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Summary. A theory of weak interactions is developed in terms of
direct particle action, In its simplest form the theory leads to the for-
mulation given by Feynman and Gell-Mann.

1. - Introduction.

Of the four known interactions in physics, those of classical origin—elec-
tromagnetism and gravitation—can be formulated in terms of direet inter-
particle action (*4). The direct-action formulation of electromagnetism can be
quantized and the familiar results of quantum electrodynamics can be ob-
tained (*¢). This raises the question: can similar ideas be extended to the strong
and weak interactions? In the present paper we give an affirmative answer
go far as the weak interaction is concerned.

The strong and weak interactions differ from the classical interactions in
being of short range, and it is at first sight surprising to find a short-range
interaction arising from concepts that were designed to represent long-range
interactions. It will be helpful to see how an apparently long-range interaction
based on the function d(82) can become a short-range interaction. In the
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A DIRECT PARTICLE THEORY OF WEAK INTERACTIONS 263

previous paper we have seen how the concept of mass and the phenomenon
of gravitation can be based on

1) ff@(A,B)dadb:ffMdadb,
4n

when the cosmological space is transformed conformally to Minkowski space.
Here we have the simplest coupling of the paths of two particles a, b. The
next possibility is to couple the tangents da‘/da, db*/db:

5(5%s) da db,
@) H San) 100 D g,

The latter coupling gives the whole of the electromagnetic theory, leading to
QED when quantized. Consider now the segments 1 to 1’ and 2 to 2’ of
particles ¢ and b. Couple these segments by the interaction

1
(3) Zy—t [5(8221) + 5(822'1')— 6(822'1) - 6(8231')] ’
¢.e. by a criss-cross mass interaction between the ends of the segments. This
interaction can be written analogously to (1) and (2):

1 [[0%0(8%:)

(4) el | By e dadbd .

We shall find that (4), given a suitable matrix structure, leads to the Feynman-
Gell-Mann theory of weak interactions. The second derivative on §(8%,,) leads
to [J4(8%,;) when the appropriate transition element is evaluated, and this is
just 4md,(4, B). We anticipate therefore that (4) will lead to a point inter-
action.

To avoid complications from strong interactions we confine our attention to
leptonic decay. It is possible to proceed either in terms of 4-component
spinors or in terms of 2-component spinors. We prefer the latter. Since 2-com-
ponent spinors are not very common in the literature we devote the next
Section to definitions and properties of such spinors.

2. — Two-component spinors.

We denote a covariant spinor by u,, « =1, 2, and its complex conjugate
by uﬁ, & =1,2. The contravariant spinors u* u* are related to U, U, by
- w = b U,

x — &
u, uB——s&ﬁu s

L)
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where
e, =& =g, =e¥=1,
=l =g =e=—1,
e =& =& =8 =0,

el — g2 — il g8t ¢ |
The mixed spinor ¢% is given by
__saﬁ — Eﬂa — 6aﬁ ,
where 6% is the Kronecker delta. The Pauli metrices 0P satisfy the relations
(5) o'? o, =2n", a"“f’a% = 2.9"‘735& .

They can be represented by 2 X2 matrices:

o001 ) 0 a0 /10
Glap - ( ) ’ aaap - ( ) ’ osaﬂ - ( ) ’ O.Aaﬂ - ( ) ’
1 0 —i 0 0 —1 0o 1

in which « is taken to refer to rows and § to columns. With this convention

o is the same as o%* The associated quantities 6%, o,; are determined

by (5) by means of the above rules for raising and lowering suffixes. We
also have the relation

(6) 0.1'04,5, o)zﬁi = Qikef _ ,,7‘1: &8 ,

where § is symmetrie in («, ) and antisymmetric in (¢, k). Hence if A;is a
4-vector,

(7) A Ayothot, — — Areb
where A?= A,A*. In particular, if A, is the gradient operator V,,
(8) o o#. V.V, = — B ViV, = — e,

where [ is the wave operator.
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If we define the operator V** by

9) Veh = iy,

then (8) implies

(10) VAV, = — e 0.

We shall apply these relations to spinor propagators.

Let ¢° denote the displacement vector from the space-time point 1 to the
space-time point 2, and let O denote the wave operator with respect to the
co-ordinates of 2. Define the propagator K(2,1) by

.1 . 1 _..
BA_. . nifA R v/
(11) K2, 1) = = aé(g7), = - VH3(g?) .

Using the relation

(12) (18(g%) = 4m,(2,1)
we get
(13) VK = %t V,iVP8(g2) = 6,(2, 1), .

The derivatives here are all with respect to point 2. Thus K satisfies the
inhomogeneous Dirac equation for the neutrino. Using the definition

(14) ¢t = g, 0%
we can rewrite (11) as
(15) Ko =20'(¢?) g™ .
Suppose X is a closed surface surrounding a volume V. Let »; denote the

unit outward normal to dX, a typical surface element of 2. If @ is a well-
behaved function of position, which may be a spinor or a tensor, we have

(16) [n0az—[v, 007,
where n_; = o’ ;n,. Leb
17) & = Kfhop~,

where o satisfies the neutrino equation

(18) V.o*=0.

&4
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Then (13) and (18) give
(19) f n; KPords = f (— V., B ordV = —

That is, if ©’(1) is given everywhere on X, we can determine v#(2) at an interior
point of 2 by

(20) #2) = — f P2, 1)m ;0" (1) A5, .
z

The minus sign has appeared because in the transformation of (20) to a volume
integral the derivative on K#% is with respect to point 1 ranging now through
the interior of 2. In (13), on the other hand, the derivative is with respect to
point 2.

Suppose {@;"‘,.} is a complete set of solutions of (18), normalized so that

21) f o (1)0* 30% (1) g, = 9,
the integration being over a time section ¢ =7, = constant. Then for t,> %,

we can write

(22) Efi(2.1) = zvﬂ(2 1),

while for #,<<1,
(23) Ef42,1)=0.

The proof is straightforward.
We now consider a power-series expansion of Kf4(2, 1) for t,—1, > 0 small.
First we note that, if we consider X to be the hyperplane ¢ =%, (20) gives

(24) lim KP4(2;1)* ; = é,(z,—2)9," .

ta—>t)
Also, multiplication of (13) by o' gives

Ry G

_5t__= 64(2, 1)0_4/31:_0_404;0_1 L

(25)
Using (24) as the initial condition we integrate (25) to get for ¢, > ¢,

. pi
(26) E¥(2,1) = 8@, —2,)0*" — %o, aal; a.

%
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To first order in ¢ we have

27 K5t + &, 3,51, 8) = 6,8, —,)0** — e0* g} 2 Vidy(@, —2 ) ot

This method can be extended to obtain higher-order terms.

It will be useful in relation to the theory of the following Section to work
out path integral transition elements, giving some explicit examples. The
transition amplitude of the space-time function F is defined for the values
of F on the plane ¢ = constant by

(28) Cw|Flvd, _.fwﬂ (t, 2,) o507, 2,) Pt 2,)

where », w are the initial and final wave functions. The trivial case F =1
gives the transition probability amplitude

(29) [ty o,
The situation is more complicated when we ask for a derivative of F taken

with respect to particle paths. The transition amplitude for dF/dt taken along
paths at ¢ = constant is (cf. (?), p. 164)

a.F A . .
(30) {w & [v> = !1_15)1 f’wﬂ(t + ¢, Q2)0'4M'3.K"‘1(t + &y Zaj 1, 24)°
“o4iv’(, mz)[a +_ & VF]d3w1d3w2
More strictly, we should have written *(¢, 2,) but the difference goes to zero

with e. The derivatives 0F/[dt, dF[da” = VF are evaluated at ¢, 2,. Consider
oF/ct first. If we use the first term in the expansion, (27) gives

(31) !}_gol J.wﬂ(t + g, £2)040‘/§04“}:63(£2—§1)0’4},j a_F o

ot (t7 "‘_vz) da@ldz@z ==

 OF .
— wﬁ E /07049‘,5 0-40610-47;: daﬁl .

The subsequent terms in the expansion (27) make no contribution in the limit
£—0. By means of the identity

(32) ooty =t

(") R. P. FEYNMAN and A. R. HiBBs: Quantum Mechanics and Path Integrals (New
York, 1965).
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the integral (31) becomes
(33) f w%*,,w%lt—ﬂ dse, .

Consider next the VF term. Because of the Z,—, factor, the first term in
the expansion (27) “does not contribute. The second term gives

. . ., L OF
(34) f wlot ypo' o’ 0" ot 0t

3p LU= whehjo¥ g—ﬁd 2y

after using an identity similar to (32). Combining (33) and (34) we get
(35) {w| % [v) =J.w'§ai,,;;VfFv” dsz, .

If in particular F = 2/, we have

(36) <wl = jo> f whas ,p0? Ao,

a8 the transition element of velocity.
These considerations apply to F as a scalar function. The above work can
be extended trivially by writing F*, = Fé%:

(37) Cw[F% oy = [w oty Porforain, .

Similarly, for a general spinor F* the transition element is given by the defi-
nition

(38) w|F% > = f wh ot 5 T 0h @, .
A gimilar analysis to that given above then leads to

dF*

{w| == @ vy = wholy V. i doe, .

(39)

We shall use (39) and similar expressions in formulating the theory of weak
interactions.
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3. — A model for weak interactions.

In this Section we show that an interaction based on (4) leads to the
Feynman—Gell-Mann theory (8). The transition amplitude appropriate to the
latter can be expressed in the form

(40) A f f w0, w50, 0,(A4, B)de, dw,dt, dt,,

where v,, v, are the incoming (two-component) wave functions and w,, w,
are the outgoing wave functions. /1 is a coupling constant. The d,(4, B)
expresses the local character of the interaction.

We give a matrix structure to (4) in a very simple way by adding elemen-
tary spinors

(41) g

where the suffixes «, 4 act at 4 and & # at B. Including the coupling con-
stant we have

Ralal N AB)
(42) s EAAﬂBff Qadb dadbd .

The transition amplitude for a perturbation produced by (42) is given by a
transition element of the kind (39). All we need do is use (39) both at 4 and B,
and integrate finally with respect to ¢,, #,. The result is

B*
(43) ffwj"am}vﬁe“%h,w‘.’ga'f;é 03[V, V. 0(8%.5)]d%2, A3z, dt, dis .
4 B

This can be simplified since
(44) olaﬁakees“eez,,v V 8(82%45) == 07 f0%%5 sz,,V V kO(8%5) =
= —n““sﬁe‘el,,yizké( 2,8) = &p6ean 1y 0(S%5) = 4megseands(A4, B) .
Besides leading immediately to
(45) Af w04 10,50,0,(4, By 'z, diw, dt,
for the transition amplitude, (44) shows that (43) is actually symmetric be-

tween dotted and undotted suffixes, although at first sight it does not appear
to be.

(®) R.P. FEynmaN and M. GELL-MaNN: Phys. Rev., 109, 193 (1958).



270 F. BOYLE and J. V. NARLIKAR

Thus we arrive at a local looking interaction even though our starting
point was nonlocal. Analogy with QED suggests that a response of the
universe changes §(8%,;) to 9,(8%,;). While this would not affect (44) it could
lead to higher-order effects not present in a local theory.

® RIASSUNTO (%

Si sviluppa una teoria delle interazioni deboli in termini della azione diretta delle par-
ticelle. Nella sua forma pin semplice la teoria porta alla formulazione esposta da Feynman
e Gell-Mann.

(*) Traduzione a cura della Redazione.

Teopus caafbIX B3aUMOAEHCTBHI B TEPMHHAX NPAMOFO AEHCTBHS YACTHN,

Pesome (*). — Pa3spuBaerca Teopus caaOBIX B3aUMOIEHCTBHI B TEpPMHHAX IPSIMOIO
HedicTead JacTuil. B mpocreimeit dopmMe 3Ta TEOpHA MPUBOMUT K GOPMYIHPOBKE, MTaHHOM
®eitnmaroM B 'enn-Masom.

(*) Hepesedeno pedaxyueii.



