J. - ZA10; J482P0

3A0

rt

THE ASTROPHYSICAL JOURNAL, 410:482-487, 1993 June 20
© 1993. The American Astronomical Society. All rights reserved. Printed in US.A.

ZEL’'DOVICH APPROXIMATION AND THE PROBABILITY DISTRIBUTION
FOR THE SMOOTHED DENSITY FIELD IN THE NONLINEAR REGIME

T. PADMANABHAN

Inter University Centre for Astronomy and Astrophysics, Poona University Campus, Post Bag No. 4, Ganeshkhind, Pune 411 007, India;
email: paddy@iucaa.ernet.in

AND

K. SUBRAMANIAN
National Centre for Radio Astrophysics, TIFR, Poona University Campus, Ganeshkhind, Pune 411007, India;
email : kandu@gmrt.ernet.in

Received 1992 June 4; accepted 1992 December 14

ABSTRACT

The study of large-scale structures in the universe is often based on the observed density distribution of
matter smoothed by a suitable filter function. The probability distribution for this smoothed density field in
the nonlinear regime is studied using the Zel’dovich approximation. When the shear term of the velocity field
is not too large, one can obtain a reasonably good analytic approximation to this probability distribution.
The properties of this distribution are discussed and compared with other attempts along similar lines.

Subject headings: cosmology: theory — large-scale structure of universe

1. INTRODUCTION

It is generally believed that large-scale structures in the

universe, like galaxies, clusters, etc., formed via gravitational
instability (see, e.g., Peebles 1980). In this picture we start
with a small density inhomogeneity §; = d(x, t) = [pi(x, t,)
— pu(t)1/os(t;) With 6; < 1 at some time ¢; and evolve it using
standard dynamical equations. In principle, one can predict
the exact density distribution in the universe today if the initial
conditions are known precisely. In practice, of course, this is
neither possible nor necessary. Qur information about the
present-day universe is largely statistical (like, e.g., the mean
number of galaxies with certain properties), and we only
require statistical predictions from the theory. It is therefore
usual to consider the initial density contrast to be one particu-
lar realization from an ensemble governed by some probability
distribution. One of the most popular assumptions is to take
this probability distribution to be a Gaussian.

It is easy to show that linear evolution of the density pertur-
bations (valid when é < 1) preserves the original probability
distribution. But when ¢ ~ 1, different Fourier components
couple strongly, and the correlations develop. The probability
distribution will no longer be Gaussian.

Further, in most situations of interest, one deals with a
smoothed version of the final density field. For example, in
calculating the rms fluctuations in the mass contrast or counts
of galaxies in cells, one smoothens the density field over a
region of size L. It is therefore essential that we compute the
probability density function (PDF) of the final, smoothed
density field in order to compare theoretical predictions with
observations.

In this paper we shall attempt to derive this probability
distribution P[4, t; L] even when the mean density contrast is
of order unity. To do this, we shall use the Zel’dovich approx-
imation (Zel’dovich 1970) which allows us to handle density
contrasts which are mildly nonlinear. What is more, we shall
invoke a further approximation which is simple enough to be
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handled analytically but is nontrivial enough to give some
insight into the dynamics.

2. PROBABILITY DISTRIBUTION IN THE ZEL’DOVICH
APPROXIMATION

The Zel’dovich approximation provides a relation between
the Eulerian and Lagrangian coordinates of a particle in the
form

Ht) = a(t)lq + flg, )] = alt)x . ¢y
It is possible to show that the function f{g, t} can be expressed
in the form b(t)p(q) to a good degree of accuracy. Here b(r) is
the growing solution to the linear perturbation equation, and
plg) is expressible as a gradient (p = Vi) where ¥ is pro-
portional to the initial gravitational potential.

In this approximation, one can write the matter density
plr, t) at any time t as

0= ool 1) 2) = pe) &) @
PUD =PI ) (detay = PN\ G ) (det )’
where the determinant of the Jacobian is given by
%y
det J = det { 6%
e (S ( i+ b 8qi6qj>’ 3)

where 55 is the Kronecker delta function. In arriving at equa-
tion (2), we have also assumed that p(q, ;) ~ po(t,) at sufficient-
ly early t;. By diagonalizing the matrix J, we can write this
density as

poltfal/a’)
[1 — bA(@)I[1 — bA,(g)][1 — bAs(9)]°

plr, 1) = 4
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where [ — A,(q)] are the eigenvalues of a matrix

w00 TV
Vo4 0g:0q;

P=VY. %)

We shall assume that 4, > 1, > 4.

Given the form of y(g), the above equation determines the
density at any event (¢, r), provided (1 — bA;) > 0. (When this
condition is violated, caustics form in the density field, and the
entire Zel’dovich approximation breaks down.) It follows that
the statistical properties of p is determined completely by the
statistical properties of A; which, in turn, are decided by the
statistical properties of . Given the statistical properties of s,
one can in principle determine the probability P(4;)d>4; for the
occurrence of eigenvalues in the range (4;, 4; + d4,). Given P(1)
we can determine all the statistical properties of p.

In particular, the probability that the ratio (p/p,) between
density p and the background density (p,) has a value between
nand n + dnis

Pn)dn oc dn JP(M, A2y A3)0p[2(A)1d3A; (6)

where dp(z) is the Dirac delta function with the argument:

3
z=l;ll(1—b/1i)’1—11. M

Of special importance is the case in which the initial pertur-
bations form a realization of a Gaussian random field with
the variance o>, In that case the probability distribution
P(%,) depends on the initial distribution through ¢*: P(4) =
P(%;; ¢%). Using the above formula we can determine & =
P(n; 6%). All the moments of the density contrast (5 — 1)
can be expressed in terms of ¢2:

ﬂwﬁs«m—w>=£nm¢momn—nv ®

Given the form of P(4,) all the moments can be computed.

Though the above analysis might seem straightforward,
there arises an interesting subtlety in the computation outlined
above. We shall now discuss this issue.

Since most of the cosmological observations deal with a
smoothed density field, what is actually relevant in our study is
the probability distribution for the density contrast in the
present-day universe filtered over some length scale L

—w@ b

where 6(z) = 1 for z < 1 and zero otherwise. The measure of
fluctuation generally used is in ¢*L) = {(6%(x; L)> which is
defined as the average of 6°

aZ(L)zf%{éz(x; L) (10)

over a large volume V. Hence, to be of any practical use, we
should express the filtered final density in terms of the filtered
initial density.

Note that once we fix the filtering region for the final density
field, the dynamical evolution determines a corresponding fil-
tering region for the initial density field. In fact, such initial

smoothening may be required for another reason as well: The
probability distribution P(4;) and 2(n) are well defined only if

the integral
a3k
o’ = j 16,12 (1

(2m)*

calculated from the original power spectrum is finite. For some
power spectra which are of interest in cosmology, like the
CDM spectra, this integral for o2 diverges due to small-scale
fluctuations, and a smoothening of the density distribution by
a suitable window function is essential. The smoothening of the
final density field automatically takes care of this requirement.

The fact that one is smoothening the final density field,
however, makes the problem of calculating the PDF much
more difficult, since the shape of the filtering region gets dis-
torted in going from the r-coordinates to g-coordinates. Never-
theless, this is a “secondary” effect and hence can be handled
by some approximation.

The simplest—but yet, nontrivial—approximation is to
assume that we can replace the matrix M;{¢g) by some
smoothed-out matrix M,; in describing the distortion of the
shape. This assumption, it should be stressed, is always implicit
when the Zel’dovich approximation is used with a filtered field.
Consider the mean density inside a sphere of radius L centered
at the comoving location x today. If we evolve back this spher-
ical region to the past, it will become an ellipsoid. (Since the
smoothening scale itself is L, we can consider M;; to be a
constant in determining the distortion in the shape of the
smoothening region; this fact makes the transformation
(x &> g) linear.) The semimajor axes of this ellipsoid will be

L L L
U—MJU—MJH—MJ'(m

Thus, the filtering of the density field over a sphere of radius L
(today) is equivalent to filtering the original field over an ellip-
soid. If the original power spectrum is S(k)=]d,|% the
variance ¢ calculated within an ellipsoidal region will be

2 _ | Lk
elli — (27{)3
a3k 9

=) o S0 Gzye

where Wg,,(k) is the Fourier transform of the spherical window
function with radius L. Note that 62, now depends on 4,
through the combination &, =I{1 —bi)~!. The prob-
ability distribution for the (average values) 1, will be a function

P(Z:) o P[Zﬁ O'fm(zi)] = NF(/Ti) . (14)

The following point should be stressed. The dependence of F
on 4, is determined by the initial potential field, which is taken
to be Gaussian random variable. Further dependence on 1,
arises due to the fact that the filtering region gets distorted in a
A-dependent way. We need to take both the effects into account
to get the correct result.

The proportionality constant N can be fixed by normalizing
F. Since the density contrast at any point in the Zel’dovich
approximation,

(él’ 623 63) = l:

g,

Won(k'E)S(K) ,
(13)

[sin (k'¢) — (k'¢) cos (K'E)T?,

1 -
5zel = H EI——TZ,) —1= 6zel(/1i) s (15)

i
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is a well-defined function of 1, the computation of the moments
(a2 is straightforward. They can be expressed as

(0> =N fd L F2)o(4) [1 (1 — by . (16)
The last term is the Jacobian which arises in transforming from
¢ to x. This is needed because the original probability distribu-

tion was in g-space while the final one is in the x-space. It is
easily verified that

<plx, O/py) = <H (- bli)_‘> =1 (17)

independent of the form® of F. We shall now compute F(4,),
P(n), etc., explicitly.

3. APPROXIMATE EVALUATION OF THE PROBABILITY

The probability distribution of the eigenvalues A, was
derived by Doroshkevich (1970) and is given by

P(ii; o?) = C(%)(L - 12)(12 - 13)(11 - 13) exp(—Q), (18)

3L AN 3 (ks + Ao ds + 22
Q:_5_<Z ) _§< 172 223 3 1>. (19)

g [

Here ¢2 = (02,;/5) and C is a normalization constant that can
be absorbed into N. It is also assumed that 1, > 1, > ;.
Given the original power spectrum one can compute from
equatlon (13) the filtered dispersion ¢* = 6*(L, bd) (note that
o2 depends on b and A, through the combination bl)_ Com-
bining equations (14) and (18), we can determine F(4;). The
constant N is fixed by integrating over all 4 and setting the
result to unity.

While the above calculation can be performed numerically
to determine the moments {6"), such a procedure gives no
insight into the physics of the problem. We shall, therefore,
follow a more approximate procedure leading to a closed
analytic expression for 2(y).

To motivate the nature of the approximation, let us consider
the matrix M;; more closely. We can decompose M; into the
irreducible parts in the form

op; 1 1/b
M;= 6qj: 3 v, 'P)(S:(j +Q;;= [_§<B>i5i]5:§ + Qi s

(20)

where 8§ is the Kronecker delta function and J; is the initial
density contrast. The diagonal term represents the effect due to
the density contrast and the matrix Q;; represents the traceless
shear tensor of the velocity field

1(dp; Op; 1
===+ =1)—=(V-p¥k. 21
2 2<8qj+6qi> 3V Y e

From the eigenvalues we may separate out the trace of the
matrix T = (4, + 1, + A3). If the original density field follows

! With this normalization {1 + 6> = 1 but {1)> # 1; we can also arrange a
normalization with (1> = 1 but {1 + 8> # 1. These two choices will differ by
a constant for any smoothing scale.
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Gaussian statistics, then the quantities (J, Q;) will also be dis-
tributed in the same way. What is more, the density é will be
uncorrelated with the shear field Q;; because of the isotropy of
the background. That is, {Q;;6) = 0. This implies that the
probability P(4;) must be expressible in the form P(4,, 4,, 1) =

P,(T)Py(a, B) where a, B are the two eigenvalues of Q,;. This
result is easily verified by writing

in=0;

and introducing the coordinates u = x;/x,; v=x; + X,.
Straightforward algebra will allow us to express P(1) in the
form

Ai=3T —x Xy > Xy, X3>x;  (22)

P = NP(T)P,(u, v) (23)
with
1 2
pin=ew| -3 (1))
(29)
Py(u, v) = uv*(u? — v?) exp — 32 (u? + 3v%).

The conditions (x, > x;, —o0 < x; < o0} become (u <0,
— o0 < v < oo). It is now clear that the most relevant quantity
characterizing the density distribution is the trace T =
(Ay + 4, + A3). One can easily determine the marginal prob-
ability distribution for T by integrating out (u, v). Since the
integral will be a constant we obtain

P(T)=N exp[ 110 (T)Z}

1 1/2 1 ). 2
() [ ]

2 ok
This result shows that the quantity T = )’ , is distributed like
the density contrast of the linear theory even in the nonlinear
regime. This suggests the approximation in which each of the
variables (1 — bA,) is replaced by a quantity similar to their
geometric mean. That is, we take

1 1
N o=y =a=sar

(26)

Given this approximation it is fairly straightforward to cal-
culate the PDF. However, before we do so, we shall discuss the
validity and possible limitations of this approximation. It may
be noted that the above approximation is effectively the same
as the spherical model (e.g., Peebles 1980) for the nonlinear
evolution of an overdense region. Such an approximation is
extensively used in the literature to study the nonlinear evolu-
tion in the context of CDM-like models. (The main difference
between the conventional spherical model and the approx-
imation we have used above is that we have invoked a
Zel’dovich-type analysis of the spherical model. Such an
analysis is discussed in detail by the authors elsewhere
[Padmanabhan & Subramanian 1992], where it has been
shown that the Zel’dovich version of the spherical model
tracks the exact spherical model quite well for density con-
trasts up to about 3 or so.)

At first sight it may seem that a spherical approximation
may not do justice to the asymmetries in the density field. This

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/cgi-bin/nph-bib_query?1993ApJ...410..482P&amp;db_key=AST

T A10C C482P0

3A0

rt

No. 2, 1993

fear is unfounded, however, because of the following reason.
Consider the density field sometime in the past when the
density contrasts are small compared to unity. At this epoch
the peaks of the density field coincide with the peaks of T. Now
suppose we take a fiducial sphere around one such peak,
defined by a set of particles and follow its evolution into the
future. This spherical region will distort with time; but as long
as caustics do not form over the length scale of the sphere, the
particles originally inside the sphere will stay contained by the
distorted sphere. Also for moderate density contrasts, say those
which obtain before turn around, the distortion of the sphere
will also be moderate. Due to these facts it is justifiable to
smoothen the density field inside the sphere and use the spher-
ical model. And indeed this is the standard practice in the
literature. Therefore our approximation is both useful and
valid as long as the density field is smoothed and the average
density contrasts do not exceed ~ 3.

We shall proceed with the calculation of the PDF for the
final smoothed density field based on the above approx-
imation. Using the same order of approximation, we can set
& ~L(1 —bT/3) *and

Uﬁm = aglli(R) = Ui(T)

R=L(1—-bT/3)~1
(27

n o h—l——— ' li 3
1:1 (1 — bAYdge = {[1 — (T3] B 1} (1 E ) .

We have denoted by 6%(T) the function obtained by substitut-
ing in the original variance 6%(R) the value R = L(1 — bT/3)™ ..
Then

I ) (R

1 T?
— == (28
P { 2 aim] 9
with N fixed by the condition

3 ar bT\? 1 T2
N j_waL(T) (1 ’T) C"p[‘ioim]: b @

The upper limit to the integration is taken to be (3/b) since our
approximation is valid only prior to the formation of caustics.
The behavior of this function depends on the form of a,;(x).
In the standard CDM model, o(x)oc x~? for large x
and ¢ ~ g ~constant for small x. As bT —3, oi(T)=
o[L{t — bT/3)~'] will vanish as (1 — bT/3)?. The factor in
front of the exponent will behave as (1 — bT/3)™3"*1; however,
the exponential will behave as exp [ —I*T?/(1 — bT/3)?]. The
vanishing of the exponential will dominate and render the
expression finite. Similar cutoff occurs at the lower limit,
T — — o0, as well. In this limit, ¢, is effectively a constant but
the exponent behaves as exp (— T'2/2¢?) thereby cutting off the
integral. This implies all the moments of the distribution are
finite.

The expression above allows us to extract the probability
distribution for the nonlinear density contrast 2[] by inspec-
tion. Transforming from the variable T to 6 by the relation

bT\ 3 3 1
S 7 SRR R
® (1 3) BT b[ (1+5>1/3J
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in the range —1 < J < oo, we find that

© (dT 1 1
<‘3>=Nj1<5>(1+5)5 @)

X exp { — 2 1 ! i do
P17 20202(9) 1+ 06 :

@© o 1
- NL BT 877 boy®)

ool -}
FPAIT 2y | T 1o R | (30)

where 62(8) stands for the standard ¢*(R) linear theory evalu-
ated at R = L(1 — 8)'/3. Since the variance in linear theory
grows as b(t), the combination ba; denotes the variance today
(at z = 0) calculated by linear theory. We will call this quantity
o4(6). It is now clear that the exact probability distribution for
d is given by

N 1
V2mays) (1 + 877

el el ©
*XPIT 2020 T 40P (1)

for 6 > —1 and zero otherwise. We have redefined N by factor-
ing out [1/(2m)'/?] for later convenience. To be precise, 2 also
depends on the filtering scale L, since ¢, depends on it:

2[5] =

0o(0) = oy [R = L(1 +9)'7] . (32)
We will examine the nature of () in detail in the next section.
Before doing this, we discuss another approach to defining the
probability distribution function which came to our notice
after the completion of this work. (Kofman 1991a, b).

In the present approach we have related the filtered final
density field to the filtered initial density field. This resulted in
o2 being not only a function of L but also of 4;. Kofman (1991a,
b), on the other hand, asks a different question for calculating
the probability distribution function of é in the nonlinear
regime. He starts with the initial filtered 6 and evolves it
according to Zel’dovich approximation, and defines the prob-
ability Py(n) for the density contrast (p/p,) to lie in the range
{(n, n + dn) to be proportional to the volume in r space where

n<L =T =bi)~t<n+dy. (33)

Po

Note that in Kofman’s case the final density field is not
smoothed. This probability Py(n) can be written down by using
the relation:

fw Py(n)dy = J d*4,6() TT (1 = b2)0Ln ™ ~ T (1 — b4

(34)

Here [[; (1 — bJ;) is once again the Jacobian which arises in
going from x space to ¢ space, and the theta function picks out
the regions where (p/p,) > n; G(4;) is the probability distribu-
tion of eigenvalues A; given earlier, with o*(L), now being a
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function of initial filtering scale L but not 1,. Differentiating
equation (34) with respect to # we have

Py(n)dn = % Jd""ii G(4) H (1r— b}'i)éD[n_l - H (1- bzi)} .

(3%)

Changing to variablesp=1—bl;,g=1—bi,,r=1-—bi,,
and integrating over p we get

dqd
Putnin = H i

1 0
(o lrsg) oo (-55) - oo
where
N |
Q=—{3—-|l—+g+r
5 nqr

3 1 1
——[3—2<—+q+r>+qr+——(q+r):|. (37)
2 nqr nqr

Here the range of integration ¥ issuch thatp = l/ngr < g <r.
This integral can be evaluated numerically for an arbitrary
fixed #, to derive Px(n). However, the asymptotic form for Py{)
for large n can be seen from equation (36) without doing the
integral explicitly. In the limit # — oo, the integral in equation
(36) becomes independent of n and Py(n)dn oc dy/n>. This
asymptotic form has also been pointed out by Kofman (1991a,
b). The asymptotic form of P(n) can be derived more simply as
follows. Note that the density near a pancake caustic, scales
with the distance ! from the caustic as p oc [~ /2, So the prob-
ability to have a density contrast (p/p,) > 1, will be

j Py()dy oc Al oc Ap™2 occ An~ 2, (38)
n

where A is the area of the surface, which is at a distance [ from
the pancake. Differentiating equation (38) we then get Py(#) oc
1/, for large 5 as given above.

Quite clearly, the probability Px{n) and 2[#] are answers to
two different questions. One has to consider a specific physical
context to decide which result is applicable. If the observations
are related to a filtered final density, then 2[#] discussed in this
paper is more relevant. Also notice that all moments of the
distribution {#*)> with k > 2 diverge for Kofman’s distribution
due to the #~ 3 tail. We saw that these moments are finite for
P[n]. On the other hand Py(x) explicitly takes into account the
fact that universe is dominated by caustics at late stages while
2P[n] is inapplicable unless the filtering scale is large enough to
exclude caustics.

We would like to make the following cautionary remark at
this stage. We came to know recently (L. Kofman 1992, private
communication) that Kofman and his collaborators have com-
pared Py(n) with N-body simulations, after the final density
field has been smoothed. It appears that the P¢ obtained after
an initial smoothening is in reasonable agreement with the
PDF obtained from the simulations after final smoothening.
We find this result somewhat surprising. Unfortunately the
details of the numerical simulations are not yet available, and
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hence we cannot provide a detailed comparison between our
approach and that of Kofman (1991a, b). This issue is under
investigation.

4. PROPERTIES OF THE PROBABILITY DISTRIBUTION

To understand the behavior of 2[J] we can consider two
limiting cases of large and small L. When the field is smooth-
ened over a large scale (i.e., in the limit of L —» ), g4 tends to
zero as L2 at finite 5. We see from the exponential that most of
the contribution comes from the region with (1 + §)7*3 ~ 1,
that is, from near é ~ 0. In this case we can approximate 2[4 ]
by the Gaussian

PL6] = (39)

1 o [ 1 42 ]
Vo) LT 2030
which is precisely the result from the linear theory. [In this
limit N = 17. It shows that the original statistical distribution
is recovered if L is sufficiently large so that the small-scale
irregularities are filtered out. It should, however, be noted that
this equivalence exists only for a small range of ¢ around zero.
Outside this range, the probability distribution is more sharply
peaked compared to the Gaussian. This result can be seen as
follows: For large values of the argument we can approximate
8o as 8o(x) = (Ry/x)* where R, ~ 24 h~ ! Mpc is the normal-
ization scale fixed from COBE data (e.g, Padmanabhan &
Narasimha 1992). Therefore

ool L(1 + 8)13] = (%)2(1 +5) P (R") <1 ~z 5) (40)

for small 6. Hence

N 1 5 52 4
Pl = E[a@](l - 35) ""P[‘ _2oé(L><1 * E‘ﬂ

5 2 83
= Py, [5; Go(L)]<1 -3 é) exp [ ; GO(LJ o)

where P;,[J; 0,(L)] is the linear theory result. The extra expo-
nential factor shows that 2[§] < Py, when 6 > §, with §, ~
[363(L)/2]Y3. For example, if L = 100 A~ ! Mpc, o3(L) ~ 3.3
x 1073 so that 8, ~ 0.17. Thus £[5] is much more sharply
peaked compared to Py, [6].

The corrections to the linear theory can be worked out by a
systematic expansion in 8. For example, using the normalized
form of the approximate distribution:

P[] ~ ! (1 —25) exp(—la—2>. 42)
60\/271 3 20}
It follows that
8y = ~343. (43)

Thus to the lowest order both <(§) and (82> are decreased
compared to the linear theory result.

The distribution behaves quite differently at small scales.
When L — 0, o, becomes effectively a constant, say, gq. The

probability distribution becomes
1 2
T 5)1/3] } . (44)

N _ 9
ﬁzg(l +9) 7/3exp{—2—qz[1
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Fic. 1.—Exact probability distribution (solid line) and the prediction from
linear theory (dashed line) for a filtering scale of L = 50 Mpc. The latter is
based on a CDM model with (8 k= Mpc) = 1 and h = 0.5.

This distribution is distinctly non-Gaussian, and sharply
peaked around § ~ — 1, showing how nonlinear clustering has
affected the statistics of the density field. As the filtering scale
varies from a small value to large, the probability distribution
changes from equation (44) to equation (39).

These results are shown in Figures 1-3. Figure 1 shows the
probability distribution in the nonlinear case when the linear
theory is taken to be standard CDM with ¢ (8 A~ Mpc) =1
and h = 0.5. In each of the figures, the dashed lines denote the
Gaussian probability calculated using linear theory. The filter-
ing scales are 50, 30, and 15 Mpc in the three figures. It is clear
that mean value shifts to lower and lower values as the filtering
scale is reduced. The distribution also become narrower, which
is more clearly seen in Figures 2 and 3. These figures show the
probabilities (with proper normalization) for L = 30 and 15
Mpc.

The narrowing of the distribution function can be under-
stood on very general terms. Note that (1) The exact probabil-
ity distribution P[] should vanish for § < —1, and (2) in the
limit of ¢ — co, the probability distribution should be sharply
peaked at § ~ — 1, since the universe will be dominated by
voids. It follows that, at finite times, the peak of the distribu-
tion should shift toward (— 1), and the width of the distribution
should decrease. This implies that the value of {((SM/M)*)
calculated from linear theory is an overestimate of true
{(6M/M)*> at small scales. This will have important implica-
tions as regards normalization of power spectrum. In particu-
lar, it has been noticed that power spectra normalized at large
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scales tend to overshoot observed values of {(JM/M)*) at
small scales. The effect under discussion might help to reduce
this discrepancy. This issue is under investigation.

Given the probability distribution it is possible to compute
other statistical parameters like skewness, kurtosis, etc. We
hope to address this and related questions in a future
publication.
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