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ABSTRACT

The weakest asymptotic behavior in the metric for defining an asymptotically flat
spacetime at spatial infinity is obtained. The technique of the field formulation of general
relativity developed earlier in the Lagrangian description is used. The properties of the
latter are similar to those of an ordinary gauge field theory in a fixed background spacetime.
The role of the auxiliary background is plaid by Minkowski space. Integrals of motion are
defined with the help of a stress-energy tensor of the gravitational field together with its
sources and Killing vectors of the background spacetime. It is shown that the weakest
asymptotics of gauge transformations, which conserve values of the integrals of motion,
defines the weakest falloff conditions in the field gravitational potentials (the same, in the
dynamic metric of general relativity if the ordinary geometrical formulation is used). The
results are compared with the some known ones.
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[. INTRODUCTION

Asymptotically flat spacetimes (AFSTSs) in general relativity (GR) attract consider-
able interest of many researches over many years. The proof of the positive-energy theorem
in [1, 2] has provoked a new additional interest in AFSTs. In particilar, these investigations
shown that the standard asymptotic conditions at spatial infinity (spi) (1/r falloff in met-
ric) can be significantly relaxed [3 - 9]. In [3] it was proved that for given an asymptotically
flat initial data set in a very weak sense there always exists a spinor field that satisfies
Witten's equation [2] and that becomes constant at spi. Thus it was shown that Witten’s
arguments on nonnegativity of the total mass of an isolated system are also the case for this
initial data set. The Witten spinorial approach and the weakest falloff conditions in the
metric are also discussed in [4]. The works [5, 6] in more degree were devoted to a search
for the weakest falloff conditions in the metric. In [5] the Regge-Teitelboim cocept [10] for
a definition of integrals of motion for an AFST was developed. In [6] properties of weight
Sobolev spaces and a statement of the boost theorem [11] was used. In [7] the weakest
possible falloff conditions in the positive-energy theorem were discussed and two problems
were considered. Namely: (a) Under what conditions can ADM mass, finite or infinite
(stress this), be defined in a meaningful way? (b) Can this mass, even though defined at
spi, change in time? In [8] the ADM mass expression was generalized to n-dimentions for
n > 3. Then, appropriate decay conditions on the metric give a geometric invariant. For
n = 3 these decay conditions are the known weakest falloff conditions for AFSTs in GR.
In [9] an asymptotic symmetries theorem was proved under the weakest falloff conditions
in the metric at spi. It limplies that the ADM mass can be invariantly assigned to an
asymptotically flat four dimensional end if the metric is a non-radiation metric or if the

end is defined in terms of a collection of boost-type domains.

As a rule, studing AFSTs was carried out in the framework of the traditional geo-
metrical formulation (GF) of GR. However, it is evident that AFSTs are more convenient
to consider in the framework of a field theory. Many authors noted this fact (see, for
example, [12]). In [13] we used the detaily developed technique of the field formulation
(FF) of GR [14 - 16] to study AFSTs at spi. The FF of GR has the following properties
of a field theory. The Einstein gravitational field and other physical fields, which are its
sources, are considered on a background of a fixed auxiliary spacetime (flat or curved).
Both the equations of motion and the total stress-energy tensor (not pseudotensor!) of
all the dynamic fields (including the gravitational field) follow from an action by the or-
dinary variational procedure. All the equations and the expressions in the FF of GR are
coordinate independent. Besides of that, the FF of GR has properties of a gauge theory.
We stress that the latters are very important for the present investigation. We stress also

that the FF of GR and the GF of GR are two different formalisms for a description of the



same physical reality and they lead to the same physical conclusions (for the details see

13 - 16)).

In [13], like in [3 - 9], we obtained also the weakest falloff conditions in the metric
at spi for defining AFSTs. Only we obtained them by the other way than that in [3 - 9].
However, we did not set off this result from other many results of [13] especialy, and in
fact this result was not discussed and was not compared with the earlier above mentioned
results. Nevetherless, we think that this matter is important sufficiently and deserves
more attention. Thus, in this paper we will describe a way of obtaining the weakest falloff
conditions in the framework of the FF of GR in detail and we will discuss it. On the
one hand, this work developes and supplements [13]. On the other hand, this work is

independent and can be read without reading [13].

The paper is organized as follows. In section 2 the main notions of the FF of GR are
given. Section 3 is the central section of the paper. In the framework of the FF of GR
the definition of an AFST is given and integrals of motion are constructed. Then we find
the permissible asymptotics for gauge transformations such that values of the integrals of
motion are left unchanged under the gauge transformations. This leads to the weakest
falloff conditions in the metric at spi. In section 4 the results obtained are compared with
those in the works [5, 6] where the investigation of the problem was carried out in more

detail and carefully.

II. ON THE FIELD APPROACH TO GENERAL RELATIVITY

In this section we briefly review only the results of [14 - 16] which present a necessary
basis for investigating AFSTs. The action in the FF of GR is given in a background

spacetime with the metric v,,:

i =y T e
S =—-—— / (lklilTLg 1 / dia L™ = = / dl:thot (21)
2kce c c

where r = 87G/c* and the Lagrangian for the free gravitational field h*” has the form:
IR Il S = Kﬂﬂ(ués’)) + (V=™ + h“”)(I\’O;”,K%O - K “ﬂKﬁm). (2.2)

Henceforth, Greek indeces are equal to 0, 1, 2, 3; 2% = ct; Latin indeces numerate
spatial coordinates; h*” is the symmetric tensor density of the weight +1; (af#) means the
symmetrization in « and . In (2.2) the tensor K, 18 symmetric with respect to the

lower indeces and obeys the equation

BB — (=7 hOPYK T+ (VT RS K 4 (V™ o+ RS, = 0. (2.3)
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For simplicity we suppose that the matter sources are presented by a set of tensor densities
and are denoted by the generalized field variable ¢# and that the source Lagrangian has

the form:

L™ = L™ [¢% Ao VAT + B (V= + Bl (2.4)

In (2.2) - (2.4) and below, (, ) and (; ) are the ordinary and the covariant (with respect

to v,y ) derivatives; v = et

The main reason why AFSTs are suitable models for applying the methods of the
FF of GR lies in the fact that a background spacetime is selected by a natural way [13].
Indeed, in the AFST case the existence of the physical flat spacetime at infinity defines
the choice in favour of Mikowski space. Therefore, we will use the background equations

[14]) which can be written in the form of the simplest condition
R® =0 (2.5)

for the background Ricci tensor. After varying the action (2.1) with respect to h#¥ and

some algebraic operations the equations of the gravitational field are obtained,

He3 7’0’ﬁ

1 a4 (o4 m — o
GL(h) = ﬁ(h“u o+ V! =R —h% ) = k(9 +th) = Kty (2.6)

o wive vipo

Here, 19, is the stress-energy tensor (SET) of the free gravitational fleld, and 1}, is the

SET of the matter sources interacting with the gravitational field. They are obtained in

the standard way from (2.1)
1 6L

0 s
t/,u/ Kr\/:j)’-é’)’l“/, ( 7a)
2 §Lm

3

b = T Gy

The source equations of motion have the form:

(2.75)

5Lm
spA

), (2.8)

After taking into account the condition (2.5) from Eq. (2.6) the differential conservation

law

tor =0 (2.9)

follows. Note that for the first time the Einstein equations in the closed form of Eq. (2.6)

were constructed and explained in detail in the work [17].

After the identification

\/—_—gg;u/ = \/:TY")’”V + hi“’ (210)
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it becomes evident that the FF of GR transfers to the ordinary GF of GR with the dynamic

metric g*¥, g = det g, see [14].

Stress some points for Eq. (2.6). 1) An auxiliary metric of Minkowski space was
included; 2) the equations (2.6) are coincided with the Einstein equations in the ordinary
GF of GR exactly (without approximations); 3) the source of the linear field of the spin 2
is the total metric SET of the system (of the gravitational field together with its matter

sources).

Appart from evident covariance (see (2.1) - (2.9)), the FF of GR, unlike the GF of
GR, has invariance properties under gauge transformations (GTs) which act only upon
the dynamic variables and do not affect the coordinates and the background metric. The

gauge invariance is expressed as follows.

The GTs for the dynamic variables can be written as

h/luz = hHV + Z_%'_ LIE(\/—_’Y’Y’“’ + h‘u"’) = hHV 4+ Aghﬂ'”, (2.11&)
k=1 "
oo 1 i
PIESes ‘“ZF LEgA = ¢2 + Aeg? (2.11b)
k=1 "

where L¢ means the ordinary Lie-derivatives with respect to £ [18]. Owing to the fact that
L!ot ig the scalar density of the weight +1 and after taking into account the background
equation (2.5) one concludes that L*°! is invariant under GTs (2.11) up to a four-divergence.
Then, it is clear that the action (2.1) is invariant under the GTs up to surface terms. The
Egs. (2.6) and (2.8) are invariant under the GTs on themselves. In the present work, the
GTs for the total SET are more important, therefore we write out them in an explicit
form. The substitution of GTs (2.11) into the total SET and using Eq. (2.6) give

rtot tot 1 'L — jtot tot 9 17

t,, =t + = Ga (Aeh) =t + At (2.12)

Ly j% 1134 v 1134

where the gauge remainder is a covariant four-divergence.

All the gauge invariance properties in the FF of GR follow from the invariance prop-
erties of the GF of GR under the Lie displacement transformations which are directly
connected with its general covariance [15, 16]. Let us show the way in which the coor-
dinate transformations in the GF of GR are connected with GTs (2.11). Decompose the

components v/—gg*” into the sum of the background and the dynamic parts, like in (2.10),

(V=gg"" Ya) = (V=" )x) + ¥ (). (2.13)
Make an arbitrary coordinate transformation

B () (2.14)



which has an inverse one. Then make the new decomposition
(vV=g9") (&) = (V=97 )(&") + b (a") (2.15)

where the form of the background part (y/=yv**)(a') is the same, like in (2.13). Now,
pass from point &' to point * within frame {z'“}. After that, from (2.13) and (2.15) one
obtains that h'**(z) and h#* () are connected by GTs (2.11a) in the case if the coordinate

transformation (2.14) is given in the form

o = 5 4 (@) oy S g+ g EM(EPET ) (2.16)

Below, we will show that an investigation of GTs gives a possibility to find the weakest
falloff conditions defining AFSTs. This is a reason why in (2.11) - (2.16) the description
of the GTs is given in detail.

III. THE WEAKEST FALLOFF CONDITIONS AT SPATIAL INFINITY

~In this section we get the weakest asymptotic conditions for defining AFSTs at spi.
The methods of the FF of GR are used. We name a spacetime as an AFST if it corre-
sponds to a real isolated system. For these systems all the physical fields are effectively
concentrated in a confined space at finite time intervals. As an initial definition of an
AFST we use the following naive one in the framework of the GF of GR. A spacetime is
called as an AFST if the following points 1) - 4) are satisfied:

1) At spi world points can be paramitrized one-to-one by some four coordinates ¢

which satisfy —oo < 2 < o0;

2) In the one of these frames the metric has the behavior

Juv = Nuv + 0(7"_1), Juv,aa = 0(7,—2) (31)

12

at r — oo where 1, = diag (-1, 1, 1, 1) and r? = z'" + 22% + 3%, Henceforth O(r*)

means the asymptotic behavior at 7 — oo only;

3) No a coordinate system exists where the gravitational potentials fall off faster than
in (3.1);

4) The matter SET in the coordinate system (3.1) has the asymptotics
(o) Gt o ) (3.2)

This definition of an AFST is very simple and similar to that in [19].
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In order to evaluate a field configuration for an AFST in the framework of the FF of GR
one has to select a background spacetime. We select Minkowski space (see Sec. II) with the
metric 77, from (3.1). The Lorentz coordinates are used as matter of convenience. Indeed,
this simplifies the consideration because one has explicit expressions for an asymptotic
behavior. (Recall that the FF of GR is coordinate independent (see Sec. II).) For simplicity
(see [13]) we assume that a manifold which supports the physical metric in the GF will also
supports the globally auxiliary flat metric. We wish also to consider the dynamic fields as

ordinary classical functions of the class C'* only.

Then, using the defition (3.1) and decomposition (2.10) one obtains the falloff in the

gravitational potentials in the form:
W= 00, B (), (3.3)

Next, no a gauge fixing exists where the h#*¥ falloff would be faster than in (3.3). At last,
the condition (3.2) transfers to

=073, a>0. (3.4)

In order to define integrals of motion (IMs) we use the Killing vectors of Minkowski
space /\é‘ ) (K := a, [rp] where the antisymmetrization in 7 and p is used) and the
existence of both SET (2.7) and the differential conservation law (2.9). Then, IMs corre-
sponding to /\é‘ ) like in an usual field theory, are

e
PUO = = lim [ dSp t3k A (3.5)
C 7‘—*00‘ St
where the spacelike sections S; in Minkowski space defined by t = const are extrinsically
and intrinsically flat; dSo is the element of a coordinate volume on S;. As usual, IMs (3.5)
are conserved in time if the fields have a corresponding asymptotics, i.e.,

lim f sy, i MK = (3.6)

where dSy is the element of coordinate volume on the timelike ”"walls” of a cylinder sur-

rounding an isolated system in the backgropund spacetime.
By the fulfilment of Eq. (2.6), the total SET can be substituted for the left hand side
of Eq. (2.6) and rewritten as

ry
tior =

G (h) = = U2, (37)

e

where the superpotential has the form:

1.
,U/.u/ﬂ = _2_ (hl“’:ﬂ + 77!""hﬂa'a — h”‘ﬂ’u — ,,,,;Lﬂhl/a,a)' (38)



The substitution of (3.7) and (3.8) into (3.5) and using the antisymmetry U#*# = —U#F¥
permit to lead the IMs to the surface integrals:

P =X fm [ dS, [U%% ]

- CK r—0 Sc

1 : 0, 0118 ,0 11,08 e
=5en Tl_l_,rglo - do; (R*™* +n*" R 5 — A% —n h ‘ﬂ),
P([mn]) =_1_ lim dS, [(Unoimm il UmOiwn),i £ ym™on _ U'nOm]
2ck r—o0 Jg,
=_];__ lim dO’i ((hnO,'i N hni,O . 5nih0a a)mm + 5nihm0 (39b)
dck r—oo 85, )
__(hmO,i _ hmi,O s 6mihOa,a)mn ol 6mihnO)’
1 : .
p([mo)) =5— T dS, [(UOO'la:rn. o Ummwo)‘i _ UOOm]
rT—0o0 S‘
=21L lim do; ((hOO,i °n hik,k)wm (396)

CK T—00 85,
_(hmO,'L _ hmz,O . 5mzhOrx,a)w0 _ 5mzh00 + hmz)
where do; is the surface element on a two-sphere surounding an isolated system.

Now, let us substitute the AFST definition (3.3) into the expressions (3.9). Then,
IMs (3.9a) will be finite, whereas IMs (3.9b,c) will be infinite in general. In order to avoid

these undesirable results one has to use more precise definition
M =0t )+ 0" (rF), B=2 (3.10a)

W =0 (r72) + Ot (rih) (3.100)

where (+) and (—) mean even and odd functions with respect to changing sign of the
three-vector i = {z*/r}. For the first time the asymptotics with taking into account an

angular dependence was given in [10].

An isolated system is a real physical system. Systems of this type are known as
asymptotically Minkowskian ones [20]. Their description in the FF of GR has to be invari-
ant under Poincare transformations. Therefore, we require that the system be Poincare
invariant. Then (for the detail see [13]),

By =OF(r=%) + 0=(r7"),

3.11
RSN =0~ (r™*) + O+(r_3_ﬂ) ( )

and so on. Le., each derivative falls off faster (by on power of r) than the previous stage.
Poincare invariance of the asymptotic behavior (3.10), (3.11) is in accordance with the

theorems in [6].



Owing to the falloff conditions (3.10), (3.11) the SET ¢4, in (2.7a) falss off as (A
Then, after taking into account (3.4) one concludes that the falloff in the integrand on the
left-hand side of (3.6) (see the right-hand side of Eq. (2.6)) ensures the fulfilment of Eq.

(3.6). Thus, all the ten IMs (3.5) (or the same (3.9)) are conserved in time.

Note some results. We have obtained IMs (3.9) with the ald of the ordinary methods
of field theories in Minkowski space. Thus, we have the well defined IMs. The falloff
conditions (3.10), (3.11) ensure that the IMs are finite and that they are conserved in
time. It is not difficult to see that the IMs P(® and P{%f) are transformed as tensors
under Poincare transformations in Minkowski space. Finally, the falloff conditions (3.10),

(3.11) are invariant under the Poincare transformations.

Further, in order to find the weakest falloff conditions in the gravitational potentials

for defining AFSTs we use the gauge invariance properties of the FF of GR.

As it is seen from (2.12), the total SET is invariant under the GTs up to a covariance
divergence only. Therefore, it is not difficult to see that IMs (3.9) are invariant under the
GTs up to surface terms. Thus, it is interesting to find the wealkest falloff conditions in the

gauge potentials £ which will ensure that the values of the IMs be left unchanged under

the GTs.

An important point is that the expression G%, (k) on the left-hand side of Eq. (2.6)
describes the linear field of the spin 2. It is well known that G f,f,,(h,) is invariant under the

linear in £¢ and h*” part of GTs (2.11a)
R = h*Y + Le(\/=y7*"). (3.12)

Now, recall that the IMs in (3.9) have been obtained with the use of the operator Gﬁ,,
and that, at the same time, the second term on the right hand side of Eq. (2.12) is the
operator Gﬁy acting on Agh#”. Then, it is clear that the term Le(/=yy*") in (3.12) can
be excluded from Agh#*” in (2.11a) under the consideration.

Now, turn to search for the restrictions on £*. The following evedent requirements

are used:

(i) All the dynamic variables h*” and ¢# satisfy the Einstein equations (2.6), (2.8)

and h*¥ have the falloff (3.10), (3.11). Otherwise, they are arbitrary.

(1) Initial components of the gauge field £%, £% 5, €% 5,,... In (2.11) are arbitrary
independent quantities at each of points in Minkowski space. Only it is required that they

be symmetric with respect to the lower indeces.

(iii) The condition (ii) is complemented by the requirement that the components

€% €% g0 €% gy change as tensor components under Poincare transformations.
) b
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(iv) The functions £ in (2.11a) are ordinary classical ones of the class C'*° and each
derivative of €2 falls off faster (by one power of r) than previous stage. Thus, the gauge
transformated components h'*” will have also the same important properties as h*” have.

Let the falloff conditions in £ have the form:
£ =0~ (r'=%) + OF(r17%). (3.13)

In order to the four-momentum P(®) be invariant under the GTs one has to assume (see
(3.92)) that the odd part of (Agh*”),, falls off faster than the odd part of the r=2 falloff,

le.,

O~ ((Aeh™) o) < O~ (r72). (3.14)

Keeping in mind p. (ii) consider all the terms of the type ££ o5~ (We do not write out upper
indeces) in (Agh*") o as independent ones. Then, with the use of p. (iv) from (3.14) one
obtains the following restrictions on the £* falloff in (3.13):

1 1
— -, ol
£ > 5 6> 5 (3.15)

Owing to these conditions and to the requirements (i) - (iv) all the rest terms in (Aght”),q
as well as the terms of the type €€ 43 do not give a contribution into P(@)  Analogiously,

the requirement of conserving P{¢#D) under the GTs gives the restrictions
e+6>2, 6>1, €20 if >2, >0 if =2 (3.16)
on the falloff conditions (3.13). Combining (3.15) and (3.16) one gets the restrictions

eE4+6>2, 126>-;-, 6>1 (3.17)

which ensure the invariance both P(®) and PU*f) under the GTs. The condition ¢ < 1
expresses the fact that for a real isolated system the falloff in the gravitational potentials

can not be faster than in (3.3), or more exactly in (3.10), (3.11).

The substitution of (3.13) and (3.17) into (2.11a) and taking into account (3.10),
(3.11) give
WY = 0% (r=¢) + 0~ (r7°%). (3.18)

As is seen, the asymptotics (3.10) is destroied. However, values of the IMs constructed
with using (3.18), as it was shown, will be rest previous. Moreover, if the second step of

the GTs with (3.13), (3.17) is made,
R = B AR,
then the asymptotics (3.18) and values of P(*) do not change again, and so on.
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Thus, for a real isolated system with the falloff conditions (3.17), (3.18) it is easy to
conclude the following. The IMs are well defined by the expressions (3.9) and they have
finite values which are conserved in time. The system is described in the manner which is

covariant under Poincare transformations in Minkowski space.

For an isolated system the leading term in the expressions of the gravitational field
at spi must be the Newtoinian potential. Then, on the one hand, in the framework of
the GF of GR every solution to the Einstein equations can be led with the help of a
coordinate transformation to a form with the leading Schwarzshild metric at spi [10]. On
the other hand, there is not a coordinate system for which the metric falls off faster than
the Schwarzshild metric. In the framework of the FF of GR the above means that any
initial asymptotics (3.17), (3.18) corresponding to an isolated system can be led to the
falloff conditions (3.10), (3.11) and not faster them with the help of the GTs.

IV. DISCUSSION

In this section we compare the obtained results with some well known ones. Many
of the characteristic properties of the field approach to an investigation of AFSTs were
considered and discussed in [13]. Here, only we discuss the weakest falloff conditions
(3.18) under the restrictions (3.17). This conditions can be transformed into those in the
dynamic metric g** by the simple way with the use of (2.10) and, then, can be compared

with the others.

For the most part, we compare our results with those in the remarkable work [6] where
studing the question about the weakest falloff conditions was carried out very carefully
with the use of an elegant mathematical technique. In this regard, we use a more simple

technique and restrict our consideration to classical functions of the class C'°.

The Einstein equations in the form (2.6) play the central role in [6]. We use also this
form. However, we treat the field h*” as a field of the spin 2 with self-interaction in the
background Minkowski space more definitely. We treat 7‘1‘0‘,’ as the total metric SET of all
the dynamic fields in Minkowski space. Thus, in spite of the fact that Minkowski space
has really an auxiliary character, we give it more fundamental sense than in [6]. Recall
that in [6] Eq. (2.6) is treated as a simple decomposition of the Einstein equations in GF

after decomposing the dynamic metric ¢#” into h*” and 1,,.

In [6], in order to find the weakest falloff conditions it was required a finiteness of the
four-momentum that was defined with the use of the right-hand side of Eq. (2.6) and of
the asymptotic symmetries. These conditions have the form of the r=1/2 falloff and have
been obtained without using the ordinary r~! falloff as an initial one. The conservation

laws in time have been also obtained. After using the left-hand side of Eq. (2.6) and the

12



constraints it was shown that the ADM expression for the four-momentum is also finite in

the case of the »~1/2 falloff.

On the other hand, in [6] a special attention was paid to the transformation which
is obtained in the following way. Two asymptotically flat metrics connected by a coordi-
nate transformation are compared. In the case of each metric the Minkowski background
metric is selected. Then, the transformation from the dynamic part h*" in the one case
to the dynamic part h'*” in the other case is considered. (In our approach, the same
transformation is defined in the explicit form of the closed GTs (2.11). It will be easy to
see if in (2.13) and (2.15) the metrices (y/=y7**)(z) and (/—y7"")(z") are substituted by
the Minkowski metric n*¥. As is seen, we have more concrete expressions which are more
convenient for explicit calculations.) The requirement to the four-momentum be invariant
under this transformation gives the same restriction by the r~1/2 falloff.

Thus, in [6] the statement that the metric falls off faster than r~1/2 is used twice. First,
it is used to show that the four-momentum be finite in a given Minkowski space. Second,
the four-momentum is unchanged when the set off allowed backgrounds is restricted also
by the r=1/2 falloff. As it is appeared, in [6] the weakest falloff conditions were obtained

by the two ways which are thought as independent ones.

Let us outline our way briefly. We construct the IMs with the use of the total SET
tio! and the Killing vectors of Minkowski space. The ordinary r~! falloff is used as initial
one. Further, we convince ourselves that for the r=! falloff the IMs are finite and are
coserved in time. Under this consideration we use the rules of an ordinary field theory in
Minkowski space only. Then, we find the weakest falloff conditions in the gauge potentials
such that the IMs are unchanged under the GTs. After that we use this restrictions on
the GTs to find the weakest falloff conditions in the gravitational potentials. In the result,
the definition of IMs (3.9), the finiteness of the IMs and their conservation in time are also

the case for the r—1/2 falloff.

Thus, in comparison with the standard geometrical approach (in particular, with the

approach in the work [6]) the properties of our study are the following:

1. The IMs and the conservation laws in time are defined as well as in any field theory
in Minkowski space. Thus, our approach is more simple and more illustrative than an

ordinary geometrical approach.

2. We obtained the weakest falloff conditions in the gravitational potentials by a
unified manner. These conditions are connected with GTs only and are defined by the
latters only. The finiteness of the IMs and their conservation in time are consequences of

invariance of the IMs under the GTs with the restrictions found on the gauge potentials.

3. In the work [6], with using the harmonic coordinates (and also the TT-coordinates)

it was shown the following. For the system with the weakest falloff conditions a so-called
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"wave” part can be selected. It does not give a contribution into a value of the four-
momentum. A value of the four-momentum is defined so-called by the "Newtonian po-
tential” part which falls off like »~!. As it is appeared, the conclusions about the ”wave”
and the "Newtonian potential” parts were obtained in the particular coordinate systems.
In comparison, we shown for an isolated system in the general case that any falloff which
is faster than r—1/2 and slower than r~! has a purely gauge part which does not give a
contribution into values of the IMs. The values of the IMs are defined by the r~! part
only. Indeed, the values of the IMs are defined by the expression Gﬁ,,(h) which has the
behavior OF (r=3) + O~ (r~278) at spi for the field configuration (3.18). This behavior is
just defined by the asymptotics (3.10a) and follows from our method, where the r—! falloff

1s an initial one.

4. The Hamiltonian description and 3 + 1 decomposition are very popular to study
AFSTs. It is used either elements of this formalism (as example, in [6]) or this formalism
in full measure (as example, in [5]). In contrast, our approach is Lagrangian and four-
dimentional in full measure. Only we use the 3 + 1 decomposition in order to define the
IMs on the spacelike hypersurfaces S; and to obtain their conservation laws in time, 1.e.,

under the transition from the one S; to another.

5. In [6], the four-momentum was studied only. We study all the ten IMs. In the result,
our approach takes into account an angular dependence in asymptotics of the gravitational
potentials and gives more detailed results. In [5] the Hamiltonian approach was applied
to AFSTs and the Regge-Teitelboim concept [10] was developed. The closure condition
for the Poisson brackets of the generators of the ten IMs was used as a key assumption

therein. The results of [5] would coincide with ours (3.18) under the conditions (3.17) in

full if the erroneous (see [13]) restriction |¢ — §| < 1 was excluded.

Especially we stress the fact that we consider isolated systems in GR as well as in the
other works which we have noted in Introduction. Thus, our conclusions do not have to
differ (and do not differ) from the conclusions in these works in principle. However, our
results were obtained in the essentially different way from others. This permits to consider

the problem from the other viewpoint and in the other details.
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