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Abstract. In the space-time manifold of Einstein-Cartan Theory (ECT) of gravi-
tation, the expressions for the time-like kinematical parameters are derived and the
propagation equation for expansion is obtained. It has been observed that when the
spin tensor is u-orthogonal the spin of the gravitating matter has no influence on the
propagation equation of expansion while it has influence when it is not u-orthogonal.
The usual formula for the curl of gradient of a scalar function is not zero in ECT. So is
the case with the divergence of the curl of a vector. Their expressions on the space-time
manifold of ECT are derived. A new derivative operator d∗ is introduced to develop
the calculus on space-time manifold of ECT. It is obtained by taking the covariant
derivative of an associated tensor of a form with respect to asymmetric connections.
We have used this differential operator to obtain the form of the Maxwell’s equations
in the ECT of gravitation. Cartan’s equations of structure are also derived through the
new derivative operator. It has been shown that unlike the consequences of exterior
derivative in Einstein space-time, the repetition of d∗ on a form of any degree is not
zero.

1. Introduction

Einstein’s General Theory of Relativity is the most successful theory of gravitation

amongst all gravitation theories. It generalizes special relativity and Newton’s theory

of gravitation that incorporates gravity and acceleration of particles. The success of

general relativity has stimulated interest in several generalizations of Einstein’s original

general relativity. The modified theories of gravitation have received considerable atten-

tion due to many reasons, such as the understanding of Mach’s principle, adaptability

with quantum physics, the link of gravitation with other interactions, incorporation of

intrinsic spin of matter etc. Einstein-Cartan theory of gravitation is one such modified

theory of gravitation in which the spin-an intrinsic feature of gravitating matter is in-

troduced. It is a viable theory of gravitation that differs very slightly from the Einstein

theory. This modified theory of gravitation was put forward in 1923 by Cartan [1].It is

motivated by the desire to provide a simple description of the influence of spin of gravi-

tating matter. This is achieved by taking a space-time as a four dimensional differential

manifold endowed with a Riemannian metric in which the connections are asymmetric.

In recent years the Einstein-Cartan Theory (ECT) of gravitation has been developed

by Hehl. et.al [5].A brief account of some of the work performed recently on the ECT

was presented by Trautman [13]. This theory postulates that the spin of matter is the
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source of torsion of space-time geometry. While singularities are inevitable in Einstein’s

theory, the new theory raised the hopes of avoiding singularities through the spin of

matter. However, interest in Einstein-Cartan theory has been renewed in recent years.

The theory is still considered viable and remains an active topic of researchers. The

geometry of the space-time manifold of ECT of gravity does not remain Riemannian due

to asymmetric connections, rather it becomes non-Riemannian. This non-Riemannian

character of the space-time is introduced through affine connections Γlij which are de-

fined by Γlij =
{
k
ij

}
−K k

ij where K k
ij is the contortion tensor satisfying Ki(jk) = 0 and{

k
ij

}
=
{
k
ji

}
are the symmetric Christoffel symbols. The relation between the torsion

tensor and the contortion tensor is given by

Q k
ij = −1

2

(
K k
ij −K k

ji

)
. (1.1)

It also follows from the equation (1.1)that Kijk = −Qijk+Qjki−Qkij . The relevant field

equations of ECT are given by Hehl et.al [5]. The variation with respect to the metric

tensor gij yields the equation

Rij −
1

2
Rgij = −Ktij , (1.2)

where Rij is the Ricci tensor, tij is the canonical energy momentum tensor. One should

note that the above equation is not the same as the Einstein’s field equation because the

Ricci tensor is no longer symmetric but instead contains information about the torsion

tensor as well. The right hand side of the equation cannot be symmetric either, so tij
must also contain information about the spin tensor. Similarly, the variation of the

action with respect to the torsion tensor Q k
ij yields a new equation

Q k
ij + δki Q

l
jl − δkjQ l

il = KS k
ij , (1.3)

where S k
ij is the spin angular momentum tensor. The relation between S k

ij and tij is

defined by

tij = T ij + (∇k + 2Q l
kl)(S

ijk − Sjki − Skij), (1.4)

T ij is the stress energy momentum tensor. Hehl et. al[6] have split up the spin angular

momentum tensor in to spin tensor in the form

S k
ij = Siju

k. (1.5)

The spin tensor is anti-symmetric and u-orthogonal. The u-orthogonality condition gives

Siju
i = 0.This condition is referred as Franckel’s condition. Investigations in the first

four sections of the paper are made on the assumption that the spin tensor satisfies the

franckel’s condition. However, this additional restriction on the spin tensor, we feel to be

redundant. Hence in the last Section 5, we represent our results of the first four sections

by considering the spin tensor is not u-orthogonal.

Now contracting k and j in the field equation (1.3) and using the u-orthogonality condi-

tion of the spin tensor, we get Q k
ik = 0. Consequently, the ECT field equation becomes

Q k
ij = KSiju

k. (1.6)



ECTG:KINEMATICAL PARAMETERS, DIFFERENTIAL FORMS AND MAXWELL EQUATIONS 3

The six independent components of the spin tensor can be expressed in terms of its only

three complex tetrad components as follows:

s0 = S13 = Sijl
imj ,

s1 =
1

2
(S12 + S43) =

1

2
Sij(l

inj + m̄imj),

s2 = S32 = Sijm
inj , (1.7)

where li, ni, mi and m̄i are null vector fields of the Newman-Penrose tetrad. The

condition

Siju
i = 0⇒ s0 = s2, s1 = −s̄1. (1.8)

Reader may refer to the equation (5.8)for clarification. The investigations in the pa-

per are arranged as follows: In the Section 2 we define the kinematical parameters of

time like vector field in the ECT of gravitation and the role of spin on the propagation

equation of expansion scalar is examined.In the Section 3, we introduce a new derivative

operator d∗ operated on a form.This converts p- form to (p+ 1)- form. It is obtained by

taking the covariant derivative of an associate tensor of a form with respect an asym-

metric connections. The Cartan equations of structure are also depicted through the

new differential operator. It has been shown that this new differential operator when

operated on a differential form of any degree does not satisfy a very important property

that the repetition of exterior derivative of a form vanishes identically. In the study

of electromagnetic field the Maxwell equations play very important role. Therefore, to

study electromagnetic field in the ECT of gravitation,the form of the Maxwell equations

are derived in the Section 4 by applying the new operator d∗ on a 2 form when associated

tensor is electromagnetic field tensor.We consider the u-orthogonality of the spin tensor

is an unnecessary restriction. The results of the paper are summarised in the Section 5

by assuming the spin tensor is not u-orthogonal. In this case we have shown that the

spin influences the propagation equation for expansion.

2. Kinematical Parameters in Einstein-Cartan Theory of Gravitation

A study of kinematical parameters of a null vector field, time like vector field and

a space-like vector field is well known in the literature Sachs[12], Greenberg[4]. Kine-

matical parameters of a time-like vector field as well as space-like vector field and their

propagation equations are studied by many authors, Greenberg[4] Ellis[3], Palle [11].

The propagation equation for expansion is the well-known Raychaudhary equation in

the literature. Our aim is introduce the kinematical parameters of the time like vector

field in Einstein-Cartan theory of gravitation and study the role of the spin tensor on

their propagation equations. The calculus on a geometry where in which the connections

Γkij are asymmetric is described by the covariant derivative denoted by a semi-colon (;)

and for a vector field ui it is defined as

ui;j =
∂ui
∂xj
− ukΓkji,
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where the asymmetric connections Γkji are defined as Γkij =
{
k
ij

}
−K k

ij . Thus we have

ui;j = ui/j +Kjilu
l, (2.1)

where

ui/j =
∂ui
∂xj
− uk

{
k
ij

}
(2.2)

is the covariant derivative with respect to the symmetric connections in the Einstein

space-time. Similarly for the contravariant vector field ui it is defined as

ui;j = ui/j −K
i
jl u

l, (2.3)

Contracting the indices in the equation (2.3) and defining the expansion parameters

θ = ui;i and θ̂ = ui/i respectively in the ECT of gravitation and Einstein theory of

gravitation we obtain the relation

θ = θ̂ − 2Q i
ki u

k. (2.4)

2.1. Shear Tensor in ECT of gravitation. The shear tensor field in the ECT of

gravitation is defined as

σij = u(i;j) − u̇(iuj) −
1

3
θhij , (2.5)

where hij = gij − uiuj is the three dimensional projection operator and u̇i is the accel-

eration vector in the ECT and is defined as u̇i = ui;ju
j and

u̇i = ˆ̇ui + 2Qijku
juk, (2.6)

where ˆ̇ui = ui/ju
j is the acceleration vector in Einstein theory. Consequently, the equa-

tion (2.5) becomes

σij = σ̂ij − (Qkij +Qkji)u
k − (Qilkuj + uiQjlk)u

luk +
2

3
Q l
klu

khij . (2.7)

where

σ̂ij = û(i/j) − ˆ̇u(iuj) −
1

3
θ̂hij , (2.8)

is the shear tensor in Einstein’s theory of gravitation.

2.2. Rotation Tensor in ECT of Gravitation: The rotation tensor in the ECT of

gravitation is defined as

ωij = u[i;j] − u̇[iuj] −
1

3
θhij . (2.9)

On simplifying this equation we obtain

ωij = ω̂ij +Qijku
k − (Qilkuj − uiQjlk)uluk. (2.10)

where

ω̂ij = û[i/j] − ˆ̇u[iuj], (2.11)

is the rotation tensor in Einstein theory of gravitation. Hence we can decompose the

covariant derivative of the time like vector field in terms of its kinematical parameters

as

ui;j = σij + ωij +
1

3
θhij + u̇iuj . (2.12)



ECTG:KINEMATICAL PARAMETERS, DIFFERENTIAL FORMS AND MAXWELL EQUATIONS 5

On using the ECT field equations (1.6) and (1.8), we find from the equations (2.4),(2.6),(2.7),

and (2.10)that

θ = θ̂,

u̇i = ˆ̇ui,

σij = σ̂ij ,

ωij = ω̂ij +KSij . (2.13)

The equation (2.12) reduces to the form

ui;j = σ̂ij + ω̂ij +
1

3
θ̂hij + ˆ̇uiuj +KSij . (2.14)

This is equivalent to the definition (2.1) for the time-like vector field ui.

ui;j = ui/j +KSij . (2.15)

where,

ui/j = σ̂ij + ω̂ij +
1

3
θ̂hij + ˆ̇uiuj . (2.16)

However, for any general vector field Ai we have

Ai;j = Ai/j +K(Sijul + Siluj + Sjlui)A
l. (2.17)

Similarly, the covariant derivative of any second rank tensor Aij is defined as

Aij;k = Aij/k +KAlj(S
l
i uk − Skiul − Slkui) +KAil(S

l
j uk − Skjul − Slkuj). (2.18)

We see that the only term which is affected by the spin tensor is the rotation tensor

and all other kinematical parameters have the invariant characteristic. Now if f is any

scalar function of coordinates then its covariant derivative with respect to the symmetric

Christoffel symbols is the same as its partial derivative. It turns out that the second

order covariant derivative of a scalar is commutative. However, in ECT of gravitation

we obtain from the equation (2.17) by replacing the vector Ai by the gradient of the

scalar function f;i we obtain

f;ij − f;ji = 2Kf;lu
lSij . (2.19)

We see a very important property of the covariant derivative of a scalar function that it

is commutative in Einstein space-time is no longer true in the ECT space-time.Also by

interchanging the indices i and j in the equation (2.17) and subtracting the result from

the equation (2.17) we obtain the expression for the curl of a vector Ai as

curlAi = ˆ(curlAi) + 2KSiju
lAl.

If the vector Ai is the time-like vector field ui then the above equation becomes

curlui = ˆ(curlui) + 2KSij , (2.20)

where the term on the left hand side curlui = ui;j − uj;i represents the curl of a vector

ui in the ECT space-time, while the first term on the right hand side with hatch on the

head i.e., ˆ(curlui) = ui/j−uj/i represents the curl of a vector in the Einstein space-time.It

follows from the equation that

curl(gradf) = 2f,kQ
k
ij . (2.21)
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However, the divergence of an arbitrary vector is obtained by contracting its covariant

derivative. Since the spin tensor is u-orthogonal, it follows from the equation (2.17) that

Ai;i = Ai/i.

2.3. Auto-parallel Curves: Auto-parallel curve in ECT space-time is a curve such

that the tangent vector field to the curve is parallely transported along the curve.If

ti = dxi

ds is the unit tangent vector field to the curve, then auto-parallel curve is defined

as

ti;jt
j = 0.

Using the equation (2.3) we obtain the differential equations of auto-parallel curve in the

ECT of gravitation in the form

d2xi

ds2
+
{
i
jk

} dxj
ds

dxk

ds
+ 2KSijukt

jtk = 0. (2.22)

If the 4-velocity vector field ui = dxi

ds is the unit tangent vector field to the curve, then

the equations of auto-parallel curve reduce to the equations in Einstein theory.

2.4. Ricci Identity in ECT of Gravity: Let Ai be any arbitrary vector field in

Einstein-Cartan space-time, then the Ricci identity is given by

Ai;jk −Ai;kj = −AlR i
kjl − 2Ai;lQ

l
kj , (2.23)

where

R h
kji = R̂ h

kji +K h
ji ;k
−K h

ki ;j −K
h
li (K l

kj −K l
jk) +K l

jiK
h
kl −K h

jl K
l
ki , (2.24)

is the Riemann curvature tensor in ECT and R̂ h
kji is the Riemann curvature tensor in

Einstein theory. We see from the equation (2.24) that the Riemann curvature tensor

satisfies the following properties.

Rhijk = −Rihjk = −Rhikj ,
Rhijk 6= Rjkhi,

Rhijk +Rhjki +Rhkij 6= 0. (2.25)

Expressing the contortion tensor into torsion tensor and then using the equation (1.6)

we obtain the expression for the Riemannian curvature tensor as

R h
kji = R̂ h

kji + 2K
[
Si[j;k]u

h + uh
;[jSk]i − S

h
i ;[juk] + S h

i u[j;k] − Sh[j;k]ui + u
i;[jS

h
k]

]
+

+2K2S h
i Skj +K2

[
SjiS

h
k − ShjSki − S l

i Sklu
huj + S l

i Sjlu
huk − SljS h

l uiuk +

+SlkS
h
l uiuj

]
. (2.26)

The cyclic property of the Riemann curvature tensor in ECT space-time becomes

R h
kji +R h

jik +R h
ikj = 2(Q h

ij ;k +Q h
jk ;i +Q h

ki ;j)− 4(Q l
ijQ

h
kl +Q l

kiQ
h
jl +Q l

jkQ
h
il ). (2.27)

Using equation (1.6) the equation(2.27) reduces to

R h
kji +R h

jik +R h
ikj = 2K[(Siju

h);k + (Skiu
h);j + (Sjku

h);i]. (2.28)



ECTG:KINEMATICAL PARAMETERS, DIFFERENTIAL FORMS AND MAXWELL EQUATIONS 7

Contracting the index k with h in the equation (2.26) we obtain the expression for the

Ricci tensor as

Rij = R̂ij −KṠij −KSijθ +KuiS
k
j ;k

+Kui;kS
k
j +KSki;kuj +KSkiuj;k −

−2K2SkiSkj + 2K2S2uiuj . (2.29)

2.5. Raychaudhari Equation in ECT of Gravity: To see the effect of spin tensor

on the Raychaudhary equation, we start with the Ricci identity for a time like vector

field ui given by

ui;jk − ui;kj = uhR
h

kji − 2ui;hQ
h

kj . (2.30)

Multiplying this equation by uk we obtain

(ui;j)
. = ui;kju

k +Rkjihu
huk − 2ui;hQ

h
kj u

k, (2.31)

where

u̇i = ui;ku
k.

This implies that

u̇i;j = ui;k;ju
k + ui;ku

k
;j . (2.32)

Eliminating the term ui;kju
k from the equation (2.31) we get

(ui;j)
. = u̇i;j − ui;kuk;j +Rkjihu

huk − 2ui;hQ
h

kj u
k. (2.33)

Using the equation (2.12) in the equation (2.33), then contracting the indices i and j

and simplifying the equation by using the definitions given below

σ̂ij σ̂
ij = 2σ̂2, σ̂iju

i = 0, σijh
ij = 0,

ω̂ijω̂
ij = 2ω̂2, ω̂iju

i = 0, ω̂ijg
ij = 0,

SijS
ij = 2S2, σ̂ijg

ij = 0, ω̂ij σ̂
ij = 0,

u̇iu
i = 0, hiju

i = 0, (2.34)

we obtain the equation

θ̇ = u̇ii − 2

(
σ̂2 − ω̂2 −Kω̂ijSij −K2S2 +

1

6
θ̂2
)

+Riju
iuj . (2.35)

From the equation (2.29) on using the equation (2.12) we find

Riju
iuj = R̂iju

iuj − 2Kω̂ijS
ij − 2K2S2. (2.36)

Substituting this value in the equation (2.35) we get

θ̇ = u̇i;i − 2(σ̂2 − ω̂2)− 1

3
θ̂2 + R̂iju

iuj . (2.37)

This is the Raychaudhuri equation in ECT space-time. We see that though the fact

that the shear tensor induces contraction of the flow vector, and the rotation induces

expansion, the spin tensor has no influence on flow vector and the Raychaudhuri equation

remains invariant in its form even in the ECT of gravitation. The propagation equations

for other parameters are published by the author [9].
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3. Calculus in Einstein-Cartan Theory:

In Einstein’s theory of gravitation the calculus of differential forms is developed by

exterior derivative. The exterior differentiation is effected by an operator d and applied

to forms. It is an operation that converts r-form to r+ 1 form obtained by taking either

the partial derivative or covariant derivative (immaterial which) of the associated rth

order tensor in the Einstein space-time. Mathematically, it is defined as

d :
∧r

T ∗p →
∧r+1

T ∗p . (3.1)

If ω̃ ∈
∧r T ∗p is any r-form then dω̃ ∈

∧r+1 T ∗p is r+1-form, where the operator d is linear

which implies that d(aω̃ + bσ̃) = adω̃ + bdσ̃ for any two r-forms and a, b are constants.

The exterior derivative also obeys the Leibniz rule

d(fg) = gdf + fdg, (3.2)

where f and g are functions of coordinates . In the algebra of differential forms, the

multiplication is defined by the wedge product and is skew symmetric. That is

dxi ∧ dxj = −dxj ∧ dxi. (3.3)

One consequence of this is that dxi ∧ dxi = 0. The derivative operator satisfies the

following properties when applied to different forms.

df = f;idx
i, for 0− formf,

d(ω̃ ∧ σ̃) = dω̃ ∧ σ̃ + (−1)deg.ofω̃ ω̃ ∧ dσ̃,
d(fω̃) = df ∧ ω̃ + fdω̃, f ∈ R,
d(dω̃) = 0, for any form ω̃. (3.4)

In Einstein-Cartan theory of gravitation it is convenient to use the techniques of differ-

ential form as it gives a more conceptual and uniform way of understanding curvature

and also provides an important tool for computation. However, in the ECT space-time,

the covariant derivative is defined with respect to the asymmetric affine connections.

Therefore, even for a scalar function the covariant derivative of second order is not com-

mutative. Hence in ECT space-time we introduce a new operator d∗ applied to any form

p. It converts p- form to (p+ 1)- form and is obtained by taking the covariant derivative

of an associated pthorder skew symmetric tensor with respect to the asymmetric connec-

tions. For a scalar function f we have always

f;i = f/i = f,i. (3.5)

It follows that for any coordinate function xi, d∗x
i = dxi.Operating d∗ on the function

(d∗f) we get

d∗(d∗f) =
1

2
(f;ij − f;ji)dxj ∧ dxi. (3.6)

This can be written as

d∗(d∗f) = [
1

2
(f/ij − f/ji) + f;kQ

k
ij ]dxj ∧ dxi.
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That is

d∗(d∗f) = d(df) + f;kQ
k
ij dx

j ∧ dxi, (3.7)

where we have d(df) = 1
2(f/ij − f/ji)dxj ∧ dxi. As repetition of exterior derivative on

any form is identically zero. Hence we have therefore,

d∗(d∗f) = curl(gradf) = f;kQ
k
ij dx

j ∧ dxi (3.8)

We observe that d2∗ 6= 0. Now if ω̃ = ωidx
i is any 1-form then its derivative is 2-form

given by

d∗ω̃ =
1

2
(ωi;j − ωj;i)dxj ∧ dxi. (3.9)

It can be written as

d∗ω̃ = [
1

2
(ωi,j − ωj,i) + ωkQ

k
ij ]dxj ∧ dxi,

d∗ω̃ = dω̃ − ωkQ k
ij dx

i ∧ dxj , (3.10)

where

dω̃ =
1

2
(ωi,j − ωj,i)dxj ∧ dxi.

Operating d∗ on the equation (3.9) we obtain

d∗(d∗ω̃) =
1

2
(ωi;jk − ωj;ik)dxk ∧ dxj ∧ dxi. (3.11)

By cyclic permutation of the indices i, j, k twice in turn in the equation(3.11) we get two

more equations. Adding these equations to the equation(3.11) we get

d∗(d∗ω̃) = −1

6
[(ωi;jk − ωi;kj)− (ωj;ik − ωj;ki) + (ωk;ij − ωk;ji)]dxi ∧ dxj ∧ dxk. (3.12)

Using the Ricci identities

ωi;jk − ωi;kj = ωhR
h

kji − 2ωi;hQ
h
kj ,

we obtain

d∗(d∗ω̃) = −1

6
[ωh(R h

kji +R h
ikj +R h

jik )− 2(ωi;hQ
h
kj −ωj;hQ h

ki +ωk;hQ
h
ji )]dxi ∧ dxj ∧ dxk,

(3.13)

By using the cyclic property of curvature tensor in the Einstein-Cartan space-time we

obtain

d∗(d∗ω̃) = −1

3
[ωh(Q h

ij ;k +Q h
jk ;i +Q h

ki ;j)− 2ωh(Q l
ijQ

h
kl +Q l

kiQ
h
jl +Q l

jkQ
h
il )−

−(ωi;hQ
h
kj − ωj;hQ h

ki + ωk;hQ
h
ji )]dxi ∧ dxj ∧ dxk, (3.14)

From equations (3.8)and (3.14) we see that

d2∗(f) = curl(gradf) 6= 0. (3.15)

d2∗(ω̃) = div(curlAi) 6= 0. (3.16)

Similarly, if φ̃ = Fijdx
i∧dxj is any 2-form, where Fij are the skew symmetric components

of 2-form,then its derivative is 3-form given by

d∗φ̃ = dφ̃− 2

3
(FljQ

l
ki + FilQ

l
kj + FlkQ

l
ij )dx

i ∧ dxj ∧ dxk, (3.17)
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where

dφ̃ =
1

3
(Fij,k + Fjk,i + Fki,j)dx

i ∧ dxj ∧ dxk. (3.18)

3.1. Tetrad Formalism: We use the Newman-Penrose [10] tetrad formalism and its ex-

tension by Jogia and Griffiths [7] which is suitably adopted for dealing with certain prob-

lems in ECT. We summarize the formalism here briefly.At each point of a 4-dimensional

non-Riemannian space-time of ECT we introduce a tetrad ei(α) = (li, ni,mi, m̄i) con-

sisting of four null basis vectors. The tetrad of the dual basis vector fields is given by

e
(α)
i = (ni, li,−m̄i,−mi). Of these basis vector fields li, ni are real null vector fields, and

mi, m̄i are complex null vector fields satisfying the conditions lin
i = 1 and m̄im

i = −1

and all other inner products are zero. The tensor components of the metric tensor gij

and its tetrad components ηαβ are related by the equation gij = ηαβe
(α)
i e

(β)
j , where

η12 = η21 = −η34 = −η43 = 1 and all other components are zero. The tetrad indices of

a tensor can be raised or lowered down by the tetrad components of the metric tensor

ηαβ while the tensor indices are raised and lowered by the metric tensor gij . Following

the notations of Jogia and Griffiths[7], the ECT field equation (1.6) reduces to its tetrad

components as

σ1 = λ1 = π1 = τ1 = 0,

κ1 = ν̄1 = −
√

2Ks0, ᾱ1 = β1 = − 1√
2
Ks0,

ρ1 = µ1 = −
√

2Ks1, γ1 = ε1 = − 1√
2
Ks1. (3.19)

We record below the tetrad components of the Ricci’s coefficients of rotations defined by

γαβσ = −e(α)i;jei(β)e
j
(σ) for the ready references

γ121 = −(ε0 + ε̄0), γ132 = −τ0,
γ122 = −(γ0 + γ̄0), γ133 = −σ0,
γ343 = −(ᾱ0 − β0), γ231 = π̄0,

γ134 = −ρ0 +
√

2Ks1, γ233 = λ̄0,

γ131 = −κ0 +
√

2Ks0, γ232 = ν̄0 −
√

2Ks0,

γ123 = −(ᾱ0 + β0) +
√

2Ks0,

γ341 = ε0 − ε̄0 −
√

2Ks1,

γ342 = γ0 − γ̄0 −
√

2Ks1,

γ234 = µ̄0 +
√

2Ks1, (3.20)

where γαβγ = γ0αβγ +Kγαβ and Kγαβ are the tetrad components of the torsion tensor.As

an application of the new derivative operator d∗ we apply it to the tetrad basis of 1-form

θα = e
(α)
i dxi and obtain

d∗θ
(α) =

1

2
(e

(α)
i/j − e

(α)
j/i )dx

j ∧ dxi − e(α)k Q k
ij dx

i ∧ dxj (3.21)
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Replacing the coordinate basis 1-forms dxi by the tetrad basis of 1-forms θ(α) we get

d∗θ
(α) =

1

2
ηγσ(γ0σαβ − γ0σβα − 2Qαβσ)θα ∧ θβ. (3.22)

By giving different values to the Greek indices from 1 to 4 we obtain the following

equations

d∗θ
(1) = (γ0 + γ̄0 + γ1 + γ̄1)θ

12 − (µ0 − µ̄0 + µ1 − µ̄1)θ34 +

+[(ᾱ0 + β0 − π̄0 + ᾱ1 + β1 − π̄1)θ13 − (ν̄0 + ν̄1)θ
23] + [c.c],

d∗θ
(2) = (ε0 + ε̄0 + ε1 + ε̄1)θ

12 − (ρ0 − ρ̄0 + ρ1 − ρ̄1)θ34 +

+[(κ0 + κ1)θ
13 + (τ0 − ᾱ0 − β0 + τ1 − ᾱ1 − β1)θ23] + [c.c],

d∗θ
(3) = −[(τ̄0 + π0 + τ̄1 + π1)θ

12 + (ρ̄0 + ε0 − ε̄0 + ρ̄1 + ε1 − ε̄1)θ13 + (σ̄0 + σ̄1)θ
14 −

−(µ0 − γ0 + γ̄0 + µ1 − γ1 + γ̄1)θ
23 − (λ0 + λ1)θ

24 −
−(α0 − β̄0 + α1 − β̄1)θ34]. (3.23)

where c.c denotes the complex conjugate of the preceding term. These equations are

equivalent to

d∗θ
(1) = dθ(1) + (γ1 + γ̄1)θ

12 − (µ1 − µ̄1)θ34 + [(ᾱ1 + β1 − π̄1)θ13 − ν̄1θ23] + [c.c],

d∗θ
(2) = dθ(2) + (ε1 + ε̄1)θ

12 − (ρ1 − ρ̄1)θ34 + [κ1θ
13 + (τ1 − ᾱ1 − β1)θ23] + [c.c],

d∗θ
(3) = dθ(3) − [(τ̄1 + π1)θ

12 + (ρ̄1 + ε1 − ε̄1)θ13 + σ̄1θ
14 − (µ1 − γ1 + γ̄1)θ

23 − λ1θ24 −
−(α1 − β̄1)θ34], (3.24)

where

dθ(1) = (γ0 + γ̄0)θ12 − (µ0 − µ̄0)θ34 + [(ᾱ0 + β0 − π̄0)θ13 − (ν̄0)θ23] + [c.c],

dθ(2) = (ε0 + ε̄0)θ12 − (ρ0 − ρ̄0)θ34 + [κ0θ13 + (τ0 − ᾱ0 − β0)θ23] + [c.c],

dθ(3) = −[(τ̄0 + π0)θ12 + (ρ̄0 + ε0 − ε̄0)θ13 + σ̄0θ14 − (µ0 − γ0 + γ̄0)θ23 −
−λ0θ24 − (α0 − β̄0)θ34]. (3.25)

The expression for d∗θ
(4) (dθ(4))is obtained by taking the complex conjugate of the terms

and interchanging 3 and 4 in the expression d∗θ
(3) (dθ(3)).

3.2. Cartan’s Equations of structure: There are two equations of structure due to

Cartan. They play a very crucial role in deriving the components of Riemann Curvature

tensor. The essence of Riemannian geometry is studied through the equations of struc-

ture. Their forms and their uses are well known in the Riemannian geometry.Katkar

[8] has obtained these equations in ECT of gravitation and claimed the essence of non-

Riemannian geometry can be summarised by exploiting these equations. These equations

are derived here through the new differential operator d∗ for the use in the subsequent

work. We take the derivative of θα = e
(α)
i dxi and find

d∗θ
α = e

(α)
i;jdx

j ∧ dxi. (3.26)

This after using the definition of Ricci’s coefficient of rotation yields

d∗θ
α = γαβγθ

β ∧ θγ ,
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d∗θ
α = −ωαβ ∧ θβ, (3.27)

where

ωαβ = γαβγθ
γ , (3.28)

γαβγ = γ0αβγ −K α
γβ , (3.29)

Thus we have

ωαβ = ω0α
β −K α

γβ θ
γ . (3.30)

This gives the relation between the connection 1-forms with respect to the ECT space-

time and the Einstein space-time; the additional term is due to the contribution of the

contortion tensor. The equation (3.27) is called the Cartan’s first equation of structure

in the ECT space-time. The equation (3.27)can also be written as

d∗θ
α = dθα +K α

γβ θ
γ ∧ θβ, (3.31)

where

dθα = −ω0α
β ∧ θβ, (3.32)

is the Cartan’s first equation of structure in Einstein theory of gravitation. Now to derive

the second equation of structure we take the derivative of the equation (3.28) and obtain

d∗ω
α
β = (γαβσe

(σ)
i );jdx

j ∧ dxi,

d∗ω
α
β =

1

2
[(γαβσe

(σ)
i );j − (γαβσe

(σ)
j );i]dx

j ∧ dxi, (3.33)

where we have

e
(α)
k;ije

k
(β) = −(γαβσe

(σ)
i );j + γαρσγ

ρ
βεe

(σ)
i e

(ε)
j . (3.34)

Using this in the immediate above equation we derive the equation

d∗ω
α
β = −1

2
e k
(β)(e

(α)
k;ij − e

(α)
k;ji)dx

j ∧ dxi + γαρσγ
ρ
βεθ

ε ∧ θσ. (3.35)

Using the Ricci identity (2.30) we obtain after simplifying the terms of the equation

d∗ω
α
β = −1

2
R α
δσβθ

δ ∧ θσ + (γαρσγ
ρ
βε − γ

α
βρQ

ρ
εσ )θε ∧ θσ. (3.36)

Define the term

Ωα
β = −1

2
R α
δσβ θδ ∧ θσ, (3.37)

where Ωα
β are the tetrad components of curvature 2-form. Using the equations (1.6) and

(3.28), the equation (3.36) yields

Ωα
β = d∗ω

α
β + ωαρ ∧ ω

ρ
β −Kγ

α
βρSεσu

ρθε ∧ θσ. (3.38)

This is the Cartan’s second equation of structure. This can also be put in the following

form

Ωαβ = Ω0
αβ + [d∗Kεαβ + ηγµ(Kγβαω

0
µε +KγβαKεσµθ

σ −Kεβµω
0
αγ +

+Kεγαω
0
µβ +KσγαKεβµθ

σ)] ∧ θε −K(γ0αβρ +Kραβ)Sεσu
ρθε ∧ θσ, (3.39)

where

Ω0α
β = dω0α

β + ω0α
ρ ∧ ω

0ρ
β. (3.40)
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is the Cartan’s equation of structure in the Einstein space-time geometry. We will derive

the following expression for the repetition of d∗ of the tetrad basis 1-form.It is evident

from the Cartan’s first equation of structure (3.27) that

d2∗θ
α = −(d∗ω

α
β ∧ θβ − ωαβ ∧ d∗θβ). (3.41)

A simple but straight forward calculations show that

d2∗θ
α = [dK α

γβ +K σ
γβω

0α
σ+K α

γσω
0σ
β−K α

σβω
0σ
γ−K α

γσK
σ
εβ θ

ε+K α
σβK

σ
εγ θ

ε]∧θγ∧θβ. (3.42)

In the absence of the contortion tensor the result (3.42) reduces to d2θα = 0.

4. Maxwell Equations in Einstein-Cartan Theory

Let Fij be a skew-symmetric electromagnetic tensor field. The tensor form of the

Maxwell’s equations can have the same form in both the Einstein theory of gravitation

and the Einstein-Cartan theory of gravitation. The difference lies in the definition of

covariant derivative. In the Einstein space time it is with respect to the symmetric

Christoffel symbols while in the ECT space-time it is with respect to the asymmetric

connections. The source free Maxwell’s equations in the ECT space-time are given by

F ij;j = 0, F[ij;k] = 0. (4.1)

where

F[ij;k] =
1

3
(Fij;k + Fjk;i + Fki;j). (4.2)

In Einstein theory of gravitation, tetrad components of the Maxwell’s equations were

given by Debney and Zund (1971). We determine the form of these equations through

the new derivative operator d∗ in the ECT of gravitation. We convert the equation

(3.17)in to the tetrad components as

d∗φ̃ = dφ̃+
1

3
ηεσ[Fσβ(Kγαε−Kαγε)+Fασ(Kγβε−Kβγε)+Fσγ(Kαβε−Kβαε)]θ

α∧θβ ∧θγ ,
(4.3)

where

dφ̃ =
1

3
[Fαβ,γ + Fβγ,α + Fγα,β − ηεσ[Fσβ(γ0εαγ − γ0εγα) + Fασ(γ0εβγ − γ0εγβ) +

+Fσγ(γ0εβα − γ0εαβ)]θα ∧ θβ ∧ θγ ]. (4.4)

The tetrad components of the electromagnetic field tensor Fij are given by

Fαβ = Fije
i
(α)e

j
(β). (4.5)

Debney and Zund [2] have given the expression for the electromagnetic field tensor in

the form

Fij = −4Reφ1l[inj] − 4 i Imφ1m̄[imj] + [2φ2l[imj] + 2φ0m̄[inj]] + [c.c], (4.6)

where

F12 = 2Reφ1,

F13 = φ0,

F23 = −φ̄2,
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F34 = −2 i Imφ1. (4.7)

We see that the equation d∗φ̃ = 0 is equivalent to the following set of Maxwell’s equations

in the ECT of gravitation.

Dφ1 − δ̄φ0 = (π0 − 2α0 +
√

2Ks̄0)φ0 + 2(ρ0 −
√

2Ks1)φ1 − (κ0 −
√

2Ks0)φ2,

δφ2 −∆φ1 = −(ν0 −
√

2Ks0)φ0 + 2(µ0 −
√

2Ks1)φ1 − (τ0 − 2β0 +
√

2Ks0)φ2,

Dφ2 − δ̄φ1 = −λ0φ0 + 2π0φ1 − (ρ0 − 2ε0)φ2,

δφ1 −∆φ0 = (µ0 − 2γ0)φ0 + 2τ0φ1 − σ0φ2. (4.8)

We notice that in the absence of torsion tensor all these results reduce to the results of

the Einstein space-time.

4.1. Commutator relations. : We express the tensor components of the covariant

derivative of a scalar function f in terms of its tetrad components and vice versa as

f;i = f;αe
(α)
i , (4.9)

and

f;α = f;ie
i
(α). (4.10)

Using these relations, we obtain

f;ije
i
(α)e

j
(β) = f;αβ − f;σγσαβ. (4.11)

Interchanging the indices i and j in the above equation and subtracting the result from

it we obtain the equation

(f;ij − f;ji)ei(α)e
j
(β) = f;αβ − f;βα − f;σ(γσαβ − γσβα). (4.12)

Replacing ui by f;i in the definition of covariant derivative (2.1) we obtain the equation

(f;ij − f;ji)ei(α)e
j
(β) = f;σ(K σ

αβ −K σ
βα ). (4.13)

From equations (4.12) and (4.13)we readily obtain the equation

f,αβ − f,βα = f,ση
σε(γ0εαβ − γ0εαβ). (4.14)

where we have used the relation γσαβ = γ0σαβ −K σ
βα .

By giving different values to the Greek indices from 1 to 4 in the equation (4.14) we

derive the following commutator relations.

f,12 − f,21 = [∆, D]f = (γ0 + γ̄0)Df + (ε0 + ε̄0)∆f − (τ̄0 + π0)δf − (τ0 + π̄0)δ̄f,

f,13 − f,31 = [δ,D]f = (ᾱ0 + β0 − π̄0)Df + κ0∆f − (ρ̄0 + ε0 − ε̄0)δf − σ0δ̄f,
f,23 − f,32 = [δ,∆]f = −ν̄0Df + (τ0 − ᾱ0 − β0)∆f + (µ0 − γ0 + γ̄0)δf + λ̄0δ̄f,

f,34 − f,43 = [δ̄, δ]f = −(µ0 − µ̄0)Df − (ρ0 − ρ̄0)∆f + (α0 − β̄0)δf − (ᾱ0 − β̄0)δ̄f.
(4.15)
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5. Frankel Condition

For the classical description of the spin of gravitating matters Hehl et.al.[5] have

decomposed the spin tensor described in the equation (1.5) with an additional restriction

that it is u-orthogonal which is unnecessary. Throughout this section we assume unless

otherwise mentioned,

Siju
i 6= 0. (5.1)

To study its consequences, we express the torsion tensor Q k
ij in terms of its tetrad

components as

Q k
ij = Q γ

αβe
(α)
i e

(β)
j ek(γ), (5.2)

where

Q γ
αβ = −1

2
(K γ

αβ −K
γ
βα). (5.3)

Following the notations of Jogia and Griffiths [7],we obtain the expression

Q k
ij = (µ1 − µ̄1)m̄[imj]l

k + (ρ1 − ρ̄1)m̄[imj]n
k + (ε1 + ε̄1)l[inj]n

k + (γ1 + γ̄1))l[inj]l
k −

−[ν̄1l[im̄j]l
k + κ1m̄[inj]n

k − λ1l[imj]m
k − σ1m̄[inj]m̄

k + (π̄1 + τ1)l[inj]m̄
k +

+(α1 + β̄1 − τ̄1)l[imj]n
k + (ᾱ1 + β1 − π̄1)m̄[inj]l

k − (µ̄1 + γ1 − γ̄1)l[imj]m̄
k −

−(ρ̄1 + ε1 − ε̄1)m̄[inj]m
k − (ᾱ1 − β1)m̄[imj]m̄

k]− [c.c]. (5.4)

Contracting the index jwith k in the equation (5.4),we get

Q k
ik = −1

2
[(µ1+µ̄1−γ1−γ̄1)li−(ρ1+ρ̄1−ε1−ε̄1)ni+(α1−β̄1−π1+τ̄1)mi+(ᾱ1−β1−π̄1+τ1)m̄i].

(5.5)

Using the equations (5.4)and (5.5) in the field equation (1.3), we obtain

KS k
ij = (µ1 + µ̄1)l[inj]l

k + (ρ1 + ρ̄1)l[inj]n
k + (µ1 − µ̄1)m̄[imj]l

k + (ρ1 − ρ̄1)m̄[imj]n
k −

−[ν̄1l[im̄j]l
k + (2α1 − π1)l[imj]n

k + κ1m̄[inj]n
k + (2β̄1 − τ̄1)m[inj]l

k +

+(µ1 − 2γ1)l[imj]m̄
k + (ρ1 − 2ε1)m̄[inj]m

k + (π1 + τ̄1)l[inj]m
k + (π1 − τ̄1)m̄[imj]m

k −
−λ1l[imj]m

k − σ̄1m[inj]m
k] + c.c. (5.6)

Similarly, the spin tensor Sij can be expressed in terms of its tetrad components as,

Sij = Sαβe
(α)
i e

(β)
j , (5.7)

The tetrad components of the spin tensor are defined in the equation (1.7). Using these

components we write equation (5.7) as

Sij = −2[(s1 + s̄1)l[inj] + (s1 − s̄1)m̄[imj] − (s0m̄[inj] + s̄2l[imj])− c.c.] (5.8)

Theorem:The following statements are equivalent.

(i) S k
ij = Siju

k

(ii) ρ1 = µ1 = 2ε1 = 2γ1 = −
√

2Ks1,

ν1 = 2α1 = −
√

2Ks̄2,

κ1 = 2β1 = −
√

2Ks0,
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π1 = τ1 = λ1 = σ1 = 0. (5.9)

Proof: We define the time-like vector ui as ui= 1√
2
(li + ni) such that uiu

i = 1. Multi-

plying the equation(5.8) by ui we get

Siju
k = −

√
2[(s1+ s̄1)l[inj]+(s1− s̄1)m̄[imj]−(s0m̄[inj]+ s̄2l[imj])−c.c.](lk+nk). (5.10)

If S k
ij = Siju

k,then the corresponding coefficients of the equations (5.6) and (5.10)must

be identical. Hence equating the corresponding coefficients,we obtain the relations

(ρ1 + ρ̄1) = (µ1 + µ̄1) = −
√

2K(s1 + s̄1),

(ρ1 − ρ̄1) = (µ1 − µ̄1) = −
√

2K(s1 − s̄1),
κ1 = 2β1 − τ1 = −

√
2Ks0,

µ̄1 = 2ᾱ1 − π̄1 = −
√

2Ks2,

µ1 − 2γ1 = 0, ρ1 − 2ε1 = 0, π1 + τ̄1 = 0,

π1 − τ̄1 = 0, λ1 = 0, σ1 = 0. (5.11)

Solving these equations we obtain the required results. In fact the set of equations (5.9) is

the consequence of the field equation (1.3). One can independently derive these equations

from the field equation. By virtue of the equation (5.9) the equation (5.7)becomes

KSij =
√

2[(ρ1 + ρ̄1)l[inj] + (ρ1 − ρ̄1)m̄[imj] − (κ1m̄[inj] + ν̄1l[im̄j])− c.c.]. (5.12)

Contracting the field equation (1.3),we obtain

Qi = 2Q k
ik = −KS k

ik = −KSikuk. (5.13)

Hence we have

Q k
ij =

1

2
K[2S k

ij + δki S
l
jl − δkj S l

il ]. (5.14)

Equivalently,we write

Q k
ij =

1

2
K[2Siju

k + δki Sjlu
l − δkj Silul]. (5.15)

This on using (5.12) we have

Q k
ij =

1

2
[(ρ1 + ρ̄1)(l[inj](l

k + nk) + l[im̄j]m
k + m̄[inj]m

k + l[imj]m̄
k +m[inj]m̄

k) +

+2(ρ1 − ρ̄1)m̄[imj](l
k + nk)− [ν1(l[imj](2l

k + nk) +m[inj]l
k + m̄[imj]m

k) +

+κ1(l[im̄j]n
k + m̄[inj](l

k + 2nk) + m̄[imj]m̄
k)]− c.c.]. (5.16)

However, the Frankel’s condition Siju
j = 0 implies that s0 = s2 and s1 + s̄1 = 0.

Consequently the conditions (5.9) reduce to

π1 = τ1 = λ1 = σ1 = 0,

κ1 = ν̄1 = 2β1 = 2ᾱ1 = −
√

2Ks0,

ρ1 = µ1 = 2ε1 = 2γ1 = −
√

2Ks1. (5.17)

These are the same set of equations cited in the equation (3.19). The study of kine-

matical parameters has proved to be vital in astrophysical applications. Raychaudhary
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equation describes the effects of shear and rotation in the expansion and contraction of

the universe. For any vector of the tetrad e(α)j we have

e(α)i;j = e(α)i/j +K(uiSjk + ujSik + ukSij + gijSkhu
h − gjkSihuh)ek(α). (5.18)

For α = 1, we obtain

li;j = li/j +
1

2
[(ρ1 + ρ̄1)(lilj + linj) + 2ρ1m̄imj + 2ρ̄1mim̄j −

−ν1limj − ν̄1lim̄j − κ̄1(limj + 2minj)− κ1(lim̄j + 2m̄inj)]. (5.19)

On using equations (5.9), we obtain the equation

li;j = li/j −
K√

2
[(s1 + s̄1)(lilj + linj) + s1m̄imj + s̄1mim̄j − s̄2limj − s2lim̄j −

−s̄0(limj + 2minj)− s0(lim̄j + 2m̄inj)], (5.20)

where

li/j = (γ0 + γ̄0)lilj − (α0 + β̄0)limj − (ᾱ0 + β0)lim̄j + (ε0 + ε̄0)linj − τ̄0milj +

+σ̄0mimj + ρ̄0mim̄j − κ̄0minj − τ0m̄ilj + ρ0m̄imj + σ0m̄im̄j −
−κ0m̄inj . (5.21)

For α = 2, 3, 4, one can obtain similar expressions for other null vectors of the tetrad.These

are cited in the appendix for the ready reference. Thus the kinematical parameters and

the auto-parallel curves in this case become

θ = θ̂,

u̇i = ˆ̇ui +KSiju
j ,

σij = σ̂ij ,

wij = ŵij +K(Sij + uiSjk − Sikuj)uk,
d2xi

ds2
+
{
i
jk

} dxj
ds

dxk

ds
+Kgil[2Sljuk + gklSjhu

h − gjkSlhuh]
dxj

ds

dxk

ds
= 0. (5.22)

In the case when Siju
j 6= 0 the expressions for the curl of a vector, curl of gradient of a

scalar function and divergence of a vector are respectively given by

(Curlui) = ˆ(Curlui) +K[2Sij + uiSjku
k − ujSikuk],

Curl(gradf) = K[2Sijf,ku
k + f,iSjlu

l − f,jSilul],
(divAi) = ˆ(divAi) +KAkSkiu

i. (5.23)

However, if an arbitrary vector Ai be taken as the time like vector field ui, then we have

(divui) = ˆ(divui).

Also from the first equation of the set (5.23)we obtain on using the equation (5.18), the

curl of the null vector field li as

li;j − lj;i = li/j − lj/i −
√

2K[(s1 + s̄1)l[inj] + 2(s1 − s̄1)m̄[imj] −
−(2s0m̄[inj] + (s0 + s2)l[im̄j])− c.c]. (5.24)



18 L. N. KATKAR

Similarly, from the third equation of the set(5.23)we find the divergence of the null vector

field li as

li;i = li/i +
K√

2
(s1 + s̄1). (5.25)

The divergence of the vector field li viz., li/i in the Einstein theory of gravitation can

be obtained from the equation (5.21). It is evident that the equations (5.24) and (5.25)

also follow from the equation (5.20). The curl and divergence of other vector fields of

the tetrad are similarly obtained.These results are presented in the appendix. Now to

find the Raychaudhary equation when the spin tensor is not u-orthogonal, we obtain the

equation for the Ricci tensor in the form

Rij = R̂ij +K[−Ṡij − Sijθ + uiS
k
j ;k + ui;kS

k
j + S k

i ;kuj + S k
i uj;k + gij(S

k
h;ku

h + Skhu
h
;k)] +

+K2[2S2uiuj − 2SikS
k
j − gijShkShtukut − S h

j Shkuiu
k − SihShkujuk]. (5.26)

Following the process explained in the Section 2, we find the Raychaudhari equation

(2.37)in the form

θ̇ = u̇ii − 2(σ̂2 − ω̂2 +
1

3
θ̂2) + R̂iju

iuj + 2K2S2 +Kω̂ikS
ik +KSik ˆ̇uiuk −KSik;iuk.(5.27)

We see that the spin of the gravitating matter affects the propagation equation of the

expansion. Similarly, we record below the corresponding Maxwell’s equations (4.8) when

spin tensor is not u-orthogonal.

Dφ1 − δ̄φ0 = (π0 − 2α0 +
√

2Ks̄2)φ0 + 2(ρ0 −
√

2Ks1)φ1 − (κ0 −
√

2Ks0)φ2,

δφ2 −∆φ1 = −(ν0 −
√

2Ks̄2)φ0 + 2(µ0 −
√

2Ks1)φ1 − (τ0 − 2β0 +
√

2Ks0)φ2,

Dφ2 − δ̄φ1 = −λ0φ0 + 2π0φ1 − (ρ0 − 2ε0)φ2,

δφ1 −∆φ0 = (µ0 − 2γ0)φ0 + 2τ0φ1 − σ0φ2. (5.28)

The equations obtained in the paper are the basic results in the ECT of gravitation. We

hope that these results can be exploited in the subsequent study in the Einstein-Cartan

theory of gravitation.
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Appendix:

ni;j = ni/j +
K√

2
[(s1 + s̄1)(nilj + ninj)− (s̄0 + s̄2)nimj − (s0 + s2)nim̄j − 2s̄2milj +

+2s1mim̄j − 2s2m̄ilj + 2s̄1m̄imj ],

mi;j = mi/j −
K√

2
[2s2lilj − 2s̄1limj + (s1 − s̄1)milj − (s̄2 − s̄0)mimj + (s2 − s0)mim̄j +

+(s1 − s̄1)minj + 2s1nimj − 2s0ninj ],

where

ni/j = −(γ0 + γ̄0)nilj + (α0 + β̄0)nimj + (ᾱ0 + β0)nim̄j − (ε0 + ε̄0)ninj + ν0m
ilj−

−λ0mimj − µ0mim̄j + π0minj + ν0m̄ilj − µ0m̄imj + λ0m̄im̄j −−π̄0m̄inj ,
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and

mi/j = ν̄0lilj − µ̄0limj − λ̄0lim̄j + π̄0linj + (γ0 − γ̄0)milj − (α0 − β̄0)mimj +

+(ᾱ0 − β0)mim̄j + (ε0 − ε̄0)minj − τ0nilj + ρ0nimj + σ0nim̄j − κ0ninj .

Expressions for the Curl of ni and mi:

ni;j − nj;i = ni/j − nj/i −
√

2K[(s1 + s̄1)l[inj] + 2(s1 − s̄1)m̄[imj] −
−[(s0 + s2)m̄[inj] + 2s2l[im̄j]]− c.c].

mi;j −mj;i = mi/j −mj/i +
√

2K[(s1 + s̄1)(l[imj] +m[inj]) + (s2 − s0)m̄[imj]].

Expressions for the Divergence of ni and mi:

ni;i = ni/i −
K√

2
(s1 + s̄1).

mi
;i = mi

/i +
K√

2
(s2 − s0).

If however, the spin tensor is u-orthogonal then on using the equation (1.8) it is evident

from these equations that

li;j − lj;i = li/j − lj/i − 2
√

2K[(2s1m̄[imj] − s0(l[im̄j] + (m̄[inj])− c.c].

ni;j − nj;i = ni/j − nj/i − 2
√

2K[2s1m̄[imj] − (s0(l[im̄j] + m̄[inj])− (c.c)].

mi;j −mj;i = mi/j −mj/i.

li;i = li/i,

ni;i = ni/i,

mi
;i = mi

/i.
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