
IL NUOVO CIMENTO VOL. 7 A, N. 1 1 Gennaio 1972 
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(rieevuto II 22 Giugno 1971) 

Summary. - -  A theory of weak interactions is developed in terms of 
direct particle action. In its simplest form the theory leads to the for- 
mulation given by Feynman and Gell-Mann. 

1 .  - I n t r o d u c t i o n .  

Of the  four  known interact ions in physics, those of classical or ig in--e lec-  
t r o m a g n e t i s m  and g r a v i t a t i o n - - c a n  be fo rmula ted  in t e rms  of direct  inter-  
par t ic le  act ion (1-~). The direct -act ion formula t ion  of e lec t romagnet i sm can be 
quant ized  and  the  famil iar  results  of q u a n t u m  elect rodynamics  can be ob- 
ta ined  (5.,). This raises the  question: can similar ideas be  ex tended  to the  s t rong 
and  weak interact ions? I n  the  present  p a p e r  we give an aff i rmative answer 
so fa r  as the  weak in te rac t ion  is concerned. 

The  s t rong and  weak  interact ions differ f rom the  classical interact ions in 

be ing of shor t  range,  and  i t  is a t  first s ight  surprising to find a shor t - range 
in te rac t ion  aris ing f rom concepts  t h a t  were designed to represen t  long-range 

interact ions.  I t  will be helpful  to  see how an  appa ren t l y  long-range in terac t ion  

based  on the  funct ion (~(S 2) can become a shor t - range interact ion.  I n  the  
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previous paper  we have seen how the concept  of mass and the  phenomenon  
of gravi ta t ion can be based on 

(1) f f ~ ( A , B ) d a d b = f f ~ d a d b ,  

when the  cosmological space is t ransformed conformally to Minkowski space. 
Here  we have the  simplest coupling of the  paths  of two particles a, b. The 
nex t  possibility is to couple the  tangents  da~/da, db~/db: 

f f O(S~.~n) da ~ dbi dadb 
(2) 4~ da db " 

The la t ter  coupling gives the  whole of the  electromagnetic  theory,  leading to 
QED when quantized.  Consider now the  segments 1 to 1' and 2 to 2'  of 
particles a an4  b. Couple these segments by  the  in teract ion 

(3) 
1 

i.e. by  a criss-cross mass in teract ion between the  ends of the  segments. This 
in teract ion can be wr i t ten  analogously to (1) and (2): 

(4) -~.]  ~ dadb. 

We shall find tha t  (4), given a suitable mat r ix  s tructure,  leads to the  Feynman-  
Gell-Mann theory  of weak interactions.  The second der ivat ive on (~(S~B) leads 
to [:]0(S2AB) when the  appropr ia te  t ransi t ion e lement  is evaluated,  and this is 
just  4.r~64(A, B). We ant ic ipate  therefore  tha t  (4) will lead to a point  inter- 
action. 

To avoid complications from strong interact ions we confine our a t t en t ion  to  
leptonic decay. I t  is possible to proceed ei ther  in terms of 4-component  
spinors or in terms of 2-component  spinors. We prefer  the  latter• Since 2-com- 
ponent  spinors are not  ve ry  common in the  l i tera ture  we devote  the  nex t  
Section to definitions and propert ies  of such spinors. 

2. - T w o - c o m p o n e n t  spinors. 

We denote a covariant  spinor by  u~, ~ = 1, 2, and its complex conjugate 
by  u~., & = i ,  2. The cont ravar ian t  spinors u ~, are re la ted to % ,  u~ b y  

ut~ ~-- ~ u ~' , u~ ~ e~,ti u ~' , 
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where 
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in which x is t aken  to refer  to rows and # to columns. Wi th  this convent ion 
a~'~ is the  same as a~3 ~. The associated quanti t ies  a~5, a~# are de termined 
by  (5) by  means of the  above rules for raising and lowering suffixes. We 
also have the  re la t ion  

(6) 

where S is symmetr ic  in (a, fl) and an t i symmetr ic  in (i, k). Hence if A~ is a 
4-vector,  

(7) A ~ A ~ a ~ ' i ~ h  i = __ A~g ,~  , 

where A ~ = A ~ A  ~. I n  part icular ,  if A~ is the  gradient  operator  V~, 

(s) a ~io~hi V~V~ ---- - -  e~  V ~ V~ = - -  e~ [ ] ,  

where [] is the  wave operator .  

~n ---- e22 ---- eil ---- e~ ---- 0 ,  

el~ = 8~ _ eli = ~;  = 0 .  

The mixed spinor e~ is given by  

- e 5  = ~ ;  = ~5, 

where 8~ is the  Kroneeker  delta.  The Pauli  metriees a ~ satisfy the  relations 

(5) ~ o ~  = 2~ '~ , ,~'~%~ = 2 ~ .  

They  can be represented  by  2 ×2  matrices:  
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If we define the operator V ~i by 

V ~ ~ a ~ V i ,  (9) 

t hen  (8) implies  

(10) 
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(11) 

Using the  re la t ion  

(12) 

we get  

(13) 

1 1 
K ( 2 ,  1) ~ = ~ a'~ia(q');,  = ~ V~a(q 2) . 

Ga(q ~) = 4~a,(2,1) 

1 
V~IK ~i ---- ~ V~iV~(q  ~) ---- ~,(2, 1 ) 0 ~ .  

The der ivat ives  here  are all wi th  respec t  to po in t  2. Thus K satisfies the  
inhomogeneous Dirac  equat ion for the  neutr ino.  Using the  definition 

(14) 

we can rewri te  (11) as 

(15) 

qt~i ~ qi a ~t~i , 

K~i = 2a'(q2)q~ i . 

Suppose 2: is a closed surface surrounding a volume V. Le t  n, denote  the  
uni t  ou tward  normal  to dX, a typ ica l  surface e lement  of 27. I f  ~b is a well- 
behaved  funct ion of posit ion,  which m a y  be a spinor or a tensor,  we have  

(16) 

where n ~  = a%~n~. 

(17) 

Le t  

f n.~ ~5d2: = f V i O d V ,  

q5 --_ Kt~'~v~' , 

where v ~ satisfies the  neut r ino  equat ion  

(18) V ~ v  ~ = 0 .  

We shall app ly  these  relat ions to spinor  propagators .  
Le t  q~ denote  the  d isplacement  vector  f rom the  space- t ime point  1 to the  

space- t ime point  2, and let  [] denote  the  wave  opera tor  wi th  respect  to the  

co-ordinates of 2. Define the  p ropaga to r  K(2,1) b y  
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Then (13) and (18) give 

(19) f n~i K ~i v ~ d Z  = f  (-- V i K ~ )  v ~ d V = - -  vs. 

That  is, if v~(1) is given everywhere on l ,  we can determine v~(2) at  an  interior 
point  of I by 

(20) ) = - - f  dI1.  
2: 

The minus sign has appeared because in the transformation of (20) to a volume 
integral the derivative on K p1 is with respect to point  1 ranging now through 
the  interior of X. In  (13), on the other hand, the derivative is with respect to 
point 2. 

Suppose (v~.} is a complete set of solutions of (18), normalized so t h a t  

(21) ,(1)d x~ ---- ~ n ,  

the integration being over a t ime section t = t~ ~--constant• Then for t2 > tl 
we can write 

(22) K~i(2,1) ---- ~ v~,(2)v,~(1), 
n 

while for t2< $1 

(23) K~i(2, 1) =- 0 .  

The proof is straightforward. 
We now consider a power-series expansion of K~i(2, 1) for t2--tl > 0 small. 

Firs t  we note tha t ,  if we consider I to be the hyperplane t = tl, (20) gives 

(24) lira K~(2;  1 ) o ~  ---- O3(x,--xl)O~P 

Also, multiplication of (13) by a 4~; gives 

(25) ~K~;~t --0'(2'1)a - - o  u ~  ~ .  

Using (24) us the  init ial  condition we integrate  (25) to get for t, > tl 

(26) 
tl 
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To first order in s we have 

(27) K~;(t 1 + s, x=; tl, x~) = (~a(x 2 - - x l ) ~ ;  - -  soa~ a~hV~ (~a(x~ - - x l ) o  a~  . 

This me thod  can be ex tended  to obtain higher-order terms.  
I t  will be useful in relat ion to the  theory  of the  following Section to work 

out  pa th  integral  t ransi t ion elements, giving some explicit  examples.  The 
transit ion ampl i tude  of the  space-time funct ion F is defined for the  values 
of F on the  plane t = constant  by  

(28)  <w IF Iv>, = fw~ (t, x_ 1) o %  v ~(t, xl) F(t, x~) d~x~ , 

where v, w are the  initial  and final wave functions. The tr ivial  case /~  = 1 
gives the  t ransi t ion probabi l i ty  ampl i tude  

(29) f w ~ oa~ v ~ dax x . 

The si tuation is more complicated when we ask for a der ivat ive  of F t aken  
with respect  to part icle paths.  The t ransi t ion ampl i tude  for dF/dt  t aken  along 
paths  at  t = constant  is (cf. (7), p. 164) 

4 F  lim ~ fw~(t x2)a'~'~K~i(t -4- s, x2; t, x~). (30) <w[ ~ Iv> ---- -4- ~, 
~-,-o j j 

x • [8~  - -  VF]  • + ; x , . _  d%_ d%._ 

More strictly, we should have wri t ten  vv(t, x~) but  the  difference goes to zero 
with s. The derivatives 8F/~t, 8 F / S x ' =  V F are evaluated  at  t, x~. Consider 
8F/~t first. I f  we use the  first t e rm in the  expansion, (27) gives 

• 

(31) ] wti(t -4- s, x2)a'~i3a'=~Sa(x2--x~)a*ri ~-~ vV(t, x2)dax~d3x2 = 

- -  , . ,  ~.). u .  w t . 
= j  - - ~  VlSO-got~ ,,-r4airr4 • A3~ 

The subsequent  terms in the  expansion (27) make  no contr ibut ion in the  l imit  
s -+0 .  B y  means of the  iden t i ty  

(32) oa~#o~ioari = oav~, 

(7) R . P .  F~.YN~tA~ and A. R. HIBBS: Quantum Mechanics and Path Integrals (New 
York, 1965). 
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the integral (31) becomes 

(33) 

Consider next the VF term. 
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• , ~ E  
fw~a ~,~v~'-~ d'x~. 

Because of the x2--x~ factor, the first term in 
the expansion (27) does not contribute. The second term gives 

. . . .  ~ ~F 

after using an identity similar to (32). Combining (33) and (34) we get 

(35) < w i - ~  Iv> = . 

If in particular _~ ~ x ~, we have 

dx~ 
= fw~a j vhv v d3xl (36) <w I ~ - Iv>  

as the transition element of velocity. 
These considerations apply to /~ as a scalar function. The above work can 

be extended trivially by writing _~----F(~: 

(37) <w J~ l~> = ] ~ o ~ 0 ~ d ' _ ~ ,  • 

Similarly, for a general spinor F~ the transition element is given by the defi- 
nition 

(3s) <w ]F~ Iv> =~w~ o~F~ da_Xl . 

A similar analysis to that  given above then leads to 

dF~' a f w~a~ V i-~:'av ~ (39) <w I ~ -  Iv>---- d3xl • 

We shall use (39) and similar expressions in formulating the theory of weak 
interactions. 
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3. - A m o d e l  for w e a k  interact ions .  

In  this Section we show tha t  an in teract ion based on (4) leads to the  
Feynman-Gel l -Mann theory  (s). The t ransi t ion ampli tude appropr ia te  to the  

la t te r  can be expressed in the  form 

(40) A f f B)a x ,4% , 

where v~, v~ are the  incoming (two-component)  wave functions and w, ,  w e 
are the  outgoing wave functions. A is a coupling constant .  The da(A, B) 
expresses the  local character  of the  interact ion.  

We give a mat r ix  s t ructure  to (4) in a ve ry  simple way by  adding elemen- 
t a ry  spinors 

(41) 8 ~ "  e~n~, 

where the suffixes a, ~ act  at A and ~, ~ at B. Including the  coupling con- 
stunt we have  

A ~ ~ {' f d ~ ( S ~ )  

The transi t ion ampli tude for a per tu rba t ion  produced by  (42) is given by  a 
t ransi t ion element  of the kind (39). All we need do is use (39) bo th  at  A and B, 
and integrate  finally with respect  to t~, t~. The result  is 

(43) w~'~a~hv~8~%z,w°Ba~b vB'[ViV~ 8(S~B)] d3x~ d3xn dG dG.  
A B 

This can be simplified since 

(44) 
A J~ A B 

A B 

Besides leading immedia te ly  to 

(45) Af f w/ B)d3x, d% at, 

for the  transi t ion ampli tude,  (44) shows tha t  (43) is actual ly symmetr ic  be- 
tween dot ted  and nndo t t ed  suffixes, a l though at  first sight i t  does not  appear  
to be. 

(s) R . P .  FEYNMAN and 1~. GELL-!V[ANN: Phys. Rev., 109, 193 (1958). 
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Thus we arrive at  a local looking interaction even though our s tar t ing 

point  was noulocal. Analogy with QED suggests tha t  a response of the 

universe changes ~(S½B ) to ~+(SsAB). While this would not  affect (44) it could 

lead to higher-order effects not  present  in a local theory.  

• R I A S S U N T 0  (*) 

Si svfluppa una teoria delle interazioni deboli in termini della azione diretta delle par- 
tieelle. Nella sua forma pi~ semplice la teoria porta alla formulazione esposta da Feynman 
e Gell-Mann. 

(*) Traduzione a cura della t~edazione. 

Teoptm c~a6brx n3attMo~eficTmu~ e Tepmmax npmmro ~eficTnmt qaeTmL 

PeamMe (*). - -  PaaermacTca TeOpI4Jl cna6blX B3aHMo~e~CTBI1R B TepMmmx npaMoro 
~e~CTBH~I ~aCT~tIL B npocT¢l~hlle~ ~OpMe 3Ta TeoplI~ I/pnBo]~51T g ~opMyYlHpOBICe, ~aHHOIR 
CefmMaHOM ~ rcan-MaaoM. 

(*) Hepeeebeuo peOaKttue~. 


