in the absence of the step.

of three additional parameters describing the location, the height and the width of the
step in the inflaton potential. The output of the WMAP likelihood code and a plot of
the difference in x%; with and without the step clearly illustrate that the improvement
occurs because of a better fit to the data at the lower multipoles due to the presence
of the step. Evidently, if future observations indicate that the amplitude of the tensors
are rather small, then the quadratic potential and the tachyon model will be ruled out,
while a suitable small field model with a step can be expected to perform well against
the data.

The introduction of step can possibly be viewed as an abrupt change in a potential
parameter [8]. But, it has to be admitted that it is rather ad-hoc. It will be interesting
to explore the generation of features and a resulting improvement in the fit in better
motivated inflationary models. For instance, two field models with suitably chosen
parameters can easily lead to a brief departure from slow roll inflation (in this context,
see, for example, Refs. [11, 23, 24]). However, iso-curvature perturbations arise whenever
more than one field is involved [25, 26], and they need to be carefully taken into
account when comparing these models with the data. It will be a worthwhile effort
to systematically explore the two field models, including the effects due to the iso-

curvature perturbations, in an attempt to fit the outliers near the multipole moments
of ¢ =22 and 40.
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Figure 8. The CMB T7T angular power spectra corresponding to the best fit values
of the inflationary models for the WMAP seven-year data without and with the step.
The solid blue and the solid red curves correspond to the quadratic potential without
and with the step, respectively. The dashed green curve corresponds to the best fit
small field model with the step. We find that the results for the tachyon model behave
in exactly the same fashion. The black dots with error bars denote the WMAP seven-
year data. It is visually evident that, with the introduction of the step, the models
lead to a better fit to the data near the multipole moments of ¢ = 22 and 40.

Over the last few years, it has been recognized that primordial non-Gaussianity
can act as a powerful observational tool that can help us discriminate further between
the various inflationary models. For example, it is known that slow roll inflation driven
by the canonical scalar fields leads only to a small amount of non-Gaussianity [27].
However, recent analysis of the CMB data seem to suggest that the extent of primordial
non-Gaussianity may possibly be large (see, for instance, Refs. [2, 28]). It is known
that models which lead to features, such as the ones we have considered here, also
result in a reasonably large non-Gaussianity (see, for example, Refs. [29]). While the
different models that we have considered in this work lead to virtually the same scalar
power spectrum and almost the same extent of improvement in the fit (i.e. with the
introduction of the step) to the CMB data, it is important to examine whether they
lead to the same extent of non-Gaussianity as well. We are currently investigating such
issues.
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Figure 9. The CMB TFE and the FE angular power spectra corresponding to the best

fit values of the inflationary models for the WMAP seven-year data without and with

the step. The solid blue, red and green curves represent the TE spectrum (actually,

its magnitude) for the quadratic potential without and with the step, and the small

field model with the step, respectively. The dashed curves denote the corresponding

EE angular power spectra. The inset indicates the behavior of the TE angular power

spectra against the WMAP seven-year data over the multipole interval where the

discrimination is maximal.
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Appendix A. A few words on our code to evaluate the perturbation spectra

In this appendix, we shall rapidly outline the procedure we adopt to numerically evaluate
the inflationary perturbation spectra, and also illustrate the accuracy of our numerical
computation.

We evaluate the scalar and tensor power spectra numerically using a fast and
accurate FORTRAN 90 code. The code is divided into two parts. The first part uses the
fourth order Runge-Kutta algorithm [30] to solve the background equations for the scale
factor and the scalar field, using e-folds as the independent variable. The background
variables are evolved from some initial point in time until the point where the first slow
roll parameter € crosses unity. The initial values of the field and its velocity (i.e. ¢
and qﬁ) are chosen by hand, and we ensure that the field starts in a slow roll phase. As is
the standard practice, we choose the initial value of the scale factor such that the pivot
scale (viz. k = 0.05 Mpc ™) leaves the Hubble radius at 50 e-folds before the end of the
inflation [9, 10].

The second part of the code uses the Bulirsch-Stoer algorithm [30] to evolve
the perturbations. We impose the standard Bunch-Davies initial conditions on the
perturbations. As is usually done [8, 31, 32|, the initial conditions on the modes are
imposed when they are well inside the Hubble radius [say, when k = (100 a H)]. The
modes are evolved until they are sufficiently outside the Hubble radius and the curvature
perturbation reaches its asymptotic value [typically, this occurs when k ~ (1075 a H)].
The tensor perturbations are evolved in a similar fashion. We should mention here that,
while the speed of propagation of the curvature perturbations induced by the canonical
scalar field is a constant (and, equal to unity), it changes with time in the case of the
tachyon models [14, 33]. We have carefully taken this point into account, while imposing
the initial conditions on the modes as well as when evolving them from the sub-Hubble
to the super-Hubble scales.

We then couple our code to the publicly available cosmological Boltzmann code
CAMB [20, 21] to calculate the angular power spectra of the CMB anisotropies. We
evaluate the scalar and the tensor spectra for all the modes that are required by CAMB
to arrive at the CMB angular power spectra.

To check the accuracy of the FORTRAN code, we have compared each code with
the same code having a much smaller step size. The check has also allowed us to
optimize the code. We have also compared our results (for the background as well
as the perturbations) with the results from Mathematica [34], where the differential
equations are solved with very high accuracy. We have included below the plots of the
power spectra in a couple of different cases that were obtained using the FORTRAN 90
and the Mathematica codes. The various checks we have carried out indicate that the
FORTRAN code we have used is always accurate to better than 0.1%.
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Figure Al. On the left, we have plotted the evolution of the amplitude of the
curvature perturbation Ry in power law inflation as a function of the number of e-
folds N, for the pivot scale. The figure on the right contains the scalar spectrum in
power law inflation. In these plots, the solid blue lines represent the analytical results
that are available in the case of power law inflation, while the solid red lines and the
dashed green lines denote the results from the FORTRAN and the Mathematica codes,
respectively. The different colors in the plots are not clearly visible since the curves
fall right on top of each other. Actually, we find that these results match each other
to better than an accuracy of 0.1%.
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Figure A2. The scalar power spectrum from the FORTRAN (as the solid blue line)
and the Mathematica (as red dots) codes have been plotted for the best fit quadratic
potential with the step. The two power spectra match each other to an accuracy better
than 0.1%.
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