EINSTEIN-CARTAN THEORY OF GRAVITATION:
KINEMATICAL PARAMETERS AND
MAXWELL EQUATIONS

L. N. KATKAR

ABSTRACT. In the space-time manifold of Einstein-Cartan Theory (ECT) of gravi-
tation, the expressions for the time-like kinematical parameters are derived and the
propagation equation for expansion is obtained. It has been observed that when the
spin tensor is u-orthogonal the spin of the gravitating matter has no influence on the
propagation equation of expansion while it has influence when it is not u-orthogonal.
The usual formula for the curl of gradient of a scalar function is not zero in ECT. So is
the case with the divergence of the curl of a vector. Their expressions on the space-time
manifold of ECT are derived. A new derivative operator d. is introduced to develop
the calculus on space-time manifold of ECT. It is obtained by taking the covariant
derivative of an associated tensor of a form with respect to asymmetric connections.
We have used this differential operator to obtain the form of the Maxwell’s equations
in the ECT of gravitation. Cartan’s equations of structure are also derived through the
new derivative operator. It has been shown that unlike the consequences of exterior
derivative in Einstein space-time, the repetition of d. on a form of any degree is not
Zero.

1. INTRODUCTION

FEinstein’s General Theory of Relativity is the most successful theory of gravitation
amongst all gravitation theories. It generalizes special relativity and Newton’s theory
of gravitation that incorporates gravity and acceleration of particles. The success of
general relativity has stimulated interest in several generalizations of Einstein’s original
general relativity. The modified theories of gravitation have received considerable atten-
tion due to many reasons, such as the understanding of Mach’s principle, adaptability
with quantum physics, the link of gravitation with other interactions, incorporation of
intrinsic spin of matter etc. Einstein-Cartan theory of gravitation is one such modified
theory of gravitation in which the spin-an intrinsic feature of gravitating matter is in-
troduced. It is a viable theory of gravitation that differs very slightly from the Einstein
theory. This modified theory of gravitation was put forward in 1923 by Cartan [1].It is
motivated by the desire to provide a simple description of the influence of spin of gravi-
tating matter. This is achieved by taking a space-time as a four dimensional differential
manifold endowed with a Riemannian metric in which the connections are asymmetric.
In recent years the Einstein-Cartan Theory (ECT) of gravitation has been developed
by Hehl. et.al [5].A brief account of some of the work performed recently on the ECT
was presented by Trautman [13]. This theory postulates that the spin of matter is the
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source of torsion of space-time geometry. While singularities are inevitable in Einstein’s
theory, the new theory raised the hopes of avoiding singularities through the spin of
matter. However, interest in Einstein-Cartan theory has been renewed in recent years.
The theory is still considered viable and remains an active topic of researchers. The
geometry of the space-time manifold of ECT of gravity does not remain Riemannian due
to asymmetric connections, rather it becomes non-Riemannian. This non-Riemannian
character of the space-time is introduced through affine connections Féj which are de-

fined by Féj = {Z} - Kijk where Kijk is the contortion tensor satisfying Kj(z) = 0 and

{Z} = {fz} are the symmetric Christoffel symbols. The relation between the torsion
tensor and the contortion tensor is given by
1
k k k
&=-3 (Kif = 15E). (1.1)
It also follows from the equation (1.1)that Kjjr = —Qijr + Qjki — Qrij- The relevant field
equations of ECT are given by Hehl et.al [5]. The variation with respect to the metric

tensor ¢ yields the equation
1
Rij — iRgij = —Ktij, (1.2)

where R;; is the Ricci tensor, t;; is the canonical energy momentum tensor. One should
note that the above equation is not the same as the Einstein’s field equation because the
Ricci tensor is no longer symmetric but instead contains information about the torsion
tensor as well. The right hand side of the equation cannot be symmetric either, so #;;
must also contain information about the spin tensor. Similarly, the variation of the
action with respect to the torsion tensor Qif yields a new equation

Qz’f + 55@;‘11 - 5}6@@‘11 = KSijk’ (1.3)

where Sijk’ is the spin angular momentum tensor. The relation between Sijk and ;5 is
defined by

t =TV + (V4 2Qu) (7% — §7F — §hi), (1.4)
T is the stress energy momentum tensor. Hehl et. al[6] have split up the spin angular

momentum tensor in to spin tensor in the form

The spin tensor is anti-symmetric and u-orthogonal. The u-orthogonality condition gives
Sijui = 0.This condition is referred as Franckel’s condition. Investigations in the first
four sections of the paper are made on the assumption that the spin tensor satisfies the
franckel’s condition. However, this additional restriction on the spin tensor, we feel to be
redundant. Hence in the last Section 5, we represent our results of the first four sections
by considering the spin tensor is not u-orthogonal.

Now contracting k and j in the field equation (1.3) and using the u-orthogonality condi-
tion of the spin tensor, we get Qi,f = 0. Consequently, the ECT field equation becomes
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The six independent components of the spin tensor can be expressed in terms of its only
three complex tetrad components as follows:

so = Siz=Syl'm!,
1 1 o o
s1 = 5(512 + 543) = 552‘]' (lzn] + m’mj),
Sy = 532 = Sijminj, (17)

where !, n', m' and m’ are null vector fields of the Newman-Penrose tetrad. The
condition

Sl-jui =0= 59 = 852,51 = —51. (1.8)

Reader may refer to the equation (5.8)for clarification. The investigations in the pa-
per are arranged as follows: In the Section 2 we define the kinematical parameters of
time like vector field in the ECT of gravitation and the role of spin on the propagation
equation of expansion scalar is examined.In the Section 3, we introduce a new derivative
operator d, operated on a form.This converts p- form to (p+ 1)- form. It is obtained by
taking the covariant derivative of an associate tensor of a form with respect an asym-
metric connections. The Cartan equations of structure are also depicted through the
new differential operator. It has been shown that this new differential operator when
operated on a differential form of any degree does not satisfy a very important property
that the repetition of exterior derivative of a form vanishes identically. In the study
of electromagnetic field the Maxwell equations play very important role. Therefore, to
study electromagnetic field in the ECT of gravitation,the form of the Maxwell equations
are derived in the Section 4 by applying the new operator d, on a 2 form when associated
tensor is electromagnetic field tensor.We consider the u-orthogonality of the spin tensor
is an unnecessary restriction. The results of the paper are summarised in the Section 5
by assuming the spin tensor is not u-orthogonal. In this case we have shown that the
spin influences the propagation equation for expansion.

2. KINEMATICAL PARAMETERS IN EINSTEIN-CARTAN THEORY OF GRAVITATION

A study of kinematical parameters of a null vector field, time like vector field and
a space-like vector field is well known in the literature Sachs[12], Greenberg[4]. Kine-
matical parameters of a time-like vector field as well as space-like vector field and their
propagation equations are studied by many authors, Greenberg[4] Ellis[3], Palle [11].
The propagation equation for expansion is the well-known Raychaudhary equation in
the literature. Our aim is introduce the kinematical parameters of the time like vector
field in Einstein-Cartan theory of gravitation and study the role of the spin tensor on
their propagation equations. The calculus on a geometry where in which the connections
Ffj are asymmetric is described by the covariant derivative denoted by a semi-colon (;)
and for a vector field u; it is defined as
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where the asymmetric connections F?i are defined as Ffj = { fj} — Kijk. Thus we have

Ujj = Uj/j + Kjilul, (2.1)
where

8u' k
is the covariant derivative with respect to the symmetric connections in the Einstein
space-time. Similarly for the contravariant vector field v’ it is defined as
i

u'; = ui/j — Kﬂiul, (2.3)

Contracting the indices in the equation (2.3) and defining the expansion parameters
0 = u', and = ul /i respectively in the ECT of gravitation and Einstein theory of

3t
gravitation we obtain the relation

0=0—2Q,/u" (2.4)

2.1. Shear Tensor in ECT of gravitation. The shear tensor field in the ECT of

gravitation is defined as

. 1
where h;; = g;; — u;u; is the three dimensional projection operator and ; is the accel-

eration vector in the ECT and is defined as ; = ui;juj and
i = Ui + 2QijpuuF, (2.6)
where ; = u; /juj is the acceleration vector in Einstein theory. Consequently, the equa-
tion (2.5) becomes
. k Lk, 2+ 0k
0ij = Gij — (Quij + Qugi)u” — (Quwtj + wiQjue)u'u” + S Qu” hij- (2.7)

where
(5’,‘]‘ = ’ll(l/J) — Tl(in) — gehij, (28)
is the shear tensor in Einstein’s theory of gravitation.

2.2. Rotation Tensor in ECT of Gravitation: The rotation tensor in the ECT of
gravitation is defined as

) 1
Wij = u[i;j] - U[lu]] - g@hw (29)
On simplifying this equation we obtain
wij = Dij + Q™ — (Qukuj — wiQuk)uul. (2.10)

where
(2.11)

is the rotation tensor in Einstein theory of gravitation. Hence we can decompose the

Wij = Ufy5) — W),

covariant derivative of the time like vector field in terms of its kinematical parameters
as

1 :
Ui = 0 + wij + g0hi; + i (2.12)
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On using the ECT field equations (1.6) and (1.8), we find from the equations (2.4),(2.6),(2.7),
and (2.10)that

0=20,
i = U,
0ij = 0ij,
wij = @ij + KSij. (2.13)
The equation (2.12) reduces to the form
Uisj = Gij + Wi + %éhij + Uiuj + K Sij. (2.14)
This is equivalent to the definition (2.1) for the time-like vector field w;.
uij = ui/j + KSij. (2.15)
where,
wi)j = 6ij + ij + %éhzj + ;. (2.16)

However, for any general vector field A; we have
Aij = Ay + K(Siju + Syu; + Sju;) AL (2.17)
Similarly, the covariant derivative of any second rank tensor A;; is defined as
Aijik = Aij i + KA (Siue — Spud — Shws) + K Ag(Sfug, — Sjul — Shuy).  (2.18)

We see that the only term which is affected by the spin tensor is the rotation tensor
and all other kinematical parameters have the invariant characteristic. Now if f is any
scalar function of coordinates then its covariant derivative with respect to the symmetric
Christoffel symbols is the same as its partial derivative. It turns out that the second
order covariant derivative of a scalar is commutative. However, in ECT of gravitation
we obtain from the equation (2.17) by replacing the vector A; by the gradient of the
scalar function f,; we obtain

Fij = Fji = 2K fau'Sy;. (2.19)
We see a very important property of the covariant derivative of a scalar function that it
is commutative in Einstein space-time is no longer true in the ECT space-time.Also by

interchanging the indices 7 and j in the equation (2.17) and subtracting the result from
the equation (2.17) we obtain the expression for the curl of a vector A; as

curlA; = (cuflAi) + 2KSijulAl.
If the vector A; is the time-like vector field u; then the above equation becomes
curlu; = (cw:lui) + 2K S5, (2.20)

where the term on the left hand side curlu; = u;;; — u;,; represents the curl of a vector
u; in the ECT space-time, while the first term on the right hand side with hatch on the
head i.e.,(cw:lui) = u;/; —u;,; represents the curl of a vector in the Einstein space-time.It
follows from the equation that

curl(gradf) = 2f’injk. (2.21)
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However, the divergence of an arbitrary vector is obtained by contracting its covariant
derivative. Since the spin tensor is u-orthogonal, it follows from the equation (2.17) that
Ai o Az

i /i

2.3. Auto-parallel Curves: Auto-parallel curve in ECT space-time is a curve such
that the tangent vector field to the curve is parallely transported along the curve.If
tt ‘fi% is the unit tangent vector field to the curve, then auto-parallel curve is defined
as

tht! = 0.
Using the equation (2.3) we obtain the differential equations of auto-parallel curve in the
ECT of gravitation in the form

2
Cfl + {0 ‘ZB d; + 2K S uptIth = 0. (2.22)

If the 4-velocity vector field u’ % is the unit tangent vector field to the curve, then
the equations of auto-parallel curve reduce to the equations in Einstein theory.

2.4. Ricci Identity in ECT of Gravity: Let A’ be any arbitrary vector field in
FEinstein-Cartan space-time, then the Ricci identity is given by
Ai;jk - Ai;kj = _Alejli - 2Ai;le¢jl ) (2.23)
where
h » h h h h l l l
Ryji = Ryji + K — Ky — Ky (K — Kg) + K Kl — — Ky "KL (2.24)
is the Riemann curvature tensor in ECT and Rkﬁ is the Riemann curvature tensor in

Einstein theory. We see from the equation (2.24) that the Riemann curvature tensor
satisfies the following properties.

Rpijr = —Rinjk = — Rpij,
Rpijk # Rjkni,
Rhyiji + Rujri + Ruij # 0. (2.25)

Expressing the contortion tensor into torsion tensor and then using the equation (1.6)
we obtain the expression for the Riemannian curvature tensor as

h _ p h h h h
Rkji = Rkji + 2K |:SZ[]7]€]U +u 7[]516]1 — Sz [] ] + S U[J K — S[]

Wi T U i) S};]] +
+2K2818); + K2 [Sjis’; — " S — S S uy + S St uy — S48 Musuy +
+Slk5,huiuj} . (2.26)

The cyclic property of the Riemann curvature tensor in ECT space-time becomes

Ryji + Rk + Rigy = 2(Qif s + Qi + Qua'sg) — HQuyQul' + QuiQut’ + Qi Q") (2:27)

Using equation (1.6) the equation(2.27) reduces to

Rkj]} + Rjil}cL + Rik? = 2K[(Siju™) e + (Skatt”)j + (Sjru’)sil- (2.28)
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Contracting the index k& with h in the equation (2.26) we obtain the expression for the
Ricci tensor as

Rij = Eij — KSZJ — KSZJQ + K’U,Z'Sjk & + Kui;ijk + KS’ﬁ;kuj + KS’ﬁuj;k —
—2K?S% Sk + 2K2S%u;u;. (2.29)
2.5. Raychaudhari Equation in ECT of Gravity: To see the effect of spin tensor
on the Raychaudhary equation, we start with the Ricci identity for a time like vector
field u; given by

Uijk — Uigkj = un Ryt — 23, Qy)- (2.30)

Multiplying this equation by u* we obtain
(i) = wiju® + Reginu"u® — 2u;, Q" (2.31)

where

U; = ui;kuk.

This implies that

Co k k

Ujsj = gk W+ U U e (2.32)
Eliminating the term u;;u”* from the equation (2.31) we get

(ui;j)' = ﬂi;j — ui;kulfj + Rkjihuhuk - 2ui;thjhuk. (233)

Using the equation (2.12) in the equation (2.33), then contracting the indices i and j
and simplifying the equation by using the definitions given below

6:;6" =262, Gyu' =0, 0;;hY =0,
@i = 207, Gyut =0, @97 =0,
S;;8 =28 6,7 =0, &;6Y =0,
@u' = 0,hjju’ =0, (2.34)
we obtain the equation
=0l —2 (&2 — &% — KoySY — K28% + éé2> + Rijuiul. (2.35)
From the equation (2.29) on using the equation (2.12) we find
Rijuiuj = Rijuiuj - 2Kc&ijSij —2K?%§2 (2.36)
Substituting this value in the equation (2.35) we get

. ) 1 "
0 =1t —2(6% — &% — §e2 + Ryju'u?. (2.37)

2

This is the Raychaudhuri equation in ECT space-time. We see that though the fact
that the shear tensor induces contraction of the flow vector, and the rotation induces
expansion, the spin tensor has no influence on flow vector and the Raychaudhuri equation
remains invariant in its form even in the ECT of gravitation. The propagation equations
for other parameters are published by the author [9].
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3. CALCULUS IN EINSTEIN-CARTAN THEORY:

In Einstein’s theory of gravitation the calculus of differential forms is developed by
exterior derivative. The exterior differentiation is effected by an operator d and applied
to forms. It is an operation that converts r-form to r + 1 form obtained by taking either
the partial derivative or covariant derivative (immaterial which) of the associated rth
order tensor in the Einstein space-time. Mathematically, it is defined as

a: N N (3.1)
If o € A" T, is any r-form then dw € A T, is r+1-form, where the operator d is linear
which implies that d(aw + b6) = adw + bdé for any two r-forms and a, b are constants.
The exterior derivative also obeys the Leibniz rule

d(fg) = gdf + fdg. (3.2)
where f and g are functions of coordinates . In the algebra of differential forms, the
multiplication is defined by the wedge product and is skew symmetric. That is

dz' A da? = —da? A dxt. (3.3)

One consequence of this is that da’ A dz® = 0. The derivative operator satisfies the
following properties when applied to different forms.

df = f;idxi,for 0— formf,

d@NG) =di N + (—1)49°7% G A da,

d(fo)=df N© + fdo, f € R,

d(d@) =0, for any form . (3.4)
In Einstein-Cartan theory of gravitation it is convenient to use the techniques of differ-
ential form as it gives a more conceptual and uniform way of understanding curvature
and also provides an important tool for computation. However, in the ECT space-time,
the covariant derivative is defined with respect to the asymmetric affine connections.
Therefore, even for a scalar function the covariant derivative of second order is not com-
mutative. Hence in ECT space-time we introduce a new operator d, applied to any form
p. It converts p- form to (p+ 1)- form and is obtained by taking the covariant derivative

of an associated porder skew symmetric tensor with respect to the asymmetric connec-
tions. For a scalar function f we have always

fi=Tn= Tl (3.5)
It follows that for any coordinate function z?, dy2’ = da’.Operating d, on the function

(dif) we get
di(dif) = %(f;z’j — fji)da? A da'. (3.6)

This can be written as

4u(de ) = [ iy — Fya0) + Qe A dt
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That is
_ k7,.j i
de(dif) = d(df) + f1Q;; dx’ N da', (3.7)
where we have d(df) = %( frij — f/ji)d:vj A dz'. As repetition of exterior derivative on
any form is identically zero. Hence we have therefore,

di(dy f) = curl(gradf) = f;injkdxj A da’ (3.8)
We observe that d? # 0. Now if @ = w;dx’ is any 1-form then its derivative is 2-form
given by
1 . .
dyw = §(wi;j — wj;i)dac] Adzt. (3.9)
It can be written as
1 . ,
ds0 = [§(wi’j — wj’i) + kaiJk]daﬂ A dz’,
du = dio — wpQ; Fda’ A da? (3.10)
where )
dw = §(wi7j — w]‘,i)dl’j A dat.

Operating d, on the equation (3.9) we obtain
1 ‘ .
dy(d0) = i(wi;jk — wj)dz® A da? A da (3.11)

By cyclic permutation of the indices 4, j, k twice in turn in the equation(3.11) we get two
more equations. Adding these equations to the equation(3.11) we get

di(de@) = —é[(wmk — Wigks) — (Wjsik — Wski) + (Whyij — Whyga)]da’ A da? Ada®. (3.12)
Using the Ricci identities
Wik — Wik = Wi Ryfi — 2win Q)
we obtain

~ 1 . .
dy(do@) = _g[wh(Rkj’; + Ryl + Ryt) — 2(wish Qi — wiinQptk + wisn Q1) da’ A dad A da®,
(3.13)
By using the cyclic property of curvature tensor in the Einstein-Cartan space-time we

obtain
di(d0) = —é[wh(Qijh;k + le?;i + Qi) — 2wh(Qi;leh + kaéleh + lelchlh) -
—(wi;th? — wj;thZh + wk;thZh)]da:i Adad A dat, (3.14)
From equations (3.8)and (3.14) we see that
d2(f) = curl(gradf) # 0. (3.15)
d?(@) = div(curl A;) # 0. (3.16)

Similarly, if b= Fijdxi/\dxj is any 2-form, where Fj; are the skew symmetric components
of 2-form,then its derivative is 3-form given by

- - 92 . )
dutp = dop = 2 (FjQui + FuQuj + FisQyj)da’ N da? A da*, (3.17)
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where

1 . »
do = 2 (Fijk + Fjii + Flig)da' A da? A dz", (3.18)

3.1. Tetrad Formalism: We use the Newman-Penrose [10] tetrad formalism and its ex-
tension by Jogia and Griffiths [7] which is suitably adopted for dealing with certain prob-
lems in ECT. We summarize the formalism here briefly. At each point of a 4-dimensional
non-Riemannian space-time of ECT we introduce a tetrad eéa) = (I',n*,m*,m?) con-
sisting of four null basis vectors. The tetrad of the dual basis vector fields is given by
ega) = (n4, l;, —m;, —m;). Of these basis vector fields [;, n; are real null vector fields, and
m, m; are complex null vector fields satisfying the conditions /;n’ = 1 and m;m’ = —1
and all other inner products are zero. The tensor components of the metric tensor g;;
(c) e;ﬂ)

and its tetrad components 7, are related by the equation g;; = nge , where

1
N2 = Mo1 = —N34 = —Ma3 = 1 and all other components are zero. The tetrad indices of
a tensor can be raised or lowered down by the tetrad components of the metric tensor
Nop While the tensor indices are raised and lowered by the metric tensor g;;. Following
the notations of Jogia and Griffiths[7], the ECT field equation (1.6) reduces to its tetrad

components as

or=M=m =1 =0,

1
/-{:D:—\/iKs,d: = ——=Ksg,
1=1 0, a1 =/ NoR

1
L1 = M1 = —\/QKsl, Y1 = €1 = —7K81. (3.19)

V2

We record below the tetrad components of the Ricci’s coefficients of rotations defined by

YaBo = —e(a)i;jeéﬂ)eza) for the ready references
Y21 = — (€ + &), Yiz2 = =77,
n2z = —(7° +7%), "z = —0”,
343 = —(a’ — %), Yoz1 = 70,

Y34 = —p° + V2K sy, ya33 = A,

Y131 = —K" + V2K s, Yozo = 7 — V2K s,

Y123 = —(a° 4 8°) + V2K sp,

Y3a1 = € — & — V2K sy,

Y342 = 70 - "yo — \@Ksl,

o34 = i° + V2K 1, (3.20)

where v,5, = 7004 By + K,qp and K3 are the tetrad components of the torsion tensor.As

an application of the new derivative operator d, we apply it to the tetrad basis of 1-form
0 = ega)dwi and obtain

2.6 — %(e@ ©N\dzd A dat — el Q,Fda’ A da? (3.21)

ili — %/
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Replacing the coordinate basis 1-forms dz’ by the tetrad basis of 1-forms 6(®) we get

d.f" = %n’*"(v?mﬂ — Vg — 2Qago)0" N 0. (3.22)

By giving different values to the Greek indices from 1 to 4 we obtain the following
equations
40D = (1030 44y + 30012 — (10 — 50+ pr — 11)6% +

(@ + 8% = 70 +an + B — 7)0" — (07 + 91)0%] + [e.d],
4.0 = (4 4 e +@)8? — (0 — 2+ p1 — p1)0 +

(K" + K1) + (77 —a® = B+ 1 — a1 — B1)0%] + [ed],
d,0® (FO4+ 0+ 7 +m)02 4+ (00 4+ —E + g1+ — )0 + (67 + 71)0M —

-

—(1” ="+ = )0 = (A0 + A6 -

—(a® = % + oy — 516 (3.23)
where c.c denotes the complex conjugate of the preceding term. These equations are
equivalent to

400 = d0W + (y +71)0" — (1 — )03 + [(@1 + B1 — 71)0" — 110%] + [e.d],
A0 = d0P + (e + )0 — (p1 — 510 + [k16" + (11 — 61 — B1)0%] + [e.d],
400 = d0® — (7 +m)02 + (g1 + e — @) + 510" — (1 — 71+ 71)6% — M6t -
—(a1 — B1)6™, (3.24)

where

A0V = (0390 — (10 — 10)6* + [(@° + O — 7°)6"% — (1°)6%] + [e.d],

6@ = (2 +&)0' — (p° — "% + [°0% + (70 — a° — 8)6%] + [e.d],

d9B® = [0 4 70)012 4 (0 + € — )91 4 5091 — (10 — 40 45092 —

—A%02 — (° — 5%)634]. (3.25)

The expression for d,0(*) (d9(4))is obtained by taking the complex conjugate of the terms
and interchanging 3 and 4 in the expression d.0®) (df(®).

3.2. Cartan’s Equations of structure: There are two equations of structure due to
Cartan. They play a very crucial role in deriving the components of Riemann Curvature
tensor. The essence of Riemannian geometry is studied through the equations of struc-
ture. Their forms and their uses are well known in the Riemannian geometry.Katkar
[8] has obtained these equations in ECT of gravitation and claimed the essence of non-
Riemannian geometry can be summarised by exploiting these equations. These equations
are derived here through the new differential operator d, for the use in the subsequent
work. We take the derivative of 6% = ega)dazi and find

_ (@) 55 j
d.0% =e C;;jdx] Adx'. (3.26)
This after using the definition of Ricci’s coefficient of rotation yields

d.0% = ~%.0° NG,
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d 0% = —wh N6, (3.27)
where
wp =%, (3.28)
Yoy = 70%7 — K5, (3.29)
Thus we have
wh=uw"% - K § 6. (3.30)

This gives the relation between the connection 1-forms with respect to the ECT space-
time and the Einstein space-time; the additional term is due to the contribution of the
contortion tensor. The equation (3.27) is called the Cartan’s first equation of structure
in the ECT space-time. The equation (3.27)can also be written as

d.0% = do™ + K507 N 6°, (3.31)
where
d9* = —wG A 67, (3.32)

is the Cartan’s first equation of structure in Einstein theory of gravitation. Now to derive
the second equation of structure we take the derivative of the equation (3.28) and obtain

dwG = (’yo‘ﬁge(a));jdxj A dat,

i

1 . A
dus’s = 5 [(10el”)g = (Vs )ilda? A et (3.33)
where we have
R =~ e )i + 5 el ey, (3.34)
Using this in the immediate above equation we derive the equation
1 . .
duwp = —ie(g)(e(gzj - e(,z)ji)dx] Ndx' + vapafypﬁeﬁﬁ NCAR (3.35)

Using the Ricci identity (2.30) we obtain after simplifying the terms of the equation
1
d*w% = —§R50g95 N (7ap07pﬁe o ,Yozﬁp 65)96 ABC. (3.36)
Define the term )
G =—5Rsd 0" N0, (3.37)

where 0% are the tetrad components of curvature 2-form. Using the equations (1.6) and
(3.28), the equation (3.36) yields

% = duwG + W A wpﬂ — Kv%3,Secu’0 N 0. (3.38)
This is the Cartan’s second equation of structure. This can also be put in the following
form
Qo = Qg+ [diKeas + 1" (Kypate + KypaKeoud” — Keguwl, +
+Keyoaw',s + KoyaKegu”)] N0 — K (105, + Kpap) Seat?0 A 07, (3.39)
where

0% = dw5 + W, A wo’oﬁ. (3.40)



ECTG:KINEMATICAL PARAMETERS, DIFFERENTIAL FORMS AND MAXWELL EQUATIONS 13

is the Cartan’s equation of structure in the Einstein space-time geometry. We will derive
the following expression for the repetition of d, of the tetrad basis 1-form.It is evident
from the Cartan’s first equation of structure (3.27) that

d20% = —(dw A 0° —wG A d07). (3.41)
A simple but straight forward calculations show that
d20” = [dK_ §+ K 5’ + K 20% — K, §0% — K 9K §0°+ K, 5K Z0N07 A6°. (3.42)

In the absence of the contortion tensor the result (3.42) reduces to d?6® = 0.

4. MAXWELL EQUATIONS IN EINSTEIN-CARTAN THEORY

Let Fj; be a skew-symmetric electromagnetic tensor field. The tensor form of the
Maxwell’s equations can have the same form in both the Einstein theory of gravitation
and the Einstein-Cartan theory of gravitation. The difference lies in the definition of
covariant derivative. In the Einstein space time it is with respect to the symmetric
Christoffel symbols while in the ECT space-time it is with respect to the asymmetric
connections. The source free Maxwell’s equations in the ECT space-time are given by

where )

Flijr = g(Fij;k + Fligii + Frij)- (4.2)
In Einstein theory of gravitation, tetrad components of the Maxwell’s equations were
given by Debney and Zund (1971). We determine the form of these equations through

the new derivative operator d, in the ECT of gravitation. We convert the equation
(3.17)in to the tetrad components as

~ ~ 1
ded = dod+ gnw[Fgﬁ(Kme — Kore) + Fao (Kyge — Kpoe) + For(Kope — Kpgac)|0* AP NG,
(4.3)

~ 1 .
de = g[Fozﬁ,’Y + Fﬁ%a + F’Yoc,ﬁ -7 U[FU,B(WSCW - ’nga) + Faa('ygﬁ,y — 'yg’yﬁ) +
+Fy (V50 — Yeas) 0% N7 NOT]. (4.4)

The tetrad components of the electromagnetic field tensor F;; are given by

Fap = Fije(q)€(p)- (4.5)
Debney and Zund [2] have given the expression for the electromagnetic field tensor in
the form
Ej = —4Re¢1l[mﬂ —41 Imqﬁlm[imﬂ + [2¢2l[imj] + 2¢0m[inﬂ] + [C.C], (4.6)
where
Fi2 = 2 Regx,
F13 = ¢07

Fos = —o,
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F34 = —2iImgz51. (47)

We see that the equation d.¢ = 0 is equivalent to the following set of Maxwell’s equations
in the ECT of gravitation.

D¢y — 6 = (70 — 2a° + V2K 5p) o + 2(p° — V2K 51)p1 — (k° — V2K s0) b2,

Spg — Apy = —(1° — V2K s9) o + 2(1° — V2K s1)p1 — (7° — 28° + V2K s0) 2,
Doy — 51 = =g + 27%¢1 — (p° — 2¢%) o,

51 — Ao = (u° — 29°)dg + 27%¢1 — 0%o. (4.8)

We notice that in the absence of torsion tensor all these results reduce to the results of
the Einstein space-time.

4.1. Commutator relations. : We express the tensor components of the covariant
derivative of a scalar function f in terms of its tetrad components and vice versa as

fi = facl®, (4.9)
and
fra = Fii€)- (4.10)
Using these relations, we obtain
fuselayels) = fas = firap (4.1)

Interchanging the indices ¢ and j in the above equation and subtracting the result from
it we obtain the equation

(fis = Fii)elw€ls) = fap = Fipa = fio(Yag = Vha)- (4.12)
Replacing u; by f.; in the definition of covariant derivative (2.1) we obtain the equation
(f;ij fﬂ) (5) = f (Kaﬁg - Kﬁaa)' (4~13)

From equations (4.12) and (4.13)we readily obtain the equation

f,ocﬁ - f,ﬁa = f,oﬁ“(’yoeaﬁ - ’Y%aﬁ)' (4'14)

where we have used the relation 77, 5= fyog g~ K Bor -
By giving different values to the Greek indices from 1 to 4 in the equation (4.14) we
derive the following commutator relations.

fi2—fo1=[A,D)f = (P +3)Df + (€ +EAf — (7 + 70 f — (+° + 75/,
fi3—fa1=[6,D]f = (@ +B° —7Df + k°Af — (p" + & — )5 f — o5 f,
fo3— fa2=100,A]f = —*ODf+( —a’ = BOAF + (u° = A2+ 306 f + X056 f,
far—faz=10,0f = =(u° =i )Df = (p° = p°)Af + (a® = B°)5f — (a° = B°)d .

(4.15)
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5. FRANKEL CONDITION

For the classical description of the spin of gravitating matters Hehl et.al.[5] have
decomposed the spin tensor described in the equation (1.5) with an additional restriction
that it is u-orthogonal which is unnecessary. Throughout this section we assume unless
otherwise mentioned,

Sijui 75 0. (51)
To study its consequences, we express the torsion tensor Qijk in terms of its tetrad
components as

Qif = Qe el (5.2)
where .
op = ~5(Kop = Kgl)- (5.3)

Following the notations of Jogia and Griffiths [7],we obtain the expression

Qif = (= p)mmyl* + (pr — pr)mpmyn® + (e + @)lnyn® + (v + %)) nyl* -
—[ﬂll[zmj]lk + mm[inj]nk — All[zmj]mk — Ulm[inj]mk + (77'1 + Tl)l[zn]}mk +
+(aq + 81 — 7_'1)l[,~mj]nk + (a1 + p1 — ﬁl)m[inj]lk — (1 +m — %)l[imj]m’“ —
—(p1 + 1 — e)mpnymF — (a1 — Br)ympmym*] — [e.d]. (5.4)
[i74] [i714]
Contracting the index jwith k in the equation (5.4),we get
1 _
Qi = —5[(M1+ﬂ1—71—%)li—(P1+ﬁ1—61—€1)m’+(a1—ﬂ1—7T1+ﬂ)mz‘+(541—51—7?1+71)mi]-
(5.5)
Using the equations (5.4)and (5.5) in the field equation (1.3), we obtain
Ksijk = (m+ ﬂl)l[inj]lk + (p1 + ﬁl)l[mj]nk + (1 — ﬂl)m[imj]lk + (p1 — ﬁl)m[imj]nk -
—[ﬂll[imj]lk + (201 — Wl)l[imj]nk + mm[inj]nk + (261 — 7_'1)m[inj]lk +
+(p1 — 271)l[imj]mk +(p1 — 261)m[z~nﬂmk + (m + 7‘1)l[in]~]mk + (m1 — 7‘1)m[imj]mk -
—)ql[imj]mk - 61m[inj]mk] + c.c. (5.6)
Similarly, the spin tensor S;; can be expressed in terms of its tetrad components as,
Sij = Sape Vel (5.7)

The tetrad components of the spin tensor are defined in the equation (1.7). Using these
components we write equation (5.7) as

Sij = =2[(s1 + 51)lng + (51— 51)mpmy) — (sompng) + Salmy) — e.c (5.8)
Theorem:The following statements are equivalent.
(i) S;f = SyuP
(i) ;= m =26 =2y =—V2Ksi,
v = 201 = —V2K5,,
K1 = 281 =—V2Ks,
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O —— 7'1:)\120'1:0. (59)

Proof: We define the time-like vector u’ as u‘= 12 (I* + n?) such that u;u’ = 1. Multi-

S

plying the equation(5.8) by u’ we get
Sijuk = —\@[(81 +§1)l[m]~] + (81 —51)m[imj] — (Som[inj] +§Ql[im]’]> — C.C.](lk—i-nk). (5.10)

If Sl-jk = S;ju” then the corresponding coefficients of the equations (5.6) and (5.10)must
be identical. Hence equating the corresponding coefficients,we obtain the relations

(p1 +p1) = (1 + fir) = —V2K (51 + 51),

(p1 = p1) = (1 — jin) = —V2K(s1 — 51),

K1 =28 — 11 = —V2Ks,

fi1 = 20 — T = —V2Ks9,

p =21 =0,p1 =261 =0,m +71 =0,

m—T1 =0, =0,00 =0. (5.11)
Solving these equations we obtain the required results. In fact the set of equations (5.9) is
the consequence of the field equation (1.3). One can independently derive these equations
from the field equation. By virtue of the equation (5.9) the equation (5.7)becomes

KSi; =V2[(p1 + p1)ling + (p1 — pr)mpmy — (kampng + nilpmy) — c.el. (5.12)

Contracting the field equation (1.3),we obtain

Qi =2Q,f = —KS,F = —KSyu”. (5.13)
Hence we have
Q. = SR8} + ok, — s (5.14)
Equivalently,we write
Q. = %Kpsiju’“ + 07 Sl — 65 Sl (5.15)
This on using (5.12) we have
Q;f = %[(Pl + p1) (lanjy (1% + nP) + lpmgmF + mpngm® + [ymgmP + mgnym®) +
+2(p1 — p1)mpmy) (IF 4+ nP) — [Vl(l[imj}(Qlk +nF) + m[mj]lk + m[imj]mk) +
+r1(lpmgn® + mpng (1% + 2n%) + mgmgmF)] — c.c. (5.16)
However, the Frankel’s condition Sijuj = 0 implies that sg = s9 and s; + 51 = 0.

Consequently the conditions (5.9) reduce to

m = T =AM =01 =0,
k1 = =201 =2a1 = —V2Ks,
pr = [ =2€ =2y = —V2Ks. (5.17)

These are the same set of equations cited in the equation (3.19). The study of kine-
matical parameters has proved to be vital in astrophysical applications. Raychaudhary
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equation describes the effects of shear and rotation in the expansion and contraction of

the universe. For any vector of the tetrad €(a); We have

€(ayisi = €(a)ifi + K (WiSik + w;Sik + urSij + gigSent” — gjnSinu")ely. (5.18)
For @ = 1, we obtain
1
lij = Ui+ [(p1 + p1)(Lily + Ling) + 2p1mymy + 2p1mymy —
—Vllzm] — ﬂllimj — K1 (limj + 2m,~nj) — K1 (lzmj + Qmmj)]. (519)

On using equations (5.9), we obtain the equation

K
lij = li/j—ﬁ

[(81 + 51)(lilj + lm]) + simym; + symym; — §2lim]’ — Sglim]’ —

§o(limj + mej) — So(limj + 2mmj)], (520)
where
Ly = (P +30%4G — (@ + 8% lm; — (@° + B limj + (2 + €)linj — 7°mal; +
—{—5Omimj + ﬁomimj — Rommj — Tomilj + pomimj + O'Omimj —
—nommj. (521)

For a = 2, 3, 4, one can obtain similar expressions for other null vectors of the tetrad.These
are cited in the appendix for the ready reference. Thus the kinematical parameters and
the auto-parallel curves in this case become

0=0,

U; = ?ALZ + KSijuj,

Oij = 0ij,

Wyj = ’U%'j + K(SU + UiSjk — Sikuj)uk,

d?zt dx? dz® il da? dz®
FEl {]k} 15 ds + Kg"[2S;ur + graSjnu _gijth]d e

In the case when S,-juj = 0 the expressions for the curl of a vector, curl of gradient of a

=0.(5.22)

scalar function and divergence of a vector are respectively given by
(Curlu;) = (Curlu;) + K[2S5; + uiSjpu® — ujSpu®),
Curl(gradf) = K[QSijf’kuk + fﬂ-Sﬂul — f,jSilul],
(divA;) = (divA;) + K A* Sy, (5.23)
However, if an arbitrary vector A4; be taken as the time like vector field u?, then we have
(divu;) = (divwy).

Also from the first equation of the set (5.23)we obtain on using the equation (5.18), the
curl of the null vector field I; as

li;j — lj;i = lz/] : \[K[(Sl + Sl)l[z‘nj] + 2(81 — §1)Tﬁ[imj] —
—(230m[i 7 + (S() -+ Sg)l[i j]) — C.C]. (5.24)
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Similarly, from the third equation of the set(5.23)we find the divergence of the null vector
field I as

. A K
lz;i = lz/i —+ E(Sl + 51). (5.25)

The divergence of the vector field I’ viz., [’ /i in the Einstein theory of gravitation can
be obtained from the equation (5.21). It is evident that the equations (5.24) and (5.25)
also follow from the equation (5.20). The curl and divergence of other vector fields of
the tetrad are similarly obtained.These results are presented in the appendix. Now to
find the Raychaudhary equation when the spin tensor is not u-orthogonal, we obtain the
equation for the Ricci tensor in the form

Rij = Rij + K[—Sij — Sije + uiS-k &+ ui;ij"” + Sik KU+ Sl-kuj;k + gij(S’Z;kuh + S’%u

J
+K? [252uiuj — QSiijk — gijS}}CShtukut — thShkuiuk — SihS},;ujuk].
Following the process explained in the Section 2, we find the Raychaudhari equation

(2.37)in the form
. ) 1 4 . ) N )
0:@2—2@2—w2+§W)+Rﬁwuﬂ+ﬂ@52+me§k+KE%Muh—KS%mE@2U

We see that the spin of the gravitating matter affects the propagation equation of the
expansion. Similarly, we record below the corresponding Maxwell’s equations (4.8) when
spin tensor is not u-orthogonal.

Doy — ¢ = (7° — 2a° + V2K 53) 0 + 2(p° — V2K s1)p1 — (K — V2K s0) 2,

0o — Apy = —(1° — V2K 352) o + 2(u° — V2K s1)p1 — (10 — 28° + V2K 50) o,

D¢y — 661 = —\¢g + 27%1 — (p° — 2€°) ¢,

61 — Ago = (1° — 27°)¢o + 27%1 — 0¢ho. (5.28)
The equations obtained in the paper are the basic results in the ECT of gravitation. We

hope that these results can be exploited in the subsequent study in the Einstein-Cartan

theory of gravitation.

Acknowledgement: Author wishes to thank the Inter-University Centre for As-
tronomy and Astrophysics (IUCAA), Pune, India for providing facility and support
where part of this work was carried out.

Appendix:
K _ _ _ _
N4;j N/ + E[(Sl -+ 81)(7’%[]' + ’/LZ"I’LJ') — (80 + Sg)nimj — (80 + 52)’/17;171]' — 282milj +
—|—2$1mimj — 2827’7’Lilj + 2511’7%’1%]'],
K _ _ _ _ _
M. mi); — ﬁ[QSQlilj — 251Lim; + (s1 — 81)myl; — (52 — So)mim;j + (s2 — so)m;mj +
+(s1 — 51)myn; + 2s1nymy — 2sonin;,
where
ni; = —( + 301l 4+ (@ + B%)nim; + (@° + BO)nim; — (© + €)niny 4+ 0my,

0 0, .~ 0 0,- 0,- 0- - —0,~
—N'mymy — pomimy 4+ momgng + vomgly — pomgmg + ANmymy — —7 mgng,

]?k)] +

(5.26)



ECTG:KINEMATICAL PARAMETERS, DIFFERENTIAL FORMS AND MAXWELL EQUATIONS

and

mi; = Dolilj — ﬁolimj — S\Olimj + ﬁolinj + (’70 — '_yo)milj — (ao — Bo)mimj +

+(@° — B%mim; + (© — EYymyn; — m°nil; + pOnim; + o®nim; — KOnn;.

Expressions for the Curl of n; and m;:
Nij — Nji = N5 — N/ — \/§K[(81 + 51)l[z~nﬂ + 2(81 — 51)m[imﬂ —
—[(s0 + s2)mpng + 2s2l;my)] — e.c].

Mg — Mg = My5 — My + \/iK[(S1 + 51)(l[,-mj] + m[mﬂ) + (82 — 80) [imj]].

Expressions for the Divergence of n; and m;:
K

ni;i = ni/i _ ﬁ(sl + 51).
. . K
mz;i — ml/i + \ﬁ(sg — So).

19

If however, the spin tensor is u-orthogonal then on using the equation (1.8) it is evident

from these equations that

li§j - lj;i = li/j - lj/z‘ - 2\/§K[(281m[imﬂ — So(l[imj} + (m[inj]) —c.cl.

Nij — Mg = Ny — N/ — 2\/§K[281m[ﬂnﬂ — (So(l[iﬁlj] + m[mﬂ) — (C.C)].
Migg = Mgz = Mijj = M/
Py = lz/w
”i;i = ”i/w
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