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Abstract We adopt the general formalism, which was developed in Paper I to analyze
the evolution of a quantized time-dependent oscillator, to address several questions
in the context of quantum field theory in time dependent external backgrounds. In
particular, we study the question of emergence of classicality in terms of the phase
space evolution and its relation to particle production, and clarify some conceptual
issues. We consider a quantized scalar field evolving in a constant electric field and
in FRW spacetimes which illustrate the two extreme cases of late time adiabatic and
highly non-adiabatic evolution. Using the time-dependent generalizations of various
quantities like particle number density, effective Lagrangian etc. introduced in Paper I,
we contrast the evolution in these two limits bringing out key differences between the
Schwinger effect and evolution in the de Sitter background. Further, our examples
suggest that the notion of classicality is multifaceted and any one single criterion may
not have universal applicability. For example, the peaking of the phase space Wigner
distribution on the classical trajectory alone does not imply transition to classical
behavior. An analysis of the behavior of the classicality parameter, which was intro-
duced in Paper I, leads to the conclusion that strong particle production is necessary
for the quantum state to become highly correlated in phase space at late times.

1 Introduction and meotivation

The subject of quantum field theory in external classical backgrounds has received
significant attention in the literature [1-26]. Though the mathematical treatment is
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relatively straightforward, several conceptual issues remain to be settled. This paper
is a sequel to a previous one in which we attempted to clarify some of these open
issues in the context of a single oscillator with general time dependent parameters.
Here, we shall shift our attention to the broader context of quantum fields evolving
in certain time dependent external backgrounds, and in particular try to understand
the relation of particle production with the approach to classicality in terms of phase
space correlations.

We begin by recalling the basic issues that were raised (and elaborated on) in Paper I
[27], that one encounters in any semiclassical analysis: (1) In a general time dependent
background, there is no well-defined procedure for defining the notion of particles. If
adiabatic regions cannot be defined asymptotically, the usual definition of particles in
terms of in and out states is rendered invalid. (2) A time-dependent particle concept
is also required for a proper treatment of the question of back reaction of the quantum
system on the classical background, which is not an asymptotic notion. Many such
definitions for ‘particles’ can be given; our aim is not to come up with a unique defi-
nition but a useful definition and explore its consequences. (3) The standard treatment
for computing backreaction in the semiclassical approximation considers only the real
part of the effective Lagrangian in determining the modified background equations of
motion. The non-zero imaginary part (which directly quantifies the asymptotic parti-
cle content) is usually ignored in such a calculation, because the resulting equations
(and solutions) will be complex (see for e.g. Ref. [28,29]). This leads one to ask
whether information about particle production gets encoded in some way in the real
part. (4) The concept of particles is intimately tied with the notion of classicality of
the state. This issue has particular relevance in studying the generation of primordial
perturbations in inflationary cosmology [30—43]: in the standard approach, these den-
sity perturbations are assumed to be generated as vacuum fluctuations of a quantized
(inflaton) field, but their late time evolution at super-Hubble scales is treated using
classical notions, with the only reference to their quantum origin being in the choice
of initial conditions. This naturally brings up the question of precisely how something
that originates as a quantum mechanical entity can develop classical features over
time.

In Paper I, we confined ourselves to the case of a quantized time dependent oscillator
and presented a general formalism to quantify the time dependent physical content of
an evolving Gaussian quantum state in the Schrodinger picture. In particular, we chose
to adopt an instantaneous concept of a particle, defining it in terms of instantaneous
eigenstates specified at each moment in close analogy with a simple time-independent
oscillator. (We emphasize that we view this as a useful definition rather than a unique
definition.) As illustrated by its subsequent application to several toy examples, this
approach provides a physically reasonable picture of the time evolution, with refer-
ence to particle content and phase space correlations. The main conclusions reached
by our analysis of an oscillator with a general frequency w(f) were: (1) Peaking of
the Wigner function on the classical phase space trajectory (usually associated with
classicality) is a rather general feature that can happen even when the oscillator evolves
adiabatically, i.e. it is quite independent of the particle production. (2) To make the
idea of interpreting classicality less ambiguous, we suggested considering an addi-
tional correlation measure (calling it the classicality parameter S); this quantity was
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found to track the particle creation more closely, and it does not always follow the
behavior of the Wigner distribution. Based on an approximate asymptotic analysis
of a general w(¢), we identified two distinct late time limits: whenever the oscillator
evolves adiabatically (Je(¢)| < 1) at late times, particle creation is suppressed and the
classicality parameter maintains an oscillatory profile; in contrast, when adiabaticity
is violated (with |e(z)] — 00), strong particle production occurs and this is accom-
panied by a sharp growth in &, whose magnitude saturates at the maximum value of
unity.

Here, we shall exploit the above ideas in the semiclassical context of quantum fields
in time dependent external classical backgrounds, laying particular emphasis on mak-
ing precise the connection of particle production with the emergence of classicality
in the phase space picture. We will take up two very conventional examples, that of a
massless minimally coupled scalar field in an FRW spacetime and a complex scalar
field in a constant electric field background, which will prove to be quite illuminating
for our purposes. (These are, of course, very well-studied examples which allows us
one to make comparison with previous results.) The form of the action functional
in these contexts allows, through a Fourier decomposition, to decompose the field
as a set of uncoupled harmonic oscillators, with the time dependence of the back-
ground variables getting incorporated in the oscillator parameters. This reduces the
field theory problem to one studied in Paper I and our formalism becomes directly
applicable.

In studying the quantum field theory in a spatially homogeneous background, we
can reduce the evolution of each mode to a corresponding quantum mechanical prob-
lem. At this level, mode by mode, the anlysis is well defined mathematically. There is,
of course, the standard issue of divergences and other mathematical difficulties which
arise when one adds up infinite number of oscillators. For example, the quatum states
may not be Hadamard states and the total number of particles which are produced—
obtained by integrating over all the modes—may diverge. While these are important in
a different conceptual context, they are outside the scope of our analysis, in which we
deal with a quadratic action in a given background, with each of the modes evolving
independently. In cosmological applications, for example, one is often interested in
the behaviour of modes at a given wavenumber rather than in the sum over the modes.
Alternatively, one can imagine that a cut-off is imposed in the Fourier space at high
momenta and attention is confined to modes well below the cut-off.

This paper is structured as follows. Section 2 provides a succinct outline of the
key ideas of the formalism that was developed in detail in Paper I [27] to analyze a
general time-dependent oscillator, placing it now in the broader context of the field
picture. Section 3 is devoted to a detailed analysis, in Fourier space, of the evolution of
a minimally coupled real scalar field in expanding FRW spacetimes and of a complex
scalar field in a constant electric field background, with particular attention given to
particle production and the phase space evolution of the Wigner function of the quan-
tized field modes. Our results essentially corroborate and strengthen the conclusions
that were drawn on the basis of the toy models we analyzed in Paper I, in relation to the
dependence of phase space correlations on the particle production (i.e. adiabatic vs.
non-adiabatic evolution). This is followed by a discussion and conclusion in Sect. 4.
In what follows, we shall set i = ¢ = 1.
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2 Formalism

As mentioned in the introduction, we consider here scenarios involving a quantized
field, say ®(x, t), coupled to an external classical background where the action for
the field is expressible, by means of a Fourier transform, in the following form:

1
A[®] = E/d3k/dt my (1) (ql% _a)i(t) C]]%) o

Here, g is a real variable associated with the Fourier mode k and stands for the coor-
dinate of the kth oscillator. 7 is the time coordinate and the dot denotes differentiation
w.r.t. . The oscillator variables my and wy of each Fourier mode incorporate the time-
dependence of the external background. (To be more precise, if the background is
characterized by time dependent parameters collectively denoted by C(¢), the mass
and frequency, being assumed to be functions of C, are implicitly time-dependent.)
The form of Eq. (1) allows for a mode-by-mode analysis of the quantized field to be
carried out, once the functions C(¢) are specified.

Although we will not go into the details here (for which the reader is referred to
Paper I [27]), we provide a quick summary of the Schrodinger picture formalism to
study the time evolution of the time dependent oscillator, to set up the notation. We
will consider form invariant Gaussian states with vanishing mean [44—47] to describe
each oscillator, which have the general form

1 —

where the wave function has been written equivalently in terms of the either the func-
tion Rk(¢) or zk(¢). Using the time dependent Schrodinger equation, these functions
can be shown to satisfy first order (but nonlinear) differential equations:

. 2RI 1
Rk = — — —mgwxg 3)
mx 2
and
. ) I fox  mk\,
k+2okzk+ - |—+—) (-1 =0, “)
2 \wx mg

and we shall denote the quantity ((nik/mk) + (@k/wk))/wk, called the adiabaticity
parameter, as €k (t). The problem of determining the quantum evolution thus boils
down to directly solving for Ry or zx (with an appropriate choice of initial condi-
tions). Alternatively, since Eq. (3) and Eq. (4) are of the generalized Riccati type,
they can be transformed into second order linear equations; for example, setting Ry =
— (i mx/2) (fuk/ k) where i (¢) is a new function in Eq. (3) implies that p satisfies
the following differential equation:

. mk . 2
ik + — pk + oguk =0 (5)
mk
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which is same as the classical equation of motion satisfied by the oscillator variable
gk, and the Wronskian condition jig puk — ik, = —i W(K)/my, where W (K) is inde-
pendent of time, also holds. In some cases, it turns out to be more convenient to solve
Eq. (5) rather than start from Eq. (4). But this obviously makes no real difference as
Zx 1s trivially related to pu:

o (wkuk + llik). )

kMK — 1k

Although i (¢) (or zx) completely determines the state of the system, it is useful, par-
ticularly from the point of view of understanding the physical content of the evolving
quantum state, to define a set of variables with physically reasonable interpretation,
that can be built out of the wave function. For this purpose, following our approach of
Paper I [27], we consider the following quantities:

(1) The mean particle number (ny), that specifies for us the instantaneous particle
content of the quantum state and is defined using the concept of instantaneous eigen-
states. The mean particle number as well as the mean energy in a given mode (defined
as the expectation value of the Hamiltonian) at any moment ¢ are specifiable in terms
of zk: )

|2k
(ng) = T

(2) The time-dependent generalization of the effective Lagrangian Legr(k, )
[9-16,32,33], that specifies the transition amplitude between instantaneous vacuum
states defined at two different moments, which again is related in a simple manner to

Zk. . . .
Len(k.1) = 5 (% + "ﬁ) . ®)
4 \wx mg
This is to be understood as the contribution of the kth mode to the effective Lagrangian
for the field. (This expression is somewhat formal since the functional dependence of
Legr (K, t) on the brackground variables is not explicit in this; in spite of this, we will
see that it is useful.)

(3) The Wigner distribution function defined in the gx—pk phase space of the oscil-
lator, that provides a reasonable means of quantifying the approach to classicality of
the quantum state in terms of its phase space evolution [32,33,44,45,48-55]. The
Wigner function for the Gaussian state in Eq. (2) can be written as

1
& = ((”k) + 5) wk(1). (7

_loolw o _ 2
W (gx, px. 1) = — exp 3 ox (1) (P — T () gx) ©)
T Uk(t)
where 5 s
2 [T+ zk| PAYIIN
ol = - (10)
K7 mgon(1 — |zx[?) W
and

_ 2mgoxIm (zx) (mk) 1 d|pkl?

= — 11
« 11+ zk|? 2/ ukl?  dt an
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In addition, we define an additional measure of phase space correlations, calling it the
classicality parameter S, which is given by

2
Sk = A' (12)

1+ (Jk(fl%)z

The classicality parameter vanishes for a vacuum state, and its value is confined to
the interval [—1, 1]. (The quantity jkol% has the simple interpretation of being just
twice the phase space average of g px.) Our analysis in Paper I suggested contrasting
behavior of the Wigner function and the classicality parameter in different circum-
stances; the classicality parameter (but not the Wigner function) was shown to closely
mirror the variation of (n).

Since one is dealing with a field here, one can go a step further here and choose to
look at the evolution in coordinate space which we could not do in the case of single
oscillator studied in Paper I. Consider, in particular, the coordinate space representa-
tion of the function zx by taking a Fourier transform and defining a function Z(x?).
Working in the Heisenberg picture, it can be shown that zj is related to the transition
amplitude between: (i) a vacuum state defined at some initial instant #; and (ii) a two
particle state (with momenta k, —Kk) defined using the instantaneous the vacuum state
at time :

B (0, t|A_k (1) Ak (1)10, 1;) 2ipk (1)
zk(f) = (0,110, #;) © -

where pk(t) = wk(¢) and Ak(t) is the annihilation operator defined at the instant ¢
(see Paper I [27] for a derivation of this relation). Multiplying both sides by exp(ik - r)
and integrating over Kk, we get the real space function:

4’k
@2n)*

Z(r, 1) E/Zkeikr (14)

This quantity has an interesting physical interpretation. If we define the positive fre-
quency part of the field by

43k

a0 -

F(x,t) = / Ak (t)e*x—irk

then the state |x,y; ) = ]}T(X, t)ﬁT(y, 1)]0, t) can be thought of as a state with two
particles at x and y. The quantity Z(r, ¢) can be expressed as

(0,1 F (x, D F(y, [0, 1)) _ (x,y; 100, 1;)

Z(X—vVy, 1) = =
=50 (0110, 17) (0,100, 1)

(16)

This quantity can, therefore, be interpreted as the amplitude for the initial vacuum state
to appear as a state with two particles at points x and y at the moment ¢. Obviously it
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contains some information relating to the quantum versus classical nature of the field.
One would have expected the particles to be uncorrelated—so that Z(x —y, t) —
8(x — y)—in the classical context, while the two particles created at two different
points to retain a long range correlation in the quantum regime. It is therefore worth-
while to analyze the evolution of this quantity in different contexts.

Since all the quantities defined above are related to the real and imaginary parts of
Zk in a simple manner, it is operationally convenient to determine zx and then deter-
mine the various physical quantities. Our analysis in Paper I thus focused on solving
for the time-evolution of z in different scenarios involving various functional choices
for w (). In particular, we considered in detail toy models to illustrate the two kinds of
late time evolution possible: for example, a frequency function w; (t) = Av/1 + A2¢2,
goes over into an adiabatic phase at late times (A# > 1) with the adiabaticity parame-
ter €(¢) going to zero, while another function w3 (¢) = A/(1 + 2212), is characterized
by a strongly non-adiabatic late time regime (with the magnitude of €(¢) diverging
as t — o0). We found that the late time behavior (starting from an instantaneous
vacuum state at a sufficiently early moment), while differing appreciably in general,
shows similarities in certain respects. Although the instantaneous mean particle num-
ber follows the expected variation, saturating in the adiabatic example but diverging
in the non-adiabatic case, as one would have expected, the Wigner distribution ends
up peaking on the corresponding classical phase space trajectory in both situations,
being clearly independent of the nature of the evolution, and is therefore of little use in
making a statement about the approach to classicality. This prompted us to also look
at the classicality parameter as an additional measure to characterize the phase space
correlations; this quantity was found to closely track the particle production, and like
the particle number, showed a clear difference in the two limits, remaining bounded
(with oscillations) in the adiabatic case but saturating at unity (corresponding to a
diverging g—p phase space average) in the other extreme limit. Taken together, these
features point to potential subtleties involved in interpreting classicality in terms of
the phase space picture.

With a view to exploring these ideas further, we shall now proceed to take up some
standard examples appearing frequently in field theory in the semiclassical context,
which are expected to further illustrate the two kinds of late time evolution men-
tioned in the previous paragraph. First, we will consider the often studied Schwinger
effect in a constant electric background, using a complex scalar field. This scenario
can be brought into the form of time-dependent oscillator by a particular choice of
gauge. When expressed in the time-dependent gauge, this scenario becomes mathe-
matically identical to the toy model corresponding to the frequency function w; (t) =
A1+ A2t2 we analyzed in Paper I, which was characterized by adiabatic evolution
at very early as well as very late times. On the other hand, the second set of examples
we consider—evolution of a real scalar field in inflationary as well as decelerating
FRW backgrounds—will differ in certain respects from the electric field case, and
these will be pointed out in the course of our analysis. It may be mentioned that the
examples referred to above are very standard, and in which particle creation has been
extensively analyzed in the literature [1-3,20-26,32,33,44,56-60]. But here we will
be re-examining them in the broader context using the definitions introduced in Paper |
which seems to lead to a more unified and clearer picture.
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3 Analysis of examples
3.1 Quantum evolution in a classical electric field background

It has been known for quite a while that a classical electromagnetic field can have non-
trivial quantum effects, like pair creation out of the vacuum (the so-called Schwinger
effect) [9-19,32,33]. A simple model that suffices to illustrate this situation involves a
complex scalar field ¢ evolving in a spatially uniform electric background. The electric
field E(¢) can be described in a time-dependent gauge corresponding to A, = A,(¢),
with the other components being zero, and the action for a scalar field can then be
written as [9-19]:

1
Alp] = §/d4x (B, +igA) (3" —igAM)g* (17)

1
=5 [ @ [ ar (P = @ 4+ G- gaPiaR) a9

with k2 = k,zZ + kz2 Since the scalar field is complex, each mode k is associated with
two degrees of freedom (corresponding to the real and imaginary parts of gi); hence
the number of oscillators is twice that in the case of a real field.

Comparing Eq. (18) with the general action in Eq. (1), it follows that the field can
be regarded as a collection of uncoupled oscillators, each with unit mass and a time-
dependent frequency wy (1) = \/ k% +m? + (k; — qA(t))?. The classical equation for
the variable uk, Eq. (5), takes the form

jik + o (D = 0. (19)

We shall choose the case of a constant electric field £ > 0 which can be described
by the vector potential A(r) = —Et (—oo < t < 00). This example has been widely
studied as a particularly simple demonstration of particle creation effects in semiclas-
sical theory, but here we are also interested in considering the phase space evolution
of the quantized field.

By the transformation t = k,//qE ++/q Et, Eq. (19) can be converted to a simpler
form:

d?px

dt?

+ (2 4+ Mpk =0, (20)

where L = (k,2, +m?)/qE. This corresponds to an oscillator with the time-dependent
frequency wg (7) = +/ T2 + Ax. For this frequency function, the adiabaticity parameter
given by ex(t) = v/(Ak + 72)3/2 vanishes in the asymptotic limits (t — £00), so in
and out vacuum states can be defined in the adiabatic regions. If one starts out in the
in vacuum state (defined by (ng) — 0 as T — —00), the non-equivalence of the two
asymptotically defined vacua implies that the state will appear populated with quanta
measured with respect to the out vacuum at late times.

As a first step, we would like to understand how the instantaneous particle num-
ber, introduced in Paper I, evolves with time. This quantity is, of course, expected to
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coincide with the definition based on in-out states in the adiabatic regions. A compu-
tation of the particle content requires one to solve for zk or uk and, for the constant
electric field case, Eq. (20) is identical in form to the Schrodinger equation for an
inverted harmonic oscillator, which is exactly solvable. We can thus obtain the ana-
Iytic solution, and this will allow us to determine all the physical properties, including
the exact asymptotic particle content at late times.

The linearly independent solutions of Eq. (20) are the parabolic cylinder functions
D (£(1 + i)7) and their complex conjugates [61], where vk = —1/2 + iik/2. The
particular solution depends on the initial condition chosen. If it is assumed that the
field modes start out in the instantaneous vacuum state (vanishing particle number) in
the asymptotic past (t — —o0), then the wave function of each oscillator must satisfy

T

1/4 .
T T
lim yYx(r) — (a)k( )) exp —wk( )qﬁ—l—/wkdr 21
T——00 T 2 2
which translates into the following condition on p:
/
lim X ~ jwy(7) (22)
T—>—00 'I_,Lk

where the prime denotes differentiation w.r.t. . (¢ E > 0 has been assumed, so t and
T have the same sign in the asymptotic limits.) The particular solution of Eq. (20)
which has the required behavior is Dy [=(1 + D)z]. This may be seen by using the
asymptotic form of this function in the T — —oo limit:

* Ik i'[z
lim Dy[—(1 +i)t] ~ (V2|t|) ke + %k~ T (23)
T—>—00 Kk
which gives
/ * la)/ T
B e = Y~ g () — LKD) (24)
Mk |‘L'| 2(,()]((1’)

and the w, /wk term vanishes in the T — —oo limit. We next need to obtain the
behavior at late times, for which the t — oo limit of p is required. This is given by

PR Ko kT2 v (v — 1 ’\/2
Dvlt[—(l —|—l)‘[] Ti))o C_lnvk(\/zf)uke“vk_lz(l +i k( k ))+ T

472 I(—v)
Xefi%(v§+l)(\/zr)vkefi%vlrl’i% (1 i (v];'< + 1) (Uﬁ + 2))
472
G I, dh®
= A (1+§)+B'k7 (1+T—2), (25)
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where
* + O |k 2 4 * 2 A.
Ak — (ﬁ)vke_’%vk Bk — VT (ﬁ)uke—zj(kaﬁ-vk) Qk(f) — T_ + _k ]n(-,_—)
F(—vf:) 2 2
(26)
and * * * *
v (v —1 v+ 1) (v +2
4 4

Using this approximation, it can be shown that in the late time limit,

e—2i9k(1') 1 e—2i9k(r) 2i6(2)
~5 |- —f1+5—— ( (1 Rie % )
Zk Ra 472 + e 1 + Rke
RO (o~ er (2 Rie))) +.0 () } o8)

where R = Bg/Ak. Using the above asymptotic form for zi, the late time limit of
(nk) can be determined:

‘ T 1
s = BT T TR - >

Substituting the exact expressions for Ay and By gives

R, 2: = ’4(Vk Vk)2=2 TAk/2 h 30
| kl |Ak|2 |F(—Vlt)|2 |e | € CcoS —2 (30)
and hence
. k2 + m?
lim (ng) =exp(—mwik) =exp| —71—77—). 31)
T—>00 qE

This expression is, of course, identical to the standard result which is normally com-
puted using in-out states [9,10, 17—-19]. This agreement in the asymptotic limit shows
that our choice of the time-dependent particle number to be a reasonable one.

Given the exact solution, one can obtain the mean particle number as a function
of time in terms of parabolic cylinder functions. The analytic forms are not illumi-
nating but the plot giving the variation of the mean particle number as a function of
the dimensionless variable T—given in Fig. 1a for the choice of Ak = 1—has several
interesting features. The particle number (nk) is nearly constant at very early and
very late times as expected. It starts from zero in the asymptotic past, because of our
specific choice of initial state. At late times, in the T — oo limit, it saturates at the
constant value given by Eq. (31). It may be noted that since the variable t actually
depends on both the original time coordinate ¢ and the momentum k_, the value of ©
for a given ¢ varies from mode to mode, implying that modes with different momenta
would saturate and reach the adiabatic phase corresponding to T >> 1 at different
times. More importantly, at intermediate times (when the adiabaticity parameter € is
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<k >

-15  -10 -5 5 10 15
(a) (b)

Fig. 1 Plots of the particle number (n) and the complex trajectory of zy with time for the constant electric
field case (wi(7) = Ak + 72) for Ay = 1. (ny) saturates at a finite value at late times, 7 starts from
zero, and at late times ends up going around in a circle centered on the origin of the complex plane

appreciably non-zero), (nk) is characterized by oscillatory behavior superimposed on
a steadily increasing mean, which can be interpreted as a continual interplay of crea-
tion and annihilation of quanta. The amplitude of these oscillations gets progressively
diminished as the evolution proceeds into the late time adiabatic regime, and the mean
settles down at a constant value. (Though Schwinger effect is extensively discussed
in the literature, the authors are not aware of a plot like the one in Fig. 1a in any of the
works.)

A handle on the nature of the time-evolution of the oscillator can be gained by
directly visualizing the evolution of zx in the complex plane. This is shown in Fig. 1b.
The complex trajectory of zi starts from the origin, and after meandering around
for a while in the intermediate phase, ultimately ends up, for large values of 7, on a
|zk| = constant curve, corresponding to an asymptotically constant mean particle
number.

When we study particle production in cosmological backgrounds—especially in
the context of inflationary models—it is usual to focus attention on the power spec-
trum, which is related to the Fourier transform of the two-point correlation function
for the field. To make latter comparison between Schwinger effect and cosmological
particle production easier, we shall compute this for the Schwinger effect. The power
in the kth mode is just the variance of gk in the given quantum state, and it can be
written as

L _Cow+D | md+D
2 (Rk + th) 2wk wk

(q) = Re (zk). (32)

The power, though related to the time dependent mean particle number, is not com-
pletely expressible in terms of it, being also dependent on the phase of zk (the particle
number however involves only the magnitude of zx). Only under the condition of zk
taking on a constant value, are the two quantities directly connected. In the present
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10 15 -4
(b)

Fig.2 Variation of the functions /g E Ul% and Jx /+/q E for the electric field case (for Ax = 1). The Wigner
function starts uncorrelated and peaked on the p-axis, and again at late times ends up peaking on the p-axis

situation, zx remains oscillatory in the adiabatic limit at late times while the particle
number approaches a constant value, so the power, for large 7, is approximately given

by
2e Mk 4 | e~ Tk 4 | e—i(t* ik InT)
2
A R 33
{gic) ( 7 )+( " ) e R (33)

which can be written as

1 1
(i) ~ - (e”“‘ toF \/e*’”k (e=™*k + 1) cos (r2 +AxInt + rk)) (34)

where Rx = |Rk|exp(irk). If the third term in the brackets, which is rapidly oscillat-
ing, is dropped, then the variance at the leading order is just

2 1 1 35
(gi) ~ z ((”k) + 5) (35)

and the power in the adiabatic limit can be related to the mean particle number. But
this connection is not quite clear-cut for two reasons. First, it requires our ignoring the
additional oscillatory term which allows us to ignore the phase information contained
in zk. Second, the correlation actually dies down as T when T — oo and its interpre-
tation is unclear. This point will be taken up again when making a comparison with
the field theory in the de Sitter background.

Let us now turn to considering the question of quantum versus classical nature in
terms of the phase space evolution of the Wigner function given by Eq. (9), particularly
in the asymptotic limits. The relevant functions which determine the Wigner function,
alf and Jk are shown in Fig. 2.

As is clear from these plots, the Wigner function starts uncorrelated and sharply
peaked on the vertical py axis. At late times it again ends up being concentrated on
the pk axis. This behavior may be compared with that of the corresponding classical
phase space trajectory, which, in either asymptotic limit (|t | >> 1) has the approximate
form
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Sk (T)

il |
HH

Fig. 3 Variation of the classicality parameter Sk with time for the constant electric field case (Ax = 1).
Sk is nearly zero in the asymptotic past, but ends up oscillating about zero with a finite amplitude at late
times. The variation of S reflects the complex trajectory of zj, which at late times is a circle centered on
the origin of the complex plane

1 (T 72 ! 1 Ak i(ﬁ+)‘—kln\r|)
~——— Rele if hettedt | o T 1— 22 )RelC 7T
P U [ ‘ VAT e
(36)

where C is an arbitrary complex constant, with the momentum being

I2
pc=q;x—_+(f+ |3/2) [zCe(z 1“'”)]. (37)

It is clear that in both asymptotic limits, g. — 0 and the trajectory is along the py axis.
In other words the Wigner function is concentrated on the classical trajectory both at
very early times (when the field is in the in vacuum) and at late times (when particle
number has reached an asymptotically constant limit. Hence, this aspect (i.e. peaking
on the classical trajectory) of the evolutionary behavior of the Wigner function alone
cannot be used in a direct manner to conclude the emergence of classicality. Obvi-
ously interpreting classicality merely in terms of peaking on the classical trajectory
is suspect, since this can happen even when the oscillator is in a near-vacuum state
(which happens to be the case here at early times).

It would be of interest to compare the above behavior with that of the classical-
ity parameter Sk defined in Eq. (12), for this situation; its time variation is depicted
in Fig. 3. This correlation measure clearly displays an asymmetry in time and more
closely tracks the particle number: Sk stays very close to zero in the course of the early
time adiabatic evolution, but in the late time adiabatic regime, ends up oscillating about
Sk = 0. The oscillatory nature of Sk reflects the oscillations of the imaginary part
of zx, as it circles around; this becomes obvious by recalling the relation connecting
7K with Sk. As is evident from the plot, the time-averaged mean of this oscillatory
variation is nearly zero, but the variance of Sk has a non-zero finite value that stays
nearly constant in the late time limit. Thus, although the Wigner function provides
little help in addressing the question of classicality in this situation, the variation of
Sk points to the state becoming more correlated at late times, basically due to some
amount of particle creation occurring over time, in comparison with the nearly zero
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value at early times. Nevertheless, none of these measures indicate a clear emergence
of classicality in this context. We will see later that the situation is quite different in
the case of evolution in the de Sitter background, showing a sharp difference between
the Schwinger effect and evolution of a quantum field in a de Sitter background.

One can also determine the form of the time-dependent effective Lagrangian Lgr
in the asymptotic limits from Eq. (8). Using Eq. (24), it can be shown that zx has the
following approximate form in the adiabatic early time limit:

&~ — ek +0(<) (38)

where ek (7) = wy/ wlz(, and the mean particle number is given by

2
N Gk(‘[) 3
(nkg) ~ 6 + O (6 ) 39)

The asymptotic form of zx allows one to derive an approximation for Leg in the
T — —oo limit. The real part can consequently be written as

. 2
Re Ly =~ ¥l (21) ~ HOEE — o) (40)

to lowest order in €. This expression has the simple interpretation of being the energy
drained from the background electric field due to particle production, —wg (nk). (Recall
that the effective Lagrangian and effective Hamiltonian differ by a sign in this case.)
Thus, to lowest non-vanishing order in e, the real part of the effective Lagrangian
incorporates information about particle creation during adiabatic evolution starting
from a vacuum state, and this suggests that to lowest order in the adiabaticity param-
eter, the backreaction due to the production of particles can be incorporated using the
first term in Re Legr.

As for the late time adiabatic limit of large 7, the asymptotic form of zj in Eq. (28)
suggests that at the lowest order, the real part of the effective action (per mode) will
pick up dominant contribution over the late time adiabatic phase of evolution from
the non-oscillatory term of magnitude el% /16 in the expression for Re L.gr. The imagi-
nary part, on the other hand, is directly related to the asymptotic particle content with
respect to the out vacuum state. One can further obtain an expression for the effective
action for the field itself, by using the result that the contribution coming from one
mode is just (1/4) In(1 + (nx)) (see Eq. (38) of Paper I). We get:

Vv d3k 0 —mnk

1
Im ety = 7 Sl (1+e™) = 3 | Gy Z:(_1)"+leT (41)
k n=1

To arrive at the last expression we have summed over every k twice, since each mode
of a complex field is associated with two degrees of freedom, and used the Taylor
series representation of In(1 + e~™*). The summation over k has been transformed
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into an integral by the standard procedure of box normalization with periodic bound-
ary conditions over a (large) volume V. The integrand has no dependence on the
z-component of the momentum; so making the change [d’k — [ dk, [ 2wkydk,
and integrating over k,, gives

n+l ”nm
ImAeg =V /dk Z( D (qE) e dE 42)

n?  (2n)3

Making the replacement k,/qE — T (regarding T as a time coordinate) brings the
above expression into the form

(— 1)n+1 (qE)2 wm?
- e qE

ImAeg =VT Z o) 2n)3

n=1

(43)

which is of course the same as the standard expression obtained using in-out states
[9,10,17-19].

To summarize, our analysis of the time evolution in a constant electric field, which
maps to a harmonic oscillator problem with late time adiabatic evolution, reproduces
all the standard results. In addition it indicates that the peaking of the Wigner distribu-
tion on the classical phase trajectory to be a fairly general feature, quite independent
of the amount particle production. It occurs even in the course of adiabatic evolution
and in the initial quantum vacuum state. The g—p correlation, in contrast, remains
bounded and oscillatory in the late time adiabatic regime where particle production is
suppressed, and is evidently more sensitive to the nature of the evolution, viz. whether
it is adiabatic or non-adiabatic. The relevance of these results will become more appar-
ent when we study the evolution in cosmological background.

We shall now take up another scenario, that of expanding spacetime backgrounds,
and consider time-evolution of a quantized field in specific models which illustrate
both the kinds of late time evolution: adiabatic as well as non-adiabatic.

3.2 Quantum evolution in expanding universes
The Friedmann model provides an instructive setting for analyzing quantum effects in

a time-dependent gravitational field. A spatially flat Friedmann universe [1-3,30-35]
is described by the line element

ds®> = dt* — a*(t) dx* = az(n) (dn2 — dxz), (44)
where t is the cosmic time, a(t) is the scale factor and n denotes the conformal time
with dn = dt/a(t). We will consider a massless and minimally coupled real scalar

field ® in this spacetime (which, for example, could even describe linearized tensor
perturbations [1-3,30-33,35]), governed by the covariant action

Al®] = /d4x«/ 39, D I . (45)
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The homogeneity and isotropy of the Friedmann metric (44) allows one to decompose
the scalar field ® as

d3k ik-x
o) = [ S Qe (46)

The Qg are in general complex and can be written as Qx = ag + ibk, akx and bk
being real. But since @ is a real field, 0 x = Q. and this imposes the constraints
a_k = ag and b_g = —bg, which means there actually is only one independent degree
of freedom for every k, and this can be chosen to be ak for one half of k-space and
b_x for the other half. Relabeling these real variables as gk over all of k-space, the
action can then be expressed as

1
A[®] = E/d3k/arr; e (ql/f e qﬁ), (47)

where the primes denote differentiation with respect to the conformal time 1 and
k = |k|. The action (47) describes a collection of independent oscillators with time
dependent mass m = a® and frequencies w = k. The quantized field can thus be ana-
lyzed mode-by-mode, and the general formalism developed to study a time dependent
oscillator can be directly applied here.

Let us now quickly recall some standard notions. In an expanding universe
(described by a scale factor that is an increasing function of the cosmic time ¢), all
physical length scales get stretched by the factor a(¢). Depending on the equation of
state of the matter source that drives the expansion, the Friedmann model can undergo
acceleration (characterized by d(f) > 0) or deceleration (i () < 0). The scale that
determines the dynamics of a field, say, in such a background is set by the Hubble
radius, defined as Ry (1) = H@t)™' = (@/a)™" = (a’'/a®) . Any given field mode
with a comoving wave vector k will have its physical wavelength red-shifted by the
a(t) factor, and there are two possible regimes: one, when the proper wavelength is
smaller than Ry (sub-Hubble scales) and the other when the mode is ‘outside’ the
Hubble radius, its physical scale exceeding Ry (super-Hubble scales). The dynamics
of the evolution of field modes in these two limits can be qualitatively quite different.

The adiabaticity parameter for any given mode in this setting has the form €(n) =
2a’/(a|K|) (or in terms of cosmic time, €(t) = 2a/|K| o A(t)/Rpy(¢)), which is
essentially the ratio of its physical wavelength to the Hubble radius. This immediately
tells us that in an accelerating universe (characterized by @ > 0), the adiabaticity
parameter is an increasing function of time, so any given mode is expected to make
a transition from initially adiabatic to highly non-adiabatic evolution at sufficiently
large times, following Hubble exit. This trend will reverse in the case of decelerating
models (¢ < 0) and any mode will eventually end up evolving adiabatically.

These features clearly show that this scenario of a quantum field in an expanding
gravitational background is quite different (conceptually and algebraically) from that
of the constant electric field case discussed earlier. In the case of electric field the
evolution was adiabatic both at early and late times allowing us to define asymptotic
vacuum states. Rigorously speaking, we can define an adiabatic in-vacuum at early
times in the case of accelerating models while one can define an adiabatic out-vacuum
at late times in the case of decelerating models. In such situations, the time-dependent
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definition of the particle concept is expected to provide a physically reasonable alter-
native, and will be adopted in our analysis of the quantized field in the examples which
follow.

On general grounds, particle creation effects are likely to be significant only in the
non-adiabatic, i.e. super-Hubble phase of evolution (where ek () = k/aH = 1). The
expectation of strong late time particle production in inflationary universes, contrasted
by saturation of the particle content as well as energy in the decelerating models at
large times, naturally follows from this. (We again stress that terms like “particle pro-
duction’ are used here in a specific sense, based on the idea of instantaneous vacuum,
and should not be misinterpreted.)

The standard approach to determine the evolution of the system starts with the
equation for uk, Eq. (5). (Isotropy of the background means that all quantities will be
functions of only |k| = k, and this allows us to replace the label k by k; we shall stick
to this notation from now on.) The solutions of Eq. (5) are usually straightforward
to obtain, and once the particular solution for a given initial condition has been cho-
sen, it completely fixes the quantum state. The table below lists the various physical
quantities expressed in terms of z; (which is directly computable from py):

The wave function V(qk, n) = exp [

1’ (HW'E)‘II%}

Mean particle number (ng) =

Mean energy per mode

. ' 4212
Wi function W (g, pk.t = T
igner function W (g, px. 1) %= ka2l
o[- 2 (- Gi0a) 7, = )
T A = T2

Classicality parameter

Jkakz = 2{pkqk)w

Effective Lagrangian

jkgkz 21m (z)

Se= A il

/H(‘]kgk) (I=lzg %)

5 2
The power spectrum (a;) = 2k ‘1 +
a
3 i3 _ (2<ﬂk>+l) ((nk)+l)
K Py k) = 355 (af) = a2 e
Re Lefr = —sz’m(Zk)

Im Legp = 4 ik Re @ =1 di In(1

+ ()
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Our basic interest is in understanding how the time-dependent particle content and
the Wigner function describing the phase space correlations of the quantum state
evolve in the expanding spacetime background in various limits. To keep the analysis
clear and simple, we shall consider cosmological models characterized by power-law
expansion with the scale factor having the form a(z) o t?, p lying in the range [0, oo].
This set covers accelerating (p > 1) as well as decelerating (0 < p < 1) types. As
mentioned before, our intention is to consider examples that illustrate the two possible
extreme cases of late time evolution, and the power law models prove adequate for
this purpose. In particular, the accelerating models have close correspondence with the
toy model of the frequency function w3 we considered earlier, which is non-adiabatic
at large times, while the non-inflationary ones share the feature of an asymptotically
adiabatic phase in common with two other toy models (those with the frequency func-
tions w1 and wy). We shall begin by picking one representative example from each
of these two distinct groups, the de Sitter model and the radiation-dominated model
respectively, and try to bring out the essential features that distinguish (or are shared
in common by) them. Following this, a model combining an initial decelerating phase
with a late time accelerated period of expansion will be analyzed, and finally a general
approximate asymptotic analysis will be carried out separately for inflationary and
decelerating models.

3.2.1 The de Sitter universe

The de Sitter universe [30—35] has exponential a(¢) and can describe the inflationary
universe. It essentially corresponds to taking the limit of the index p — o0 in the
power law models with suitable normalization. In terms of the conformal time 7, the
scale factor is given by X
Hn
where n < 0. The adiabatic parameter €, = 2/k|n| = 2aH/k clearly blows up as
the scale factor goes to infinity. This naturally means that every mode, starting out
at sub-Hubble scales at early times, will ‘exit’ the Hubble radius and continue to
remain super-Hubble thereafter. As indicated earlier, the divergence of €4 (1) indicates
the absence of an adiabatic out-vacuum state, and hence a natural definition of parti-
cles at late times. Consequently, and definition for particle is intrinsically ad hoc and
one need to base the discussion on something which is useful. We will see that the
time-dependent instantaneous particle concept is a fairly reasonable choice in such a
situation.

To determine the time evolution of the quantum state, we will begin with Eq. (5).
For the expansion given by Eq. (48) the general solution for p; can be expressed in
terms of simple functions [61,62] as follows:

(@) = — [(1 i“H) e~all + R (1 + —iaH) e'ﬂ (49)
a) = —_ a a
Mk ,_2]{(,1 A k k

where Ry is an arbitrary complex number. If one assumes the mode to be set in the
instantaneous ground state at the moment a = q;, this corresponds to imposing the

a(n) = — (48)
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condition Ry (a;) =k al.2 /2. The function R then turns out to be

2ik \ ! 2ik

Ri = (1 aiH) exp( aiH)' (50)
Here, we shall choose to work with a state that begins in an instantaneous vacuum in
the asymptotic past; this implies a; — 0, so that Ry vanishes for all k. This state is
generally known in the literature as the Bunch-Davies vacuum [1-3,30-33], and its
evolution will be considered in the analysis which follows. [In defining the Bunch—
Davies vacuum in this manner, we are following the terminology which is prevalent
in the literature dealing with inflation. In the case of a massive Klein—Gordan field
in deSitter background, the Bunch—Davies vacuum is a SO(1,4) invariant Hadamard
Fock state. Such a deSitter invariant state does not exist for the massless Klein—-Gordan
field but it is conventional to call the state defined as above as Bunch—-Davies vacuum
in this context.] Once the form of py is specified, it is trivial to show that

i 1
(@) = ——r = ——= (51)
1 — aH 1 + #

which is quite simple. From this it follows that the time-dependent mean particle
number is given by the following expression:

) = T @R T e

2 2172 2
|2k (@) | a’H® 1 (x,, ) (52)
4 \ Ry

Ap being the physical wavelength of the mode. The particle number sharply diverges
in the late time non-adiabatic regime, i.e. at super-Hubble length scales (k/a H <« 1)
as the accelerated expansion drives rapid particle production. The time-variation of
(nk) as well as the trajectory of zx in the complex plane for the Bunch—Davies state are
depicted in Fig 4a, b. z; starts from the origin, and eventually ends up at the limiting
point corresponding to zx = +1. This is in sharp contrast to the evolution in the case
of Schwinger effect, in which the z goes around a closed loop in the complex plane at
late times (see Fig. 1b).

It may be noted that since the mean particle number here grows monotonically with
time, one can trade off the time dependence for dependence on (ny), and therefore
express zx entirely in terms of the mean number of particles:

() = — = Y (53)
14 26 4 /)

This in turn allows one to express the wave function, too, explicitly as a function of
just the mean particle number:

48 e VT 243 (ne) )] s
Wk(Qk,(ﬂkD—[m (m)] exp[—m(m)qk] 54
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<Ny >

10

0.1
0.001
0.00001

aH
0 5 10 15 20 k .
(a) (b)

Fig. 4 Plots of the particle number (nj) and the complex trajectory of z; with the dimensionless variable
aH /k for the Bunch-Davies state in the de Sitter model. (ny) starts from zero and diverges at late times.
The trajectory of z, starting from the origin, remains confined to a quadrant in the complex plane, and at
late times (super-Hubble scales) approaches the point z; = 1

This is possible here only because of a one-to-one relation between a and (ny). Such
a transformation will not be unique in general (for e.g. if the mean particle number is
oscillatory, the inversion would give multiple values of time for the same (rn)).

In the literature, what is normally computed for inflationary models is not the par-
ticle number but the power spectrum of the field [30-34,36—43], and we would like to
connect it up with the particle concept used above. As mentioned earlier, the power in
the kth Fourier mode is just the variance of the g, variable in the given quantum state,
and is expressible as follows:

a1 QD | (D
R oy R R P (55)

From Eq. (55), it is clear that the power spectrum is not in one-to-one correspondence
with the particle content, since it also depends on the phase of z; through the Re (zx)
term. It is only under certain conditions—Ilike when z; goes to a constant value—
that a direct correspondence between the two can be established. This is possible,
for example, if the power is evaluated at super-Hubble scales (k/aH < 1), because
in this limit, zx — 1, and from this it also follows that the particle number is large
({ng) > 1). Consequently, we have

(g}) ~ 2(m)/ (ka®) (56)

and thus, at large scales, the power in any given mode does provide a measure of
its particle content. Comparing Eq. (56) with the corresponding equation Eq. (35) in
the case of Schwinger effect, we find that there are significant differences. First, the
situation is mathematically much clearer in the case de Sitter universe in which the
asymptotic limit of z is unambiguous. This is not the situation in the case of Schw-
inger effect and one need to drop oscillatory terms in a somewhat arbitrary fashion
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Fig.5 Variation of the dimensionless functions k3ak2 /H 2and H 2-7k / k3 for the Bunch—Davies state. The
Wigner function starts uncorrelated and concentrated on the g-axis; at late times (¢ H/k — 00),q/p — 0
representing a state concentrated on the p-axis

to arrive at Eq. (35). This can be tracked down to the fact that in the case of de Sitter
universe the late time evolution is highly non-adiabatic while in the case of Schwinger
effect the late time evolution is adiabatic. As shown in Paper I, the adiabatic evolution
generally leads to a late time oscillatory behavior for zx making the relation between
power spectrum and particle content ambiguous.

For the case of de Sitter evolution starting from the Bunch—Davies state, the power
is given by

2 2
() _H L ), (57)
2k3 a’H?

When evaluated for every mode at Hubble exit (k/a H = (O(1)), this expression yields
K3 (q,%) o H?, corresponding to a scale-invariant spectrum.

We now turn our attention to understanding the quantum versus classical nature
of the state. We will start with the evolution of the Wigner function in phase space.
The Wigner function is determined in terms of the two variables akz and J; which are
given by

2, . H? O\ ak? o\
Uk(a)=k—3 1+m ; jk(a)Z—F 1+m . (58)

Figure 5a, b show the variation of these functions with time. From the above expres-
sions, it is clear that J; — O, sz — 00 at early times (k/aH — 00) i.e. sub-Hubble
scales, which corresponds to a state that starts sharply concentrated on the g-axis. At
late times (k/a H — 0), however, J;y — oo with a finite Ukz, which causes the Wigner
function to end up peaking on the p-axis.

Let us compare the above behavior with that of the corresponding classical phase
space trajectory. For the case of exponential inflation, the general solution for g in
terms of the time coordinate 1 can be written as

Qk = Re |:CT} (1 + kl_n) eikn} (59)
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where C is an arbitrary complex number. Writing C = Ce’¢, this solution can be
re-expressed as

C
=Cncos(kn+c) — - sin (kn + ¢). (60)

The conjugate momentum py = (a2 q,i) corresponding to the above g is then given
by

Pr=— (c k/Hzn) sin (kn + ¢). 61)
The classical trajectory of the system in the phase space thus takes the form

1/2
_H_zn +C l_ﬂ 2 / (62)
qk = k2 Pk n C2k2pk

where 7 is to be understood as being an implicit function of g (which can be found by
inverting Eq. (60)). At late times (n — 0) i.e. at super-Hubble scales, (gx/pr) — O,
indicating a trajectory that ends up along the vertical pj axis, and this is precisely what
the Wigner function gives. As for the other limit of n — —oo, we get py — 0 with
npk remaining finite, which obviously gives a trajectory along the g; axis. This again
matches with the analysis based on the Wigner function. Thus, the Wigner function is
found to peak on the classical trajectory not only in the non-adiabatic late time phase
when strong particle creation takes place, but even at very early times when the quan-
tum state of the mode is in fact assumed to be close to a vacuum. This may be taken to
suggest that this aspect of the evolutionary behavior of the Wigner distribution is not
sufficient as far as providing information about classicality is concerned. We reached
a similar conclusion in the case of the Schwinger effect.

In contrast, the classicality parameter gives a more meaningful description here. It
can be directly determined from Eq. (58), and is given by

_ (@H/k) ()
’1+(aH/k)2 1+4(nk>

Let us look at the asymptotic limits of this expression. At sub-Hubble scales (k/a H —
00), the mean particle number is small, and

Se(a) = (63)

Sk~ =2/ (i) [1+ O ((n)] (64)
while at late times, as (ny) grows sharply at super-Hubble scales (k/aH — 0),

1
8(nk)

Si~ 1+ (65)

to the lowest order. (At Hubble crossing, k/aH ~ 1 and so Sy ~ 1/+/2.) It is clear
that this quantity Sy follows more closely the particle content, in that it remains close
to zero in the initial adiabatic sub-Hubble phase, but grows subsequently, saturating at
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Fig. 6 Plot of the classicality Sk S H
parameter Sy for the o ] : > ko
Bunch-Davies state in the
de Sitter model. | Sy | starts from 0.2
zero in the asymptotic past and 0.4
saturates at unity at
super-Hubble scales -0.6

-0.8

-1

unity in the large (ny) limit. (This, it may be remembered, was also found to happen
in the non-adiabatic toy model corresponding to w3 considered in Paper I [27].) Thus,
if S is used as a measure of the degree of correlation, then one can unambiguously
conclude that the state is evolving towards classicality, which agrees with the standard
lore in this subject. But note that the Wigner function peaks on the classical trajectory
both at early and late times and hence is not such a good descriptor.

The plot of Sk for the Bunch—Davies state is shown in Fig. 6.

The contribution to the time-dependent effective Lagrangian coming from the kth
mode also can be computed using the expression for z, and is given by

i m k iaH
Leff = ——K 2 = 3 (1 + ) (66)
2

4 my 1+ ;2”;1 2k

where the real part can be rewritten in terms of the mean number of particles in the
mode K, as
k k(nk)

2 = .
;2”;]2 I+ (ng)

Re Legs =

(67)

In the asymptotic past (k/aH — 00), the imaginary part goes to zero, while the real
part gives
Re Lt & king) + O ((n0)?) (68)

(recalling that the mean particle number in the Bunch—Davies state vanishes in this
limit). To lowest order in (ny), this can be interpreted as the energy drained from the
gravitational field that goes into creating particles, —(n)k. This again suggests, as
in the electric field case, that information about particle production during adiabatic
evolution starting from a vacuum state (for the quantum field) is encoded in the real
part of the effective Lagrangian, and that one can take into account backreaction due
to the produced particles using Re L. This makes sense and lends further credence
to our time dependent definitions.

In the other limit of late times (corresponding to k/aH — 0), the imaginary part
blows as a consequence of strong particle creation, while the real part assumes the
approximate form

Re Loy ~ k (1 _ L) (69)
()
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which saturates at the limiting value Re L¢gr = k asymptotically. Clearly, in this limit
where (n;) > 1, the correspondence of Re L¢gr with particle creation which holds
in the adiabatic regime is not valid, and the interpretation of the above expression is
presently unclear.

Finally the physical content of the quantum state can also be clarified in terms of
the spatial Fourier transform of z;, which, as was shown earlier, can be thought of
as the amplitude for a pair of particles to be produced from the vacuum at any given
instant. This function Z(r, a) is given by

oo
. 4’k 1 k  sin(k
Z(r,a) = / ey - / _ Kk sinGkn) (70)

k -~ -
I s

which can be written in terms of standard functions:

70 a) i a’H? 1 n 1 #E raH _%E' raH
r,a) = —5 —le — —e
a 472 7 raH 4 ! 2 "\ 2
(71)

Ei(x) being the exponential integral function [61]. While this is not very illuminating,
it has clear asymptotic forms which confirms our interpretation. When a — 0, the
second term in the square brackets above vanishes and

lim Z(ra) ~ —— (42 72)
r,a)~—\— ).
am0 ST 2 2

On the other hand, when a — oo it reduces to a Dirac delta function:

lim Z(r,a) = 5(r). (73)

(While one can get this result by a careful limiting procedure, it is obvious from the
fact that at late times, zx — 1.) The first limit found above can be interpreted as sug-
gesting that at early times, the particles created at two points are strongly correlated,
implying an underlying quantum nature, and the correlation falls off with separation
only as 2. The large a limit of a delta function, on the other hand, implies particles
with non-zero separation are uncorrelated, in line with the classical notion of a particle
as a spatially localized entity. Thus, Z(r, a) provides a measure of the classicality and
particle content of the state consistent with what we found earlier.

To recapitulate, the de Sitter background provides an example in which the late time
evolutions is highly non-adiabatic with no sensible out-vacuum in the conventional
terminology. Our formalism, nevertheless produces sensible results—consistent with
what have been known in the literature—and shows that the state evolves towards
classicality. This is clear in the behavior of the classicality parameter (which increases
from zero to unity in the course of evolution) and that of Z(r, @) which becomes a
delta function at late times. The Wigner function, on the other hand, is not a good
descriptor of classicality since it is peaked on the classical trajectory both at early
and late times and does not track the classical trajectory in the intermediate epochs.
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This shows a contrasting behavior vis-a-vis the evolution in a constant electric field
background which leads to adiabatic evolution both at early and late times allowing
for adiabatic in-vacuum and out-vacuum to be defined. The evolution of the system
towards classicality is much less clear in this case. Altogether, these results closely
resemble those found for the non-adiabatic and adiabatic toy examples of Paper I [27].

We now move on and choose an example of a decelerating universe, to illustrate the
other alternative of late time adiabatic evolution. We expect this to present a contrast
with the behavior found above and resemble the Schwinger effect more closely.

3.2.2 The radiation-dominated model

We shall now work in the setting of radiation dominated expansion [34,35], that cor-
responds to setting p = 1/2. The radiation dominated model is thus governed by the
expansion law

a(n) =aon (0 <n < o0). (74)

Here, the adiabaticity parameter given by €(n) = 2/kn = 2ao/(ka) steadily drops to
zero with expansion, and particle production in any given mode is naturally expected
to be strongly suppressed in the late time sub-Hubble phase of evolution. In fact, in
being characterized by a late time adiabatic regime, the radiation dominated model
bears close resemblance to the constant electric field case that was considered earlier
and contrasts with the de Sitter example.

For the linear scale factor in Eq. (74), a” = 0 and the solutions of the classical mode
equation Eq. (5) are particularly simple, being just plane waves; the general solution
for py can be written as

1
i (a) = NeT?

(e“‘% + Rke‘”‘%) (75)

Ry being an arbitrary constant coefficient. If it is assumed that the mode starts off in
the instantaneous vacuum state at the momenta = a;,then Ry = — (1 4 2i ka;/ ao)’1
eZikai/ao and it is straightforward to determine the form of z;:

2ik (;—0) 'Rke_Zik% + (1 + Rke_Zik%)
. “2ik <
2ik (lo) - (1 + Ree o)

If the state is extended into the past to @ < a;, zx — —1 and the particle number
is found to diverge as the initial singularity is approached, for arbitrary Ry, and it is
not possible to define an instantaneous vacuum state at a; = 0 when the spacetime
is singular. Therefore, we have to confine ourselves to states which start off in the
ground state at some a; > 0. The behavior of the field mode prior to @; will not be
of relevance to us, and we will limit ourselves only to the subsequent evolution of the
wave function (for a > ag). This situation does not occur in the de Sitter model, where
one is free to choose the initial conditions at arbitrarily early times, like in the case of
the Bunch—Davies state for which a; — 0.

zk(a) = (76)
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(a) (b)

Fig.7 Plots of the particle number (ny) and the complex trajectory of z; as functions of the dimensionless
variable ka/aq for the radiation-dominated model, for the case when the initial condition is imposed at
ka/ag = 1/2. (n) saturates at a finite value at late times (sub-Hubble scales). zj starts from zero, and at
late times ends up circling around the origin of the complex plane

We are particularly interested in the behavior of the quantum state at large times
(ka/ag > 1). In this limit, zz assumes the approximate form

~ Rue s L (g o 77
Zk(a)'v k€ _EE + Kre ) + W . ( )

The above expression makes it clear that in the adiabatic late time limit, the mean
particle number in any given mode saturates at a finite value:

R2 2
lim  (n) = kT 40

= = . 78
ka/ap— oo 1— |Rk|2 4k2ai2 ( )

The plot of (ny) (for the particular case where the instantaneous vacuum is chosen at
ka/ag = 1/2) is shown in Fig. 7a. Starting from zero, the mean number is character-
ized by transient oscillations that get steadily suppressed as the mode turns adiabatic.
Figure 7 displays the corresponding complex trajectory of z; which ends up going
around in a circle centered on the origin of the complex plane, indicative of a finite,
asymptotically constant particle number. These are identical in form to what we found
in the case of the constant electric field.

Let us look at the Wigner distribution in this case. It is again described in terms of
the following two functions:

ik |2
. ‘] + Rye 2’ka0
= 79
ak (a) (1 — |Rk|2) ka2 ( )
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Fig. 8 Variation of the dimensionless functions a%ak /k and k7, /a(z) for the radiation-dominated model.
The Wigner function starts uncorrelated at ka/ap = 1/2 with a finite value of akz ; at sub-Hubble scales,

013 — 0 causing the Wigner function to get peaked on the p-axis

and ‘
2ka’Tm (Rke‘z”‘%)

Ji(a) = 5 —aod |, (80)

‘1 + Rke_zik%

and these are depicted in Fig. 8a, b. The Wigner function clearly starts off in an uncor-
related state (J; = 0) at @ = a; and with a finite spread of magnitude ok =k ta72
However, at late times, ak — 0 and this corresponds to a distribution sharply peaked
along the p-axis. (This is presumably a consequence of the @ — oo limit of the scale
factor.) As for the corresponding general classical phase space trajectory, it is given,
in terms of the conformal time 7 by

lkn k
4 = Re (CT) — CW (81)

where C = Ce/“ is an arbitrary complex number. The corresponding momentum has
the form

Pk =a qk = —aOC [kn sin(kn + ¢) + cos(kn + ¢)]. (82)

Expressing g in terms of py yields the following expression for a general classical
trajectory:

2

aon(1+k2 2) \/W 4c2(1+k2 2)

gk = (83)

where, again, 7 is to be treated as an implicit function of g, making use of Eq. (81).
Every trajectory at the initial moment a; starts from some point (gx (@;), pk(a;)) in the
phase space. But we are particularly interested in the late time behavior here. It is evi-
dent that in this limit, gy — 0 and we get a trajectory along the p-axis. This matches
with the corresponding limiting form of the Wigner function. Clearly, we here have yet
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Sk

"

Fig. 9 Plot of the classicality parameter Sy as a function of the dimensionless variable ka /ag for the radi-
ation-dominated model, for the case when the initial condition is imposed at ka/ag = 1/2. S at late times
ends up oscillating about zero with a finite [constant] amplitude. The variation of S, reflects the complex
trajectory of zj, which at late times is a circle centered on the origin

another instance of the Wigner function showing peaking on the classical trajectory
despite the absence of continuing particle creation.

This may be compared with the late time variation of the classicality parameter,
which is shown in Fig. 9. S is oscillatory with an amplitude less than unity; this of
course is a consequence of the nature of the underlying g—p correlation, which, as can
be directly figured using Eq. (79) and Eq. (80), remains finite and oscillatory over the
course of the late time adiabatic evolution. Recalling the corresponding behavior in
the non-adiabatic de Sitter case we dealt with earlier, the evolution, with regard to this
feature, differs sharply in the two scenarios (as does the mean particle number).

The imaginary part of the time dependent effective action at late times directly
expresses the asymptotic particle content in the quantum state, and an out-vacuum is
definable in the adiabatic region. On the other hand, making use of the approximate
expression for z; in Eq. (77) gives the following expression for the real part of the
effective Lagrangian at late times:

1 m] 1 ag 1 ag ik
Re Lo = — 5 Aimge & —> 2 | 20 4 Im (Ree™ %
et = T e T T [ 2ia T e
. 2
Lao (o —4ik —2ik ag
-3 (Rke 0 4 2Rye o)) +0( 5% (84)

Except for the first term in the brackets, the remaining terms (up to first order in 1/a)
are oscillatory in the @ — oo limit, so their contribution to the effective action may
be expected to be highly suppressed. Thus, the first non-trivial contribution to the
effective action from the late time adiabatic evolution comes from the non-oscillatory
term with magnitude a(% /(4ka?), which is equivalent to €>(a)k/16.

Based on the analysis carried out above, combined with that of the de Sitter model, it
is evident that peaking of the Wigner function on the corresponding classical phase tra-
jectory at late times is a fairly general feature, seemingly independent of the adiabatic
vs. non-adiabatic nature of the time evolution. In contrast, the classicality parameter,
providing an alternative handle to quantify the variation of the Wigner distribution,
shows appreciably dissimilar behavior in the two examples, and bears a rather close
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relation with particle production. As alluded to earlier, these observations are pretty
much similar to the results obtained our in the toy models in Paper I revealed.

The analysis of the preceding sections brings out the contrast of time evolution of
quantized field modes in the inflationary scenario with that in the electric field case,
and we would like to emphasize it once again here. A comparison of the plots for
various quantities evaluated for the de Sitter case in Sect. 3.2.1 with those in Sect. 3.1
makes this point amply clear. In particular, a constant electric background provides
adiabatic in as well as out regions where the notion of a particle can be unambiguously
defined, which is not the case for the de Sitter model, where the late time evolution is
highly non-adiabatic. Moreover, the power spectrum (related to the two-point function
for the field) of field modes does not provide a direct measure of the particle content
in the adiabatic limit in the electric field scenario (see Eq. (32)) due to the asymptoti-
cally oscillatory nature of zk; in contrast, for the de Sitter background, as is clear from
Eq. (55) such a correspondence is made possible in the late time non-adiabatic phase of
evolution where z;z — 1. As pointed out before, the electric field case is qualitatively
much closer to a decelerating universe like the radiation-dominated example, at least
in being characterized by a late time adiabatic phase. The similarities in the nature of
the plots in Sects. 3.1 and 3.2.2 make this fairly clear.

3.2.3 A radiation-dominated universe going over to an asymptotically de Sitter phase

We would like to provide another illustration of our formalism by considering quan-
tized field evolution in a cosmological model which decelerates (radiation-dominated)
initially before making a transition to a de Sitter phase of accelerated expansion. The
Friedmann equation for the scale factor describing such a universe [34] is given by

a\’> 8xG 0£r0
(;) =5 (G o) ®

(pro being the radiation energy density at a = ag = 1) and the solution in terms of
the cosmic time ¢ has the form

1/4 1/2
a(t) = (@) |:sinh (2,/ SﬂGpA t):|
PA 3

where we have introduced the dimensionless variable T = ./ % PA L.

The adiabaticity parameter €, corresponding to this expansion factor diverges in
both extreme limits (a — 0 and a — 0©0), so asymptotic in and out states are not
definable. Nonetheless, one can solve Eq. (4) to determine the time evolution of the
quantum state of every mode.

Figure 10a, b and ¢ show the numerical solutions for the mean number of parti-
cles, complex path of z; and classicality parameter for a mode k corresponding to
V3781 Gk/ (propao)'/* = 10, plotted against the variable 7. Here, the initial condi-
tion z; = 0 has been imposed at t = 0.001 (which corresponds to Ry /A, = 0.5) and
the radiation-dominated and Lambda-dominated phases have been color-coded blue

1/4
(@) (sinh 21)/2  (86)
A
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Fig. 10 Plots of the particle number (ny ), complex trajectory of z; and classicality parameter Sy as func-
tions of the dimensionless variable 7 for the radiation+Lambda model. The instantaneous ground state is
imposed at T = 0.001. (ny) diverges at late times (super Hubble scales). zi, after circling around for a
while, asymptotically ends up at z; = 1. This is reflected in the evolution of S, which oscillates in the
intermediate sub-Hubble phase before saturating at unity

and red respectively. The average particle number, after a short period of transient
oscillations (when the mode is temporarily inside the Hubble radius) monotonically
increases at late times, and this mirrors the behavior of z;, which circles around the
origin for a while before finally winding up at the point zx = 1. The behavior of S,
saturating at unity after a phase of oscillatory variation, follows from this. In fact, one
can see pretty clearly that the plots for this model can be thought of as obtained by
‘patching up’ the corresponding plots for the pure radiation-dominated and de Sitter
examples which were considered earlier. Our time-dependent formalism thus provides
aconvenient way to visualize the differences in mode evolution during the decelerating
and accelerating phases of expansion.

3.2.4 Approximate analysis of accelerating models

We would now like to verify that the features suggested by the preceding examples are
fairly generic, i.e. they hold to a reasonable extent for all power law models (i.e. for all
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values of the index p). To this end, an approximate analysis of the time evolution for
arbitrary p is outlined below. We will first consider the range p > 1 corresponding to
inflation, followed by the case of decelerating models with0 < p < 1.

The accelerating models are described by the following scale factor [44]:

a(t) =apt? (p>1) (87)
which, in terms of the conformal time coordinate can be re-expressed as
a(m) = (=Hm?*' (=00 <1 <0) (88)

wherey = 2p—1)/(1—p)withy < —2and’H = (p— 1)a(1)/p. De Sitter inflation is a
particular example belonging to this set, and corresponds to the choice y = —2. Need-
less to say, all these models are characterized by non-increasing Hubble radius, and
the evolution of every field mode turns strongly non-adiabatic at late times following
Hubble crossing.

We would like to consider a scenario where the quantum state of any mode starts
out in the instantaneous vacuum in the asymptotic past. The solution to the equation
for ug, Eq. (5), which gives vanishing particle number in the  — —oo limit is given
by

pi(n) = N (k)" HY (k) (89)

where N = /7 /2k” and y has been replaced by the new variable v = —y — 1/2; the
normalization has been chosen so that " i — i = —i /a?, so the Wronskian is
set equal to unity.

Fixing the form of uy, in principle completely specifies the time evolution of the
state in all respects. Since we however are particularly interested in determining the
late time behavior, the n — 0 limit of the various quantities will be considered. Let
us start with the solution for uy in Eq. (89). At super-Hubble scales (k|n| < 1), the
approximate form of the Hankel function is given by

k —V k 2—v
HD (k) ~ A (—”) +B (—") (90)
2 2
where ) )
- B=— 1)
'l —v)sinmv I'—v)sinmv
and so
) ~ N [2 4+ 272 Bkn)? + 0GP,
peon & N 27 B + 00 ]G> 0). (92)
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This gives the following approximation for the energy in the mode at late times (super-
Hubble scales) to the lowest order of approximation:

a2

&= 5 (I + 1) = 22 k| AP (e =

223k

k 1-2v 3
(- v))2 sin? v (k) )

Since v > 3/2 for this class of models (corresponding to p > 1), the energy in every
mode diverges at sufficiently late times (kn — 0). This also means that the mean
number of particles, being directly related to the energy, diverges as well:

1
- A ~ k 1—2\). 4
2 (C'(1—v))? sin27tv( 2 S

(i) = Ex Er 2235
M= k

Let us now move over to the phase space and consider the behavior of the corre-

sponding Wigner function at late times; this is specified in terms of the functions O’kz

and J, whose late time approximations have the forms
o2 =22 ~ N? [22”|A|2 £ o2 (AR 4 A*B)(kn)z] (95)

and

a®\ 1 dml  (—Hp>*? 22

Ji = ( 2) e Ta Y s [1 + 0wy )]. (96)
Itis clear that akz has a finite limiting value, while J is an increasing function of time,
and diverges at super-Hubble scales. This represents a Wigner function that sharply
peaks on the p-axis at late times.

In contrast, in the asymptotic past as zz — 0, akz x a”
describing a Wigner function that peaks around the g-axis.

The behavior of the Wigner function needs to be compared with that of the cor-
responding classical trajectory in phase space. A general solution to the classical
equation of motion is given by

2 oo while J; — 0,

g = Re [Cn" H" ()| ©7

where C is an arbitrary complex constant. At sufficiently early times (n — —o0),
using the asymptotic form of the Hankel function, it can be shown that

gk ~ \/%Re [Cnv—%ei(kn-%tﬁ)] (¢ — _% _ %) (98)
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while the conjugate momentum is given by

2 1 A
pr = a’qp ~ (=)' — [(V - E) Re (cn—v—%et<kn+¢>)

—kIm (cn—”+%e"(k’7+¢>)} (99)

which implies that in the asymptotic past, px — 0 with an oscillatory g; whose ampli-
tude sharply increases in the n — —oo limit, and the classical trajectory starts close
to the g-axis. In contrast, at late times (k|n| < 1), we have

v v=2
gr ~ Re [C (A (%) +B (%) nz)} (100)

with the corresponding momentum being

2 v—2
pe = d2q) ~2(—H)'"'Re (CB (E) )nH”. (101)

Since v > 3/2, qr/px — 0 as n — 0, and we have a trajectory that ends up on the
p-axis. Thus, based on the above limits one concludes that the Wigner function,for all
p > 1, peaks on the classical trajectory in both asymptotic regions. This generalizes
to all accelerating power law models what was earlier found for the de Sitter case,
namely that this aspect (peaking on the classical trajectory) of the Wigner function
may not provide much information regarding the approach to classicality.

Furthermore, using the approximations for ‘71(2 and Jx in Egs. (95) and (96), it triv-
ially follows that the g—p correlation (being just the product jkcr,?) will diverge as
Jr — oo at late times, implying a classicality parameter which ends up saturating at
unity, accompanying strong particle production. This feature, too, was found to occur
in the de Sitter example, and now has been generalized to all accelerating models of
the type a o< tP.

We will now move on to examine the other class, that of decelerating models, and
explore the generality of the features the radiation-dominated model taken up earlier
suggested.

3.2.5 Approximate analysis of decelerating models
These models are characterized by the scale factor

a(t) =apt? O <p<1) (102)
and in terms of conformal time, have the form

a(n) = (=Hn’™ (0 <n < o0) (103)
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where y = Qp—1)/(1—p)and H = (p — l)aé/p. In contrast with the situa-
tion in accelerating models, the adiabatic parameter given by €, = 2/kn is strongly
suppressed in the late time sub-Hubble regime (kn — 00).

Like in the previous case, we would like to focus on the late time behavior of various
quantities associated with the evolving quantum state. So we start with the general
solution to Eq. (5), which is given by

i) = XA B o) + B, HE e | (104)
2a(n)

where v = —y — (1/2). It should be recalled that the n — O limit here is highly
non-adiabatic, so a natural in-vacuum state is not definable in this region. We will
therefore just work under the assumption that the state is chosen to coincide with the
instantaneous vacuum at some moment 1 = 1;, which basically fixes By /. Ay. At suf-
ficiently late times, however, every mode (in any arbitrary state) will eventually turn
sub-Hubble and evolve adiabatically, so we have, for large values of k7,

1 . s TV 4 : TV ;I
i) & ——— (A1 BT ekt ) (105)
v 2ka(n)

which gives the following approximation for z; at late times:

,(1—2v)

2k(n) ~ Rye 2K — i (1 + Rye2ikm)
4kn

+O ((kn)—2) (106)

where Ry = (By/ Ar) exp (imrv + im/2). Using this approximate expression, one can
derive approximations for the particle number as well as the correlation parameter in
the adiabatic limit:

2 _ —2ik
) ~ R [1_(1 2v) Im (Rye ")+O((kn)2)] (107)

T 1— R 2k 1Ry |2

which implies that the particle number saturates at the finite value | R |/ (1 —|Rk |2) =
\Bi|*/ (|A|* — 1Bx/?), and

2mzi_ 2Im (Rge” k1) (1 —2v)

2
T =T Y TS R 2len
Re (1 + Ry~ 21212 (Im (Rye=2kn))? 1
X( = Rl )“9 (k2n2)'
(108)

In the late time limit (kn — 00), only the first oscillatory term survives, and describes a
correlation function that oscillates with a finite amplitude. Thus, as particle production

@ Springer



Particle creation, classicality and related issues in quantum field theory 743

is suppressed in the adiabatic limit, the g—p correlation remains bounded, generalizing
the behavior which was found earlier in the radiation dominated model.

From the expressions for ak2 and J (see table), it is clear that in the strongly adia-
batic limit (kn — o0) since |zx| does not go to unity, the behavior of these functions is
primarily determined by the late time limit of m; = a?; this implies akz — 0 while Jj
is oscillatory (due to the oscillatory nature of z;) with an amplitude that is proportional
to a?, describing a Wigner function that progressively gets peaked on the p-axis at
late times. The Wigner function, however, was started off at 7 = 1o in an uncorrelated
state (Sy = 0) that is fairly spread out (with ok2(n,-) =k~'a=%(n;)). Thus the Wigner
function gets sharply peaked with time even though the mean particle number remains
finite all along. As for the classical trajectory, it has the same form as in the p > 1
models, Eq. (97); however, the late time limit here corresponds to taking n — oo, and
this gives

2 A 2
ae | = Re [e 2@ ] = [ Z e icoskn+p o) (109)
Tk wk

where C has been written as Ce'¢, and

2 1
pe=a’qp ~ (=H)! 7 —C [(v - 5) "3 cos (kn + ¢ + )

— kn~"* sin (kn+¢+c)]. (110)

Since v < 1/2 for 0 < p < 1, we have gx(n) — 0 as n — o0, and the classical
trajectory (for arbitrary C) ends up on the p-axis, matching with the late time behavior
of the Wigner distribution. As in the case of the classicality parameter above, this too
is a generalization of what was seen in the radiation-dominated example.

To conclude, based on the approximate analysis of the last couple of subsections,
the two distinct late time limits of power law expansion, adiabatic vs. non-adiabatic,
show clearly differing behavior as regards particle production and variation of the
classicality parameter (found to be sensitive to the particle creation) providing one
possible measure of phase space correlations. Peaking of the Wigner function on the
classical trajectory, on the other hand, is a fairly general feature, happening whenever
one of the oscillator parameters blows up/goes to zero, and is quite independent of the
particle production, i.e. adiabatic vs. non-adiabatic evolution. The observations drawn
here, it may be noted, are broadly similar to, and thus to an extent corroborate, what
we learned from the various toy models dealt with in Paper I.

4 Discussion
In the previous sections, we have attempted to shed some light on a few conceptual

issues arising in the study of the quantized time dependent oscillator, focusing our
attention on a couple of conventional examples drawn from field theory in external
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backgrounds that hold particular physical relevance; this has been intended as an
exploitation of the analysis (based on the Schrodinger picture formalism) that was
carried out in Paper I. A quick recapitulation of the key features of the time evolution
(of a given fourier mode) in the asymptotic limits, as revealed by our analysis of the
examples of de Sitter and radiation models and the constant electric background case,
is tabulated below:

Regime of de Sitter model Radiation dominated model Constant Electric field
interest a(n) =—1/Hn a(n) = agn A (t) = —Et
n— —00 n — 0 (But initial condition is t — —00
chosen here at n = ng # 0)
Adiabatic Highly non-adiabatic Adiabatic
Early times (ng) —> 0 (ng) =0 (ng) = 0
”k2 — 00 ak2 : finite ‘le -0
Jr— 0 Jr=0 Jk —> 0
Sk -0 Sk =0 Sk — 0
Strongly non-adiabatic Adiabatic Adiabatic
n—0 n — 00 t— oo
(ng) — o0 (nj) — constant (nk) — constant
Late times akz — finite okz —0 al% —0
constant
Jr — o0 Jx : oscillatory with Jx : oscillatory with
increasing amplitude increasing amplitude
Sy — 1 Sy @ oscillates about S =0 | Sk : oscillates about S = 0
with fixed amplitude with fixed amplitude

For the examples (particularly those of the de Sitter and electric field models) con-
sidered here, the Wigner function for any field mode is found to get peaked on the
corresponding classical phase space trajectory not just at late times, but even in the
asymptotic past. This renders the interpretation of classicality based solely on peaking
on the classical trajectory dubious, and naturally brings in the need to have an addi-
tional measure to specify the degree of correlation, if one seeks to address the question
of approach to classicality confining oneself solely to the phase space evolution of the
system. Our choice of the classicality parameter, which is found to closely track the
particle production, proves fairly reasonable in this regard and is seen as having a
more sensible interpretation in some situations, like being zero in a vacuum state even
though the Wigner function may peak in this limit etc.

Let us reconsider the various limiting cases we came across in our examples in
a step-by-step manner. First, let us consider the limit of early times. For all three
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cases considered, the function Ji as well as the classicality parameter Sk vanish at
the moment when the mode is started off in the instantaneous ground state, and this
clearly represents an uncorrelated Wigner distribution, although it is peaked in a lim-
ited region in phase space. (In the de Sitter and electric field cases, one can start off in
the instantaneous vacuum state at t = —o0o, but for the radiation dominated universe,
a non-zero initial time 7n; is chosen.)

As for the late-time behavior, the three examples differ in specific respects. For the
de Sitter model, olf approaches a finite limiting value while Jx blows up. It can also
be seen that the classicality parameter smoothly goes to unity in the a — oo limit
[while it remains nearly zero at sub-Hubble scales in the asymptotic past]. Clearly,
these features are indicative of a fairly correlated phase space distribution, and this
is in line with the usual conclusion of classicality emerging on super-Hubble scales
[32,33,44,48-60]. For the radiation-dominated case, the Wigner distribution ends up
getting peaked on the p-axis (coinciding with the corresponding classical trajectory)
at late times on account of the fact that ‘713 — 0.

As regards the variation of the classicality parameter, it turns out that this measure is
zero to start with (at the instant when the mode is in the instantaneous ground state) but
subsequently (for n > 19) develops an oscillatory profile that has a finite amplitude at
late times. So, it can probably be argued that in some sense, the state gets significantly
more correlated in comparison with the initial state, although this is in contrast with
the de Sitter case [where Sk — 1 at late times], and is not so obvious. The difference
is clearly tied with the adiabatic vs. non-adiabatic nature of the late time evolution.

Finally, for the electric field example, the late time variation qualitatively proceeds
along lines similar to the radiation-dominated model, in that al% — 0, representing
a Wigner function peaked on the p-axis [and which coincides with the classical tra-
jectory]. However, the classicality parameter exhibits a variation that’s more straight-
forward to interpret: it vanishes in the asymptotic past (Sx — 0 as t — —o0) but is
oscillatory with a finite, nearly constant amplitude in the + — oo limit. So in terms
of Sk, the phase space correlations clearly appear to grow more significant in the far
future in relation to early times. The de Sitter and electric field cases thus display a
fairly unambiguous emergence of phase space correlations with time, but the evolution
in the radiation model, in this particular respect, is a little less clear. The bottom line,
thus, is that particle production is not necessary for peaking of the Wigner function
on the classical trajectory as the three examples that were considered indicate, where
this was found to happen even as (nx) saturated at late times or decreased to zero in
the asymptotic past. (It may however be noted that one or the other of the oscillator
parameters blows up/goes to zero in these limits.) Our analysis thus points toward the
fact that peaking on the classical trajectory alone need not suffice to regard a system as
turning classical; one needs to supplement this criterion with looking at some sensible
measure of phase space correlations to settle this question. The classicality parameter
that we have used is a simple yet useful construct in this regard, and leads one to
conclude that strong particle creation, although not necessary for causing the Wigner
function to get concentrated on the classical trajectory, is a necessary condition for
driving the quantum state to become highly correlated (i.e. (gp) — 00).
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