PHYSICAL REVIEW D

VOLUME 26, NUMBER 8

15 OCTOBER 1982

Brief Reports

Brief Reports are short papers which report on completed research which, while meeting the usual Physical Review standards of scientific
quality, does not warrant a regular article. (Addenda to papers previously published in the Physical Review by the same authors are included
in Brief Reports.) A Brief Report may be no longer than 3% printed pages and must be accompanied by an abstract. The same publication
schedule as for regular articles is followed, and page proofs are sent to authors.

Conformal fluctuations in a quantum universe
with a scalar field

T. Padmanabhan
Tata Institute of Fundamental Research, Homi Bhabha Road, Bombay 400005, India
{Received 18 August 1981)

Quantum conformal fluctuations are analyzed using the path integral approach. Con-
formal fluctuations are introduced in a classical Robertson-Walker universe with a mass-
less scalar field as a source. It is shown that the conformal fluctuations diverge at the
classical singularity. However, the effective metric still retains the singularity. Some oth-
er aspects of introducing the scalar field in this quantum gravity model are briefly dis-

cussed.

I. INTRODUCTION

Path integrals have been used in the recent past
to provide some insight into quantum gravity
models.!~® The technique, essentially, consists of
concentrating on some selected degrees of freedom,
(e.g., the conformal factor) and leads to the follow-
ing result: When the space-time metric has a sys-
tem of noninteracting dust particles as its source,
the quantum conformal fluctuations diverge at the
classical singularity.® This method also leads to the
concept of stationary states for the geometry and
introduces a lower bound on the length scale.®

It is important to understand the nature of the
quantum fluctuations when the source consists of
fields rather than dust. We investigate here a sim-
ple model with a massless scalar field as the
source, and show that the fluctuations again
diverge at the classical singularity. This suggests
that the result is of general validity. We also in-
vestigate the nature of the effective metric (for a
discussion of this concept see Ref. 4) for this par-
ticular case. It turns out that the effective metric
retains the singular behavior, in sharp contrast
with universes containing dust as source. Thus the
effective metric crucially depends on the nature of
the source, and must be interpreted with care.
Some other aspects of a scalar field as a source are
discussed at the end.
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II. CLASSICAL SOLUTION

Consider a model universe described by the
Robertson-Walker (RW) line element written as

drzv
1—kr?

ds?=S%1) | —dt*+
+ rHd 6 +sin’0 dé?) | . (N

We consider the source to be a massless scalar field
described by the action

J=—7 [ 3,436V —gd*x . )
Because of the symmetries of the RW metric, it is
clear that ¢ can depend only on time ¢. Using the
energy-momentum tensor from Eq. (2) as the
source, one can write Einstein’s equations as (a dot
denotes differentiation with respect to time 1)

352 »

Rl =47G¢* , 3)
25 §? -

5 gtk —47G¢? . (4)

It is, however, easier to work with the “equation of
motion” for ¢, which reads

4 25
i (S°¢)=0, (5)
leading to
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éﬁ: %a =constant . (6)
Of course, Eqgs. (3), (4), and (5) are related by Bian-
chi identities. Thus Eq. (6) can be put into Eq. (3)
[or (4)] and integrated to give the metric function
S(t). For k > O this leads to the solution

1/2
SAn = | A | sin2VE (t+1) |
%
7
2
Ao |16mGa |
3

and for k < O it is given by
172

SAt)= sinh2V' [k [(t+1,)  (8)

4
4|k |
The scalar field ¢(¢) has the form

¢(t)=70‘_;1n{tan[x/ﬁ(t+to>];+¢0. )

Here ¢y, ¢, are integration constants to be fixed by
the initial conditions. For k=0, the solutions read

SH)=VA (t+1y),
o (10)
¢(t)=ﬁln|t+to| +dg .

We shall consider conformal fluctuations in the
closed model with & > 0. Similar results hold for
the other cases.

The space-time described by Egs. (1) and (7) has
a singularity in the past and future [when V2

k(t 41ty )=0 as well as 2V'k(t+1t, )= 7]. At both

these events ¢(¢) diverges (similar to the density of
dust particles). We are interested in the conformal
fluctuations near these points.

III. QUANTUM CONFORMAL FLUCTUATIONS

We shall not describe here the rationale and de-
tails of this approach, which may be found in the
references cited previously.

Consider the conformally perturbed metric of
the form
dr 2
dsp?=QUOS™0) | —di’+ =

rAd0*+sin’0 d¢?)

(1
where S(¢) is the function solved for (in the previ-
ous section), while {2(#) is a quantum variable. The
principle of path integrals states that the probabili-
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ty amplitude for Q(f) to go from a value Q, at
time ¢ to a value 2, at time ¢, is given by the
functional integral

K[t 1= [ 20(0exp éj[n(:)]
(12)
where J is the total action for the system, given by
4
/= 16 g J Rev/=grd'

~ 5 [ @ta, 40,80 —grdx ,  (13)

where the subscript F denotes the quantities
evaluated for the metric in Eq. (11). However, the
gravitational part of this action involves the second
derivatives of Q(f). This can be taken care of by
adding necessary surface terms, explained in Refs.
1 and 2. When these modifications are made, the
action J in Eq. (13) reads [we have also used Eq.
(6)]

14 h
T 167G fn

§
6S? |k+=
S +g

Vo ot 02

202 bl
— 6520 > J

dt+

(14)

where V is the proper volume in which the fluctua-
tions are studied (for a closed universe we can take
it to be the total space integral.) A rearrangement
leads to

A f 2 S
= t k+=
el fr1 diy| 8% k+%g
A 02 202
——— | —S5“Q (15)
* s
[where A = 167Ga?/3; see Eq. (7)].

We shall show that the coefficient of Q? van-
ishes. (This is a result of the relation
R=—8nGT.) From Egs. (3) and (4) one gets

s* S

—= 2k=0. 16

&2 += S + (16)
Using (3) one can remove the 5%/82 term, giving

4”G¢ +5 +2k 0. (17)

This, on using Eqs. (6) and (8), leads to

4
L4852 k
- S+
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which is what has to be proved. Thus [also using
the explicit form for S(#)] the action takes the sim-
ple form

t .
J= [ ldrna?,
! " (19)
Va® .
(£)= — ——=sin2Vk (t +1,) .
f (4k)172 o
This is the action for which the functional integral
has to be evaluated. This can be now trivially
done because the action is quadratic in Q (¢). The
kernel is simply
K[ Q15,01 ]=F(2,¢) Jexp

i
—J1, 20
ﬁJ (20)

J

where J is the value of action evaluated for the
classical path, which is simply

(2,—0)
 F(t,)—F(1,) "’

where
Flo= [*-2L @1

In our case

F(t)=— VA
2V

a2

In[tanV’k (1 +1,)] , (22)

giving

2iVa? (Q,—0))

(23)

K[Qyt5;Q4t;1=F(t,¢,)exp | — Pl

In

Consider a wave packet which at time ¢ = ¢ is
peaked about ; = 1 in the form

(91_1)2]

Q =
) 4AY1,)

1 1/4
e — €
277'A2( t ) ] P

(24)

The wave function ¥(Q) at any later time can be
found by direct integration,

W)= [ dOK[Q0;01,10(Q)) . (25)

The analysis is identical to that of spreading wave
packets in ordinary quantum mechanics. Thus the
dispersion A(?) at any later time can be written as

Bt

A(r)=Alt
(t)=A(ty) A

1+

tanV'k (t+t,)

172
In———— ;
ntam/E(tl+t0) ]

(26)

where 3 is a constant formed from various param-
eters. Quite clearly, at both the classical singulari-
ties, the dispersion A(#) diverges logarithmically,
leading to infinite uncertainty. Thus the previous
result that conformal fluctuations diverge at the
classical singularity holds for this case also.

tanV'k (¢, +1o)
tanV'k (1, +15)

I

The “effective metric” (as introduced in Ref. 5),
is defined as

g = [ g,(Q) | 9(Q)|%dQ
=g [ Q29|40
= [1+A%0]gps - 27)

Thus, in our case, the effective metric has the ex-
pansion factor

SZe()=[14AXD]S24(0) . (28)

Near the singularity A%(t) — o0, S24 — 0. Wheth-
er Sgy is singular or not depends on which effect
predominates. By using the explicit forms we can
see that, near the singularity,

ngf~1ir% [Ve Ine]>—0 . (29)
[

Thus the effective metric retains the singular
behavior. An explicit calculation of the curvature
constants confirms the result.

It was shown previously that in a RW
universe with dust particles as a source the effec-
tive metric remains nonsingular, and the collapse
of the dust ball is stopped at the Planck length.
This can be understood in terms of the stationary
states of the closed Friedmann model which has a
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lower bound at the Planck length.®

It is clear from the Lagrangian in Eq. (19) that
no such lower bound can arise in the present case.
The Schrodinger equation, for the present case,
will read

GO0 Ay . odr
i# or =2 302 with 7= “f(t) =F(1).

(30)
A physically reasonable solution has the form
W, Q) =V2ke tE g~k with k2=2E /#* .
(31)

The expectation value for Q? has no (nonzero)
lower bound. It is conceivable that the absence of a
ground state with lower limit on (Q?) leads to the
singular behavior of the effective matrix. Further
investigation is necessary before this connection
can be established rigorously.

IV. SOME FURTHER REMARKS

In the above discussion we have treated the
scalar field as a classical distribution and dealt
with the quantum fluctuations of gravity. For
complete understanding (especially for the discus-
sion of stationary states) it is necessary to treat
both the scalar field and the conformal factor as
quantum variables. The state would be described
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by a complex amplitude ¥ (¢,Q,f). A detailed in-
vestigation leads to the following possibilities (the
results will be published later).

(i) The nature of the stationary states depends
crucially on the source. For example, the k = 0
RW universe has exponentially decaying wave
functions for stationary states. However, if a
scalar field is introduced as a quantum variable,
the wave functions are described by modified
Bessel functions.

(i) The conformal factor appears in the action
[see Eq. (14)] with a negative sign in the kinetic
energy term. Because of this one can generate a
scalar field from the vacuum state (by suitable
quantum fluctuations) without any apparent viola-
tions of energy conservation. Essentially, the con-
formal factor acts as a negative-energy field. A
detailed investigation is required before one can de-
cide whether the solution would be of steady-state
or of big-bang nature.

We wish to make one more concluding remark.
It seems safe to conjecture, based on this and pre-
vious works, that “quantum conformal fluctuations
always diverge at the classical space-time singulari-

ty . "
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