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1. Introduction and summary

Consider asystemof N particles interacting through Newtonian gravitationalforces alone.The
descriptionandphysicalproperties ofsucha systemwill clearlydependon how largeN is. ForN = 2 we
have anexactly solvableKeplerproblem.For N in the range of,say,3—50, the gravitationalfew body
problemcan be tackledby a computer. For considerablylarger N, say N = i05—101t it is neither
feasiblenor usefulto try to follow the trajectoriesof the individual particles.We will be more interested
in the average,statisticalpropertiesof sucha systemratherthanin the individualorbits. The statistical
mechanicsof such a systemof gravitatingparticles is the subjectof this review.

The physicalbehaviourof such a systemturns out to bevery different from the statisticalbehaviour
of other, morefamiliar, many body systems likeneutralgasesandplasmas.The central reason for the
peculiarities exhibitedby gravitatingsystemscan be traced back to theunshielded,longrangenatureof
the gravitational force. In contrast, gaseoussystemshave genuinely shortrange interactionsand
plasmashavean effective shortrangeinteractiondue to Debyeshielding.Becauseof this fundamental
differencebetween thesesystems,the standardmethodsof statisticalmechanicscannot be carried over
in a direct mannerto study gravitatingsystems.It is necessaryto go back to thefundamentalsof
statistical mechanicsand develop special techniquescapable of handling the long range natureof
gravity.

A first step in that direction will be to study specific problemsin gravitational statisticalmechanics
and identify the commonfeatures.Hopefully, thesecommonfeatureswill give us an indication as to
how amorecomprehensiveandsystematic theoryof gravitationalplasmaphysicscan be developed.We
have tried to presentin this review such a discussionof severalspecific problems inthis subject.

The review containssix morechapters. Chapters2, 3 and4 discussthe descriptionand properties of
the statisticalequilibrium of agravitatingsystemwhile chapters5 and 6studythe issuesrelatedto the
approach towards statistical equilibrium. Chapter7 presentsa brief summary.The emphasisis on
conceptualand theoreticalissuesandon questionswhich arestill somewhatunsettled.We givebelow a
brief summaryof the rest of thereview.

Chapter2 beginsby recollectingthe standardconceptsof statisticalmechanicsand discusseshow
someof theseconceptsget modified in the presenceof long rangeinteractions.Most important among
theseis the extensivenatureof the energy,which doesnot hold goodin the presenceof long range
interactions.This has theconsequencethat gravitatingsystemsmustbedescribedby the microcanonical
distribution. The canonical and microcanonicaldistributions will not lead to the same physical
descriptionfor systemswith long rangeforces.We alsostudythe dependenceof thegroundstateenergy
of the systemon the numberof particles in the systemand discuss whygravitatingsystemsdo not
possessthe thermodynamiclimit in the conventionalsenseof that term.

The issues discussedin chapter 2 areillustrated by some simple toy models in chapter3. We
constructthe “statistical mechanics” basedon a simple Hamiltonian,describingtwo particlesof finite
size confinedinside a box andinteractingvia gravity. This system exhibitsseveralimportantproperties
of morecomplicated gravitatingsystemsin spite of thefact that it hasonly two degreesof freedom! In
particular, thissystem exhibitsthe following two features,which seemto begenericto all gravitating
systems:(1) Whenstudiedusingthe microcanonicalensemble— which, as we said before,is the proper
distribution to use forgravitatingsystems— the system showsevidencefor two different phases:ahigh
temperaturephase,dominated by kinetic energy,and alow temperaturephasedominatedby the
potential energyandstabilisedby someshort distancecutoff whichis of non-gravitationalorigin. Both
thesephaseshavepositivespecific heat. Thesetwo phasesare connected at intermediatetemperatures
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by a region of negative specific heat; thisis precisely the range in which the kinetic and potential
energiesof the Systemarecomparableand thesystemis in virial equilibrium. (2) If the samesystemis
studiedusingthe canonicalensemble,the intermediateregion of negativespecific heatis replacedby a
sharpphasetransition releasinga large amount of latent heat.This suggeststhe following analogy:
Gravitating systemsin virial equilibrium are similar to normal systems(with short rangeforces)at the
vergeof a phasetransition. In fact, this is the centralidea which is emphasisedin chapters3, 4. We also
study in chapter3 a few other toy modelsto illustrate different aspectsof the statisticaldescription.

In chapter4, we study the equilibrium of a gravitatingsystem in the meanfield limit after first
derivingthe conditionsunderwhich such a meanfield descriptionis valid. In the absenceof anyshort
distance cutoff to gravitational interaction, the meanfield solution is given by an isothermalsphere.
Several peculiarfeatures of thisequilibrium configuration (like the boundson physical variables,
Antonov instability etc.) arediscussedin detail. This analysis revealsthe need for ashort distancecutoff
if the equilibrium is to bephysically meaningful.We introducesuch a cutoff andstudythe propertiesof
the resultingsystem,contrastingit with the original isothermalsphere. Itturns out that thissystemis
remarkablysimilar to the simple toy model studied in chapter3. In fact, this mean field analysis
confirms all the conjecturesmade earlier basedon the toy models.

Chapters5 and 6 takeup the descriptionof gravitatingsystemsas they evolve from some initial
configurationtowardsequilibrium. We present acarefuldiscussionof the conceptof “soft” collisions,
which arise in systemswith hr potential and thedifficulties which they lead to. The Fokker—Planck
equationdescribingthe diffusion in velocity spaceis derived in the compactLandauform. Lastly we
present a critique ofthe conventionalapproachestowardsthe derivationof equations describingthe
collisional evolution. It appears that a moremeaningfulapproachcould be basedon the quasilinear
approximationsused in the plasmaphysics. Theingredientsof such a derivation are discussed.

Chapter6 discussesin a brief mannerthe concept of violent relaxation.We stressthe conceptual
issues whicharestill unsettled andemphasisethe need for adynamicaldescriptionof this process.The
quasilinear approximationmayagain be useful and its role is discussed.

No reviewof this kind can hope to coverall the relevantaspectsof the topic and the present oneis
no exception.Threeinterestingtopics whichwe havenot discussedin this revieware: (a) The solutions
to thecollisionlessBoltzmannequationdescribingthe “equilibrium” of gravitatingsystems likegalaxies
etc. (b)The effectsof binary formation on the evolutionof gravitatingsystems.(c) The effects due to
cosmologyin the form of an expandingbackgroundmetric. Thesetopics arecoveredin detail in three
recentbooks by Binney andTremaine [1987],Spitzer [19871andSaslaw [19851.

2. Statisticalequilibrium of gravitating systems: overview

2.1. Introduction

Equilibrium statisticalmechanicsof gaseous systemsandplasmasis well understood. Itis possibleto
develop this theory, in areasonablystraightforward manner, using certain general principles of
statistical mechanics(see, e.g., Lifshitz and Pitaevskii [1982]). Unfortunately, these methodsdo not
lead to an equallyuseful descriptionwhenapplied to asystemof particlesinteractingvia gravity. The
main sourceof trouble happensto be the long range nature ofthe gravitationalinteraction.

The centraldifficulty can be appreciatedthroughthe following, somewhatintuitive, analogy.Systems
normally encounteredin the laboratory interactthrough short range molecular potentials,and can
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usuallyexist in threedifferentphases:as gas,liquid or solid. At high enoughtemperatures,the kinetic
energyof the moleculeswill dominate over the potential energyof mutual interactionand thesystem
will be in thegaseousphase.As the temperatureis lowered,a stagewill be reached when the potential
and kineticenergiesare comparable.The system will thenmake a transition to a morecondensed
phase,saythe liquid phase. Itis well knownthat thestatisticalbehaviourof the systemin agiven phase
is comparativelyeasier to understandthanthe dynamicsof a systemat theverge of a phasetransition.
The ratio between the kinetic and potentialenergiesof laboratorysystemscan be easilycontrolledby
controlling their temperature.Hencetheycanbe forcedto stayin one particularphaseandstudied.It is
impossibleto do this for a gravitatingsystem. Thevirial theoremforces gravitatingsystemsto have
comparablekinetic and potentialenergies.Thus gravitatingsystemsin virial equilibrium aresimilar to
normal laboratorysystemsat theverge of a phasetransition and hence,are difficult to analyse.

We shall makethis ideamore quantitativein the latersectionsof the review. In this chapter,we shall
discuss certain general aspectsof statistical mechanics whichare of importance in the study of
gravitatingsystems.

2.2. Fundamentalsof the statisticaldescription

Considera systemof N particlesinteractingvia a two body potentialV(r) which behavesas — Gm2/r
at larger. [At the moment,we are notmaking any assumptionsregardingthe short distancebehaviour
of V(r); we shall commenton this aspectlater in section2.4.] Such a systemcan be described, at any
instant of time, by a point in aphase spaceof 6N dimensions,parametrizedby the 6N canonical
co-ordinatesand momenta(q

1, p.). As the systemevolves the phasepoint traces aone-dimensional
curve in this phasespace.

Onecan view thisfact in a different manner,which is moreusefulin statisticalmechanics:Given the
trajectoriesq, = q1(t; q~,p~)and p, =p,(t; q~,p~)of the particles, which dependon the initial
conditionsq~and p~,one can (in principle) invert these relations and obtain thefunctions: q~=
q~(q~,p1 t) andp~= p~(t;q1, p1). These 6N functions are obviously conserved.One of thesecon-
servedquantitiescan be eliminatedby a suitablechoicefor the origin of time, which is arbitrary for a
closedsystem.Thus we are left with (6N — 1) non-trivial constantsin phasespace.The motion of our
systemis thereforeconfined to a [(6N) — (6N — 1)] = 1 dimensionalsurfacein phasespace.

The functionalform of all the (6N — 1) constantsof motion will be availableonly if the equationsof
motion for the system are integrated.Statisticalmechanicsdeals with situationsin which this taskis
impossibly difficult. In such realistic situations,we have to contendourselveswith the knowledgeof
some smallnumber(k) of constantsof the motion [wherek~ (6N — 1)], the existenceof which can be
ascertainedfrom symmetryconsiderations.We can only concludethat thesystemshouldbe confinedto
a (6N— k) dimensionalsubspaceof the phasespace.

Sevensuchintegralsarewell known: they areenergy,threecomponentsof momentum, andthree
componentsof angular momentum.In most situations,however,we will confinethe systemin a box
and insist that thephysical conclusionsmay dependonly on the volume of the box and noton the
nature andshapeof the box. Such an externalbox is mathematicallyequivalent to astaticpotential
(without any specialsymmetries)imposedupon thesystem. In this case,the total angularmomentum
and the totallinear momentumof the contentsof the box will not beconservedandwe are leftwith
energyas the only “obvious” constant ofthe motion. The motion will be nowconfined to a (6N — 1)
dimensional subspace.

Given the initial position of the phasepoint, thedynamicalevolutionwill make it roam around this
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constant energysurface. The exact location of this point at any instant will clearly dependon the
starting position. In the absenceof detailed knowledge regardingthe initial position of the phase
trajectory, we can only concludethat the system canbe found somewhereon the energy surface.
Becauseof this uncertaintyin the location of the phasepoint we will not be able to provide unique
answersto the questions regardingthe variablesof the system.At best,we will be able to supply a
statisticaldescription,in termsof probabilities,providedwe can arrive at theprobability P( q, p. t) for
the system to be found in an infinitesimal phasevolume aroundthe point (q, p) at time t.

It is usual. at thisstage, to make thefollowing two assumptionsregarding the behaviourof the
probability P(q, p. t) at “sufficient” late times: (i) As t—s~.the statistical behaviourof the systemis
independentof time and henceP(q. p, t) P( q. p). (ii) In the samelimit, we assumethat thesystem
doesnot prefer any one location of the constant energysurfaceover another.In otherwords. P(q. p)
will be assumedto he a constanton the energy surfaceand zeroelsewhere.These assumptionscan be
valid only if the long time behaviour ofthe systemis reasonablyindependentof the initial conditions.
This premise, that the behaviourof the systemat sufficiently late times exhibits a statistical regularity
which is independentof the initial conditions,seemsto he vindicated by observations.

The theoreticalvalidity of the descriptionoutlined aboverestson highly non-trivial issuesrelated to
the very foundationsof statistical mechanics(see e.g. Fowler [1936],Gibbs [1902],Tolman [19361.
Penrose [1970].Ter Haar [1954.1955, 1961]).However, thereis no reasonto believethat gravitational
interactionsadd any new conceptualcomplication to thesequestions.Hence,we shall take asimple
minded attitude regardingthese issues.

The abovedescription correspondsto the “microcanonicalensemble”of statisticalmechanics,valid
for aclosedsystemwith fixed energyE (andvolume V). This is the most basicdescriptionof statistical
mechanics.We note thatthe averagevalueof any phase spacefunctionf( p. q) can now be computedas

~~ q~= (N!(E)) f f(p, q)~(E- H(p, q)) dp dq, (2.1)

whereN!g(E) is the volume of phase spaceoccupiedby the constantenergysurfaceitself. This quantity
g(E), usuallycalled the densityof states, is definedas

g(E)= H(q, p))dqdp, (2.2)

and is relatedlogarithmically to thethermodynamicentropyS of the system.

S(E)=lng(E). (2.3)

As is usual in classicalstatistical mechanics,the entropyis definedonly up to an additive constant.
Maximisation of entropy is thus equivalentto the maximisationof the phasevolume availableto the
system.

The partition functionZ(/3) of the system is definedby the integral

Z(~)= f dE g(E) e~= J dp dq e~ØiI(p. (2.4)
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Note that the rangeof integrationis from (— oo) to (+so). If the Hamiltonian is boundedfrom below
[i.e., if H(p, q)> E0 with some finiteE0}, theng(E) will vanishfor all E< E0. Onecan thenredefine
the zero of the energyscalein sucha way that the limits of integration in(2.4) changeto the range
(0, +OC). Then the partitionfunction will becomethe Laplacetransformof the densityof states.

The abovedefinitions,at thisstage,are purely formal. The existenceof the integralsdefining g(E)
and Z(f3) and theusefulnessof thesefunctionswill dependon the natureof the Hamiltonian, and
especiallyon the rangeof the interaction.

In systemsinteractingvia short range potentials [i.e. attractive potentialswhich behaveas —

with r >0, at largedistances],the total energyof the systemwill be an extensiveparameter.If we
divide sucha systeminto macroscopicsubsystemsthen the energy of thefull systemwill be thesum of
theenergiesof the subsystems. Whenthe forcesareof short range,the interactionenergy between the
subsystemswill be proportional to thesurfaceareas of thesubsystems;the energyof the subsystem,on
the other hand, will increasewith the volume. The interaction between thesubsystems,therefore,
makesa negligible contribution to the totalenergy.

[Another simple way of seeingthis resultis as follows: Considera sphericalregion of radiusR in
which the particles are distributed uniformly. Supposewe now add a particle at theorigin. The
potential energy feltby this particle due to the restof the spherewill be

U~J4~r2dr pr
3~ dr rt~. (2.5)

If s > 0, thenmostof the contribution to thisintegral comesfrom particlesnear theorigin. In contrast,
for long rangeforceswith e< 0, most of the contribution to the potentialcomesfrom the particlesat
largedistances.In suchcases,the energyof eachparticleis affectedby the particlesat largedistances;
hence the energywill not be anextensiveparameter.]

In gaseoussystems,the forcesare of shortrangeandhencethe interactionbetween thesubsystemsis
ignorable. The energywill be an extensive parameter.This fact is crucial for the studyof the
equilibrium propertiesof such systems. Supposea systemwith total energyE is divided into two parts
with energiesE

1 andE5 = E — E1. Then thefollowing resultscan be easilyderived(see,e.g.,Landau
andLifshitz [1980]):

(a) The volume occupied by the system in the phase spaceis g(E) = g1(E~)g2(E— E1); this
expressionis maximisedwhen ln g(E) is maximised. Thereforethe quantity

(9I~E)1ng = 8Sh9E = /3 (2.6)

must be constantin statisticalequilibrium.
(b) When the full systemis in equilibrium so are the largesubsystemswhich form parts of thefull

system.
(c) Consider the situationin which subsystem1 is “small” comparedto subsystem2. We can then

think of subsystem2 asa “heat reservoir”with which subsystem1 can exchangeenergy.The probability
for subsystemito have an energyE~will thenbe proportional to thephasevolume g1(E1)g2(E— E1).
Writing g2 as e~2and Taylor expandingthe quantity exp S2(E7)= expS,(E— E1) in E1, we easilyget
the result

P(E~)rxg1(E1)exp(_/3E1). (2.7)
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This resultallows one todescribesystemswhich can exchangeenergywith an external heat bath.Such
systemsaredescribedby asingle parameter/3. The probability for such a systemto havean energyE is
given by the “canonical distribution” of eq. (2.7). Normalising this distribution properly we get

P(E)=Z(/3)~tg(E)e~°’~. (2.8)

where Z(/3) is the partitionfunction defined earlier.
The following point should be clearfrom the abovederivation:The microcanonicaldistribution can

be usedto studythestatisticalproperties ofany closedsystem. Thecanonicaldistributionderivedabove
can be usedto describethe propertiesof any largesubsystemof aclosedsystem,providing the energyis
an extensivevariable.It is, however,usualto useboth canonicalandmicrocanonicaldistributionsin an
interchangeablemannerwhile studyingthe propertiesof gaseoussystems.In fact, both distributions
lead to the samepredictionsin such contexts. It is worthwhile to examine in some detailhow the
equivalencebetweenthe two distributionsemergesin normal systems.(As we shall see, this equival-
ence between the predictionsbasedon thesetwo distributions breaksdown in the presenceof long
rangeinteractions.)

For asystemdescribedby the microcanonicaldistribution,the energyis fixed at some valueE. When
the samesystemis describedusinga canonicaldistribution, the energyis not a fixed quantity but can
exhibit flutuations amongthe membersof a canonicalensemble.If we should be able to use either of
the two distributions, in an interchangeable manner, then todescribethe systemwe must satisfy the
following two conditions:(a) The meanenergyU = ~ of the canonicalensemblemustbe thesameas
the fixed energy ofthe microcanonicalensemble.(b) The root-mean-squarefluctuationsin the energy.
in the canonicaldistribution, must be negligible for sufficiently largesystems.

The first conditionis easyto satisfyif we take the mean energy to be thesameasthe most probable
energyof the canonical distribution. (In fact, this condition merely establishesa correspondence
betweenthe energyE describingthe microcanonicaldistribution and theparameter/3 describingthe
canonicaldistribution.) The probability in (2.8) is the productof an increasingfunction of E, g(E), and
a decreasingfunction of E, ~ and hencewill havea maximum at someE = U. say. It is trivial to
verify that this maximum is determinedby the equation

(aS/~E)E.(,= /3 , (2.9)

whereS(E)= ln g(E) is the entropydefinedfrom the densityof states.
To verify the secondcondition we Taylor expandthe quantity In P(E) about the peakvalue. Using

(2.9) we can write

in P(E) = —/3(U — /3~S)— ~/32C~(E — U)2 + “. (2.10)

where,we havedefinedthe specific heat

C~=—/32(oUI~/3). (2.11)

In otherwords,

P(E) e~’~’~exp[—~/32C~t(E— U)2]. (2.12)
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This equationshowsthat the probability distributionfor E, given by the canonical distribution,is a
Gaussiancenteredat U with a dispersionproportional to/3~ For systemsinteractingthroughshort
rangeforces,the mean energyU and thespecificheatCi,. will grow asN; therefore, thedispersionin the
energy,i~E°~C~2,will grow as VN. The relative fluctuationin E, AE/E, will thus decreaseas Nt/2.
This result,alongwith eq. (2.9),demonstratesthe equivalence[up to O(N”2)] of the canonicaland
microcanonicaldescriptionsfor systemswith short rangeforces.

In the above discussionwe haveassumedthat the distribution(2.8) is very sharplypeaked around
the meanvalue of the energyso that the mean andmost probablevalues are thesameto O(N112).
Since U = ~E~ = — Z‘IZ and (E2) = Z”IZ, where the primes denote differentiationwith respectto /3,
it immediately follows that

C~= —f32U’ = /32((E2) — ~E)2). (2.13)

ThereforeC~,definedfrom the canonicaldistributionmust be positive definite.
We can also define the specific heat directly from the microcanonicaldistribution. From S(E)=

in g(E) we can constructthe function /3(E)= (ilSh9E); by inverting this function we can get E(/3),
from which the specific heat may bedefined as C~,= —f32E’. As long as the two distributions are
equivalentthis expressionwill also be positive definite. However, there is no assurancethat this
expressionis always positive; in fact, it is possibleto constructsystemsfor which the microcanonical
specific heat becomes negativein some range. Whenthis happens, theequivalencebetween thetwo
distributions also breaksdown.

A very likely situation inwhichthis occursis neara phasetransition.Thiscan be seenas follows: To
prove the equivalencebetween thetwo distributions,we had toassumethat (2.8) is sharplypeakedat
the meanenergy.From(2.12) it is clear that thisassumptionbreaksdown whenC~,— definedfrom the
canonicaldistribution— becomesvery large.This is precisely what happensnear a phasetransition
occurring at a constanttemperatureand involving a finite latent heat.Thus nearthe phasetransition,
therewill be largefluctuationsand thetwo distributionswill lead to differentpredictions.As weshall
see in chapter3, the specific heat definedfrom the microcanonicaldistribution can become negative
neara phasetransition.

2.3. Difficulties due tothe long range nature ofgravity

There areessentially two kinds of gravitating systemsfor which one would like to develop a
statisticaltheory. Thefirst type consistsof astrophysicalsystems likeglobular clusters,galaxiesetc.
Thesesystemscontainapproximately spherical objectsof finite size. Exceptwhen twoof the starsare
closeenoughto be in contactphysically, they may beassumedto interactvia the —r’ potential.The
second type of gravitating systemswe will be interested in are the dark matterhalos around
astrophysical objectswhich couldbe made of elementaryfermionicparticles(like neutrinos).They must
be treatedas point particles in classical physics;however,quantummechanicalconsiderationschange
the natureof their interactionsat short distances.

Since the largedistancebehaviourof the potentialis the samefor both thesesystems,we will begin
by studyingthe specialdifficulties causedby theasymptotic— r natureof the potential.Issuesrelated
to the short distance behaviour of the potentialwill be takenup in the nextsection.

Realistic astrophysical systemsare “open” in thesensethatparticles in thesesystemscan escapeto
infinity. It is easyto seethatthe integraldefiningg(E) will divergeif the rangeof spatialintegrationsis
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extended toinfinity. (This divergence,of course,is in addition to any divergencewe mayencounter due
to theshort distancebehaviour of the potential.) Asimilar divergenceof g(E) will occur even foran
ideal gasif it werenot confinedin a box. We are, therefore,forced to introducethe first artificiality: We
confine the system inside a sphericalbox of radius R. This assumptioncan he justified if we can
demonstrate that thefractional rate of evaporationof particles from the system is small. We shall
assumethat this canbe done.

Givensuch aconfining volume and asuitableshort distancebehaviourof the potential, onecan, in
principle, compute thephasevolume g(E, V), the entropyS(E,V) and the partitionfunction Z(/3, V).
However, thesequantitiesbehavein an unfamiliarmannerfor gravitatingsystems.

The centraldifficulty arisesfrom the non-extensivenatureof the energy.We can no longer divide the
system into non-interactingsubsystems.The conclusions(a) to (c), derived in the previous section,
dependedcrucially on the extensivenature ofenergy,and are thereforeinvalid for a systemwith long
rangeinteractionslike gravity. Notice, in particular, that thecanonicaldistributionof energy— whichis
usually used for a subsystemin contact with a larger system— can no longer be derivedfrom the
microcanonicaldistribution for agravitatingsystem.As we shall seelater, gravitatingsystemsbehavein
a very peculiar mannerif put in contactwith a heat bath.

The microcanonical distribution, therefore,is the proper distribution to use in the study of
gravitatingsystems. Thisfeature alsoties in with anotherwell known propertyof gravitatingsystems,
viz., thatgravitatingsystemsin virial equilibriumhavenegativespecific heat.As we saw before,systems
describedby the canonicaldistribution cannothave negativespecific heat. No suchconstraintexists for
the microcanonicaldistribution.

This situationis in markedcontrastwith that usuallyencounteredin the studyof neutralgases(with
genuinely short range interactions) orin the studyof plasmas (where the long range interaction is
shieldedby the Debye clould).In suchsystemscanonicalandmicrocanonicaldistributionswill produce
identical results toO(N_t/2) except near a phasetransition. This suggeststhe possibility that the
behaviourof gravitating systemsmay besimilar to the behaviour ofordinary systemsnear aphase
transition. We shall see in chapter3 that this is indeed true. Even though thecanonicaldistribution
cannot be derived from the microcanonicaldistribution in the presenceof long range-forceswe
can— purely as a formal, mathematical construct— define the partition function for such systems.
Comparingthe function E(/3) obtainedfrom the microcanonicaldistributionwith the corresponding
functionobtainedfrom the partitionfunction onecan prove that thenegativespecific heatregionof the
microcanonicaldistribution is replacedby a phasetransitionin the canonicaldistribution. Severalsuch
exampleswill be discussedin chapters3 and4.

One final point may alsobe noted:When the interactionshave ashort range, we can divide the
system into non-interactingsubsystems,thereby ensuring theoverall spatial homogeneityof the
equilibrium configuration. The equilibrium configurationsfor gravitatingsystems,on the other hand,
arenecessarilyinhomogeneous.

Since the energyis no longer an extensivevariable, gravitatingsystemsdo not possessa thermo-
dynamiclimit. Thoughthis resultarisesbecauseof the long range natureof the gravitationalforce, it is
moreconvenientto discussthis feature in the nextsectionalongwith the othereffectsarisingdue to the
short distancebehaviour of the potential.

2.4. Effectsdue to the short distancebehaviourof V(r)

The statistical descriptionoutlined aboveis basedon the phasevolume g(E) or, equivalently,on the
entropyS(E). One would like to compute these quantities in order to understand the natureof the
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equilibrium configurationdescribedby the microcanonicalensemble.The short distancebehaviourof
V(r) needsto bespecifiedbefore such a computationcan be undertaken.

The behaviour of the potentialV(r) nearr 0 dependsvery muchon the systemwe areconsidering.
The simplest,and moreunrealistic,assumption wouldbe totreatall the constituentsas classicalpoint
particles.Then the potentialwill exhibit the — r1 behaviour forall r. It is easyto seethat no statistical
equilibrium existsfor sucha system;the phasevolumeg(E) will divergefor all E (if N� 3). Expression
(2.2) becomes,on integratingout the momenta,

/ 1 G 2 \3N/21
g(E) = constantX J d3x

1 d
3x

2~. d
3x~(,E + ~ “~ ) . (2.14)

i�j xi x~

We changethe integrationvariablesfrom (x
1, x2,. . . , xN) to (s,x2,. . . , IN), where s = x~— x2. Then

(2.14) becomes

g(E)=Jd3x2d3x3 ~d~x~I(x2,. . . ,xN), (2.15)

where
r / 2 N 2 N 2 \3Ni21

Gm v~ Gm ic, Gm
I(x2,...,xN) I ds~E+—+L +— L ) . (2.16)

[s~ j3 s+x2—x1~ 2 i,j=2 jx~x1[~’

This integral is divergent. Nears = 0 it behavesas

I = / ds S
2 (Gm2Is)3~2’= ~ (4-3Ni2) (2.17)

which divergesfor all N�3 making (2.15) also diverge.
It must be emphasisedthat this resultis not a peculiarity relatedto gravitational interactions.The

phase spacevolume occupiedby a plasmaconsistingof equal numbersof oppositelychargedparticles,
will divergein the samemanner.This is, of course,to beexpected becausethe Debyeshieldingaffects
only the large-r behaviourof the potential; thedivergenceswe arediscussingnow arisefrom the small-r
behaviourof the potential.This issuehas beeninvestigatedthoroughlyin the case of Coulombsystems.
It has been found thatordinary matter owes its stability to quantummechanics, whichintroduces an
effective repulsionbetweenparticles throughuncertaintyand exclusion principles[Lieb 1976; Dyson
1967; Dyson and Lenard1967; Lenard andDyson 1968; Lieb and Thirring 1975; Lieb and Lebowitz
1972].

It seems,therefore, natural toinvokequantum theory ifwe have asystemof pointparticles (say, a
cloud of massiveneutrinos).The phase spacevolume will then befinite, thoughimpossiblycomplicated
to compute.It is, however,possibleto prove certaingeneralresults whichare of interest.It can be
shown that, even though a stableequilibrium state is ensured by the quantumcorrections,no
thermodynamiclimit existsfor gravitatingsystems[Levy-Leblond1969; Hertel etai. 1972]. This is to be
expected;the thermodynamiclimit dependson the largedistancebehaviour of the potentialwhile the
quantumcorrectionsonly changethe short distancebehaviour.In Coulombsystemsthe existenceof
Debye shielding allows one to prove the existenceof the thermodynamiclimit once thequestionof
stability is taken care of; such a derivation is clearly not possible for the unshielded gravitational
interactions.
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These resultscan be statedin a more quantitative form [Levy-Leblond1969]: Consideran N particle
systemdescribedby the Hamiltonian

Gm2 (2.18)

2m 2 ~ — rJ

It can be shown that theground state energyE
11(N) of such a systemis bounded betweentwo limits,

—aN(N—1)
2(G2m5Ih2)~E

15(N)~—bN(N—1)
2(G2m7h2), (2.19)

where a andb arepositiveconstantsindependentof N. This resultshowsthat, though a groundstate
with finite energyexists, the groundstate energyscalesas N3 for large N. Therefore thebinding energy
per particle,E

0(N)IN, growswithout hound as the thermodynamiclimit, N—*~.c,is taken. Itis clearly
impossibleto definethe usualthermodynamicvariables;as N—~ the ground statebecomesmore and
more condensedand massive.

[A qualitative understandingof the aboveresult may be obtainedby the following considerations:
We estimatethe total energyof the system as

E(N) N(p
212m)— ~N2(Gm2/l), (2.20)

where 1 is sometypical meanseparation . Becauseof the uncertaintyprinciple, we may assumethat
1>/lip and hence

E(N)> N(p212m)— ~N2(Gm2p//l). (2.21)

The ground stateenergy,obtainedby minimising this expressionwith respectto p. is

E~(N) —N3(G2m518h2). (2.22)

The N3 scaling is obvious. If the potential was changedfrom —r to —r ‘~‘. then the groundstate
energyscalesas ~ 3)(~~- t); for n ~ 1, correspondingto a short range interaction,we recover the
E() cx N scaling and the thermodynamiclimit. This derivation however,is not rigorous;see the
commentsin Lieb [1976,p. ~

The aboveresultwas derived withoutassuminganythingabout thestatisticsof the particles.If the
particlesare fermions, a different boundcan be obtained forE

0(N). We can then show that

—AN(N— 1)
4’3(G2m~I/12)~ E~(N)< —BNt3(N— 1)2(G2m5//12), (2.23)

whereA andB arepositiveconstants.The groundstateenergynow growsasN7~for largeN. Though
this is a mild improvementon the previousresult it is still not good enoughto provide athermodynamic
limit.

The roleof gravity in theseresultscan be best appreciatedby comparingthem withthe correspond-
ing resultsfor systemsdominatedby electromagneticinteractions.In fact, it is possibleto obtainsimilar
bounds when theparticlesexperienceboth electromagneticandgravitationalforces.Consider asystem
consistingof N identical fermionswith massm andcharge— e, andNparticlesof massM, chargee.and
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unspecifiedstatistics.It can then beshownthat

—CN(me412h2)[1+ cN213GM2Ie2]2~ E
0(N) ~—DN(me

412h2)[1 + dN213GM2Ie2]2, (2.24)

whereC, D, c and d are positiveconstants.
This result hasinterestinglimiting forms. If we ignore the gravitational interactionby settingG = 0,

thenwe see that E
0(N)~ N, ensuringthe existenceof the thermodynamiclimit for a neutral plasma.

(This resultalso showsthat theexistenceor otherwiseof the thermodynamiclimit is really decidedby
the largedistancebehaviour of the potential.)Setting e = 0, of course,will reproduce the previous
results.We canalso estimatethe valueof N for which the non-extensivenature of thegravitational
contributionbecomesimportant.This will happenwhen thesecondterm inside the square brackets in
eq. (2.24) becomescomparableto unity; that is for

N N~= (e
2IGM2)312 iOM. (2.25)

Thenumericalestimateis madetaking M to be theprotonmass.For largersystems,gravitationalforces
prevent theexistenceof the thermodynamiclimit.

The short distancebehaviour ofV(r) will be much more complicatedfor stellar systems. Non-
gravitational forces will play a significant role when two realistic astrophysical systems— say, two
stars— arecloseto eachother.These forcescan lead to diverseandcomplexphenomenadependingon
the detailsof the interaction.Usually, theseforcescan berelied upon to provide a stablegroundstate
of the systemif the massesof the starsare not too high. If the starsare toomassive,thenit is necessary
to consider generalrelativistic effects, which can eventuallylead to formation of blackholes. These
aspectsare beyondthe scopeof the currentreview. In what follows, weshall bypassthesedifficulties by
assumingthat the“stars”which we considerhavean effectivehard coreradius.This assumptionallows
us to concentrateon the statistical aspectsof the gravitating system, without worrying about the
complicating details(e.g. the gasdynamical,tidal andgeneralrelativisticeffects)of closeencounters.In
this idealised case,wherewe have approximatedthe constituentsof the systemas hard sphereswith
someeffective radius, the ground statewill correspond to aclosely packed configurationwith all the
constituentsin close contact.The thermodynamiclimit, of course,will not exist sincethat resultarises
from the larger behaviour of the potential.We shall study several specific modelswith such a short
distancecutoff in later sections.

3. Statistical equilibrium of gravitating systems: toy models

3.1. Introduction

In the last section,we discussedseveralpeculiarfeatureswhich arisewhen the standardmethodsof
equilibrium statisticalmechanicsare applied to a gravitating system.To understand thesefeatures
quantitatively,we need to compute themicrocanonicaldistributionfunction for the system.Sincethisis
an impossibly difficult task, it is worthwhile to study some modelsystemswhich share theessential
features ofgravitatingsystems.These modelsystemscan beanalysed exactlyand hence offervaluable
insights into the natureof statisticalequilibrium of gravitatingsystems.

Thetwo essentialfeatures ofgravity which arerelevantto the natureof statistical equilibriumare the
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following: (i) The gravitationalpotentialwell is infinitely deep; therefore,we need ashort distance
cutoff to ensure the stability of the ground state. (ii) The gravitational interactionshave an r
behaviour at largedistances;this makesthe canonicalandmicrocanonicaldescriptionsinequivalentand
forcesone touse the latter.The modelswhich we study will all havethesetwo features incorporatedin
some form. We shall see that thesetwo propertiesare indeedresponsiblefor most of the interesting
effectsdiscussedin the last section.What is more,all the systemswhich possessthe properties (i)and
(ii) show striking similarity in their behaviour.

These models will also illustrate the analogy betweenvirialised gravitatingsystemsand normal
laboratorysystemsundergoinga phasetransition.The main difficulty in appreciatingthis analogyis the
following: We usuallystudy thephasetransitionin laboratorysystemsusingthe canonicaldescriptionin
which the systemcan exchangeenergywith the heat bath. Forexample.a liquid may undergoaphase
transition atits freezing point andbecomea solid, releasingenergy tothe surroundings.This process
will appearvery strangeif we describeit using a microcanonicaldistribution at constantenergy.
(Qualitatively,we will expect part of the system to freeze and releasethe energy to the rest of the
system; that is, we expect both phasesto co-exist.) But gravitatingsystems— as we saw in the last
section— can only be describedby the microcanonicaldistribution. Therefore, certainpeculiaritiesin
the behaviour areinevitable. To circumventthis difficulty and keep thediscussiontransparentwe will
adopt thefollowing procedure:We will study the toy modelsin both the canonicalandmicrocanoical
descriptions(thoughonly the latteris really relevant to theastrophysicalsystemswe are interestedin);
the analogy with systemsundergoing a phase transition will then be apparentin the canonical
description.

3.2. Statisticaldescription ofa binary star

We will begin by studying the statistical mechanics of a two body system describedby the
Hamiltonian

~ (3.1)

where (Q, P) are the co-ordinatesand momentaof the centre of mass, (r. p) are the relative
co-ordinatesand momenta,M = 2m is the totalmass,~i = nzi2 is the reducedmassandm is the massof
the individual particles.We shall further restrict the rangeof the r co-ordinatesto theinterval (a, R).
The short distancecutoff at ais equivalentto assumingthat theparticlesare hard spheresof radiusa/2.
while the large distancecutoff can he achievedby confining the systeminside a sphericalbox of radius
R.

In the absenceof theconfining box and theshort rangecutoff, the Hamiltonianin (3.1) describesthe
standard Kepler problem. Forfinite R and a, one has toconsiderthe effects of collisions. Angular
momentum conservationdoes not hold in the presenceof collisions. The problembecomesmore
complicatedand, in fact, the phasetrajectory becomesextremely irregular.

We are interestedin the statisticalmechanicsof the systemdescribedby H. It may appear that a
system with just two particlesis a very bad examplefor a statistical discussion.However, this is not
quite true. As we shall see, thissystem exhibits several peculiaritiesof gravitating systems[Pad-
manahhan1989a,bl.We will be carefulto use thismodelonly in alimited sense.Then theeffectsdue to
the small number ofdegreesof freedomcan be easily identified and dealtwith.
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We shallfirst studythe microcanonicaldistribution correspondingto our system.We are interestedin
the phasevolume g(E) of the constant energysurfaceH = E, which is most easilycomputedas

g(E) = dI(E) idE, (3.2)

1(E)= J&P d3pd3Q d3r �~(E— H(P, Q, p, r)). (3.3)

The momentum integrationsand theintegrationover Q can be easily performedgiving

1(E) = ~AR3 r~dr (E + Gm2Ir)3, (3.4)

whereA = 641T5m3/3; therefore

rmax

g(E) = AR3 I r2 dr (E + Gm2ir)2. (3.5)

It is understood that the rangeof integration in (3.5) should be limited to the region in which the
expression in parenthesesis positive. Therefore, we should use rmax = Gm2/[E[ if —Gm2!
a < E< — Gm2/R and use rmax = R if — Gm2IR < E < +so. Since H � — Gm2Ia, we trivially have
g(E)= 0 for E < — Gm2Ia. The constantA is unimportantfor our discussionand hencewill be omitted
from the formulas hereafter.

The integration in(3.5) is straightforwardandwe get the following result:

g(E) — ~R3(—E)’(1 + aEIGm2)3, —Gm2ia<E< —Gm2IR,
(Gm2)3 — ~R3(—E)1[(1+ RE/Gm2)3 — (1+ aE/Gm2)31, — Gm2IR< E<so• (3.6)

This function g(E) is continuousandsmoothat E = — Gm2/R. The thermodynamicsof the systemcan
benow studiedusingg(E). We definethe entropyS(E) and thetemperatureT(E) of the systemby the
relations

S(E)= ln g(E), T1(E)= /3(E)= oS(E)IoE. (3.7)

All the interestingthermodynamicproperties of thesystem canbe understoodfrom the T(E) curve.
Considerfirst the caseof very low energies,i.e., — Gm2Ia< E < — Gm2IR.Using (3.6) and (3.7) one

can easilyobtain T(E) and writeit in dimensionless formas

t(e)=(
1—~-__~), (3.8)

where wehavedefined t = aT/Gm
2 and r = aE/Gm2. This function exhibitsthe peculiaritiescharac-

teristic of gravitatingsystems.At the lowest energyadmissiblefor our system,which correspondsto
= —1, the temperaturet vanishes.This describesa tightly boundlow temperaturephaseof the system
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with negligible random motion.t(E) is clearly dominatedby the first term of (3.8) for r —1. So as we
increasethe energyof the system, the temperatureincreases,which is the normal behaviour for a
system.This trendcontinuesup to

= = — ~(V~ — 1) —0.36. (3.9)

at which point the t(r) curvereaches amaximum andturns around. As we increasethe energy further
the temperaturedecreases.The system exhibitsnegative specific heatin this range.

Equation(3.8) is valid from the minimum energy—Gm/aall the way up to the energy—Grn~/R.
For realitic systemsR ~ a, and hencethis range is quite wide. For a small region in this range (from
— Gm2ia to —0.36Gm2/a) we havepositive specific heat; for the restof the region the specific heat is
negative.The positivespecific heatregion owesits existenceto thenon-zeroshort distancecutoff. If we
set a = 0, the first term in (3.8) will vanish;we will have t ~ — and anegative specific heatin this
entiredomain.

For E � — Gm2iR,we have touse the secondexpressionin (3.6) for g(E). In this case,we get

+ r)2 — (Ria)[1 + (Ria)r]2} I -!
t(E) = ~ (1+ ~ - [1+ (Ria)r]3 ) . (3.10)

This function, of course, matchessmoothlywith (3.8) at r = —aiR. As we increasethe energy, the
temperaturecontinuesto decrease for alittle while, exhibiting negativespecific heat. However, this
behaviouris soon halted atsomer = r,, say. Thet(r) curve reachesa minimum at this point, turns
around, and startsincreasingwith increasingr. We thus enteranother(high temperature)phasewith
positivespecific heat. From (3.10),it is clear thatt~ ~r for larger. (Since E = ~NkT for an ideal gas,
we might haveexpectedto find t r for our systemwith N = 2 at high temperatures.This is indeed
what we would have found ifwe haddefinedour entropyas In 1. With our definition, the energyof the
ideal gasis actuallyE = (~N— 1)kT; hencewe gett= ~r whenN = 2. Note that thisis clearlyan effect
arisingfrom the smallnumberof degrees of freedom andis not of any fundamentalsignificance.)The
form of t(r) is shown in fig. 3.1. The specific heat is positive along the portions AB and CD and is
negativealong BC.
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Fig. 3.1. The functionT(E) for abinary system.[PointC correspondsto (0.a/2R) and is slightly raised forclarity.) Note that thespecific heatis
pos!tivealong AB and CD andis negative alongBC.
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The overall picture is now clear. Our systemhas two natural energyscales:E1 = — Gm
2/a and

E
2 = — Gm

2/R. For E ~ E
2, gravity is not strongenough to keepr < R and the systembehaveslike a

gas confined by the container;we have ahigh temperaturephasewith positive specific heat. As we
lower the energy toE ~ E2, the effects of gravity begin to be felt. For E1 < E < E2, the systemis
unaffectedby either thebox or the short distance cutoff;this is the domain dominated entirelyby
gravity andwe have negativespecific heat. As we go to E E1, the hard core natureof the particles
beginsto be feltandgravity is againresisted.This gives rise to alow temperaturephasewith positive
specific heat.

We canalsoconsiderthe effect of increasingR, keepinga andE fixed. (This is more inconsonance
with the spiritof the microcanonicaldistributionwhich is for fixed E.) Since weimaginethe particlesto
be hard spheres of radiusa12, we should only consider R > 2a. It is amusing to note that, if
2< RIa <(V~ + 1), thereis no region of negativespecificheat.As weincreaseR, this negativespecific
heat region appears.It is easyto seethat increasingR effectively increasesthe range overwhich the
specific heatis negative.Supposeasystemis originally preparedwith someE andR valuessuchthat the
specific heat is positive. If we now increaseR, it can happen that thesystemfinds itself in a region of
negativespecific heat. This suggeststhe possibility that aninstability may be triggered in a constant
energysystemif its radius increasesbeyond a critical value. We shall discusssuch an instability in
chapter4.

In the above discussionwe havetreateda as a fixed quantity andrescaledall variablesusingGm
2/a.

To study the effect of a short distancecutoff we would like to varya keepingR fixed. To do this it is
better torescale variablesusingGm2/R. This can be easilydoneandfig. 3.2 showsthe behaviour of the
T(E) curve as the lower cutoff a is changed.As we decrease the valueof a the negativespecific heat
region becomesmore and more pronounced.In fact, if a is zero, we havenegativespecific heat forall

Il—Il 1111111111 ‘I’—
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Fig. 3.2. The dependenceof the T(E) curve on the short distance Fig. 3.3. The T(E) curvefor a = 0. The low temperature region with
cutoff a. Note that for a> (V~+1)’R there is no region of negative positive specific heat does not exist in the absence of the short
specific heat. As a is lowered, the negative specific heat region distance cutoff. The system also exhibits a lower bound on the
becomesmore and more pronounced. temperature.
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E < —Gm2iR(see fig. 3.3). We also see from fig. 3.2 that the behaviourof the curve for large E is
reasonablyindependentof the value ofthe cutoff a. We will see in chapter4 that several realistic
systemsexhibit curvessimilar to those in fig. 3.2.

It must be noted thatmost real life systemsare indeed found in the range E~<E < E
2. For

astrophysical systemsthis rangeis quite wide since E2 ‘~ E~. This is preciselythe region with negative
specific heat.Sincesystemsdescribedby thecanonicaldistribution cannotexhibit negativespecific heat,
it follows that the canonicaldistributionwill lead to avery differentphysical picture for this range of
(mean)energies.In otherwords, thecanonicaland microcanonicaldescriptionsare very different for
gravitatingsystemsin the most important rangeof energies.It is, therefore,of interest tolook at our
systemfrom the point ofview of the canonicaldistribution.

To do this we have to compute the partitionfunction

Z(/3) = f d
3Pd3p d3Qd3r exp(—/3H), (3.11)

in which the integrations overF, p and Q can be performedtrivially. Omitting an overall constant
which is unimportant,we can write the answeras

Z(/3)=R3/33fdrr2exp(/3Gm2ir), (3.12)

which, in dimensionlessform, becomes

Z(t) = t3(Ria)3 Jdxx2 exp(1/xt), (3.13)

where t is the dimensionlesstemperaturedefinedin (3.8). Thoughthis integral cannotbe evaluatedin
closedform, all the limiting propertiesof Z(f3) can be easilyobtainedfrom (3.13). Note that theshort
distancecutoff is vital herefor convergenceof the integralwhile we couldhavedispensedwith it in the
microcanonicaldescription.

The integrandin (3.13) is large for both large andsmall x and reaches aminimum for x = Xm =

1/(2t). The behaviour of the integraldependscrucially on whether thisminimumfalls within the limits
of integration or not. Athigh temperatures,Xm < I and hence theminimumfalls outside thedomainof
integration.The exponentialcontributesvery little to theintegralandwe can approximateZ adequately
by

RI a

Z= t3 f dxx2(1 + 2Xm/X) = 4t3(Ria)5(1+ 3ai2Rt). (3.14)

On the other hand, ifXm > 1 the minimum lies betweenthe limits of the integration. Then the
exponentialpart of the curve dominatesthe integral. We can easily evaluate this contributionby a
saddlepoint approach andget

Z (Ria)3t4(1 — 2t)~exp(1/t)[1 — exp(—Rita)] (Ria)3t4(1— 2t)t exp(lit) . (3.15)
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As we lower the temperature,making Xm cross 1 from below, the contributionswitchesover from
(3.14) to (3.15). The transitionis exponentiallysharp. The critical temperatureat which the transition
occurscan be estimatedby finding the temperatureat whichthe two contributionsare equal.We find
that

tc=3l(R/). (3.16)

Thus for t< t~,we should use (3.15) and for t> t~we should use (3.14).
Given Z( /3), all thermodynamicfunctionscan be computed.In particular, the mean energyof the

systemis given by

E(f3) = —(~9ln Zhf3). (3.17)

This relationcan beinverted to give T(E), which can becomparedwith the T(E) obtained earlierusing
themicrocanonicaldistribution. (In makingsuch acomparisonwe areidentifying the constant energy at
which the microcanonicaldistribution is definedwith the meanenergyof the canonicaldistribution.
This is the usual dictum of statisticalmechanics.)From (3.14) and (3.15) we get

r(t) = aEIGm2 = 4t — 1, fort < t~, (3.18)

s(t)=3t—3aI2R, fort>t~. (3.19)

Near t t~,there is a rapidvariation of the energy andwe cannot use eitherasymptotic form.The

systemundergoesa phasetransitionat t = t~absorbinga largeamountof energy,

3ln(R/a)’ (3.20)

The specific heat is, of course, positivethroughout therange. This is to be expectedbecause the
canonicaldescriptioncannot lead tonegativespecific heats.

The exact T(E) curvesobtainedfrom the canonicaland microcanonicaldistributions areshown in
fig. 3.4. (For convenience,we haverescaledthe T(E) curveof the microcanonicaldistributionso that

— 3t asymptotically.) Notice that the descriptions match very well in the regions of positive specific
heat. The negative specific heat region of the microcanonicaldistribution is replaced by a phase
transition(rapid changein E at almostconstantT) in the canonicaldescription.

The physics of canonical descriptionis best understoodby studyingE as a function of T. As we
increasethe temperaturefrom zero, the energyincreasesfrom the ground state value— Gm2Ia in
accordancewith (3.18). As thetemperatureapproachesT~andcrossesit, a phasetransitionoccursin
the systemand theenergyincreasesrapidly. The latent heat in thesystemis largeenoughto push the
systeminto the high temperaturephase. Atstill higher temperatures, the energyincreasessteadilywith
the temperaturein accordancewith (3.19).

We cannow compare thecanonicalandmicrocanonicaldescriptionsof our system.At both very low
and very high temperatures,the descriptionsmatch.The crucial differenceoccursat the intermediate
energiesand temperatures.The microcanonicaldescriptionpredicts anegative specific heat anda
reasonablyslow variation of energywith temperature.The canonical description,on the otherhand,
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Fig. 3.4. Comparisonof the T(E) relations for the canonical and microcanonical distributions. The negative temperatureregion of the
microcanonicaldistributionis replacedby aphasetransition in thecanonicaldistribution.The microcanonicaltemperatureis rescaledby afactor 2/3
for convenienceof comparison.

predicts aphasetransitionwith a rapidvariation of energywith temperature.Suchphasetransitionsare
accompaniedby largefluctuationsin the energy,which is the main reason for thedisagreementbetween
the two descriptions.

The two descriptions,therefore,disagreefor a wide rangeof energies.This rangeof energiesis of
greatpractical importancesince mostastrophysical systemsfall in this band.

All the above conclusionscan be easily generalisedfor a model systemconsisting of N non-
interactingbinaries; the partitionfunction ZN is just(Z

1 )‘~“. All quantities derivedfrom ln Z scaleas N.

3.3. TheLynden-Bells’and Thirring’s Models

Lynden-Bell andLynden-Bell [1977] haveanalyseda model which has the same featuresas the
binary starmodel describedabove.Theirmodel describesa systemwith (2N + 1) co-ordinatesevolving
through theHamiltonian

2 N / 2 2

17 \‘ 1 ( 2 P55k \ Gm•2 ~ .1
~=i 2mr sin 0’ Lr

The radial co-ordinater is limited to a range of (a,R). They study thissystemusingboth thecanonical
and microcanonicaldistributions.The propertiesof this systemturn out to beessentiallythe sameas
those of thebinary star. The microcanonicaldistribution exhibits high and low temperaturephases
connectedby a T—E relation which leads to negativespecific heat. In the canonicaldescriptionthis
negativespecific heat branchis replacedby aphasetransition atan intermediate temperature.Sincethis
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systemhasa large number ofdegreesof freedom(N ~ 1), thephasetransitionis considerablysharper
thanwhat we have found in thecaseof the binary star model.

Thirring [1970](alsoseeHertel andThirring [1971,1972]) has studied thestatisticalmechanicsof the
following N-body system:A set ofN particles areconfinedinside a volume V. The potential between
the particlesis such that anytwo particlesinteractwith eachother andfeel a constant potential if— and
only if — both ofthem areinsideaninteractionvolume V~.This is equivalentto assumingan interaction
potentialu(x1, x.) of the form

u(x1, x~)= 2k0~(x1)O11(x1), (3.22)

whereO~,0(x)is unity if x is inside the region V~and is zerootherwise.Thephasevolume g(E) can be
computedexactly for this system.It turns out that theT(E) curvefor this systemis quite similar to
those of the binary star and the Lynden-Bells’ models. Thethermodynamicalbehaviour of these
systemsis identical for all practicalpurposes.

This result may appearsurprisingat first sight becausethe potential in(3.22) doesnot have an1 Ir
behaviour.A closerscrutiny,however,identifiesthe really crucialingredientwhich is commonto all the
threemodels:the non-extensivenatureofthe total energy.It is easyto see that the potential in(3.22)
contributesa term — kN~to the totalenergy,whereN0 is the numberof particlescontained in the
volume V0. This termmakesthe energynon-extensiveandleadsto the,by now familiar, consequences.

We canverify this feature in thefollowing manner:Consider asystemdescribedby thephasevolume

g(E) = ~-j. Jd~”°xd
3~~’°p~(E

0 — ~ p~+ kN~), (3.23)

in which we have put inby hand anon-extensivepotential energy— kN~.It is, of course, trivial to
compute(3.23) and evaluate the entropyS = ln g. We get

S0(E0)=N0lnV~—~N0lnN0 + ~N0ln(E0+kN~), (3.24)

where we have used theStirling approximationfor the factorials. Supposewe now let this system
interactwith an ordinaryideal gas havingthe entropy

S1(E1)= N1 ln V1 — ~N1ln N1 + ~N1ln E1. (3.25)

Maximising the total entropy(S0 + S1) subjectto theconstraintsN1 + N0 = N and E1 + E0 = E, we can
determine theequilibrium parametersof the system.In particular, theT—E relationcan be determined
from the maximum value of Stotai. It is given, in a parametricform, by the relations [Thirring1970]

te—2a+a
2, (3.26)

e=2a_a2+3(1_a)/ln(~1a), (3.27)

where t = 3T/2Nk and e= 1 + EIkN2. One can easily verify that this T(E) curve has the same
qualitative form as the ones we have studiedso far. It is, therefore, clear that the peculiar



306 T, Padmanahhan.Statisticalmechanicsof gravitating sy.stem.s

thermodynamicfeaturesof thesystemswe havestudiedarisebecauseof the non-extensivenatureof the
energyin the condensedphaseof the system.

3.4. Approximateanalysisof gravitating hardspheres

The modelsconsideredso far arebasedon Hamiltonians,which permittedexactanalysis. For that
very reason, theseHamiltoniansdo not representrealisticsystems.The lessonslearnedfrom thesetoy
models,however,can be useful in devising an approximateanalysisof an exactHamiltonian.Such an
analysis was performed by Aronsonand Hansen [1972]with interestingresults. Their model also
stressesthe importanceof the non-extensivenature of the energy.

They consider a system of N gravitationally interactinghard spheres,each of volume b, enclosed
inside a sphericalcontainerof radiusR. In the canonicaldescription,we have to evaluatethe partition
function

Z(/3) = f ~ d3p, d3x~exp[—/3H(p
1, xi)], (3.28)

whereH is the exactHamiltonianof the system.Oncethe partitionfunction is known, we can compute
the free energyF and entropyS by the standard relations

F=—f3lnZ(/3), S=13(E—F). (3.29)

Since wecannot evaluateZ(/3) exactly, we try the following approximateansatz.
The studyof the toy modelssuggeststhat thesystemcan exist in two very differentphases.At high

temperatures,the sphereswill be distributeduniformly over theentire regionof volume R
3. On the

other hand,at low temperatures,most of the particleswould have formed asmall compactcore of
radiusR~.In both theselimits, the partitionfunction can be approximatedby restrictingthe domainof
integration andreplacingthe exactpotentialby the averagepotentialenergyof the system.We will then
obtain, for thehigh temperaturephase,

E, = 3N12/3— 3Gm2N215R, (3.30)

F
1 = —(Nip) ln(V/N — b) + (3Ni2/3)In /3 — 3Gm

2N2/SR, (3.31)

S~=Nln(ViN— b)—~Nln /3, (3.32)

and for thelow temperaturephase

3Ni2f3 — ~(4iri3gb)’3Gm2N53 , (3.33)

= (Ni/3) In b(g — 1) + (3N/2/3) ln /3 — ~(4iri3gb)’~3Gm2N513, (3.34)

S_=Nlnb(g—i)—~Nln/3. (3.35)

In arriving at theseexpressions,we haveassumedthat theradiusR~on the N bodycondensateis given
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by

~rR~=gNb, (3.36)

whereg is a geometricalfactor of the order ofunity whichdependson the nature of theclosepacking.
The transitiontemperatureat which the descriptionswitchesover from (3.30)—(3.32) to (3.33)—

(3.35) can be easilyestimatedby equating thefree energiesof the two phases.This gives,for the critical
temperature,the relation

ln(1”~7N~’)= ~I3cGm2N(~— ~-~—-), (3.37)

which can be approximatedfurtherby noting that

Vcore — Nb = (g — 1)Nb Nb V~ore~ (3.38)

and thatV~ 1’~ore~We then get

Tc~=~(Gm2NIRc)Iln(VIVcore). (3.39)

Note that this expressionis quite similar to (3.16).
The expressionsobtainedaboveare really valid only at T 2~Tc and at T ~ Tc~However, if the

systemreally undergoesa sharpphasetransition at T T~thenwe will incur negligible error in
extrapolatingthe formulasall the way up to T~from both ends.We will then get a T—E relationwhich
looksvery similar to the oneswe haveobtainedearlier.

The microcanonicaldistributioncan be evaluatedin the sameapproximation.We will thenseethat
the phasetransitionis replacedby a largeregion of negativespecific heat.

3.5. Twodimensionalgravity

In the modelsstudiedso far we have put in ashort distancecutoff to the potential.This cutoff is
absolutely essentialfor the existenceof the integrals defining the microcanonicaldistribution (for
N> 2) andcanonical distribution (for anyN). If this cutoff is removed,thenthe phasevolume — and
consequently,the entropy— will increasewithout bound.

The situationis different in two dimensions.It turns out that themicrocanonicaldistributionexists
for a two dimensional gravitatingsystemeven in theabsenceof a cutoff. However, the canonical
descriptionexistsonly abovea critical temperature. Toseethis,let us considerthe phasevolume g(E),

g(E) = J fT d2x~d2p~~(E— H) = A f fJ d2x~(E — ~ 2Gm2ln~x~— xji), (3.40)
i=1 1=1 t�j

wherewe haveused the Hamiltonian for a two-dimensionalgravitating systemof N particles with
logarithmicpotential,

H=~ ~ (3.41)
i~1 m
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and performedthe momentum integrations.(Note that thegravitationalpotential due to a pointmassm
locatedat theorigin of a two dimensionalspaceis /(r) = 2Gm In r.) We will assumethat theparticles
areconfinedto a large squarebox of length2L so that the rangeof eachx1 is (— L, + L). The integral is
thenwell definedfor largex. It is easyto seethat theintegraldoesnot divergeat shortdistanceseven
though thereis no cutoff: the expressionin the large parenthesesin (3.40) doescontribute adivergent

N-I . . . .factor, (ln s) , nearthe origin, but this divergence15 suppressedby the factors lfl the area element
d

2x = s ds. Thus g(E) is finite, thoughnot calculablein closed form.
Let us considerthe partitionfunction, which is given by

Z(/3)= J fTd2p
1d

2x~exp(—pH)

= (~)f [I d2x~exp[_~(~~ 2Gm2ln~x
1— ~1~)]. (3.42)

It doesnot exist for all /3. Simple powercountingnearthe origin showsthat the integralexistsonly if

(3.43)

In other words, the canonicaldescriptionof the systemexists only at sufficiently high temperatures
[Salzberg1965] (note that thegravitationalpotentialusedby Salzbergdiffers by a factor2 from the one
usedabove).

The same result can be obtained in a somewhatdifferent manner,by computing the volume
dependenceof Z. Introducing thevariablesy~= x1iL in (3.42) anddifferentiating the expressionwith
respectto L, we can easilyobtain the relation

oZ(/3, L) = [1- ~/3Gm
2(N- 1)]Z(/3, L). (3.44)

Since thetwo dimensionalvolume V is just irL2 the pressureP can be written as

p = pt ~ In Zie9V= (2irL/3)~ô ln Zie1~L. (3.45)

Combining (3.44)and (3.45) we immediately get the equationof state

PViT= N[1 — (N — 1)Gm2i2T]. (3.46)

This equationreconfirmsthe trouble atlow temperatures: thepressure becomesnegativefor all V if

T < Tm
10 = ~(N — 1)Gm

2 ~NGm2.The system,if it is in contactwith a heatbath,will collapseunder
its own gravity. A short distancecutoff will makeZ finite andwill provide a stableground state with
positive pressure.

The equation ofstatederivedaboveis exactin the sensethat it is obtainedfrom the exactpartition
function of the system.Katz andLynden-Bell [1978]have performed ananalysisof this systemin the
meanfield limit. In the meanfield limit, the systemis describedby the smoothgravitationalpotential
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4~(x)and density distribution p(x), which are related by the two-dimensional Poissonequation,

1 d / d4\

— ~— ~r -a--) = 4irGp(r). (3.47)

The thermodynamicalequilibrium is introducedby taking

p(r) = A exp[—134(r)], (3.48)

where the constantsA and /3 are to be determined in termsof the totalmassM andenergyE of the
system. (The domain of validity of such a mean field approximation will be discussedin chapter 4.) It
turns out that theseequationscan be solved exactly[Ostriker 1964,Stodolkiewicz 1963] to give

= 2GM ln r + 2/3_i ln[1 — ~GM/3(1— r2/R2)] + constant, (3.49)

whereR is the radiusof the confiningbox. All otherphysicalvariableslike densityp(r), pressureon the
confining wall P(R)= /3 - tp(R), and the energy

E=~_~Jp4dx, (3.50)

can be computedfrom 4(r). We get

E= ~GM2[2ln(rIR)+2(TIT~)+ (TIT~)2ln(1—T~IT)], (3.51)

PV= Nk(T—Tc), (3.52)

where T~= GM2I2Nk= ~Gm2NIk is the same critical temperatureas that found earlier. It is
remarkable that both the mean field description and the exact analysis leadsto the sameequation of
state for thesystem.It is clear that thesystemcannotexist for T < T~the pressure becomes negative,
the potentialat theorigin diverges.

The T(E) curvefor this system— in the meanfield approximation— is shown in fig. 3.5. Note that

T/Tc‘A
~______* II~

‘(E/NkT~)-4 -3 -2 -I 0

Fig. 3.5. The T(E) relation for a two dimensional gravitating system, in the mean field limit. There is no region of negative specific heat but the
systemexhibits a lower bound on the temperature.
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thereis no region of negativespecific heat for thistwo dimensionalsystem.As the energyof the system
is lowered, the temperaturecontinuously decreasesand approachesT0 asymptotically.We will see in
chapter4 that the threedimensional isothermalsolution behavesvery differently.

4. Mean field equilibrium of gravitating systems

4.1. Introduction

The statistical mechanicaldescriptionpresentedso far is exact as regardsthe granularity of the
system.We have used the correctN particle distributionsand have not resorted to anycontinuum
approximations.In this sectionwe shall studythe physicsof the gravitatingsystemsin the meanfield
limit, which ignoresthe granularityand correlations presentin the N particle system.As we shall see,
the system exhibitsseveral interestingfeaturesevenin this limit.

4.2. Meanfield as the saddlepoint limit

The statistical definitionof entropy used in the previous sections involves a 6N dimensional
integration over thewhole phasespace.Under certaincircumstances,it is possibleto approximate this
expressionby onewhich involves onlya six dimensional integration.Suchan approximation,which we
shall call the meanfield approximation, reduces the problem to a tractablelevel.

Consider asystemof N particlesinteractingwith eachotherthroughthe twobody potentialU(x, y).
The entropyS of this system, in the microcanonicaldescription,is definedthrough the relation

~ (4.1)

whereinwe have performed themomentumintegrations andreplaced(3Ni2 — 1) by 3Ni2. We shall
approximate theexpressionin (4.1) in the following manner.

Let thespatialvolume V be divided into M (with M °~ N) cells of equalsize, largeenoughto contain
many particles but small enough for the potential tobe treatedas a constantinside eachcell. (It is
assumedthat such an intermediatescale exists.) Insteadof integrating over the particleco-ordinates
(xt,x2,. . . ,xN) we shall sum over the number ofparticles ‘

2a in the cell centred atXa (where
a = 1, 2,. . . , M). Using the standard result that the integration over(N!)~d3’~xcan be replacedby

-~~ -~... ~ N~~fla)(, (4.2)
n

1t n1. n,1 n2. “M~ ~M a

we can rewrite (4.1) as

eS = I I ... _L 8(N — ~ tia) (V)N (E — ~ flaUahflh)
n1=t n1! n2t n2! OM=t nM! a M 2 a�h

~ - ~ ~a) expS[{na}], (4.3)
n1=I fl2I ~M

1 a
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where

= ~N ln(E — ~ floU(X~,Xb)nb) — ~a ln(naMIeV). (4.4)
a�b a=i

In arriving at thelast expressionwe haveusedthe Stirling approximationfor the factorialsand ignored
the unimportant constantA. The meanfield limit is now obtainedby retainingin the sum in (4.3) only
the term forwhich the summandreaches themaximum value, subject to the constrainton the total
number. That is, we claim

~ eSn~2~~e5~,m0~ (4.5)

{n~)

where12a,max is the solution to thevariational problem

M
=0 withy na=N. (4.6)

Ofla ‘2a~’1a,max a1

Imposingthis constraintby a lagrangemultiplier and using expression(4.4) for 5, we obtain the
equationsatisfiedby namax,

U(Xa, Xb)flbmax + ln(namaxMlV)= constant, (4.7)

wherewe havedefinedthe temperatureT as

~ flaLT(Xa,Xb)~lb)f3. (4.8)
a�b

We see from (4.4) that thisexpressionis also equal to oSIaE; therefore T is indeed the correct
thermodynamictemperature.We can now return back to thecontinuumlimit by the replacements

MM

fla,maxM~’1~’°P(Xa), ~ —* -~. (4.9)
ai ‘~

In this limit the extremumsolution (4.7) is given by

p(x) = A exp[—f3çb(x)], qS(x) = Jd3y U(x, y)p(y), (4.10)

which, in the caseof gravitational interactions,becomes

p(x) = A exp[-/3~(x)], ~(x) = -G J ~ (4.11)

Equation(4.11) represents theequilibrium configurationfor a gravitatingsystemin the meanfield
limit. The constant/3 is alreadydeterminedthrough (4.8) in termsof the total energyof the system.
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The constantA has to befixed in terms of the total number (ormass)of the particlesin the system.A
moreformal derivationof the aboveresultcan be given usingthe functionalintegralrepresentationof
the partitionfunction. It turns out thatthe saddlepoint approximationof the functional integral leads
to the meanfield description(see,e.g., Horowitz and Katz [1977]).

Two important points need tobe noted about the meanfield resultwe have obtained: (i)The various
manipulationsin (4.1) to (4.7) tacitly assumethat the expressionswe are dealing with are finite.
Unfortunately, forgravitational interactionswithout a shortdistancecutoff, the quantity eS — andhence
all the termswe have beenhandling— are divergent. We should, therefore, remember that a short
distancecutoff is needed tojustify the entireprocedureand that(4.11) — which is basedon a strict r~
potential anddoes not incorporateany such cutoff — can only be approximatelycorrect. We shall
continue towork with (4.11) becauseof its mathematical convenienceandwill describethe effectsdue
to the shortdistancecutoff in section 4.5.(ii) Condition (4.7),which we have writtendown, is only an
extremumcondition. To makesure that the entropyis a truemaximum we need to look at thesecond
variation of S. The procedurein (4.5) is justified only if S is at least at a local maximum.To decide
whether the extremumis actuallya maximumor not we need to perform avariationalcalculationof S
up to secondorder. This is done in section 4.4.

We have derived the meanfield limit directly from the phasevolume by using the saddle point
approxiation.It is also possibleto obtain thesameresult in a moreintuitive approach,which is very
useful for studyingthe dynamicalevolutionof the system.This is the approachwhichweshall follow for
the restof this section.

The centralquantity in this approachis the one-particledistributionfunctionf(x, p, t), which maybe
definedthrough the (operational) relation

3 3dm=f(x,p,t)dxdp, (4.12)

where dmis the totalmassof the particlescontainedin the cell (x, p; x + d3x, p + d3p).This function is
obtainedfrom the full N body distribution function of thesystemby integrating out(N — 1) variables,

f(xi,pi,t)~ffN(xi,pl;x
2,p2xl,pS;. . . ;XN,PN)dX2dP2~”dXNdPN. (4.13)

We shall assumethat the functionswhich appearin (4.12) and(4.13) aresmooth.This excludes,for
example, the function f being givenas a sum of delta functions. If we use such a smoothed-out
description,then it is clear that f contains far less information thanfN. In particular the correlation
between theparticlesis washedout in f(x, p, t). Thusf couldprovide ausefuldescriptionof the system
only as long as the correlations arenot significant.

Given the fundamentalHamiltonian of the system, it should be possible to write down an
(approximate)equationsatisfiedby f. This task, however,is not easyandwe shall postpone a detailed
discussionof this question tochapter5. For the present purpose,it is enoughto notethat the equation
obeyedby f has the following form:

(4.14)

wherev= pim and 4(x, t) is the meangravitationalfield producedby f,
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cb(x, t) _GJ~’ v, t)d3yd3v (4.15)
Ix—y~

The right hand side of(4.14), C( f), describesthe effect of “collisions” on the evolution of f. As we
shall see in chapter5, the collisionalevolution of the system,drivenby C( f), exhibits two reasonable
properties:(i) The meanfield energyE,

E=K+ LT~!Jv2f d3xd3v— G Jf(x,v)f(x’, v’) dxdvdx’dv’

2 2

= ~Jv2fd3xd3v+ ~Jp(x)cb(x)d3x, (4.16)

andmassM,

M=ffd3xd3v, (4.17)

areconservedin the evolution. (ii) The meanfield entropy,definedby

S=_Jflnfd3xd3p, (4.18)

doesnot decrease(and,generically,increases)during theevolution. It is, therefore,reasonableto ask:
In the classof all f with the sameE andM, which f maximisesthe meanfield entropyS?

Sincewe areusing a gravitational potentialwithout a shortdistance cutoff,therewill be no global
maximumfor the entropy;that is, we can constructconfigurationsin which S is arbitrarily high. It is
easyto devisesuchconfigurationsby distributingpart of the matterin a tightly bound core and therest
of the materialas ahalo at a largedistance.The question,therefore,is really the following: arethere
configurationswhich are local maximaof the entropy?To answerthis questionwe haveto considerthe
variation

= (6SI~f)~f+ ~(62SI~f2)(~f)2+.... (4.19)

The vanishing ofthe first termdefinestheextremumconditionand the sign of thesecondtermdecides
whethertheextremumis stableor merely a saddlepoint.

This variationalproblemis solvedin appendix4.1. The extremumcondition is, of course,thesame
as (4.11)obtainedaboveandcorrespondsto thesaddlepoint evaluationof thephasevolume. Wewill
discussthis extremumsolution in thenextsectionand thesecondvariationoftheentropyin section4.4.

4.3. The meanfield equilibrium. The isothermalsphere

It can easily be shown that amongall solutions to (4.11) the spherically symmetricconfiguration
maximises the entropy (see, e.g., Antonov [1962]).This solution representswhat is known as the
gravitational isothermalsphere.To analysethe propertiesof this solution, it is convenientto combine
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the two equationsin (4.11) into the single equation

V2~= 4irGA e = 4irGp~~ (4.20)

where ~ = p(O). Continuity requirements at thesurfaceof the confining volume imply the boundary
condition q5(R)= —GMiRon the potential.

This extremumsolution is parametrizedby two positive definiteconstants/3 andp~.The crucial
question is the following: Can anyvalue of E (—~ < E < +c~),R (0< R <x) and M (0< M <os) be
accommodatedby a suitablechoice of p~and /3? We will see that theansweris no. There is a lower
boundon the allowedvalue for thecombinationREiGM2; if this quantity is lower than acritical value

—0.335 then anisothermalspheresolution cannotexist {Antonov 1962; Lynden-Bell and Wood
1968; Padmanabhan1989c].

Thiscan be mosteasilyseenif we usea different setof (dimensionless)variables.Usingp~and/3 we
define a length, massand potential,

L
11~(4irGp~/3)’

2, M
114irp0L~, ~/3~ = GM0/L0, (4.21)

and expressthe radial distancer, densityp, massM(r) containedwithin a radiusr, and potential4. in
terms of thesevariablesin dimensionlessform,

x=riL0, n—pipe, m=M(r)iM0, y~—/3[t/~— ~(0)]. (4.22)

Thesevariables(y, n, m) satisfy the equations

y’ = mix
2, m’ = nx2, n’ = mnix2. (4.23)

In terms ofy(x) the isothermalequationbecomes

-~~- (x2 ~ (4.24)

with the boundary condition y(0)= y’(O) = 0.
This equationis invariant under the transformationy—~y+ a, x—~kx with k2 = er’. This invariance

implies that, given a solutionwith somevalue ofy(O), we can obtain thesolutionwith anyothervalue
of y(O) by simple scaling. Therefore,only one of thetwo integration constants in(4.24) is really
non-trivial. This fact allows us to reducethe degreeof the equationfrom two to oneby a judicious
choice of variables[Chandrasekhar19391. One such set of variablesis the following:

v~mix, u~nx3im=nx2iv. (4.25)

In terms ofu and v the equationdescribingthe isothermalspherecan be written as

u dv ul 426)
v du u+v—3 .

The boundary conditiony(O) = y’(O) = 0 translatesinto the following: v = 0 for u = 3, and dvidu =

—513 at (u,v)=(3,0).
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The majoradvantageof thevariablesu, v is the following: The form ofthe solution to (4.26)canbe
ascertained,withoutany numerialwork, purely from thestudy of thesingularpointsof eq. (4.26). The
solutioncurve startsat (3,0) [whichcorrespondsto x = 0 in (4.24)] andspirals indefinitelyaroundthe
point (1,2) asx tendsto infinity (seefig. 4.1). All isothermalspheresmustnecessarilylie on thiscurve.
The natureof this curveallows us to put interestingboundson physicalquantitiesincluding energy
[Padmanabhan1989c].

To seethis, weshall compute the total energyE of the isothermalsphere.The potentialand kinetic
energiesare

GM(r) ~dr=—9-~--~Jmnxdx,

3M 3GMO~ GM~O31 2~ (4.27)

wherex
0 = RIL0. The total energyis, therefore,

xo

E=K+U~fdx(3nx2_2mnx)
00

xl

GM~O1 d GM~O 3

~ J dx ~—(2nx —
3m)=---L-—(noxo—~m

0), (4.28)
0o x 0

wheren0 = n(x0) and m0 = m(x0). The dimensionlessquantity RE/GM
2 is given by

RE L
0x0 GM~ ~ 1A = GM

2 = GM~m~—i-— (n
0x0 — ~m0)= — (u0 — ~). (4.29)

3~0C

I~Iti~

0 ~ .00 50 200 2~00 300

— U ~

Fig. 4.1. The u—v curve for the isothermal sphere without any short distance cutoff.
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Note that thecombinationRE/GM2 is afunction of (u, v) alone.Let us now considerthe constraintson
A. Supposewe specifysome valuefor A by specifyingR, E andM. Thensuchan isothermalspheremust
lie on the curve

v = A~ (u — ~), (4.30)

which is astraight line through the point(1.5,0)with slopeA1.Since, on the other hand,all isothermal
spheresmust lie on theu—v curve,an isothermal spherecan exist onlyif the line in (4.30) intersects the
u—v curve.

For largepositive A (positive E) there is jsut one intersection (see fig. 4.2). When A = 0 (zero
energy), westill have a uniqueisothermalsphere. [ForA = 0, (4.30) is a vertical line throughu = 3 i2.]
When A is negative(negativeE), theline can cut the u—v curveat more than one point; thus more than
oneisothermalspherecan exist with a given valueof A. [Of course,specifyingM, R, E individually will
remove thisnon-uniqueness.]But as we decreaseA (moreandmorenegativeE) the line in (4.30) will
slope more and more to theleft; and when A is smaller thana critical value A~,the intersectionwill

2~
ceaseto exist. Thus no isothermal spherecan exist if RE/GM is below a particularcritical valueA~.
This fact follows immediatelyfrom the nature of theu—v curve andeq. (4.30). The numericalvalue of
A~can also be foundby simpleanalytic approximationsto thecurve around thesingularpoint. It turns
out to be about—0.335.

It is instructive to look at thevariation of A as a function of x
0 see fig. 4.3. If we fix ~ and/3 and

increaseR, we will be increasingx0 = RIL0. This will take us along the curve from (3,0) — which
correspondsto x0 = 0 — towards the spiral. At each x0 we have a corresponding(u0, v0) and A. The
behaviour ofA as a function of x0 can be easilyreadoff from the u—v curve. We seethat A decreases

>‘

0

02 -
300

“ -0335 0• -
250 - ~ X~0,ieE-0 Z~~342,n~709

U~082,~c

2°3

0

200 - 474 34-2

50 - LARGE,POSITI~ —0 I -

‘:: I - B C

0 50 00 150 200 2-50 300

— u—~

Fig. 4.2. Constructionillustrating theorigin of the lower boundon A Fig. 4.3. The behaviourof A asafunction of thedimensionlessradius
for isothermal spheres. x for an isothermalsphere.The diagramis purely schematicand not

drawnto scale.The dashedline suggeststhebehaviourof theentropy
as a function of somesuitably chosengeneralisedcoordinate.
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from infinity (at x= 0) to zero,andcontinuesto decreasetaking negativevaluesuntil it reaches the
minimum value —0.335 at somex= xc. As x increasesfurther, A increasesand oscillates.In fact, the
A(x)curvehas aninfinite numberof turning points;asymptotically(asx—~°o,u—* 1, v—~2),A takes the
value —0.25. From thisdiscussion,we obtain afurthercharacterisationof the pointxc: it is the first
turning point forA(x), i.e., thesmallestroot of the equation dA/dx= 0.

The u—v curvealso impliesa boundon the temperature of thesystem[Lynden-BellandWood 1968].
It is clear that for any isothermalspherev is boundedfrom above,i.e., v < vmax, whereVmax m2.5.
Since

v = mix= (M/M
0)I(R/L0) = (GM/R)/3, (4.31)

we immediatelyget

T> Tmin~ Tm111 = 0.4GM1R. (4.32)

The T(E) curve for the isothermalspherecan be determinedby combining the relations

T=(GM
2IR)v, E=(GM2iR)v~(u—fl. (4.33)

The form of the curve is shown in fig. 4.4. The specific heatis positive alongAB (which representsa
high temperaturephase) andis negativealongBC. The onsetof negativespecific heatoccursat about
x 9 correspondingto a densitycontrastofn~ 32. As we shall seelater, the branchCD is unstable
and is not physically realisable.(Point C correspondsto a density contrast of709; thus isothermal
sphereswith a denistycontrastin the range(32,709) haveanegativespecific heat.)Since we have not
introducedany short distancecutoff in thesystemwedo nothavea low temperaturephasewith positive
specific heat. (Weshallseein section4.5 that a short distancecutoff makesthecurveturn to the lefton
the CD branch and produces asecondregion of positivespecific heat.)Figure 4.4 is analogousto fig.
3.3, which describesthe T(E) curve for a binary model in the absenceof a shortdistance cutoff.The
modification offig. 4.4 in the presenceof a short distancecutoff will be very similar to themodification

—(RE/GM2)---ø-

Fig. 4.4. The T(E) curvefor the isothermalspherewithout any shortdistancecutoff. The specific heatis positive alongAB andnegativealongBC.
(We shall see later that theportion afterC is unstableand not physicallyrealisable.)
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of fig. 3.3 into fig. 3.2. These resultshaveinterestingimplicationsfor the meanfield thermodynamics.
We shall take up this discussionin section 4.6,after first settling two other important issues.

4.4. Stabilityof the mean fieldsolution

We haveseenthat the variational problem hasno solution if A < A~.But evenwhen A> A~,the
extremumsolution neednot be a local maximum.

If A> AC, then wewill definitely have one pointof intersectionof the straightline (4.30) andthe u—v
curve; in fact, we can havemany points of intersectionfor a certain rangeof parameters.They all
represent extrema ofS. To know whichof theseare “stable” — i.e. real maximaof S— it is necessaryto
study the second variationof entropy.This analysiswas originally performedby Antonov; he showed
that all isothermalspheres located to the right of Aon the A(x) curve of fig. 4.3 areunstable.These
correspond toconfigurationswith REiGM2 > —0.335 and p(0)ip(R)>709. This result can also be
provedusing a general theorem due to Katz [1978,1979]. Katz has extendedPoincaré’smethod of
linear seriesto studythe stability beyondthe secondturningpoint. He showshow the stability questions
can be decidedfrom an inspectionof the equilibrium curvesin the f3—E plane. This generalmethod,
however,cannot provide detailed informationon the nature andform of the modes whichactually
trigger the instability. To obtain such information, we have to study thevariational problem and
explicitly construct the mode whichleads toan increasein entropy [Antonov1962; Padmanabhan
1989c].

Consider two density distributions, Pe(X) and Pe(X) + ~p(x); we take Pe(X) as an equilibrium
isothermalspherewith energyE, massM and radiusR (with, of course,RE/GM2> —0.335,sincesuch
a solution will not exist otherwise).We put ~ip(x)= ra(x), where r is an infinitesimal parameter,and
assumethat p + ~palso has thesameM and E. The entropydifferencebetween thesetwo configura-
tions is computedin appendix4.1. There weshow that

5(Pe + ra) — 5(Pe) = r2~2S(a)+ 0(e3)= — 3MT2 (f dx ~ea) — e f dx (~T+ 2)~ (4.34)

Here 4~eis the background potential due toPe and ~1iis the potential due toa(x),

V2~=4~Ga, ~(x)=_Gf a~ dy (4.35)

[i/i is called ~4 in appendix4.1]. This expressionalreadytakesaccountof the fact that p andp + ~iphave
the sameenergyE. The constraint that the totalmassshouldnot changeunder theperturbationimplies
that

f d3xa(x)=0. (4.36)

It is enought toconfine our attentionto spherically symmetricperturbations[a(x) = a(~x~)=

for which it is convenientto introduce the“massperturbation”q(r) by the relation

a(r)= 2 (4.37)
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Theforce dueto the perturbeddistributionis i/i’ = Gq(r) 1r2. Sincethis force has to befinite everywhere
including at r = 0, we seethat q(r) should grow atleastas r3 near r = 0; in particular q(0)= 0. The
constraint (4.36)implies that q(R)= q(0); so, altogether, weget the boundaryconditionson q(r) to be

q(0) = q(R) = 0. (4.38)

In termsof q(r), (4.34) becomes

[S(Pe + ~p)- S(Pe)] A[a] = 3MT2 (J dr ~e d)2 - J dr(~ + 8~p:r2)

= 3MT2 (J dr ~q)2 + ~ J ~“q dr + J dr q ~ (8~er2)~ (4.39)

In arriving at theaboveform we have integratedby parts,used(4.38)andset the dummy variablee to
zero. Now using the fact that ~/“= Gqir2 we get

R R R

A[aj = — 3MT2 (Jdr~q) + ~ J . dr+J dr q ~ (817~eT2)

R R

1 If \2 ~f /G d 1 d\

3MT2 ~J drcbeq) + —~jdrqy~—~+dr 4~rpr2~) q

—JJ~ridr
2 q(r1)K(r1, r2)q(r2), (4.40)

where the kernelK is given by

K(ri, r2) = — 4(r1)4~(r2)+ ~5(r~— r2) ~ (4~TPe’~ ] (4.41)

To decideaboutthestability of theconfigurationp~(r)we ask thequestion: Canone find a q(r) with
q(0) = q(R) = 0 which will makeA positive? Or, equivalently,can the expression

— A = Jdr1 J dr2 q(r~)K(r1,r2)q(r2) (4.42)

attain negativevalues?
It is well known that expression(4.42)canreachnegativevaluesif andonly if the “matrix” K(r1, r2)

has at least one negative eigenvalue.If that happensthenA will be positive; there will exist a
neighbouringconfiguration(Pe + ~p) with higherentropyand~ will not bea truelocal maximum.We,



320 T. Padmanabhan.Statisticalmechanicsof gravitating systems

therefore, have to look at theeigenvalueequation forK,

Jdri K(r, r1)F~(r1)= ~Fr(r), (4.43)

and decide when~ can be negative.
As before,let us consider aclassof backgroundisothermalspheres offixed p~and /3 — with different

R. We know that for sufficiently small R, the configurationsshould be stable. This is because,for
sufficiently smallR, kinetic energydominatesover gravity andwe are effectively dealingwith an ideal
gas(we demonstratethis result morerigorously in appendix4.2). Let ~ be the smallesteigenvalue;
then for small enoughR, ~min> o~

Now we increaseR. Let us supposethat theinstability setsin for somelargeenoughR. Then~min

must havebecome negativefor this largeR. It follows from continuity that themarginalstability occurs
for a critical R~at which ~min= 0. For any R slightly larger thanR~we expect~min~ It can be easily
seen thatall configurationswith R> R~are unstable.

To determine thecritical radiusR~we have tosolve the equation

0 = Jdr~K(r, r,)F(r1) = — ~ J dr1 ~(r1)F(r,) + ~ (~+ ~ ~)F(r), (4.44)

or equivalently

[d( 1 -~--“~+-~--
1F=2~ ~= 2V GM(r)

Ldr\4irpr2 dr! Tr2i 3MT2 3MT2 r2

V__Jdri ~(r
1)F(r,). (4.46)

Note that, though V dependson F, V is a constantas far as (4.45) is concerned.We rescalethe
parametersin (4.45) by putting

PePc~’ M(r)=M0m, r=L0x, F=M0f(x), (4.47)

whereall the scalingvariableshave beendefinedpreviously. We now get

did 1 m
2 — + ~)f(x)= —A ~, (4.48)

dxnx dx x x

1 2V

= — 3m(x0) GM~IL0 (4.49)

This equationcan be solvedby the following method: We first note the action ofthe operatorL on
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m(x) and nx3,

2Lm(x)=mlx , (4.50)

~ (4.51)

wherewe haveusedthe relation n’ = — mnix2. This suggeststhe ansatz

f(x) = c
1nx

3+ c
2m. (4.52)

Substitutingthis expressionin (4.48) we get c2 = —(ci + A), so that the solution is

f(x) = c1(nx
3— m) — Am. (4.53)

Given onesolution to (4.48), in the formof (4.53), thesecondindependentsolution, g(x), can be
easilyfound from the Wronskiancondition,

g=fjnxdx (4.54)

It is easilyverified that g(0)~ 0; thereforeg is unacceptable.We only needto work with f in (4.53).
The solutionf(x) behavesas x3 nearx= 0 satisfyingour requirementof a finite forceat origin. The

condition f(x
0) = 0 [correspondingto the constraintq(R)= 0] determinesc1

c1 = rn(x0)A = A (4.55)
nx0—m(x0) u0—1

We now only have to satisfy (4.46). The right handside of (4.46) is

f Fçb dr = ~ J f(x) ~ dx= ~ (f c~nx~~ dx - (A + c~)f m ~ dx). (4.56)

Note that using (4.23) we canwrite

J nx
3 ~ dx = —J n’x3 dx = —n

0x~+ 3m0 =3m0(1— ~u0), (4.57)

I m m~ 12mm’ m~ I
I m—~=——+I dx=——+21 mnxdx
J x x0 J x x0 .)
0 0 0

= —m0v0— 2J n’x
3 dx = —m

0v0+ 2[3m0(1 — ~u0)]= m0(6— 2u0— v0). (4.58)
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Substituting(4.57) and (4.58) into (4.56) we get

GM~IL
1,= c1 3m0(1— ~u11)— (c1 + A)m11(6— 2u11 — v11). (4.59)

Using expression (4.55)for c1 and (4.49) for A this becomes

V Am0 , 2 V 2u~+ u0v1 — 7u5+ 3
= (2u+u v —7u1+3)=—— -, I (4.60)

Gill ~iL1 U0 — I (I 0 3 GM~iL u —

This equation determines thecritial value x for stability. Since V ~ 0, we must have

2 2u
2 + u v — 7u + 3 4u2 + 2u v — ilu + 3

1 + — ° ° ° = ° ° = 0 . (4.61)
3 U~

1l u1—1

This expressionhas asimple interpretation. Consider thederivative of the function A(x) defined in
(4.30). We have

dA d /1 u 3—u—v 1 v
—=—l—(u—~)I=—dx dx\v / V X VX

= i (3u—u
2—uv—u2+~u—fl=—~ (4u2+2uv—liu+3). (4.62)

Comparing(4.61) and (4.62) we notice that thecritical point x,~is the smallestx at which dA /dx
vanishes.From our previousdiscussion,we know thatRE/GM2 decreasesfrom x = 0 to x = XA after
which it beginsto increase.Thus the critical point of stability x~is exactly the same pointas A.

We can, of course, solve (4.61) numerically. Figure4.5 shows the curve C
1 determinedby the

equation

4u
2+2uv—llu+3=0, (4.63)

ç~ 50 00 150 200 2-50 300

— U ~

Fig. 4.5. Graphicalconstruction determiningthe locationof the critical radiusat which the isothermalspheres become unstable.
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superposedon the u—v curve. Noticethat the smallestx at which the u—vcurve and C1 intersectis at
xc = 34.2.

Thuswe reachthefollowing conclusion:Isothermalsphereswith x<xA aretrue maximaof entropy;
thosewith x> xA aresaddlepoints. In order toexpressthis result in termsof physicalvariables,we use
the fact that thedensitycontrastPe(r) “Pc = n0 is amonotonicfunction of x0 for x= xA, n(xA)’ = 709.
We cannow state the final results:

(i) Systemswith RE/GM
2< —0.335 cannotevolve into isothermalspheres.Entropy hasno ex-

tremum forsuch systems.
(ii) Systemswith RE/GM2> —0.335andp,~> 709p~(R)can exist in a metastable(saddlepoint state)

isothermal sphereconfiguration. The entropy extremaexist but they are notlocal maxima.
(iii) Systemswith RE/GM2> —0.335andp~,<709Pe(R)canform isothermalsphereswhich arelocal

maxima ofentropy.
It would be interestingto seewhich configuration inducesthe instability [Padmanabhan1989c].

Clearly A[~p] = A[—~p}. So we will be able to fix ~ponly up to asign (i.e., if ~pinducesinstability so
does —hp). From our solution (4.53)we get

a(x)x2 = df/dx = c
1(2nx

2— mnx)— Anx2

i-, , 2 ,

2’2m/x 2’i—mix—u0’ Anx ‘ m=Anx ( —lJ=nx ( 1= ((3—u0)—— . (4.64)
\ u0—1 / \ v0—1 / u0—1 \ x

Thus the density contrasthp/p = a/n is proportional to(3 — u0) — mix. The patternof
6p/p will be

determinedby the number oftimes &p changessign, i.e., the numberof times~pbecomes zeroin the
interval0<x<x

0.
Thesezeros canbe easily determinedby the following geometricalconstruction,shownin fig. 4.6.

Supposex0 is in the portion LM (stablesolution). We draw a vertical line throughx0 cutting the line
u + v =3 (LM) at N. We then draw a horizontal line through N cutting the u—v curve at x1. Then
a(x~)= 0. [Thisis obvious becausethehorizontalline is just (3 — u0) = v = (m/x)~.]Clearly for x0 in
the rangeLM thereis only one solution; ~p will be like the one in the insetin fig. 4.6.

3C

M —_J
2~O- \xo I

>

I N
1~0

I I L
0 0 20 3~O

— U ~

Fig. 4.6. Geometrical construction determiningthe nature of theperturbation mode.In this case,themode doesnot induceany instability.
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3

Fig. 4.7. Geometrical construction determiningthe nature ofthe perturbation mode.In this case,the modehas a core—halostructureandInduces
an instability.

Supposex
0 is in the range MP of thecurve (fig. 4.7). Then thesameconstructiongives two points x,

and x2 at which a(x)= 0. This is, of course,the range at which our critical solution occurs. In other
words, the modewhich destabilisesthe isothermalspherewill havea patternlike the onein the insetin
fig. 4.7. We mayinterpretthis as having a “core—halo” structure.

4.5. Isothermalspherewith a shortdistancecutoff

The discussionin the last two sectionsshowsthat the isothermalsolutionexistsonly for a restricted
range of parameters;even in this restricteddomain, the solution may not be stable. It is therefore
necessaryto askthe question:How can we bestdescribe systemsfor which the isothermalsolutiondoes
not exist?Do they havesomeother equilibrium state?

It is clear that such an equilibrium state can exist if we take thefinite size of the particles into
account.In the above discussion,we havetreatedthe constituentsof the systemaspoint particlesand
have assumedthe validity of the —r

1 potential all the way up to r = 0. In anyrealisticstellar system,
this assumptionbreaksdown at very short distancesbecauseof the finite size of the constituent
particles. Our earlier study of thetoy models showedthat this feature maychangethe qualitative
behaviourof the system.

Incorporating thefinite size effectsin an exactmanneris adifficult task. However,an understanding
of the effectsdue to the shortdistancecutoff can be obtainedby a simplified analysis firstperformedby
Aronson and Hansen [1972].Theirkey idea is basedon the following observation:The results obtained
aboveare applicable to any systemdescribedby eqs. (4.11). In particular, they areapplicableto a
gaseousisothermalsphere, i.e. to aself-gravitatingideal gaskept atconstanttemperature,describedby
the equationof stateP = pkT[Bonner 1956, 1958]. This idealgasequationignoresthe finite size of the
constituentparticles. However,we can easily incorporate the effects due to thefinite size of the
constituentparticlesby modifying the equation ofstate to a Van der Waals type of equation,

~P’Pm’ (4.65)
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wherePm is a constant determinedby the massandsizeof theindividual particles,which representsthe
maximum density permissiblefor the system. Such a self-gravitating, non-ideal gas in isothermal
equilibriumwill be describedby the equation

1 d (~d pT ) = —4ITGp. (4.66)

r dr p dr 1P”Pm

This equationreplaces(4.11) in the study of effects due to a short rangecutoff. It clearlyreduces to
(4.11) whenPm tendsto infinity.

Wewill assume, asbefore,that the systemis confinedby a sphereof radiusR and that thetotal mass
of thesystemis M. The aboveequationcan thenbeintegratedto give a unique solutionp(r) oncethe
parametersPm’ T, M, Rarespecified.In particular, the centraldensityp(O) = ~ is determinedby these
parameters.

Let us suppose thatwe fix the valuesof Pm’ M and R but vary the temperatureT. Aronson and
Hansenfound the following interesting feature in their numerical study of the system: As the
temperaturefalls below a critical temperatureTc, the centraldensityincreasesabruptly; so doesthe
densitycontrast betweenthecentreand theedge.In otherwords,thesystem developsavery compact,
highdenisty,core surroundedby athin halo.This phasetransitionto acore—halostructureis extremely
sharp.

This phenomenoncanbe understoodby examiningthe natureof thesolutions to (4.66) [Narasimha
and Padmanabhan1989]. We first convert (4.66) into dimensionless formby introducing the scalings

n = ~ t = k(r/R), k= (bq)112, b = (4ITGR2PmiT), q = Pc’Pm’ (4.67)

in termsof which (4.66) becomes

~ (1~qn)2)n (4.68)

The boundaryconditionsfor (4.68) are thefollowing: n(0) = 1, n’(O) = 0. We canintegrate(4.68)with
these boundaryconditions, treating q as a free parameter.This will allow us to determine the
dimensionlessdensityn(t; q) and the dimensionlessmassm(t; q) containedwithin the radius t,

m(t) = dx x2n(x), (4.69)

Thesefunctionsprovide the completesolutionto theproblemif we aregiven thecentral densityp~and
temperatureTas free parameters. However,we are interested in the situation inwhichthe totalmassis
specifiedand not the centraldensity.Therefore, we have to determine thevalueof the centraldensity,
or, equivalently,the value ofq, by imposingthe constraintthat thetotalmassinside the radiusR is M.
This conditioncan be written as

M 1 m(3/b~)
a= =— . (4.70)

4’1TPmR3 b \1b~j
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Given the parametersof the system, a is fixed; this equation, thereforeprovides an implicit
relationship between the(dimensionless) inversetemperatureb and the(dimensionless)centraldensity
q. As we decrease thetemperature,b increases.If thereis a phasetransition in the system,then we
expect a rapid increase in q for a relatively small increase in b near acritical temperature. Or,
equivalently,we expectb to be a slowly varying function of q near thephasetransition. Thus a phase
transition is signalledif we find that b is approximatelyconstant for a range ofvaluesof q.

That such is indeed thecasecan be ascertainedby the asymptoticanalysisof the solutionof (4.68).
The function m(x) ix3 startswith a value ~ nearx = 0 anddecreaseswith increasingx. It can be easily
seenthat nearx = 0,

12 1 25

m(x)ix~x — ~j(1—q)x , (4.71)

while for somewhatlargerx,

m(x)/x=2. (4.72)

Usingtheseasymptotic formsin (4.70) it is easyto determine theform of the function b(q). We haveb

nearly equal to zero(correspondingto avery high temperatures) for q ~3a; nearthis value

b(q)a’~~ a2(i_3a)~ (4.73)

As we increaseq the valueof b increasessteadilyandwe can usethe asymptoticform (4.72) in (4.70)
to determine thefunctional form of b(q). It is theneasyto see from (4.72) that in this intermediate
range, b is essentiallya constant,

b(q)~2ia. (4.74)

This is preciselythe region at which b is a very slowly varying functionof q; aswe reasonedbefore this
featurecan causea sharpphasetransitionmaking q approachrapidly the limiting valueof unity. It is
difficult to obtaingood analytic approximationsfor b( q) when q is close to unity but numericalstudy
showsthat b increasesrapidly (and without bound)as q approachesunity.

The situation can be now describedbetter using b as the independentvariable: At very high
temperatures(b 0), q 3a,which correspondsto a uniform distributionof matterinside the spherical
volume. (In this case,the centraldensity is the sameas the uniform meandensity3Mi4ITR3, and the
densitycontrastis zero.)As we decrease thetemperature,b increasesand so doesq; thiscorresponds
to a steadyincreasein the centraldensityand the density contrast,which is to be expected.However,
when b approaches thecritical value 2/a, q starts to increasevery rapidly with b; that is, when the
temperaturedrops below the critical temperatureT~ GM/2R, which correspondsto b = 2/a, the
centraldensity increasesby a few orders ofmagnitude.The systemwill now have avery compactcore
and a largedensitycontrast between the centre and theedge.The form of the function q(b) is indicated
in fig. 4.8. Figure 4.9 showstwo denistyprofiles at temperaturesslightly aboveand below the critical
temperature;the suddenemergenceof the core—halostructureis obvious.

We saw earlier that theisothermalsphere without ashort distancecutoff cannotexist at tempera-
turesbelow a critical value. The introduction of theshort distancecutoff allows the systemto exist at
any temperature.At low temperatures,it exists in the core—halophase.The modification of the
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Fig. 4.8. Schematicdiagram showing the behaviourof the function Fig. 4.9.The density of an isothermal spherewith a short distance
q(b). Since m(x)Ix for the isothermal solution approaches2 in an cutoff asafunction of theradius.For b = 3.97 x i0

3, thedensityvaries
oscillatorymanner, thevertical branchb(q) 2/a has small oscilla- very little betweenthe centre and the edge; whenb is increased
tions aroundthe line shown. slightly to b = 3.99 X iO~,the density dropsto very low values at the

edge,indicating asharptransitionto acore—halostructure.The value
of q increases from2.3 x 10~to 0.83.

propertiesof the isothermalsphere due to the introduction of the shortdistancecutoff canbe easily
seen in the u—v diagram. Figure 4.10 shows the behaviourof the u—v curves as a function of the
parametera; a = 0 correspondsto the usual isothermalsphere andas we increasethe value ofa the
deviationfrom the isothermal spherebecomesmoreandmore pronounced.Note that the nature of the
curvesis very different fora = 0 and fora ~ 0 irrespectiveof how smalla is.
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Fig. 4.10. The u—v curvefor the isothermalspherewith short distancecutoff; compare withfig. 4.1.
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The above discussionwas presentedin the languageof the canonicaldescription(constanttempera-
ture, no constrainton energy) for ease ofvisualisation.Rigorously speaking,we must considerthe
systemin the microcanonicaldescriptionwith constantenergy.(In otherwords, we shoulddetermine
the temperature parameterb in termsof E just as we determined theparameterq in terms of themass
M.) From theexpressionfor the total energy

E= ~MT—4~Gfrdrp(r)M(r) (4.75)

one can obtain thedimensionlesscombination

= ~ J (3nt2 — 2mnt)dt. (4.76)
GM 2m

0

Eliminatingkbetweenthis expressionand therelationRT/GM
2= [m(k)Ik] ~, onecan obtain theT(E)

curve. This is shownin fig. 4.11 for variousvaluesof the cutoff parametera. Notice that we have now
obtained two regions of positive specific heat: a high temperatureregion along AB and a low
temperaturephase alongCD. They are connectedby a region of negativespecific heat along BC.
Comparingwith fig. 4.4— which describesthe T(E) curve in the absenceof a shortdistancecutoff — we
realisethat thecutoff is crucial to stabilise the systemby introducing thelow temperaturephase. Itis
also clear that thephasetransition in thecanonical descriptionis replacedby a region of negative
specific heat in themicrocanonicaldescription.

3.3 I I I
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27 4YR3Pm
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Fig. 4.11. The T(E) curvefor an isothermalspherewith short distancecutoff. Notice thesimilarity with the T(E) curvefor thetoy modelshownin
fig. 3.1. The cutoff has changedthe nature of theT(E) curve from that shown in fig. 4.4.
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4.6. Meanfield thermodynamicsandcomparisonwith toy models

In section4.4 we obtained theequationsdescribingtheisothermalsphereby approximatingtheexact
expressionfor the phasevolume. This approximationinvolvesreplacinga sumof terms in (4.3) by the
largest one. Clearly, the approximationbreaksdown unlessthe term which is retainedis the local
maximum.

Such a breakdownoccursfor all systemswith A < AC; in this rangethereis not even anextremum
solutionto thevariationalproblem,let alone amaximum solution.Even whenA> A~,wedo not obtain
alocal maximumif n~>709. In eitherof thesecases,the meanfield approximationfails andwe have
to tackle the exact expressionfor phasevolume.

The exact expression(4.1) is divergentfor point particlesbut can be madefinite by introducinga
short distancecutoff. (Such a cutoff is anyway neededto give meaning to the entire exercise.)
Configurations witha closelypacked corewill thencontributesignificantly to (4.1). If no other local
maximumexists, thenthe equilibrium configurationwill be onewith sucha compactcore.

WhenA> A~andn~1<709, the meanfield analysisremainsvalid. (In fact this is the only regionin
which it is valid; the portion of theu—v curvebeyondthe pointof stability is not physically relevant.)
However,this validity restson the tacit assumption that(4.1) is madefinite by a suitableshort distance
cutoff. Thus in (4.3) two kinds of configurationsmakelargecontributions: theisothermalsolutionand
theconfigurationsin which partof the matterexistsasa very compatcore. Onecannotdecideapriori
which of thesetwo occupy the largerphasevolume but it is likely that the latterone does.In other
words,the local maximumof theentropyis not theglobal maximum. (Thisresultis, of course,obvious
in the limit of zero cutoff;and hence,it shouldbevalid for sufficiently small cutoff aswell.) In sucha
case, theisothermalsolution will represent avalid metastableconfiguration thoughwe expect the
systemto eventuallyslide back to thecompactcoreconfiguration.

The thermodynamicsof this system cannow beeasily analysedusingthe T(E) curvesof figs. 4.4 and
4.11. From ourdiscussion aboveit is clear that the portion of thecurve in fig. 4.4 beyondthe pointC,
for which x~= 34.2 andn~1= 709, is irrelevant becausethe meanfield approximationbreaksdown
there.In fact, this region getsmodified when the short distancecutoff is introduced,as shouldbe clear
fron~ifig. 4.11. These curvesin fig. 4.11 are very similar to what we have seen in thetoy models:The
short distancecutoff introducesa low energyphasewith positive specific heat; thetwo regions of
positivespecific heat areconnectedby abranchwith negativespecific heat. Thecharacteristicenergies
for the phasesare setby thecutoff sizes:R and ashort distancecutoff a. Most astrophysicalsystemswill
be foundwith energiesin the middle range,with negativespecific heat.

We found— in our studyof the toy models— that thenegativespecificheatregionof themicrocanoni-
cal descriptionis replacedby a phasetransition in thecanonicaldescription.The same featurearisesin
the model studied in thelast section.If we startwith the high temperature,high energyphaseof the
systemand reduce the temperatureit will soon reach a point atwhich the T—E relation becomes
multivalued;i.e., we have differentE for the sameT. At this moment, thesystemreleases theexcess
energyas latent heatandmakesa transition to thelow temperature phase.This transitionis extremely
sharp.

The mean field thermodynamicsthereforeconfirms our earlier claimthat the behaviourof self-
gravitatingsystemsis analogousto the behaviour oflaboratorysystemsundergoingphasetransitions.
The universalbehaviour of theT(E) curve for gravitatingsystemsis reminiscentof the universalityof
behaviour seen innormal phasetransitions.

Lastly, we commenton the implications of the aboveresult for thedynamicalevolution of the
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systems.As we mentioned earlier, theequationsdescribingthe isothermalspherecan also be derived
based on certain intuitive considerationsrelated to the dynamical equation (4.14) governing the
evolution. In this approach, thefollowing question becomes relevant:How doesthe evolution of the
systemdependon the valueof A? For the sakeof definitenesswe will assumethat theC(f) in (4.14) is
given by the Fokker—Planckterm. (This equationwill be discussedin detail in chapter5.) Though
analytic solutionsare notavailable,the following qualitative descriptioncan be given. (For theanalysis
of the dynamical evolutionsee Inagaki [1980],Lynden-Bell and Eggeleton [1980],Lynden-Bell and
Inagaki [1983],Larson [1970a,b}, Hachisuet al. [1978],Cohn [1980];alsoseethe review by Elsonet al.
[1987]and thebook by Spitzer [1987].)

Consider thecasewith RE/GM2<0.335first. Here theevolutionproceeds withoutever reachingan
isothermalconfiguration.We expect avery inhomogeneous“core—halo” final state tobe reachedin a
time scalegovernedby the collisionalprocessesoperatingin the system. Thetwo-bodyrelaxationtime
tR determinedby C(f) provides anaive estimate forthis process.In reality, the relaxationproceeds
much moreslowly because thetemperaturegradientin the centralpower law zoneof thestarclusteris
extremly slight.

Now considerthe casefor which RE/GM2> —0.335 andp~/p(R)> 709. This situationis somewhat
involved. In thefirst phaseof the evolution, C(f) can drive the systeminto theisothermalsphere state.
Onceit is reached,no first orderperturbationcan increaseS. (This is in contrast tothe previouscase,in
which a first order increaseof S is possiblefor suitableperturbations.) Whatis more, the Fokker—
Planck termC(f) vanisheswhenf is a Maxwellian distribution. [This is a feature sharedby several
otherreasonableC(f)’s.] Only a secondorderperturbationof a particular kind(discussedin the last
section)can drive the systemalongthe valley of the saddlepoint. It seemslikely that thetimescalewill
now increaseand will be some tlR> tR. It must be emphasisedthat this argumentpresupposesthe
existenceof a local description for the collisional processes.In reality, the collisional processes
operatingin starclustersarehighly non-localand the estimateof the timescale~

1P. is a far moredifficult
problemthanindicated by the simple argumentspresentedabove.

Lastly, considerthe casefor which RE/GM
2> —0.335but p~<709p(R).The systemwill againreach

the isothermalconfigurationin the first phaseof evolution. But now evensecondorder perturbations
cannotincrease5; C(f) is alsozero becausef is Maxwellian. Onlya large randomfluctuationcandrive
the system out of this local maximum of entropy. The timescale for this phenomenoncould be
exponentiallylarge.

Appendix4.1. The variationalproblemfor the entropy

Considerfirst the class of all f(x, v) with a fixed E, M and p(x). Fixing p(x) fixes M, ~e(X)and U.
Since E is alsofixed, K = E — U is fixed. Thus extremisingS subjectto constantp(x) andE is thesame
as extremisingS with constantp(x) andK. Introducingtwo lagrangemultipliersA(x) and /3, we havethe
variation

~

= —f d3x d3v((ln ef)~f+ + A ~f+ ~/3v2sf). (4.77)
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Equating thecoefficientof f to zero, we get

f= exp{—[A(x) + I] — ~$v2}. (4.78)

The multipliers A(x) and/3 have to befixed in terms ofp(x) and K. Doing this, we can write f as

f(x, v) = (2ITT)3’2p(x)exp(—v2/2T), (4.79)

with T= 2K/3M. From thecoefficientof (~f)2,we seethat this is a true maximumfor S. The maximum
value of S can be obtainedby substituting(4.79) into the expressionfor the entropy.We find

Smax(p(x);K)= ~Mln T—Jd3xplnp+constant. (4.80)

Equation (4.80) gives the maximum value of the entropypossible for given p(x) and K; or,
equivalently, for a given p(x) and E. This maximum is achievedwhen thevelocity distribution is
Maxwellian.

We nextvary K andp(x) keepingEandM fixed, soas to find thep(x) for which (4.80) is extremum.
From the constraint

0~E~K+ ~ ~M~T+fd3x(p+~p~cb) (4.81)

we find that

~T=—~Jd~x(cb6p+ ~p~4). (4.82)

In arriving at (4.82) we have used thefact that f 4 ~pd3x = S p 64 d3x. From (4.80) we have

6S= ~ (4.83)

substitutingfor ~T from (4.82)and imposingthe~M= 0 constraintby a lagrangemultiplier a, we have
the variation

~iS+ a ~M= —f d3x ~p [ln(pe) — a + 4/T] — Jd3x~ + (~)2)

— ~jT (_~fd3x(~P+~p~cb))

—f d3x ~p [ln(pe) — a + cb/T] +
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wherethe second variationof S is

~2sfd3(~P~ (s)) 3MT2 (fd3x~p)2+o(~.)3

=_fd3x(~~ ~~2)_ 3~T~(fd3x~p). (4.84)

This is our basic result. The extremumis decidedby settingthe coefficient of ~p to zero; whether the
extremumis a true maximum is decidedby the sign of ~

Appendix4.2. Stability ofsmall isothermalspheres

We will prove here that forsmall R (i.e. for R < R
1 with some specified R1), A(a) is negative

definite. To do this, we will showthat forsmallR, the secondand third termson the right handsideof
(4.34) are negativedefinite.

Consider thefunction

Q = M0c(nx
3— m) = cmM

0(u— 1) , (4.85)

which is the same as F = M,,f with A = 0. Therefore,Q satisfiesthe equation[see(4.45)]

d 1 d — 4ITG
—(~—)Q--~Q. (4.86)
dr pr dr Tr

We know from our previous analysis that Q ~ m(u — 1) behaveslike 2m nearx= 0 (u = 3), and
becomeszero whenu = 1. The first zero (after thetrivial x = 0) occursat x = x1 8.2. Let us call this
radiusR1.

Thus for R= R1, Q may beconsideredthe eigenfunctionof the eigenvalueequation

d ldQ 4irG
— (~~)= —r 2 (4.87)
dr pr dr Tr

with eigenvaluer = 1. Since Q has no modes it is the first eigenvalue.But the eigenvalueproblem
abovecorrespondsto minimising the expression

H=J4— (~)dr/J~ çdr. (4.88)

Thereforewe conclude:The minimum of H is ~mjfl = 1. From (4.34) we get

A[a] = - 3MT
2 (f dr ~q)2 - ~I dr ((-1) ~‘q + 8~pr2)
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= - 3MT2 (f dr ~q)2+ f dr~(~-__

= — 3MT2 (J dr — ~- f dr(-~q’2 — ~ ~)
R

1

= - 3MT
2 (J dr - ~— J dr 4~q2(H-i). (4.89)

Since H> 1, A[a] is negativedefinite. Thus all isothermalsphereswith R< R
1 are stable.

5. The approach toequilibrium: collisional relaxation

5.1. Introduction

The study of the equilibrium propertiesof gravitatingsystemspresentedin the last threesections
restson the following tacit assumption:If the systemis set up at someinitial instant in an arbitrary
configuration, then it will approacha suitable equilibrium configuration of maximum entropy at
sufficiently late times. Thetime takenby the systemto approachthe equilibrium configuration (within
somereasonable accuracy)is usuallycalled the relaxation time,tR, for the system.To understand how
thesystemapproachestheequilibrium configurationwe needto study thedynamicalevolution of the
systemfor t<tR.

This is a consequentlytougher taskthanthe studyof equilibriumpropertiesand often requires avery
different description. For systemsdominatedby gravity there are some new difficulties, not en-
countered inothersystems:(1) In the non-gravitatingsystems,like neutral gasesand plasmaswith
Debyeshielding,the relaxationusually proceeds through“collisions”. The conceptof collisions is well
definedfor such systemswith short rangeforces. As we shall see, thisis not the case forgravitating
systems.(2) It is knownthat self-gravitatingsystemsrelax througha processotherthan thecollisional
relaxation; a process usuallycalled “violent relaxation” [Lynden-Bell1967]. Since violent relaxation
operatesat a timescalemuch shorter than the collisional relaxation timescale, this could be the
dominantprocessin severalastrophysicalsystems.The dynamicsof this process,unfortunately,is not
yetwell understood.(3) Thecollisional relaxationtime for severalastrophysicalsystemsis largerthan
the ageof theuniverse.This impliesthat, from a practicalpoint of view, weneeda detaileddescription
oftheevolutionprior to the relaxation.In contrast,mostof thepropertiesof laboratorysystemscanbe
understoodin termsof equilibriumor quasi-equilibriumconfigurations becauseof their shortrelaxation
times.

In this chapterwe will discussthe collisional relaxationof gravitatingsystems;violent relaxationwill
be takenup in chapter6. The emphasisin both thesechapterswill be on conceptualissuesand on
questionswhich arestill open.
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5.2. The descriptionof dynamical evolution

The equilibrium propertiesof the system can be directly related to thevolume occupiedby the
systemin phase space.To studythe approach to thisequilibrium configurationwe need more detailed
information. It is usualto providesuch information in termsof the distributionfunctionsin the phase
space. In particular a one particle distributionfunction f(x, v, t) can be definedby the relation

dm=f(x,v,t)dxdv, (5.1)

wheredm is the masscontainedinside the phasecell (x, v; x+ dx, v + dv). Onecan equivalentlylook
upon f(x, v, t) as proportional to theprobability for finding a particlein the specifiedphasecell.

If no further restrictions are puton f, then it is possibleto write down distributionfunctionswhich
contain the completeinformation about thesystem.For example,considerthe function

fexact(X, v, t) = m ~ ~(x— x,(t))6(v — v1(t)), (5.2)

where (x(t), v(t)) is the actual phase spacetrajectoryof the systemobtained,say, by integratingthe
equationsof motion. This function satisfiesthe equation

(5.3)

where4~ex(X,t) is the exact gravitationalpotential of the systemdeterminedby the equation

V
2~ex(X,t) = 4~G f fex(” v, t) dv. (5.4)

The abovedescription,while being technicallycorrect,is uselessfor any practicalpurposes.To write
down (5.2) we either need theexact trajectoriesor we need the solution to (5.3) and (5.4) for an
arbitraryinitial condition [corresponding to(5.2) evaluatedat t = 0]. Eitherof thesetasksis impossibly
difficult for a realistic system.

If we haveto make anyprogressusingdistributionfunctions,thenit is necessaryto disregardsuch an
exactdescriptionin terms of deltafunctions andconfineour attention tofunctionswhich aresmooth.
This approximationinvolvesthe following physical assumptionabout thesystem:It is possibleto divide
the phase spaceinto a large numberof cells in sucha way that eachcell is (a) largeenoughto containa
macroscopicnumber ofparticlesbut (b) smallenoughfor all the particlesin the cell to beassumedto
possessthe sameaveragecharacteristicsof the cell. If suchan intermediatescaleexists for the cell size,
then we can definesmoothdistribution functionswhich are useful. In particular, such a distribution
function will be smoothover distanceslarger than the meaninterparticledistancelim n”3 —=(41TR3/

3N)~’3,whereR is the size of the systemcontainingN particles.
We canassociatewith suchasmoothdistributionfunctionfsm(X,v, t) a smoothgravitationalpotential

4~sm(X,t) through the equation

V2~sm(X,t) = 4~G f fsm(X, v, t) dv. (5.5)
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The centralissue,of course, is the following: What is the equationsatisfiedby fsm’? If we ignore the
granularityof the system,thenwe know thatfsm and 4~smaregood approximationstOfex and ~ex;in this
limit, we expect fsm to satisfy an equationsimilar to (5.3). It is, therefore,convenientto write the
equationsatisfiedby fsm in the following form:

~ (5.6)

The right handside describesthe effectsof granularityin thesystemandit is conventionalto call C( f)
the “collision” term. To studycollisional relaxationwe needto obtain the form ofC( f) in somemore
suitableapproximation.

While the intuitive ideasinvolved in the above approachare certainly correct, it is not easy to
translate theminto a rigorous derivationof C(f). In fact, we would expectthe nature ofC(f) to
dependvery muchon the mannerin whichfsm is definedin termsof fex or, equivalently,on the detailed
physical assumptionsgoverningthe length and timescalesover which fex varies. For systemsgoverned
by short rangeforceswith rangeA, the quantity C(f) can be derivedby an iterative expansionin the
“diluteness” factor(A/I) (see,e.g.,Lifshitz andPitaevskii[1982],section16); for systemsinteractingby
long rangeforcesthis method cannot be carried over inastraightforwardmanner. An alternative(but
related)methodof derivation,which startswith the N-dimensionaldistribution function and truncates
the resulting BBGKY hierarchy of equations,also failsbecauseof lack of a clear separationof the
varioustimescales.One may evenquestionwhetherit is at all possibleto obtainsensibleequationsfor a
smoothed out distributionfsm because,in the collisionlesslimit, Hamiltonian evolutiontendsto convert
anysmoothdistribution into a fractal-like structure.

Many of theseissuesare still unsettled and hence thediscussionin this chapternecessarilyis less
definitive compared toearlier chapters.In order tohighlight the controversies,it seemsworthwhile to
attack this problemfrom two very different angles. In the next threesections,we will discussthe
derivationof C(f) by analysingthe physicalprocesseswhich contributeto it from first principles. In
section5.6, wewill discussa formal derivationof C( f) by actuallycomputingit as due to thedifference
betweenfex andfsm~

5.3. Relaxationtimefor “hard” and “soft” collisions

In the absenceof the collision term C( f), the evolution of fsm is governedentirely by the smooth
meanfield 4~smand theparticlesin the system followorbits availablein this potential.The collision term
C affects thissmoothevolutionin two differentways:(i) The actualpotential feltby any particle at any
instantis 4ex and not4~sm~As the configurationchangesin time we expect the potential feltby the
particle tofluctuatearound the mean potential.Comparing(5.3) and (5.6) weseethat thisfluctuation
betweenthe actualpotential and the smoothedout potentialcontributesto C(f). This random force
inducesa diffusion in velocity space.(2) Every oncein a while two particlesin the systemwill come
very close to eachotherand scatterwith a significantchangein their momentum.Such effects,which
clearly agreewith our intuitive notion of “collisions”, must also contribute toC( f).

It is clear that the relaxationof thesystemwill proceedessentiallythroughtheprocesswhich actsat
the shortertimescale.For gaseoussystemswith short rangeinteractions,the first processdescribed
above(usuallycalled “soft collisions”) doesnot makeany contribution.Since the forcesare of short
range,the smooth meanfield vanishesfor such systems.The relaxationproceedsentirely through the
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second process(“hard collisions”). Two gas moleculeswill be scatteredwith a significant changein
their momentum if they are closer than the rangeA of the molecular interaction.This gives the
relaxationtime for gaseoussystemsto be tR (nA2v)’, wheren is the number density andv is the
meanvelocity. The relaxationtime for “hard” collisions of gravitatingsystemscan be estimatedin an
almostidentical manner.When two particlespasseachotherwith an impactparameterb, the velocity
changeinducedin the particleswill be about

Gm 2b 2Gm
(5.7)

Clearly “hard” collisions (isv -~v) occurwhen the impactparameteris less than

bhard RIN. (5.8)

The rate ofsuch collisions will be ~ so that the relaxationtime for hard collisions is

1 R31N2 R
tRhard= 2 — — 2 = N — . (5.9)

nvbhard N v R v

Overtime scalest < tR•1l~~ hard collisions can indeed relax agravitatingsystem.Sincethis processis
similar to the one in molecularkinetics, it can be studiedby a collisional term similar to the usual
Boltzmanncollision term.

It turnsout, however,that the softcollisions canrelax thegravitatingsystemat a shortertimescale,
therebyrendering the hard collisions describedabove a secondaryeffect. We shall see in the next
sectionthat thefluctuating force which acts on eachparticleis dominantlyof magnitudeGm2N213/R2
and that thetimescalegoverning the fluctuationsis about tfluC N~3R/v.Such a randomforce will
give random “kicks” to the particleinducingthe particle to perform a randomwalk in velocity space.
(Each encounterlasts for about a time tfIuCt -~N~3R/v,which is quite small comparedto the
dynamical timescaletdyn R/v.) The cumulativeeffect of all the randomkicks which occurin a time
interval i~t(chosensuch that tfluCt 4 t~t4 tdYfl) is to producea mean squaredisplacementin velocity
spaceof the order of

((~v)2)= {(~v)2in a softcollision} x {no of encountersin a time~t}

r 2
/ 2Gm \

= J ~—~--—) f(v) 2i~bdb v dv ~t, (5.10)

where f(v) dv is the number ofparticles in the range(v, v + dv). The integration overv can be
performedgiving

G2m2Jf~ f ~ ~t= G2m2 ~ ~tf~, (5.11)

where we havedefineda meaninversevelocity iJ. The integral overb divergesfor both smallandlarge
values of the impact parameter— a difficulty directly related to thelong range natureof gravity.
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Introducingtwo cutoffs bmax and bmjn, this integralcan be expressedas

((&)2) = G2m2~ lfl(bmax/bmin) L~t. (5.12)

The value of bmjn and bmax has to bedecided by extraneousphysical considerations,which are
necessarily adhoc.[In a rigorous derivation of C(f) this problem should not arise.] Since the
assumptionof “softness” breaksdown at b < bhard R/N it is physially reasonableto takebmjn R/N.

The choice of bmax is plaguedby severalconceptualproblems(see, e.g., Lee [1968],Davidsenand
Ostriker [1968],Kandrup[1980],PrigogineandSeverne[1966]).Astudyof the natureof the fluctuating
forces,discussedin the next section,suggeststhat it is reasonableto take bmax R/N1~. There is,
however,anotherschoolof thought,which maintains thatit is more appropriate to takebmax R/N.
We will commenton this issueat the end ofsection5.4; right nowwe shalltake bmax R/N”3. Then we
get

(~v)2_ G2m2 /R/N113\ /1nN~L~t (GM\2 ~t lnN
___ _ n i~tln~

1,R/N ) = ~ -j~j-j~ ~-j —k-. (5.13)

The relaxationtime for soft collisions canbe estimatedby calculatingthe time it takes for themean
squarevelocity ((i~v)

2)to grow to a value —v2. This takesa time

NR
tR,soft = (5.14)

which is smallerby a factor lnN than tR,hard in (5.9).Thus the dominantcollisional effect in gravitating
systemsis slow diffusion in velocity space.This is the processwe should describeby the C( f) term
[Chandrasekhar1943, 1944; ChandrasekharandVon Neumann1942].

The qualitativediscussionpresentedaboveidentifies threeimportant lengthscalesof the system:(i)
R/N,which is the impactparameterfor hardcollisions; atdistancessmallerthanthis, the correlationof
the particlesis significant; (ii) R/N~113~,which is the meaninterparticle distance; this is the distance
scale which contributesmost to the fluctuating force. This is also the scale over which we have
smoothedout theexactdistributionfunctionto obtain our fsm (iii) R, the sizeof thesystem.Roughly
speaking,the hard collisions dominatein the range (0,RIN), the soft collisions operatein the range
(R/N,R/N113)and the mean, smoothed outpotentialoperatesin the range(R1N113,R).

5.4. Thenatureof thefluctuatingforces

The tentative estimates made in thelast section suggestthat the crucial relaxation effect in
gravitatingsystems arises due to the fluctuating forceacting on the particles.The magnitudeand
timescaleof thisfluctuatingforce can be estimatedby simpleprobability considerations[Chandrasekhar
1941].

Considera systemofN particles, locatedwithin a regionof radiusR. Let the massof eachparticle be
m and let the position of the ith particle be r

1. To understand the nature of the fluctuating forces it is
best to concentrateon a particle locatedat the origin. Since the smoothed out meanforce on this
particle vanishesdue to symmetry, any force acting on the particle will be due to a fluctuation away
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from sphericalsymmetry.The instantaneousforce felt by a particle located atthe origin will be

F=~-~~r1sn>~F1. (5.15)

We are interestedin the probability p(F) dF that thisforce F has a particularvalue in the range
(F, F + dF) at anygiven instant. This P(F) can be relatedto probabilityp(r~)that the ith particleis at
r, in a simple manner,

P(F) dF = dF f fl p(r1) dr1 8(F — ~ F1(r1)). (5.16)

[We haveassumedthatthe positionsof theparticlesareuncorrelated,so that H~p(r1) is the probability
for the configuration(r1, r2, . . . , rN) to occur.] The easiestway to evaluate(5.16) is to usethe Fourier
transfromof P(F),

P(k) f P(F)exp(ik F) dF

= f (~,p(r1) dr1) exp(ik. ~ F1)

f p(r1) e~’dr1 = (f p(r) etk~T> dr). (5.17)

To proceedfurther we needan estimatefor p(r). We expectthis quantity to be proportional to the
meandensityp(r). The simplestdescriptionwill correspond to a constant mean densityimplying thatp
is a constant forr~<R; i.e., we take

P(r) = constant= 3/(4irR
3) . (5.18)

We are ultimately interestedin the limit in which R—s~and N—*~keepingn =3N/4irR3 constant.
With this limit in mind we write

N ~ (43)~rR3n(f p e’~dr) = (1 — 4~R3f(1 — e1~) dr) (5.19)

As R—~cothis expressionhasthe following limit:

p(k)= exp(_nf (1 — e~)dr) exp[—nC(k)j. (5.20)

We can evaluateC(k) by standardmethods;we get

C(k) = ~ (2irGm2)312~k~312(F
0k)

3121n, (5.21)

wherewe havedefined F
0 as
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2/3 Gm Gm

F0=2ir(4/i5) -~7~---2.6~113 2~ (5.22)

Note that F0 is typically the force exertedby a particlelocated at the meaninterparticledistancen~’
3

from the origin, i.e., theforce due to atypical “nearestneighbour” located atdistanceR/N113. Using
(5.21), (5.20) and (5.17) we get

P(F) = f dk~exp[—ik . F — (F
0k)

312]. (5.23)
(2ir)

This integralcan be representedin a moreconvenientform aftersometransformations[Chandrasekhar
1941, 1943]. If we write

P(F)dF 4’rrP(F)F2 dFso W(F)dF, F = Fl, (5.24)

thenW(F) can be expressedas

W(F) = F~1H(F/FO), (5.25)

H(y) -~- J dx (xsinx) exp[—(x/y)312]. (5.26)

This function H(y) hassimple asymptotic forms,

14y2/31T, asy—+0,h(y)~
1(~)(2/)1/25,2 asy—~. (5.27)

Correspondingly,W(F) has theasymptotic forms

(4/3irF~)F
2 asF—*0,

W(F)~ (5.28)
(‘~)(2/ir)2F~2F512as F—~~

The function W(F) startsat zero;increases,reaches amaximumat i.6F
0 anddiesdown for largeF. In

other words,mostof the force comesfrom the nearestneighbourlocated at the meandistanceRIN
1’ ~.

The calculationof W(F) was basedon the assumptionthat theparticlesin thesystemaredistributed
in an uncorrelated manner.This assumptionclearly breaksdown at distancessmaller than R/N
correspondingto forcesgreaterthanFmax Gm2/(RIN).Thus oneshouldnot trustW(F) for F> Fmax~

The above discussiondemonstratestwo importantcharacteristicsof .frandom: (i) It originates because
of the graininess in the system. Note that as n—~~, F

0 —~ and P(k) vanishes.(ii) Most of the
contribution to thefluctuating force arisesfrom within the rangeof distances(RIN, RIN”

3). At
distancessmallerthanRIN, we cannottreatparticlesas uncorrelated; fordistancesmuch largerthan
R/N1’3, P(F) becomesnegligible.

This resultcan be generalisedin different says.For example,P(F) can be computedin a similar
mannereven if the meandensityis not aconstant butfalls as r ~° (with p <3); the qualitativenature of
the resultsis not changed[Kandrup1980; Ahmed and Cohen1973]. Mostof the fluctuatingforceis still
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contributed by the nearest neighbour. The result is not sensitive to the total number of particles in the
system either; numerical evaluation shows that the result for N = 50 differs from the result for N =

only by ten percent; for N -~--1000 the agreement between the results is excellent.
The above facts suggest that the conclusions we arrived at regarding the nature of the fluctuating

forces are not sensitive to the detailed assumptions made in the calculation. In particular, the results
will be true even for a particle located away from the origin, as long as there are a reasonable number
of particles (about 50 or so) surrounding it.

To have a complete picture of the fluctuating force,we also need toestimatethe timescaleover
which the fluctuation lasts.That is, we needto know the “lifetime” of eachconfiguration.This issue,
however, is more complicated and still remainssomewhatcontroversial.An exact calculationof the
lifetimes of the fluctuations would require a computation in phase space, which is difficult to perform.
But one can evaluate the probability P(F,dFldt) for the simultaneous occurrence of a force F and the
rate of change of the force (dFldt) by doing the calculation in configuration space itself. From this
probability, one can define a timescale T(F) by the relation

IF~T(F)= . (5.29)
VK I dF/ dt 2

Detailedcomputationshowsthat T(F) has thefollowing simple asymptotic forms[Chandrasekhar and
Von Neumann 1942]:

ItfIUC/
3 , /341

T(F) = t\/~tfIUC/3 /3 ~> ~, (5.30)

/3 = F/F

0, tfluCt = (30~3)hb6~ (5.31)

[Theseasymptotic forms are very good approximations to the exact expression. If we use the first form
for /3 ~ (15 /8)1/3 and the secondform for /3 � (15/8)”~then we will incur only a maximum error of
abouteight percentcomparedto theexactresult.] We notice that thelifetime for both smalland large
fluctuationsin the force is negligibly small. The longesttime any particularconfigurationlastsis about
~ which is about RIN”

3v.

If this were to be the wholestory, thenwe mayconcludethat thetypical distancescalefor dominant
encountersis aboutRIN”3. Unfortunately, the timescale T(F) computedabovemaynot be the relevant
timescaledeterminingthe effect of the encounters.The reasonis as follows: Eventhoughmost of the
powerof the fluctuatingforce may be concentrated around the frequencyT(F) ‘, the starsmay not be
able to absorband respond tothis high frequencypower. Thus we should actuallyinvestigatethe
frequency band towhich the starscan respond.(This may be thoughtof as a resonanceeffect in phase
space.)Such an investigation, however,is muchmore complicatedand theresults,in general, depend
on the specific systemwhichis being studied.(For one exampleof sucha study,see BinneyandLacey
[1988].)Theeffects arisingfrom frequency matchingin phase spacecan easilymake thetimescaleT(F)
discussedabove irrelevant.

We argued in thelast sectionthat the fluctuating forces induce a randomwalk in velocity space
leading to (~v)2 t. It may seem that theabove calculationjustifies this assumption because
t
11~4 t()1~1~j~= R/v; we can indeed consider a time scale tXt such that t~ 4L1t4 tOrbit and use the
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diffusion aproximation.This argument,however, is not quite correct becausetfluc, definedthrough
(5.29),maynotbethe relevantquantity to characterisethe randomnatureof theforce.This difficulty is
revealedby the following calculation:Thevelocity incrementAvacquiredby a star in atime interval T
is

~v=JdtF(t), (5.32)

whereF(t) is the random forceacting on thestarat time t. From(5.32),it is easyto obtainthe relation

((~v)2)=2Jdt[dt’ (F(t).F(t’)). (5.33)

If the correlationfunction (F(t) . F(t’)) dependsonly on the timedifferences = t’ — t, then(5.33)can
be convertedto the form

K(~v)2)=2fds(T_s)KF(0).F(s)). (5.34)

Furtherprogress dependson thes-dependenceof (F(0) . F(s)). If the correlationdecreasesfasterthan
~ thenwe can takethe limit (T—÷co) in the above expressionand obtain the standard result

((~v)2)= 2TJ ds (F(0)F(s)) T. (5.35)

Thus, in order to verify that our diffusion approximation is valid, we should actually compute
K F(0) . F(s)) ratherthan T(F). Exactevaluationof this function is difficult. It can be evaluatedif we
maketheapproximationthat eachstarfollows a linear trajectoryin the time interval (0,s) [Lee1968].
Then we get

(F(0) F(s)) = f dv f(v) f dr Grn2r Gm2(r+ vs) (5.36)r Ir+vsl

If the r-integrationin (5.36) is confinedto a bounded regionof spacethen K F(0) . F(s)) will behaveas
s~2for larges andwe arejustified in usingthediffusion result.But if weintegrateoverthewhole space
then we get ans~behaviour.Writing

f dr-c. ~‘“~ =_fdrr.(-c 1 )+Jdr 1 v.(-c), (5.37)
r lr+vsl r lr+vsl lr+vsl r

it is easyto showthat

(F(O).F(5))=4~m ~. (5.38)
Ky) s
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In this case,we cannot obtain(5.35) from (5.34) and thediffusion approximationfails.
The fact that the force correlations die down too slowly for (5.34) to converge suggests that our

argumentsbasedon the time offluctuationsarerathernaive.This fact has led to the pointof view that
the validity of thediffusion approximationrestson the r-integralin (5,36) beingrestricted to thesize of
the system. It is easyto see that thiscorrespondsto the choice bmax= R in the earlier calculation.

In a rigorousderivationof the collisional equation thisdifficulty should disappear.We shall discuss
this point again in section5.6; right now we will proceedwith the derivation of C( f) basedon the
diffusion approximation.

5.5. Fokker—Planck descriptionof the collisional evolution

The discussionin the last two sections suggetsthat theeffectof soft collisions may be describedby a
diffusion processin velocity — or, equivalently, in momentum— space.Such a diffusion processis best
describedby a (diffusion) current J(p) in momentumspace.This currentcharacterisesthe flow of
particlesfrom one region of momentumspaceto another.The evolution will then bedescribedby the
equation

(5.39)

In a pure diffusion process,the currentwill be proportional to the concentrationgradient; in the
present case, we will therefore expect a term in J”, which is proportionalto, say, ôIfI~va.However,it is
easyto seethat ja shouldalso containsomekind of dampingterm, proportional tof. In the absenceof
such a damping mechanism the diffusion term will lead to a monotonic increase in mean square velocity
of all theparticles,which is clearly unphysical.The secondterm, which leadsto the damping of the
velocities is usually called the “dynamical friction” term.

The relativerole of these two terms and the nature of theevolutionpredictedby theFokker—Planck
equationcan be understoodfrom a simplified version of (5.39). This simple model possessesan exact
mathematicalsolutionand thus illustratesclearly the effect of the ~9JaI~9paterm. Consider the equation

ôf(v, t) lot = (OIov)[(av)f + ~cr2 e9f/ov] — OJIô1v , (5.40)

in which the form chosenfor J has two terms; the secondterm ~a’2 OfIOv has the standardform of a
“diffusion current” proportional to the gradient.As time goes on this term will causethe meanspace
velocities of particles to increase in proportion to t, inducing the “randomwalk” in velocity space.
Under theeffect of this term,all the particles in the system will have their K v2) increasingwithout
bound. This unphysicalsituationis avoidedby the presence of thefirst term (cvvf) in J. This term acts
as a friction term (“dynamical friction”). The combinedeffect of the two terms is to drive f to a
Maxwellian distributionwith /3 = (kT)’ = ~2 In such a Maxwellian distribution theincreasein zXv2
due todiffusion is exactly balancedby the lossesdue todynamicalfriction. When two particlesscatter,
one gains the energy lostby the other; the onewhich has lost energyhas undergone“dynamical
friction” while the onewhich gainedenergyhas undergone “diffusion”to higher v2. The cumulative
effectof suchphenomenais describedby thetwo termsin J(v). We shall seebelow that thesetwo terms
arisetogetherwhenJ(v) is derivedfrom first principles.

The abovepoints can be easilyillustrated by solving (5.40). Supposewe take ainitial distribution
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f(v,0) = ~(v— v0) peaked at avelocity v0. The solution of (5.40)with this initial condition is

f(v, t) = ( 2 a -2at )112 exp(_a(v — ~0~:?2)~ (5.41)

iru(1—e ) a’(i—e )

which is a Gaussianwith the mean

(v)=voe_as (5.42)

and dispersion

Ky2) — Ky)2 = (a’2/a)(i — e2a1). (5.43)

At late times (t —~ ce), the meanvelocity K v) goesto zerowhile thevelocity dispersion becomesa’21a.
Thus the equilibrium configurationis a Maxwellian distribution of velocitieswith this particular
dispersion,for which J = 0. To seethe effect of the two termsindividually on the initial distribution
f(v, 0) = ô(v — v

0), we can set aor a’ to zero. When a = 0, we get purediffusion,

/ 1 \h12 / (v—v0)
2\f~

0(v,t)=~ 2) exp(\— 2 )~ (5.44)2irrrt 2a’tNothing happensto the steadyvelocity v0 but thevelocity dipersion increasesin proportion to trepresentinga randomwalk in velocity space.On theother hand,if we seta’ = 0, thenwe get

f~0(v,t) = t5(v — v0 e_as). (5.45)

Now thereis no spreading invelocity space(no diffusion); insteadthe friction steadilydecreases(v).
We shall now take up the rigorous computationof J(v) and showthat it has two terms— one

proportionalto of/Ov representingdiffusion and theother proportional tof representingdynamical
friction [Lifshitzand Pitaevskii 1982; Padmanabhan1988].

To do this we haveto essentiallycomputethediffusive flux currentJC~(p”) in momentumspacedue
to soft collisions. We shall first parametrise thebasiccollision betweentwo particlesin a convenient
manner.Considera collision in which two particleswith momentap1 andp2 scatterto momentap’1, p.
This event can be characterisedby the set of vectors (p1,p2, p, p). However, since scatterings
conservemomentawe cando awaywith onevariableby introducingthemomentumtransferq anduse
the set (p1,p2 p1 + q, p2 — q). It turns out, however,that a moreconvenientrepresentationis in terms
of theaveragemomentumj~of eachparticlej~ p1 + ~ q, i~2 p2 — q, and themomentumtransferq.
In termsof thesevariableswe introducea transition rate W(,5~I~2;q), which represents the rate of
transition from (j~ — 2q, P2 + ~q) to the state (j~+ ~q, ~o2— ~q). This parametrizationhas the
following advantage:changing q to —q interchangesthe initial and final states.From the time
reversibility of the scatteringwe immediatelyseethat

W(j~1,j~2q)=W(j1,~2—q). (5.46)

More precisely, we will define W by the following relation: The quantity W(p + ~q,p’ —

q; q)f( p)f( p’) dp’ dq will represent thenumberof collisions which takeplace in unit time interval
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betweensomeparticle of momentump andparticleswith momentumin the range(p’, p’ + dp’), such
that themomentumtransfer is in the range(q, q + dq). We will now relateJ to W andf and then
computeW from the basicprocessof inverse squarelaw scattering.

Consider an infinitesimal areaelement centred at p1 and perpendicularto the p~direction in
momentumspace.The flux of particles from left to right (i.e., the number ofparticlesper unit area
which crossthis surfacefrom left to right, in aunit of time) is given by

‘L= f dq J dk~fdp2W(k+~q,p2_~q)f(p2)f(k). (5.47)
q~>O p1~—q~, all

The integranddescribesthe scattering from (k, p2) to (k + q, p., — q) in which the particlewith
momentumk moves acrossthe surface.To achievethis with a given momentumtransferq, the valueof
k1 mustbe in the range(p~— q~,p1k). We integrateover the momentumtransferq making sureit is a
flow from left to right (i.e., q~>0).

By a similar reasoning,the flux of particlesmoving from right to left acrossthis surfaceis given by

f dq J f dpW(k+ ~q, p2 — ~q; q)f(p2)f(k). (5.48)
q~<0 Pl~ all

The integrandis the sameas in (5.47) but the range is different. We are interestedin the net flux
‘I. — I~.By a seriesof simple transformations, wecan make thedomainof integration in both‘P.

and ‘L the sameandexpressJ~as

= f dl f dq f dl~W(l + ~q, 1’ — ~q, q)[f(l)f(l’) —f(l + q)f(l — q)]. (5.49)
all q,>0 p1,—q,

To proceedfurther we will make theassumptionthat the collisions are “soft” so that most of the
contribution to thisintegralcomesfrom processeswith smallmomentumtransfer, i.e., fromsmall q. In
this case,we can (i) replaceWin (5.49)by W(l, 1’, q), (ii) Taylor expandf(l+ q)f(l’ — q) in q retaining
only up to linear terms inq, and (iii) replace the integral overl~by the multiplication by the range of
integration,q,~.This bringsJ to the form

= ~ f dl’ fdq q~q4W(fOf’/Ol —f’ of/al4) f dl Ba4(l, l’)(fdf’Iol —f’ of/al4), (5.50)

where we havedefined

Ba4(l, 1’) = ~ f q~qpW(l,1’; q) dq. (5.51)

This quantity can be easilyevaluated. Note thatB,r~pcan only dependon k I — I’; further, for soft
collisions Ba4 mustbe “transverse” toka: Ba4ka = 0. The mostgeneral secondrank symmetrictensor,



T. Padmanabhan, Statisticalmechanicsofgravitating systems 345

constructiblefrom ka and transverse to itmust have the form

Bap = ~B(t5ap — kak4lk
2), k = I~!cL (5.52)

We, therefore,only need to compute

B = B = ~ Jq2W(l, 1’; q) dq. (5.53)

SinceW represents the rate of transitions and qis themomentumtransfer per softcollision, the integral
in (5.53) is essentiallythe sameas the one in(5.10). Therefore

B = ~ f q2Wdq= ~mf (22)2 k2rrb db 4ITG2m5LIk, (5.54)

where

L = f ~ = lfl(bmax/bmin)= ln(N2’3) = ~ ln N (5.55)

is the Coulomb logarithmencounteredbefore. We will write B in momentumspaceas

B = B
01IkI, I3~= 4ITG

2m5L. (5.56)

Substituting(5.53), (5.52) into (5.50) we get

= ~B
0fdl’(f af’1a14 —f’ 0f1ô14)(ôapIk — kak4/k

3), (5.57)

wherek is the momentumchange(I — 1’). This form clearlyshowsthat forany Maxwellian distribution
[with f(l) o~exp(—a’!2)] for which

f af’IoI~— f’ of/al
4 = f(l)(—2a’l)f(l’) — f(l’)(—2oi~)f(l)= 2a’f(l)f(l’)(l — l’),~cc k4 , (5.58)

~‘a vanishesbecause of the relationk4 B”
4 = 0. Thus our collision term does admit the Maxwellian

distributionas an equilibrium solution.
It is also clear that .1,, will have one term proportional tof and one term proportional toof/ole.

Thereis a way of rewriting (5.57) which bringsout thediffusion anddynamicalfriction termsclearly.
Noticing that

— = OkaÔk
4 = Oka Ok4’ (5.59)

we can rewrite (5.57) as

= ~B0f(l)Jdl’ -~ ok~~k— ~B0 Jdl’ ok~,~k4
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Using

= OlOla = —olol~, (5.61)

we can rewrite this expressionin the form

02k ______

= ~B
0ffdl’ ~ Ok~Ok4 — ~B~f4ok~Ok4’ (5.62)

~(l)=fdl’ f(i’)li-i’I~ f~Of(I’)lOl. (5.63)

Thetwo terms in (5.62)can betransformedinto a moreconventionalform by integratingthem by parts
andusing (5.61)repeatedly,

1d1’ -~- 02k = Idl, f(l’ ~ 02k
J Olp Oka Ok

4 — ~ ~ Ok4 = +f dl’ f(l’) Ok4 Ok~Ok4

—Idl,f(li) a 0
2k a a fdl’fl’lI—l’I=~v~I,— Oka Ok
4 Ok4= Ole, ~ ol~

(5.64)

024h1 0 _____________ 021/, \ 0 021/, 0 ( 0
21/i \ 0

Ok~Ok
4 = Ok4 (f Oka Ok4) —f Ok4 Oka Ok4= ~! ok~Ok4)—f~ V

2~, (5.65)

whereV2 standsfor the Laplacianin momentumspace(02/OkaOkj. Defining

02 _____

ij(l) ~v21/i(l)= ala o f dl f(l’)ll — l’~= 21 dl’ f(l’) (5.66)

la

and substituting(5.64) and (5.65) in (5.62) we get

0 / 021/, ~ O~1
Ja(

0f(’)~~o[~f 0laOl4)~Oki

021/,
= B0f(l) - ~ (f 0! 014) ~a~(l)f(l) - ~- (a’~4f), (5.67)

where

(5.68)

f(l’) \
V~(l)=v~(2f d111- “I) = -8irf(l). (5.69)
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This brings J into the form discussedearlier. We can identify a~(1) with the processof dynamical
friction and o~,

4with diffusion [Rosenbluthetal. 1957].
The “potentials” ~ and 1/i have very interestingproperties.We note that (5.69) is essentially

Coulomb’s law in velocity space,with f(l) assource.Supposethat velocity distribution is spherically
symmetric,i.e., f(l) =f(Ill). We thenknow that the “force” (O~IOl~at any given 1 is only dueto the
particles inside the velocity sphere ofradius Ill. In other words, the dynamicalfriction force on a
particle with momentumI is causedonly by the particleswith lower momentumif f(l) = f( Ill). This
resultcan be generalised toellipsoidal distributionsaswell.

Finally, (5.67) allows the computationof the coefficient of dynamicalfriction if f is known. For a
Maxwellian distributionof velocities

f(v) = A e’~
2 (5.70)

we get, for small v,

a(v)~—~V~n(Gm)2L(vIq3)(1— ~v2/q2+...), (5.71)

so that

a(v) 16 lnN q

(5.72)

Thus our estimateof tRsof, earlier is correct except for a factor of 3’~W/16. This is the timescale
specifiedby C(f).

It is straightforwardto verify that the collision termderivedaboveconservesthe total energy. The
meanfield entropy

S(t)= —fdv dxf(v, x, t) ln f(v, x, t), (5.73)

on the otherhand, satisfiesthe inequality dSldt � 0 during theFokker—Planckevolution. Thesefacts
arerelevantfor the discussionof meanfield stability presentedin chapter4.

5.6. A critical look at the derivation of the Fokker—Planck equation

In the last threesectionswe presenteda derivationof C(f) along conventionallines. During this
derivationwe cameacrossseveralanomalieswhich requirecloserexamination.Weshall discusssomeof
theseaspectsin this sectionand attempta morerigorous derivationof the collision term C( f).

The most unsatisfactoryfeature about the derivation presentedin the previous sectionsis the
following: This derivationtreatsthe leftandright handsides of (5.6) quite differently. The collision
termis obtainedby a completelyindependentreasoningand is attachedto theevolutionequationin an
adhoc manner.In any correctderivationof the dynamicalequationthe meanfield andcollision terms
shouldarise together.

Even if we acceptthe adhocnessof the derivationwe are notentirely free from difficulties. The
diffusion approximation,workedout in theprevious sections,suffersfrom severaltechnicalshortcom-
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ings: (i) This approximationtreatsthecollisional transitionaslocalisedin configurationspace;a particle
located atx and havinga velocity v is supposed toacquirea velocity v + z~vafter acollision without
changingits configurationco-ordinatex. This assumptionis not easy to justify in systemswith long
rangeforces.(ii) Similar to the above assumptionis the belief that thefluctuating forcesact randomly.
Such a randomness requires theforces at different times to be uncorrelatedor, equivalently, the
temporal correlationfunction of the force to die down rapidly with time. As we saw earlier, an
approximateevaluationof this functionsuggestsa very weak ~ I decayin time, castingdoubt on the
randomnessof the fluctuatingforce. In fact, the rigorousderivation of theFokker—Planckapproxima-
tion from the fundamentalprinciples of statisticalmechanicsfails if the force correlationfunction does
not decrease faster thant~’. Indirect evidencefor this breakdown of theformalism is the logarithmic
divergencewe encounteredin the derivation. In a rigorousderivation,we shouldnot requireany ad hoc
prescriptionsfor making this logarithmfinite.

Such a derivationcan be attemptedalong the lines of quasi linearapproximationsusedin plasma
physics [Lifshitz and Pitaevskii 1982]. We shall first discussthis approximation in the context of a
homogeneous plasmaand then indicate the generalisationto gravitating systems[Kadomtsev and
Pogutse1970]. This analysiswill be alsouseful in understanding theconceptof collisionlessrelaxation
in the nextsection.

Consider a distribution functionf~0~(x,v, t) describingthe electronsin the plasma. Let ussuppose
thatf~obeys the collisionlessequation

Of,0,/Ot + v Vf~0~= (e/m)E.Of~01/Ov,E = —V4, (5.74)

whereE is the electric field governedby Gauss’ law,

VE= _4~e(fftotdv—no). (5.75)

Here n0 is the constantdensityof backgroundions. The quasilinear approximationcan be usedwhen
the distribution function f101 can be separatedas f,~,.,,= f0 + f, whereft is a slowly varying, smooth
distribution and f is a rapidly varying component.The electric field is producedessentiallyby the
fluctuatingcomponentf.

We shall choosethis decompositionin such a way that the rapidly varyingf satisfiesthe equation

Of/at + v Vf= (e/m)E.Of0/Ov. (5.76)

Sincef101 satisfies(5.74), it follows that

0f0/Ot= (e/m)E~Of/ov. (5.77)

This equationis inconsistentas it stands;we haveassumedthatf0, which appearson the left handside,
hasno strongdependenceon spaceor time, while f, which occurson the right handside, is likely to
vary rapidly in spaceandtime. The equalitycan be maintainedonly in someaveragesense.We shall,
therefore,rewrite this equationas

0f0/Ot=(e/m)KE0f/Ov) , (5.78)



T. Padmanabhan,Statisticalmechanicsofgravitating systems 349

where the averaging is performed over therapidly varying E and f, to obtain a smoothed out
contribution.The right handside of (5.78)representsthe collision termC(f0);our systemis therefore
describedby eqs. (5.75), (5.76) and (5.78).

Theseequationscan be brought intoa more tractableform by Fourier transformingf(x, v, t) and
4(x, t) in space andtime. If fka, (v) and

4koj denotetheir Fourier transforms,then(5.76)can besolved
to obtain

e/ 1 \/ 0f
0\

fkW(l~)= — k• ~) ~ ~) 4k~ + gk~(v), (5.79)

whereg~ is any solution to the equation

(w—kv)g~~0, (5.80)

and is relatedto theinitial perturbation.Substituting (5.79)in (5.75) we find 4km’

Jg(v)dv (5.81)

where the dielectricconstants is given by

4ire
2 fk.(0f

0/Ov)

w—k’v dv

4ire
2 I k’(Of/Ov) 4~z2e2I Of

=1+—~-PJ dy—i mk2 J o(co_.v)k.f dv. (5.82)

(HereP standsfor theprincipal valueof the integral.)We can now subsitutethevalue of EkW=

and (5.79) into the right handside of (5.78). We get

E Ofkw_+.k Ô(e (k~OfO/Ov),bk~ ~ ~‘ d 583

kw — 1 Ov ‘.m w — k~v gk~)k2rk,, J ~‘kw v. ( . )

It is to be notedthatthis expressioncontainsthefull informationabout the propagation of disturbances
in the plasma.It is convenientto considerseparatelythe “wave” region (for which k < WO/Vthermal,

where w
0 is the plasma frequency of the medium and vthermal is some typical velocity) and the

“non-wave” region (for whichk> ~ thermal). In the wave region, onecanignore the effectsdue tog~

at sufficiently late times and onegets theusual quasilinear theory(see, e.g., Lifshitz and Pitaevskii
[1982],section 51). We are interestedin the “non-wave” region,where the field fluctuations are
producedbygk~•In this casewe canresort to thefollowing approximations:(i) assume thattheelectric
field is essentiallyproducedby g~~(ii) replace the real partof s~by unity, and(iii) retainexpressions
only up to quadraticorderin e. A detailedcalculation[Kadomtsevand Pogutse1970] now gives

C(fo)=~r(-~-)f(4;:)2 ka~(Kg(vP)g(vu)*)~~o(w_k.v)k.~

— (g(y~)g*(y))~~5(~—k.v’k• 2) d
3v’d3v”d3kdw, (5.84)
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where K g(v’)g(v”))~~etc. aredefinedas the Fouriertransformsof the two point correlationfunctions,

f Kg(v’)g(v”))~exp(—iwT+ik ~)dkdw = (g(x+ ~, v’, t+ r)g(x, v”, t)), (5.85)

etc. The entire physics of the collision term is containedin these correlationfunctions.Notice that
g(x, v,0) is related to theinitial perturbation;at any later instant thedynamicswill induce a certain
amountof correlation eveninto a randominitial perturbation.The natureof the collision termdepends
on our assumptionsregardingthe development of thesecorrelations.

The Fokker—Planckequationarisesfrom (5.84) if we assumethat

(g(x+ ~, v’, t+ ‘r)g(x, v”, t)) =f()(v’)8(v’ — v”)6(~— v’r) . (5.86)

The delta functions signify the propagation of perturbationsalong linear trajectorieswith constant
velocities; the presenceof f0(v’) impliesthat theprobabilityof occurrenceof anyvelocity is the sameas
that dictatedby the backgrounddistribution. The Fourier transformof the correlationfunction will be

(5.87)
(2 IT)

Substitutingthis into (5.84) we find that

0f0 = 2 ()2 e~~{f [(-~- -~)fo(v)f0(v’)]8(k’(v1 - v)) dv’ dk}. (5.88)

Performing integration overk using the relation

kinax

I ~ a h (Ih\ a h 2 at)d k k’~k
t)6k — 1 (P p 8 dk — 1 (P p p8 L 589— 2 ~ ~ k — 2 ~ p3

we can seethat (5.88) is the sameas the Fokker—Planckequation derived earlier.As usual,L stands
for the divergentCoulomblogarithm.

The above derivation dependedon the following threecrucial factors: (1) The total distribution
functionf~,satisfiedeq. (5.74). (2) A natural separationof Je~into two parts with widely different
timescalesof evolutionwas possible.(3) A suitableaveragingprocedurecould be definedto interpret
the right handsideof (5.78). The overall homogeneityof theplasmasimplified the mathematicaldetails
but was not essential for thederivation.

In the caseof gravitatingsystemsconditions(1) and (2)can easilybe satisfied.The exactdistribution
function fex(X, v, t) does satisfy the collisionless Boltzmann equation;the analysisin the previous
sectionsshowsthat thetimescalefor fluctuating forcesis much smallerthan the dynamicaltimescale.
Therefore, wecan attempt arigorousderivation of theFokker—Planckequationprovided a suitable
averagingprocedurecan be defined.

Such a derivation was attemptedby Kandrupalong the following lines [Kandrup 1988; 1981]. We
first define a quantity ~f by the relation

fexfsmf~f~f’ (5.90)
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in which we have droppedthe subscript “Sm” from fsm to simplify the notation.We know that fex

satisfies eq. (5.3); but, at this stage, we are free to choosethe equationssatisfied by f and ~f
individually. We will now choosethe split (5.90) in such a way that ~fsatisfiesthe equation

O~~f+ D &f= V~4a”f, (5.91)

where / and ~4, represent the potentialsassociatedwith f andSf, respectively,andwe haveused the
notation

a,—=o/ot, O”—=OIO~~,Va—=O/Oxa, D~v~zVa_V,,4v9I~. (5.92)

The formal solution to this equationcan be immediatelywritten down,

t — to

af(t) = ~(t, t
0) Sf(t0)+ J dt’ ~(t, t — t’)rs~b(t— t’) Oaf(t — t’), (5.93)

where ~is the Green’s functionfor the D-operator,

~(t2, t1)—~Texpf dtD(t), (5.94)

andf(t0) is the initial configurationgiven as a boundarycondition. Notice thatthe Green’s function~
inducesa flow determinedby the backgroundpotential /. Sincefex satisfies(5.3) it is easyto verify that
f must satisfythe equation

O,f + Df= V,SqSO”Sf. (5.95)

Wewould like to interpret theright handside of (5.95) as thecollision term. Thisis not possiblein the
presentform of (5.95) becauseit is not expressedin termsof a smoothfunction like f. To obtain an
expression similarto theFokker—Plancktermit is essentialthat wereplacetheright handside of(5.95)
by a “suitably averaged”expression(v&~0a5f) Oncewe settleon theaveragingprocess,an equation
in closed form can be obtainedby iterating (5.93) in the coupling constantG. Such an iterationis
necessarybecause the right handsideof (5.93) involves34, which, in turn, involves Sf. We will need
terms up to G

2 to produce a termsimilar to the Fokker—Planckterm. Stopping the iteration at
quadraticorder correspondsto truncationof velocity incrementsat quadraticorder in the earlier
derivationof theFokker—Planckequation.

The iterationof (5.93) is straightforwardthoughmessy.Oncesuchaniterationis donethe right hand
side of (5.95) will be a quadraticexpressionin Sf. The collision term we obtain from this equationis
going todependon the averagingthat is usedon the right handside. A particularlysimple expression
emergesif we usethe following prescriptionfor evaluatingthe averageof any variable .s~1definedin
phase space[Kandrup1988]:

<~ —Ju dxkdvk f(xk, v~,t)s~. (5.96)
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This is equivalent toassumingthat the deltafunctionsin fex are distributedwith a meandensityof f.
Using this as our definition for averagingwe can evaluatethe collision term as

CU) KVaS4)oasf) . (5.97)

A detailedcomputationleads to thefollowing result:

S —

C(f) = f N dt’ Oaf dx1 dv1 Fa(1, 0; t)

x [Fb(l, 0; t — t’)Ot)f(x, v, t)f(x1, v1, t) + F~(O, 1; t — t’)0~f(x,v, t)f(x1, v1, t)], (5.98)

where

Fa(1, 0; t) = GmVaf dx1dv1 Sf(x~v1,t)

a / 1 f dx~dv1 f(x1, v1, t) \=GmV —‘ ~, (5.99)
\1xx11 j N x—x11 /

etc. This is the fluctuatingfield atx producedby any singlefield star.In writing downthis expressionwe
haveset N — 1 N.

This collision term contains several interesting features. Thereis an integration over the time
co-ordinate t’ from zero to t — t0 incorporating the correlation between theforces at differenttimes.
There is also an integration over the entire range ofx1 taking into accountthe non-localnature of the
force. If the distributionfunctionsdie down rapidly enoughat largedistances,thenwe will not face the
logarithmic divergencesencounteredearlier.

It is worth investigatingthe limit in which (5.98)reduces to theFokker—Planckterm derived earlier.
For this to happenwe will need to make thefollowing approximations: (i) Ignore the spatial
dependenceoff assuminghomogeneityover the rangefrom which mostof thecontributionsoccur; i.e.,
take f(x, v, t) to be f(v, t) in the collision term. (ii) Ignore the contributionfrom the meanfield
force— which is the secondterm on the right handside of (5.99) — in the collision term; thiswill also
allow us to approximate theevolution describedby the Green’s function ¶~as along rectilinear
trajectories:x(t) = x(t0) + v(t0)(t — t0); v(t) = v(t0). In that case,we will get

— SQ

O~f(v,t) = f dt’ (Gm)
2nOa f dr f dv

1 ~ Ir —‘ut’l (Ob — O~)f(v)f(v1), (5.100)

wheren is the numberof density andr = x — x1 u = v — v1. If we do the t’ integrationusingtwo cutoffs
we get the Fokker—Planck result,

O5f(v) = Oaf dv, Kab(Ob — 0~)f(y)f(v1), (5.101)

Kab = 21r(Gm)
2n(3ah/u— uauhlu3)ln(tmax/tmjn). (5.102)
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It is easyto verify that this result is thesameastheone derivedin the last sectionbut expressed ina
different notation.

The abovecomparison reveals severalthings. Rigorously speaking,we must apply any approxima-
tion to bothsidesof theevolutionequation;if we ignorethemeanfield and thex dependence off in the
collision term,weshouldalso ignorethem on the lefthandside. Thisis what is donein (5.101).But as
it stands, (5.101)is fairly uselessfor studying the evolution of any realistic, inhomogeneous,system.
Whatwe requireis an approximationin which themeanfield andx dependenceof fareretainedon the
left handside of theevolutionequation but areignored inthe collision term. This canbe done only in
very specialcircumstancesin which the two sidesdiffer widely in scalelengths;in general,one has to
use(5.98). In the earlier derivation we obtained a neatseparationbetween thediffusion termandthe
dynamicalfriction term. This separationis not easyin the exactexpression.The following point needs
be maderegardingthedynamicalfriction: In general,therecanexistcollectiveprocesseswhich produce
a damping atthesametimescaleas tRsoft [Marochnick1968]. These processesarenecessarilynon-local
in configurationspace.Our derivationin section5.5 doesnot taketheseprocesses into accountthough
the errorincurredin only sublogarithmic.Expression (5.98)takes theseeffects into accountproperly.

The main drawback inthis approachseemsto be the ratherarbitrarynatureof theaveragingwhich
we resortedto in (5.96). Further investigationsare neededto justify this definition and clarify the
dependenceof our resultson this assumption.

6. The approach to equilibrium: collisionless relaxation

6.1. Introduction

We foundin the last sectionthat the relaxationtime tR for collisional procesessis aboutN(ln N) 1

times largerthan thedynamicaltimescale.Formost of theastrophysicalsystems,this timescaletR turns

out to be largerthan theageof theuniverse.Thereforecollisional processescould not haverelaxedthe
astrophysicalsystemswithin their lifetime. On theother hand,observationssuggestthat most of the
astrophysicalsystemshaverelaxed velocity distributions. It is thereforeworth investigatingwhether
someotherrelaxationmechanism couldbe operating in thesesystems.

One such mechanism— usually called “violent relaxation”— was suggestedby Lynden-Bell [1967].
This processcantakeplacewithin thedynamicaltimescaleof thesystem andhencecanrelaxthesystem
very quickly. We shall examinesomeaspectsof this processin this chapter.

6.2. Theprocessof violent relaxation

Consider asystemof N particles,describedby thedistribution functionf(x, v, t). If collisionaleffects
areignored(i.e., if we consideronly timescalest 4 tR), then theevolutionof the systemis describedby
theequations

(6.1)

V2~(x,t) = 4ITG f f(x, v, t) d3v. (6.2)
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In writing these equations,we havealreadyassumed that thegranularityin the systemmay be ignored;
that is, the distributionfunction f(x, v, t) is assumed tobe smoothover the meaninterparticledistance
RINU

3 of the system.
We are interestedin two specific features of theevolution describedby (6.1) and (6.2).The first

feature to noteis the following: Theseequationspredict an infinite numberof conservedquantities for
the system.Sincef satisfies(6.1), any functional off of the form

Q[f] f A[f(x, v, t)] dx dv (6.3)

will be conserved in the course of the evolution because

~=fdxdv=f ~dxdv=0. (6.4)

It is, therefore, clear thattherewill be severeconstaintson the form of the distributionfunctionswhich
can be obtainedfrom a given initial distributionfunction throughcollisionlessevolution.

The secondimportantfeatureconcernsthe tendency of thephaseelementsto distributethemselves
at finer and finer scales in the course of the collisionless evolution. Let us suppose that at some chosen
time (t = t

1, say) the system occupies a compact region of phase space.As the evolution proceeds, the
“area” of this region remainsconstant butits shape gets violently distorted. The reason for this
distortion is easyto see: In a generalpotential, the orbitalperiod will dependon the size (amplitude)of
the orbit. Thus the synchronisation between particles populating different oribts will be progressively
lost as the evolution proceeds. Thus,as time goes on, thephaseelementswill get mixed at finer and
finer scales. To monitor this evolution we have to use a progressively larger and largerresolution in
phasespace.

In practice,however,we do not adoptsuch a procedure.We are usually interested in theaverage
value of f within cells of fixed size in phase space. Let us suppose that the phase space is divided into
cells of given volume j.~.We can arrange matters insuch a way that at t = t1, k of these cells (in some
region of phase space)areoccupiedby the systemand rest of thecells areempty. As time goeson the
phasedensitywill spreadinto cells which wereoriginally empty. If we wait long enough, almostall the
cellswill containsomeamountof phaseelement. Ifwe now averagethe phasedensityover thesize of
the cell, we will lose most of the details of the further evolution. In other words, the distribution
function, averaged over thecells of size ~, has reacheda steady state eventhough the evolution is
proceedingat still finer and finerscales.

Such an average distribution function — called “coarse-grained”distribution function — may be
formally definedby the relation

fc(x,v,t)fK(x,v;x’,v’)f(x’,v’,t)dx’~’, (6.5)

where the weight function K satisfiesthe following threeconditions:(i) K � 0; (ii) j’ K dx dv = 1; (iii)
f K dx’ dv’ = 1. The simplestkind of weight functionis the onewhich is constant over acell of finite
volume p. and zerooutside. In that case

f~(x,v, t) =f f(x + x’, v + v’, t) dx’d~ (6.6)
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where the integrationis over a cell of volume p. centredat (x, v). After a certain time interval, the
evolution inft becomesnegligible;onecan thensaythat thecoarse-grained distributionfunctionft has
reacheda steadystateor “equilibrium”.

The natureof this “equilibrium” mustbe clearfrom the abovediscussion.It originatesbecauseof
the finite size ofthe cell overwhich coarse-grainingis performed. Asthesystemevolvesthechangesin
the distribution function occur at smaller and smaller scales.Once this scale at which changesoccur
becomes smaller than the size of the coarse-graining cell, f~ceases to exhibit any evolution.

There exists another distinctprocess which contributes to the collisionless relaxation. This arises from
the fact that, during the evolution, the particles in the system are experiencing a time dependent
gravitational potential, ~(x, t). The energy E of an individual particleis, therefore,not constantduring
the evolution (in fact, it is easy to see that E = 0/./Ot).The change in the energy of any given particle,
during the course of the evolution, will clearlydependin a complexway on the initial conditionsof the
particle; but theoverall effect of this processis to widen the rangeof energiesof theparticles.In this
respect, thetime dependentgravitationalfield providesa relaxationprocess similarto thecollisions in a
gaseoussystem, with one important distinction: Since the massof the individual particle does not
appearin theequations,this relaxationprocesschangestheenergyper unit massof a given particlein a
way that is independentof the massof theparticle; normal collisional relaxation,on the otherhand,
leads to equipartitionof energy. It should be emphasisedthat the two processes discussed above—

mixing in phasespace andnon-conservationof energiesof individual particles— are quite distinct and
their roles in relaxing a collisionlesssystemareconceptuallydifferent.

In thespirit of statistical mechanics,wemay ask thequestion:What is themostprobableft which is
consistentwith thegiven initial distributionfunction?In thecourseofa normalstatisticalevolution,we
expect the final stateto havethesameconstantsof themotionastheinitial state.Theseconstantsof the
motion will be finite in number.Here,thecollisionlessevolutionconservesaninfinite setof quantities.
As a result,weexpectthe final stateto dependon thedetailsof theinitial statemorestrongly.To write
downf~,wewill requirefar moreinformationaboutthe initial statethanis containedin theknowledge
of the total mass and energyalone.

Lynden-Bell attempted to obtain the form of ft based on the following assumptions:(a) The
evolution proceedsin a such a way that the volume of the region with a given phasedensity is
conserved,(b) the total energy of the systemis conserved,and (c) the relaxation proceedsto its
completion. Under thesecircumstances,it is possible to determine theform of ft as a weighted
superpositionof Fermi—Diracdistributions with different temperatures.The weight factors dependon
the initial distribution. Since the processwhich leadsto the relaxationis governedby the dynamical
timescale,we expect thisprocessto beconsiderablyfaster thancollisional relaxation.

The detailedpropertiesof this distributionfunctionft are discussedby Lynden-Bell [1967].It maybe
notedthat in theconditionsappropriatefor astrophysicalsystems,thedistributionfunctionreducesto a
superpositionof severalMaxwelliandistributions.Thus violentrelaxation,if it is completelyefficient,as
assumedby Lynden-Bell, can producea coarse-grained distributionfunction which is approximately
Maxwellian.

The centraldifficulty in acceptingthedistributionfunctionderivedby Lynden-Bell is the following: it
predictsinfinite massfor the system. In otherwords, our variational problemwhich determinesthe
most probablecoarsegrained distribution function possessesno solution for any finite total mass,
contradictingthe original assumption.It is usually believedthat this difficulty arises because ofour
insistenceon completerelaxation.In realisticsystems,theouter regionsdo not relaxcompletely. Thus
thedistributionfunctionwill besignificantlydifferentfrom ft in the outerregions leadingto a finite total
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mass.Alternatively, one may attempt toderive the mostprobableft afterimposingmoreconstraintson
the system.In either case,however,we lose our ability to predict anysimple form for ft.

The exactform of ft, therefore,dependson the detailsof the assumptionswe arepreparedto make.
It is, however,possibleto putsomeinterestingconstraintson the evolutionof the distributionfunction,
basedon the natureof the collisionlessrelaxation.We shallconsiderthe origin of suchconstraintsin the
nextsection.

6.3. Constraintson collisionlessevolution

To study theconstraintsimposedon the distributionfunction during collisionlessevolution, we will
require theconceptof a “convex” function. We define a function C(x) to beconvexif

~( ~ P1X,) ~1p,C(x1) , (6.7)
~pi ~Pi

for all (x5, p.)>O. This is equivalent tosaying thatC(Kx)) is less than or equal toKC(x)), where the
angularbracketsdenotesomeaveragingprocesswith positive definite weights. Two other,equivalent,
defintionsof convexfunctionswhich wewill use are thefollowing: (i) If C(x) is twice differentiablethen
it is convexif d

2C/dx2 > 0 in the region of interest.(ii) If C(x) is differentiable once then it is convex if
C(x

2) — C(x1) � (x2 — x1)C’(x1) for all (x1, x2) in the region of interest.
Consider anyfunctionalH of the coarse-graineddistributionfunction ft definedby the integral

H[ft] = -f C(f~)dx dv, (6.8)

whereC is a convex function.Let theoriginal (“fine-grained”) distributionfunction correspondingtoft

bef; we shall also assumethat atsome initialmoment t = t1, fc(ti) = f(t1). It can thenbe easily shown
that H(t2) � H(t1) for all t2 > t1 [Tremaine etal. 1986]. We notice that

H(t2) - H(t1) = f dx dv [C(ft(t1)) - C(f~(t2))]= f dx dv [C(f(t1)) - C(f~(t,))]

= f dx dv[C(f(t2)) - C(f~(t2))]. (6.9)

[Thesecond equalityfollows from the fact that att = t1 , f~(t1)= f(t1); the thirdfrom the conservationof
C(f) under time evolution; see (6.4).] But the coarse-graineddistribution function fc is obtainedby
averagingf over the phasecells. Therefore,using our definition of a convex function(6.7), we may
concludethat

f dxdvC(ft)~fdxdvC(f), (6.10)

and hence

H(t2) > H(t1) . (6.11)
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It shouldbe stressed thatH(t), in general,is not a monotonically increasingfunctionof t. Theinstant
t
1 is special in the sensethat we set ft = f at that instant. The aboveargumentonly shows that
H-functionswill alwayshavevalues higherthanthevaluetakenat thisspecialinstant. Fortwo arbitrary
instantst2, t3 > t1, nothingcan be said about the relativevaluesof H(t2) and H(t3).

The above conditionshowsthat collisionlessevolutionmustproceedin sucha manner thatall convex
H-functionalsincrease duringtheevolution. Supposewe aregiven two distributionfunctionsft(t2) and
ft (t1) with t2> t1. Collisionlessevolution could haveevolvedft (ti) to f~(t2)only if all H-functionals
satisfy the conditionH[ft(t2)] > H(ft(t1)].

It is, of course,not possibleto test thisinequality for an infinite numberof H-functionals.Neitheris
it necessary;a much more useful form of the above constraintcan be easily developedalong the
following lines [Tremaine etal. 1986].

Given a coarse-graineddistribution function ft we define the volume of phase spacewith phase
density largerthanq by the relation

V(q)=fdxdv0(f~(x,v)_q), (6.12)

where 0(z) is unity for z >0 and is zero otherwise.Similarly, the masscontainedin the regionwith
phasedensity largerthanq is definedas

M(q)=fdxdvfte(ft_q). (6.13)

Clearly

= _fdxdvftô(ft —q)= —qf dxdvô(ft— q)= +q ~, (6.14)

so that

M(V) =J q(V’) dv’, (6.15)

whereq(V) is the inverse functionof V(q). Given thedistributionfunctionft wecan obtainM(V) by
eliminatingq between relations(6.12) and (6.13).

Now supposewe aregiven two distribution functionsf1 andf2 with correspondingM1(V) andM2(V).
We canthen showthat f1 could haveevolved intof2 if and only if M2(V) � M1(V) for all V.

We shall first showthat if M2(V) � M1(V) thenH(f2) > H(f1) for all H-functions.Now

H(f2) - H(f1) = f dx dv [C(f1) - C(f2)] = J dV [C(f1) - C(f2)]. (6.16)

Usingthe fact that forconvexC(f), C(f1) — C(f2)�(f1—f2)C’(f2), we get

H2 - H1 dV (f1 -f2)C’(f2) =~ dV (M1 - M2)C’(f2). (6.17)
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Integratingby parts,

H2 — H1 � [(M1— M2)C’(f2)]~— f dV (M1 — M2)C”(df2ldV) dV. (6.18)

The first term vanishesat bothlimits; the secondterm is non-negativebecauseC” > 0 anddf2ldV ~ 0.
Thus H2 > H1.

We can alsoprove that iff~can evolveinto f2 then M2(V) < M1(V). This canbe easilydoneby using
the convex function

10, f~0,
C(f)=tf_~ ~ (6.19)

where / = f(V0) with somearbitrary V0. The fact that theH-function constructed out of thisparticular
C(f) should be non-decreasingleadsto the conditionM2(V~))~ Ml(Vd).

One useful corollary of the above constraint is the following: The maximum value of the phase
densitycan only decrease duringcollisionlessevolution. Sincefrnax = f(V= 0), the Taylorexpansionof
M(V) gives M(V) ~fmax~” the condition M2 <M1 immediately leads to theconclusion:f~<fr.

The constraintsderivedaboveare useful in testing thehypothesisthat astrophysical systemshave
undergone violent relaxation.Given a theoreticalmodel for the initial distribution functionwe can test
whethercollisionlessrelaxationcould haveevolvedthe astrophysicalsystemsto thepresentlyobserved
form. Some such examplesare discussedby Tremaineet al. in their papercited above. It seems,
however,that this aspectof the study has notyet receivedthe attentionit deserves.

6.4. Dynamicaldescriptionof collisionlessrelaxation

We have now seen that two separaterelaxation mechanismswork in gravitating systems. Our
descriptionof both processeshas beenquite adhoc. A truly fundamentaldescription,startingfrom first
principles, must be able to derive both theseprocessesin a similar manner. We shall discussthe
ingredients ofsuch a derivationin this section.

A fundamentaldistinction between thetwo processesmust be emphasisedright at theoutset.The
collisional relaxation— discussedin chapter5 — produces afinal statewhich is independentof the details
of theinitial state. Inthis sense, collisionalevolutionis quite similar to the relaxationseenin laboratory
systems. Thisis not true as regards violentrelaxation; the final state producedby violent relaxation
doesremember details of theinitial state. In fact, the efficient operation ofviolent relaxation requires
the initial state to be far away from equilibrium.

It should also be noted thatwe neededthe concept of coarse-graineddistribution function to
introduce theconceptof violent relaxation. To be precise, wehavesofar usedtwo (different) levelsof
smoothingof the exact distribution function fex(”~’v, t): (i) We first smooth fex over scales large
comparedto the meaninterparticleseparationof the system,thereby obtainingfsmooth~We showedin
chapter5 that fsmooth satisfies,to a goodapproximation, theFokker—Planckequation,while fex’ which is
a sum of delta functions, satisfiesthe collisionless Boltzmann equation. (ii) We next consider the
evolution of fsmooth at timest 4 tR. In this case,the Fokker—Planckcollision term can be ignored and
fsmooth itself satisfiesthe collisionlessBoltzmannequation.The evolutionof fsmooth produces aconsider-
able amount of mixing in phasespace. We now define a coarse-graineddistribution functionft by
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smoothingfsmooth overcells of somefixed size p. in phasespace.Violent relaxationcan lead toa steady
state for thisft on a timescalewhich is small comparedto the collisional relaxationtime.

The above discussionshowsthat the evolutionof ft dependsboth on the initial state and the nature
of the coarse-graining. Giventhe equationsatisfiedby fsmooth and theweight function K used for
coarse-grainingwe can write down the (formal) equationsatisfiedbyft. However,this will not leadto
any fundamentaldescription;it is clear that no relaxationwill occur ifwe coarse-grainthedistribution
function over acell size which is too smallwhile no evolution will occur if we coarse-grainover cells
which are toobig. The entireprocessdependson the existence ofa suitableintermediatescaleand a
sufficiently non-equilibrium initial state.

The mostfruitful approachto study theevolutionof ft seemsto be thequasilineartheory discussedin
chapter5. To adaptthatdiscussionto the presentcontext we may take forftotal thedistributionfsmooth

and for f0 the coarse-graineddistributionft. Let us assume,for a moment, that we can studya
gravitatingsystemignoring the inhomogeneities.Thenthederivationof eq. (5.84)canbe translatedfor
a gravitatingsystemto obtain

Oft I (4ITG)
2 a 0 / , a * Oft

-~-=const.j k4 k -,~--~(g(v)g(v))k~8(w—kv)k~

— (g(vU)g*(v))~~3(w— k.v’)k. ..~)d3v’d3v”d3kdw. (6.20)
To proceedfurther we need information about the correlationfunctions. The assumption of linear
trajectorieswith constantvelocity implies that thecorrelationfunctionmust havethe form

Kg(v)g(v’))k~= 6(w — k y)8(v — v’)A[ft], (6.21)

where A[ ft] is somefunctional of ft. In chapter5, we assumedthat A[ ft] = ft; this is equivalent to
demanding completelack of correlations.To obtain conditions favourablefor violent relaxationwe
have toproceeddifferently and assumethat strongcorrelationsexistin certainregionsof phase space.
This is best done in thefollowing manner[Kadomtsev andPogutse1970].

We notethat the quantity A is relatedto the equaltime correlation functionvia the equation

(g(r+ ~, y, t)g(r, v’, t)) =(2ir)3A6(v —y’)5(fl. (6.22)

Consider a situationin whichf~was initially equal tounity over certainregionsand zero outside these

regions.Since this condition is conservedin time we can write

v, t)f
101(x,v, t)) = K1 Xf101(x, y, t)) ft. (6.23)

Therefore

(g(r, v, t)g(r, v, t)) = ((f~—ft)(f~1 —ft)) =ft(1 —ft) . (6.24)

Thus the correlationis equal tof~(1— f~)when the two points (x, v), (x’, v’) coincide andis zero
elsewhere.In reality weexpect thecorrelationto benon-zero overa regionof somesize (i~x)

3(z~u)3
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q
2 in phasespace.We, therefore,write

3 3 3 2(2IT)A=(IXx) (z~v)f~(1—ft)qft(1—f~). (6.25)

In this case,the collision term becomes

C(ft) =const.(Gq)2f~. ~ (k. ~ f(1 -f~)- k~ f~(1 -ft)) 6(k. v - k v’) dv’ dk.
(6.26)

We seethat the equilibrium solution to this equation [i.e. the distribution forwhich C( f) = 0] is a
Fermi—Diracdistribution,

ft,eq(~) = [exp$(~mv2+ p.) + 1]~, (6.27)

as predictedby violent relaxation. Alsonote that theeffective couplingconstant for thesystemis now
Gq and not G. The relaxationtime tR will thereforebereducedby a factorqU2• The larger thedomain
over which the distributionis correlated, the quickerviolent relaxationwill be.

The above analysissuggeststhe reinterpretationof violent relaxationas collisional relaxation of
macroscopicallycorrelateddomains.The relaxation timetR has the dependenceNeff(ln Neff)~’,where
Neff is the effectivenumberof particles in the system. If large regionsof phase spaceare strongly
correlated,there regions behaveas “macroparticles” and the numberNeff should be taken as the
numberof suchregions.(Quite clearly Neff 4 N.) This will lead to a reductionof the relaxationtime tR.

The discussion aboveis basedon treating the distribution functionwhich obeysthe collisionless
Boltzmannequationassomesort of an average.We mentionedin section5.2 thatthis proceduremay
not be entirelysatisfactory. It is often suggestedin the literature (see, e.g., Binney and Tremaine
[1987],p. 194) thatf is better definedas aprobability density.This cautionary notemust be bornein
mind while interpreting theresultsdiscussedin this section.

7. Conclusions

The topicsdiscussedin this review highlight the nontrivial — and somewhatcounterintuitive— facets
of gravitational statistical mechanics. It is probably only fair to say that we do not have at present a
systematic understanding of this subject at a level similar to, say, the kinetic theory ofplasmas.Based
on what we know, we may say that the evolution of a set of N gravitating hard spheres confined inside a
region of radius R, will proceed through three different stages. In the first stage, characterised by the
dynamical timescalet

4Y~ R/y, the system will relax violently and will (probably) reach anapproxi-
matelyMaxwellian distribution. In the secondstage, the systemis essentiallygovernedby the mean
potential and the constituentparticles move along orbitsin this mean potential.In the last stage,
characterisedby a timescaletR, the system plungesto the configurationwhich is the global maximum
for the entropy.This stateis likely to be made of afew, hard, contactbinariessurroundedby a haloof
high velocity stars bouncingoff the walls of the container. The timescaletR will be the two body
relaxationtime if the systemis not Antonov stable.But if it is, the timescaletR can be considerably
largerthanthetwo-body relaxationtime. If the systemis not confinedby the walls of the containerthen
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therewill be continuousevaporationof particlesfrom the system.In general,this will accelerate the
processesmentionedabove.If the evaporationis allowed most of the systemwill ultimately disperse
and wewill be leftwith a few, very tightly bound,binaries.

It is clear that thefinal equilibrium stateis characterisedby an interplay between twophasesof the
system: the high velocity component dominatedby the kinetic energy and a hard,compact core
dominatedby the potentialenergy.(In the absenceof a confining wall, the high velocity component
would havedispersedto infinity.) The models studied in chapters3 and 4 provide a fairamountof
insight into such equilibrium configurations.The essentialphysics seemsto be representedby these
modelseven though thedetailsmaydiffer from systemto system.

The issue of approach to thisequilibrium, unfortunately, is not sowell understood. As wesaw in
chapters5 and 6, it is not easyto providea good dynamicalmodel describingthe relaxationprocess.
There are several conceptualissueswhich are still unresolved. If the analogybetweenvirialised
gravitatingsystemsand gaseous systemsat the verge of a phasetransition is really of fundamental
significance,thenit may be worthwhile toexaminewhetherthe techniques usedto studythe lattermay
be adoptedto study the former. As a beginning,one shouldtry to understandthedynamicalevolution
of the toy modelsdiscussedin part 3. This problemis underinvestigation.
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