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Quantum Structure of Spacetime and Entropy of Schwarschild Black Holes
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The gap between a microscopic theory for quantum spacetime and the semiclassical physics
Schwarschild black holes is bridged by treating the black hole spacetimes as highly excited states
a class ofnonlocal field theories. All of the black hole thermodynamics are shown to arise from
an asymptotic form of the dispersion relation satisfied by the elementary excitations of these fie
theories. These models involve, quite generically, fields which are (i) smeared over regions of the or
of Planck length and (ii) possess correlation functions which have universal short distance behav
[S0031-9007(98)07638-8]
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Simple thought experiments suggest that there exi
an operational limitation in measuring lengths (and time
smaller than the Planck lengthLP ; sGh̄yc3d1y2 (see, for
example, Ref. [1]). The correct theory of quantum gra
ity should incorporate this limitation in a natural man
ner just as the correct quantum mechanical theory (ba
on noncommuting operators) incorporates the uncertai
principle. String theories as well as the spin netwo
formalism based on Ashtekar variables do seem to have
gredients to describe the quantum microstructure of spa
time in such a manner thatLP arises as a natural lower
bound to length scales [2,3]. In these approaches,
spacetime continuum arises as a nonperturbative qu
tum condensate of the basic variables. The descript
of spacetime geometry as a solution to Einstein equat
is analogous to the description of, say, a gaseous s
tem by macroscopic parameters through an equation
state. Given the microscopic theory, there should exist c
tain well-defined procedures for obtaining the continuu
description.

Unfortunately, we do not yet have a clearly spelled o
quantum theory of gravity. It is therefore important t
ask whether one could obtain some general features
such a theory based on our knowledge of the macrosco
description. It is obvious that such an “inverse” process
which is similar to an attempt in understanding th
quantum nature of radiation field, given the macroscop
description of the blackbody radiation—will not posses
a unique solution; however, some key features, whi
must be respected by any underlying quantum descript
of spacetime, should arise from such an analysis.

Since quantum structure of spacetime is likely to reve
itself only at energies close to Planck energy,EP ­ L21

P ,
its effects are most likely to influence the description of vi
tual processes taking place at Planck energies and ab
In general, such virtual processes cannot be described w
out knowing the details of the theory. One fortunate exce
tion occurs in classical Schwarschild spacetime containi
a compact infinite redshift surface. I give detailed arg
ments elsewhere [4] to suggest that black hole evaporat
0031-9007y98y81(20)y4297(4)$15.00
sts
s)

v-
-
sed
nty
rk
in-
ce-

the
an-
ion
ion
ys-
of

er-
m

ut
o

of
pic
—
e
ic
s

ch
ion

al

r-
ove.
ith-
p-
ng
u-
ion

can be thought of as the deexcitation of degrees of fr
dom located within a few Planck lengths from the eve
horizon. The existence of infinite redshift allows virtua
processes at super-Planckian energies to manifest as
nomena at sub-Planckian energies which are describ
in terms of semiclassical continuum physics. It follow
that the existence of black hole evaporation will put ce
tain constraints on the correct description of quantum m
crostructure though it is still likely to leave a fair amoun
of liberty as regards the details [5].

I show below that it is possible to construct toy effe
tive field theories which correctly describe the semicla
sical thermodynamics of black holes. This analysis he
to delineate those features of the effective field theor
which are essential to reproduce the correct behavior
reveals the tremendous amount of freedom which still e
ists as regards the microscopic description.

Let the quantum microstructure of spacetime be d
scribed by certain degrees of freedomqA and energy
levels ej. (The precise definition of these quantities, i
cluding that of energy levelsej, needs to await the full
quantum theory of the microscopic structure.) Classic
asymptotically flat, spacetimes with mass-energyM ¿
EP will be made of a large number of degrees of fre
dom combining together in a coherent manner. Norma
these elementary degrees of freedom will remain in th
ground state. An exception occurs in the description
Schwarschild spacetimes possessing a compact, infi
redshift surface. In such a case, highly excited states
the basic degrees of freedom can be populated, at l
around the event horizon, due to the presence of virt
excitations of arbitrarily high energies. (This paper co
centrates on Schwarschild spacetime in which the infin
redshift surface coincides with the event horizon. The
are conceptual issues involved in extending these res
to spacetimes in which these two surfaces do not coinc
This will be addressed in a future paper.) A black ho
spacetime of massM will correspond to ahighly excited
quantum state ofqA’s such that the mean energy of th
stateĒ ­ M with M ¿ EP.
© 1998 The American Physical Society 4297
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For a description of such a state, with the least amou
of additional assumptions, I rely on pure combinotric
used in conventional statistical mechanics. In such
description the mean energy can be written in the form

Ēsbd ­ 2
≠

≠b
ln Zsbd ;

Zsbd ­
X

j

gje2bej >
Z

C
rszde2bz dz ,

(1)

whereZsbd is the partition function andrszd is the den-
sity of states of the system. The second equality forZsbd
assumes the validity of continuum description but kee
the contour of integrationC in the complex plane un-
specified; this is convenient since I have to deal with de
sity of states which are unbounded along the real ax
Given the form ofĒsbd one can determineZsbd and,
by inverting the relation betweenZ and r, obtain rszd.
If the quantum state describes a semiclassical black ho
then we must haveM ­ Ēsbd ­ sE2

Pby8pd; this gives
Zsbd ­ exps2b2E2

Py16pd. Choosing the contour of in-
tegrationC along the imaginary axis, we getrsiyyEPd ­
expf24ps yyEPd2g. This corresponds to the density o
states for real energies given byrsĒd ­ expf4psĒyEPd2g
for Ē ¿ EP . The corresponding entropy isSsĒd ;
ln rsĒd ­ 4psĒyEPd2 ­ Ay4L2

P, whereA is the area
of the event horizon. Given a system with this form o
density of states and a mechanism to populate the exci
states as required in the statistical description, one c
reproduce the standard thermodynamics of black hol
Hence, any description of quantum microstructure whic
in the continuum limit, leads to a density of states of th
form rsEd ø expf4psĒyEPd2g will correctly reproduce
the results of black hole thermodynamics. (Populating t
excited states is possible in black hole spacetimes due
the existence of the infinite redshift surface.) In fact, th
density of state can be trusted only forĒ ¿ EP. In gen-
eral, the density of states can have a form

rsĒd ø expf4psĒyEPd2 1 O slnsĒyEPd . . .g , (2)

where the leading log corrections are unimportant fo
Ē ¿ EP .

I will now show how several toy field theoretical mod-
els can be constructed, which have such a density of sta
While this shows that black hole entropy, by itself, can
not provide more information regarding the quantum m
crostructure, it will reveal one essential feature:All of
these effective field theory models constructed here a
nonlocal and involve smearing of the fields over a dis
tance of the order of Planck length.This appears to be
the key ingredient which is needed to produce the corre
continuum limit.

Let us assume that the transition to continuum lim
can be described in terms of certain fieldsfst, xd which
are to be constructed in some suitable manner from t
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fundamental variablesqA. (This process is analogous to
obtaining the fluid description of a gaseous system mad
of discrete molecules; in addition, event and x have to
arise in terms of the microscopic variables in some, as y
unknown, fashion.) I take the Lagrangian describing th
effective fieldfst, xd to be

L ­
1
2

Z
dDx Ùf2 2

1
2

Z
dDxdDyfsxdFsx 2 ydfsyd

­
Z dDk

s2pdD

µ
1
2

∂
fj ÙQkj2 2 v2

kjQkj2g . (3)

The Lagrangian is nonlocal in the space coordinatesx
which is taken to beD dimensional; the corresponding
Fourier space coordinates are labeledk. The quadratic
nonlocality allows us to describe the system in terms o
free harmonic oscillators with a dispersion relationvskd
related toFsrd by

v2skd ­
Z

dDrFsrdeik?r . (4)

The energy levels of the system are built out of ele
mentary excitations with energȳhvskd, and the partition
function for a one-particle excited state is given by

Zsbd >
Z dDk

s2pdD
expf2bvskdg ­

Z
dE rsEde2bE ,

(5)

where rsEd is the JacobianrsEd ­ jdDkydEj. It is
straightforward to see that if the dispersion relationvskd
has the asymptotic form

v2skd !
E2

PD
8p

ln k2 sfor k2 ¿ E2
Pd (6)

then the density of states has the asymptotic form as giv
in (2). Thus a wide class of toy effective field theories o
a very simple nature can reproduce the black hole the
modynamics. The only nontrivial ingredient, compared
to conventional field theories, is the nonlocality in thex
space. Note that any field theoretic model with a dispe
sion relationv2 ~ ln k2 for k2 ¿ E2

p will necessarily be
nonlocal inx space. Further aspects related to the uniqu
ness of such a choice are elaborated in Ref. [4].

I will now illustrate the above phenomena using the
simplest possible choice, corresponding toD ­ 1 and a
dispersion relation

v2skd ­
E2

P

8p
ln

µ
1 1

8pk2

E2
P

∂
. (7)

The form of vskd for k ø EP is somewhat arbitrary.
I have chosen it so as to reduce the model to a loca
massless, free field theory (withv2 ­ k2) in this limit.
Since quantum gravitational effects should be negligibl
for EP ! `, this appears reasonable. (In addition to sim
plicity, this form can be motivated by other consideration
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[4].) The density of states corresponding to this dispe
sion relation is given by

rsĒd > exp

∑
4p

Ē2

E2
P

1 O

µ
ln

Ē
EP

∂∏
; expSsĒd . (8)

The corresponding black hole temperature is

T sĒd ­

µ
≠S
≠Ē

∂
21

­
E2

P

8pĒ

∑
1 1 O

µ
E2

P

Ē2

∂∏
>

E2
P

8pM
(9)

for Ē ­ M ¿ EP . The functionFsrd corresponding to
thev2skd in Eq. (7) is

Fsxd ­
E2

P

8p

Z `

2`

dk
2p

e2ikx ln

µ
1 1

8pk2

E2
P

∂

­ 2
E3

P

8p

µ
LP

jxj

∂
exp

µ
2

jxj
p

8p LP

∂
(10)

for finite, nonzero,x. (The logarithmic singularity in the
k integration can be handled by standard regularizati
techniques; e.g., by using the integral representation of
ln function.) WhenLP ! 0, the functionFsxd is pro-
portional to the second derivative of Dirac delta functio
as can be seen from the fact that, asLP ! 0, v2skd !
k2. In this limit, we recover the standard local field
theory.

The functional form ofFsxd clearly illustrates the smear-
ing of the fields over a region with correlation lengthp

8p LP. It can be shown, with more tedious algebra, th
this is a generic feature of the dispersion relation (7)
any dimensionD. The asymptotic structure in (6) gov-
erns the short distance behavior ofFsxd and inD dimen-
sion Fsxd ~ sjxjyLPd2D as jxj ! 0. In fact, this is the
only feature ofFsxd which is needed to reproduce the den
sity of states leading to the correct theory of black ho
thermodynamics.

The physical content of the above analysis can b
viewed as follows. I start with certain loosely defined dy
namical variablesqA describing the quantum microstruc-
ture of the spacetime. The dynamical theory describin
qA’s must lead, in suitable limit, to a continuum spacetim
with quantum states having mean energies much larg
thanEP . Among them are the classical spacetimes wi
compact, infinite redshift surfaces like that of a black ho
forming out of a stellar collapse. I describe these blac
hole spacetimes in terms of an intermediate effective fie
theory in sD 1 1d dimension. The existence of an infi-
nite redshift surface allows the elementary excitations
this field with arbitrarily high energies to occur in such
spacetimes. (In the absence of infinite redshift surfac
one cannot populate high energy states of the toy field
as to obtain a thermodynamic description.) Such a theo
is nonlocal in space and is based on smearing of fields o
a correlation length of the order ofLP.
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In fact, any field theory described by the Lagrangian o
the form in (3) can be expressed in terms of a free fie
c such thatf is obtained by smearingc using a window
functionW ; in Fourier space,ck ­ fkWk with jWkj2 ­
k2F21

k . The short distance behavior of such a correlatio
function is universal and is of the formsjxjyLPd2D in D
dimension. The black hole spacetimes are interpreted
highly excited states of such a toy field theory which itse
is built out of more fundamental, and as yet unknown
variablesqj. The semiclassical, thermodynamic behavio
of black holes can come from such an effective fiel
theory.

The above analysis shows that there is nothing mys
rious in completely different microscopic models (such a
those based on strings or Ashtekar variables) leading
similar results regarding black hole entropy [6]. Any the
ory which has the correct density of states can do th
in fact, the models I have described are only a very sp
cific subset of several such field theories which can be co
structed. The situation is reminiscent of one’s attempt
understand the quantum nature of light from blackbody r
diation. The spectral form of blackbody radiation can b
derived from the assumption thatE ­ h̄v and is quite
independent of the details of quantum dynamics of th
electromagnetic field. Similarly, the black hole thermo
dynamics can be explained if one treats spacetimes w
event horizons as highly excited states of a nonlocal fie
theory whose elementary excitations obey a dispersion
lation with the asymptotic form given by (6). Within the
spirit of the current analysis, one need not even identify th
sD 1 1d dimensional space as a superset of convention
spacetime. Thex andt could represent variables in some
abstract space, and the spacetime structure could eme
in a more complicated manner in terms of the fields them
selves. Because of this reason, I have not bothered ab
the Lorentz invariance or other internal symmetries of th
toy model.

While it may not be possible to obtain a unique
quantum description of spacetime from our knowledge
semiclassical black hole physics, it does give three cle
pointers. First is the indirect, but essential, role playe
by the infinite redshift surface. It is the existence of suc
a surface which distinguishes thestar of massM from a
black holeof massM. A stellar spactime will not be able
to populate high energy states of the toy field as requir
by the statistical description; in a black hole spacetim
virtual modes of arbitarily high energies near the eve
horizon will allow this to occur. (It may be possible to
model such a process by studying the interaction of th
toy field with a more conventional field near the even
horizon.) The second one is the asymptotic form of th
dispersion relation for the elementary excitations whic
leads to the correct density of states. The third is th
fact that such a dispersion relation almost invariably lea
to smearing of local fields over regions of the order o
Planck length.
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